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Exercise sheet 1

Exercise 1. Let [1ap) = \/Li |00) + 3 |01) + 5 [10). Compute pa = Trpltbap)(Vas|
and pg = Tralag)(Yap|. Write the result in matriz form.

Exercise 2.

1. Consider any a, 8 € R with o+ 32 = 1, as well as 2 states |1y) = a|0) + 3 |1)
and |1p1) = 10) — a|1). Show that:
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2. Show that the state p = al0)(0|+ (1 —a)|1)(1] with 0 < a < 1 admits an infinite
amount of descriptions of the form ) . pile;)(eil. You can have more than 2
terms in the sum, but the p; must remain non-negative.

Exercise 3. We have 2 states po, p1. Bob is given py for a randomly chosen b € {0,1}
and his goal is to guess b. Give the optimal measurement as well as his probability
of success for the following states.

1. po = [0)(0], p1 = 5 (10)(0] + [1)(1]).
2. po = |0){0, p1r = |+)(+]-

3. po = 3[0)(0[+3[1)(1], pr = [+)(+|. In this case, give only the success probability
and not the optimal measurement.

Exercise 4. We consider the following bit commitment between Alice and Bob, with
a parameter . In order to commit to a bit b, Alice chooses 2 random bits ¢y, cy st.
c1 @ cy = b, creates

Va5, (@) = Vala)la) +V1-alea) fe)
[V2,5,(c2)) = Vale) |e) + VI —ale)[e) .
and sends registers By, By to Bob. At the reveal phase, Alice reveals c1,ca, and the

registers Ay, Ay. Bob checks that he has the state ‘wlel(cl» in registers Ay, By and
the state |2, g, (c2)) in registers As, Bs.

]‘ Let pZ = TrAl‘w}Al,Bl (Z)><1/}1141,Bl (Z)| = TTAQ|w1242,32<z>><w1242,32(2>" Gi'Ue the
expression of py and py as a function of «.
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2. Write a description of the following states: py @ po, po ® p1, p1 ® po, p1 X P1-

3. Let & be the state that Bob receives from Alice after the commit phase. Show
that

o = %(az + (1= a)*) (|00)(00] + [11)(11]) + (a(L — «)) (|01)(01] + [10)(10])

& = %(aQ + (1= a)?) (|01){01] + [10){10]) + (a(1 — a)) (|00){00] + [11){11])

4. Assume Bob wants to guess b from &, after the commit phase. What is his
optimal probability Py of guessing b? Give a measurement that achieves this
optimal probability.

5. Recall that Alice’s optimal cheating probability is P} = %—i— %F(ﬁo, &1). Compute
this cheating probability. For what value of o do we have P}y = Py ?

6. Find a strateqy for Alice that allows her to reveal both b =0 and b = 1, each
with probability Py



