
M1 Quantum Circuits and Logic Gates Year 2022-2024

QCLG Exercise sheet 2

Notations

We use |+〉 = 1√
2

(|0〉+ |1〉) and |−〉 = 1√
2

(|0〉 − |1〉). H = 1√
2

(
1 1
1 −1

)
.

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


Exercise 1. Write in matrix form the following 1 qubit unitaries U1, U2, U3 st.

1. U1 |0〉 = |0〉 , U1 |1〉 = − |1〉.

2. U2 |0〉 = |+〉 , U2 |1〉 = |−〉.

3. U3 |0〉 = cos(θ) |0〉 + sin(θ) |1〉 , U3 |1〉 = sin(θ) |0〉 − cos(θ) |1〉 for some θ ∈
[0, 2π].

Exercise 2. Let |ψ〉 = 1
2

(|00〉+ |01〉+ |10〉+ |11〉)

1. Is |ψ〉 a valid 2-qubit state?

2. Find a 1-qubit state |φ〉 st. |ψ〉 = |φ〉 ⊗ |φ〉.

3. Compute (H ⊗H) |ψ〉.

Exercise 3. Let |φ〉 = 1√
3

(|00〉+ |01〉+ |10〉). Show that |φ〉 is entangled meaning

that there doesn’t exist any 1-qubit states |u〉 , |v〉 satisfying |φ〉 = |u〉 ⊗ |v〉.

Exercise 4.

1. Compute CNOT |00〉 , CNOT |01〉 , CNOT |10〉 , CNOT |11〉.

2. Construct a 2-qubit circuit C that uses 1 and 2 qubit operations such that
C(|00〉) = 1√

2
(|00〉+ |11〉).

Exercise 5 (Breidbart basis). Consider the 2 states |φ0〉 = |0〉 and |φ1〉 = |−〉.
Suppose we have 2 players Alice and Bob. Alice picks a uniformly random bit b and
sends |φb〉 to Bob. Bob’s goal is to determine b.

1. Find a strategy that succeeds wp. 3
4
, on average on b.
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2. Find a (possibly randomized) strategy that succeeds wp. 3
4
for any b.

3. Now assume Bob measures in the basis {|v〉 ,
∣∣v⊥〉} and gets outcome 0 or 1.

Assume we can write |v〉 = cos(θ) |0〉 + sin(θ) |1〉 and
∣∣v⊥〉 = sin(θ) |0〉 −

cos(θ) |1〉 with θ ∈ [0, π/2].

(a) Compute the probability that Bob succeeds with this strategy, as a function
of θ.

(b) Find a strategy that will make him succeed wp. cos2(π/8) for any b. The
basis that achieves this is called the Breidbart basis and has application to
non local games for instance.

Exercice 6.[Efficient controlled operations]
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