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Exercise sheet 1

Exercise 1. Let [{ap) = 55]00) + 5[01) + 5 [10). Compute pa = Trp|yap)(das]
and pg = Tra|ap)(Vap|. Write the result in matriz form.

an) = L2 <\/§ o) +/3 |1>> 0) + 5 o)

50 pa = S|ur) (1] + 1[0)(0] with [¢y) = \/§|o> n \/§|1>. This gives

=3 (0t ) 36 8) - (G )

Notice that |14p) is symmetric with respect to swapping the A and B registers so

PA = PB-
We can also use the direct formula to prove this. We first write

Solution:

[Yap)(Wab| = %|00><00| + -—=(100)(01]+]00)(10[ 4 [01)(00] + [10)(00])+

1
2/2
(101)(01| + |01)(10| + [10)(01] + |10)(10]) .

A

We then write

pa= D (La® (iDa)(Wasl(la @)

je{0,1}

= 210001+ 5= (0){1] + [1){0]) + § (10) (0] + 1))

1
2v/2

3 1 1
= 710001 + NG (10) €1+ [1){0]) + 7 [1)(1]

Exercise 2.

1. Consider any «, 3 € R with o>+ 3% = 1, as well as 2 states [1g) = « |0) + 3 |1)
and |ip1) = 10) — «|1). Show that:

1 (12 0
3 (ool +enptund = (17 9,).

1



MPRI - M2 - Quantum Information and Cryptography 2024-2025

2. Show that the state p = al0)(0]+ (1 —a)|1)(1]| with 0 < a < 1 admits an infinite
amount of descriptions of the form )~ pile;)(eil. You can have more than 2
terms in the sum, but the p; must remain non-negative.

Solution:
1. We have
2
ool = (T %) )
2 _
ool = (5, ) @
SO

1 5 0
3 (bl + oo = (3 7).

2. Assume a < (1 — a) (the other case will work the same). Take any state
[to) ,|11) as in question 1. We have

p = alho) (tho| + aln) (Wn] + (1 = 2a)[1)(1],
and this can be written for any [¢y) , [t1) as in question 1.
0]

Exercise 3. We have 2 states pg, p1. Bob is given py for a randomly chosenb € {0,1}
and his goal is to guess b. Give the optimal measurement as well as his probability
of success for the following states.

1. 0 = [0)(0], pr = 2 (0)(0] + 1))
2. po = [0)0], pr = [+)(+].

3. po = 2[0)(0[+2[1)(1], pr = |+){(+|. In this case, give only the success probability
and not the optimal measurement.

Solution:

1. A(po,p1) = % The optimal measurement is the one in the computational basis
and succeeds wp. %
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2.

Since we have pure states, we know that A(pg,p1) = /1 —|(0]+)|?> = \%

The best strategy to guess b succeeds therefore w.p. 3 + ﬁi = cos?(m/8). The
optimal strategy is to measure in the {|v) , |v*)} basis with |[v) = cos(7/8) [0) —
sin(m/8) [1) and |vt) = sin(r/8)|0) 4 cos(w/8)[1). This strategy succeeds
indeed wp. cos?(m/8).

B _(1/6 —1/2
M=py—p = (_1/2 —1/6)’ Moreover

109
o=l = (% 3
36

so A(po, p1) = @ and the success probability is 1 + 1£20'
0

Exercise 4. We consider the following bit commitment between Alice and Bob, with
a parameter . In order to commit to a bit b, Alice chooses 2 random bits ¢y, cy st.
c1 D cy = b, creates

U, B, (1)) = Vaer) |er) + V1 —aler) [er)
[0%,8,(c2)) = Vale)|e) +V1—ala) ).

and sends registers By, By to Bob. At the reveal phase, Alice reveals cy,co, and the
registers Ay, Ay. Bob checks that he has the state ‘wlel(cl» in registers Ay, By and
the state ’1#124232 (02)> in registers Ay, Bs.

1.

Let p. = Tra|oh, s, (W 5, (] = Traslvd, s, ()03, 5, (). Give the
expression of py and py as a function of «.

Write a description of the following states: py @ po, po @ p1, p1 X po, P1 X P1-

Let &, be the state that Bob receives from Alice after the commit phase. Show
that

o = %(GQ + (1= a)?) (100)¢00] + [11){11]) + (a(1 — a)) (|01){01] + [10){10])

& = %(az + (1 —a)*) (01)(01] + [10)(10]) + ((L — «)) (00)(00] + [11)(11])
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4. Assume Bob wants to guess b from & after the commit phase. What is his
optimal probability P}, of guessing b? Give a measurement that achieves this
optimal probability.

5. Recall that Alice’s optimal cheating probability is P} = %—i— %F(ﬁo, &1). Compute
this cheating probability. For what value of o do we have P} = Py ?

6. Find a strategy for Alice that allows her to reveal both b =0 and b = 1, each
with probability P}

Solution:

1.
p= = alz)(z[ + (1 = ) [2)(z].

par @ Py = |1z (m120] + a1 — @) (|Z2) (17| + [Z122) (Fra]) + (1 — @) |7722) (B 7.
3. & =3(po®po) + 5(p1 ® p1) and & = 3(po ® p1) + 3(p1 ® po). We obtain the
result by pluggin in the expression from the previous question.

4. Py =1+ 258 We have

Ao, 1) = 2- % (0 + (1 - a)? — 20(1 — @) = (20 — 1)%

and Pj = % + %(2@ — 1)2. You can get this probability by measuring in the
computational basis, and outputting b = ¢; ® ¢y where ¢y, ¢o are the 2 outcomes.

Ple,) = 1y (02 + (1~ 02) (a1~ ).

From there, we have

Pi=7+ 2\/% (2 + (1 - a2)) - (a(1 — ))).

6. Didn’t have time to write it, sorry :(.



