Symmetric Tensor Decomposition

Jerome Brachat^a, Pierre Comon^b, Bernard Mourrain^a, Elias Tsigaridas^{∗,a}

aINRIA Sophia-Antipolis Méditerranée 2004 rue des Lucioles, B.P. 93 06902 Sophia-Antipolis cedex, France bLaboratoire I3S, CNRS and the University of Nice, Sophia-Antipolis, France

Abstract

We present an algorithm for decomposing a symmetric tensor, of dimension n and order d, as a sum of rank-1 symmetric tensors, extending the algorithm of Sylvester devised in 1886 for binary forms.

We recall the correspondence between the decomposition of a homogeneous polynomial in n variables of total degree d as a sum of powers of linear forms (Waring’s problem), incidence properties on secant varieties of the Veronese variety and the representation of linear forms as a linear combination of evaluations at distinct points. Then we reformulate Sylvester’s approach from the dual point of view. Exploiting this duality, we propose necessary and sufficient conditions for the existence of such a decomposition of a given rank, using the properties of Hankel (and quasi-Hankel) matrices, derived from multivariate polynomials and normal form computations. This leads to the resolution of systems of polynomial equations of small degree in non-generic cases. We propose a new algorithm for symmetric tensor decomposition, based on this characterization and on linear algebra computations with Hankel matrices.

The impact of this contribution is two-fold. First it permits an efficient computation of the decomposition of any tensor of sub-generic rank, as opposed to widely used iterative algorithms with unproved global convergence (e.g. Alternate Least Squares or gradient descents). Second, it gives tools for understanding uniqueness conditions and for detecting the rank.

Key words: tensor decomposition

1. Introduction

Symmetric tensors appear in applications mainly as high-order derivatives of multivariate functions; for instance in Statistics, cumulant tensors are derivatives of the second characteristic function [42].

Tensors have been widely utilized in Electrical Engineering since the 1990s [52], and in particular in Antenna Array Processing [23, 10] and Telecommunications [55, 9, 49, 26, 20]. Even earlier, in the 1970s, tensors have been used in Chemometrics [5] and Psychometrics [33]. Also since the

∗Corresponding author. Tel: +33.4.92.38.77.44, Fax: +33.4.89.73.24.06 Email addresses: jerome.brachat@sophia.inria.fr (Jerome Brachat), pcomon@i3s.unice.fr (Pierre Comon),

mourrain@sophia.inria.fr (Bernard Mourrain), elias.tsigaridas@sophia.inria.fr (Elias Tsigaridas)

Preprint submitted to Linear Algebra and its Apprlications April 5, 2010

1970s tensor decompositions of the third order have been applied in the study of the arithmetic complexity of computing a set of bilinear forms [35, 4, 51, 46, 37].

Another important application field is Data Analysis, for instance, Independent Component Analysis, originally introduced for symmetric tensors whose rank did not exceed dimension [13] [7]. More recently, tensors whose rank exceeds dimension have raised a greater interest [24, 32]. In some applications, tensors may be symmetric only in some modes [15], or may neither be symmetric nor have equal dimensions [11, 50]. Numerous further applications of tensor decompositions may be found in [11, 50, 3].

Sometimes, tensors are encountered in the form of a collection of symmetric matrices [22, 27, 55, 48, 54], in which case they may enjoy symmetries in some modes but not in the others. Conversely, some algorithms treat symmetric tensors as a collection of symmetric matrix slices [56, 58, 21].

The problem of decomposition of a symmetric tensor, which we consider in this paper, extends the Singular Value Decomposition (SVD) for symmetric matrices which is an important tool in numerical linear algebra, routinely used in many applications [28]. As exhibited above, the extension to general symmetric tensors also appears in numerous application domains. However, many theoretical and algorithmic issues remain unsolved. Among the solved problems, let us mention the determination of the minimal number of terms in the decomposition of generic tensors [2], defined there in terms of dual interpolation problems. See [31, chap. 2] and section 4 for the link between these two points of view. Among open problems are the determination of the maximal rank of tensors of given degree and dimension, and the determination of the stratification of the set of symmetric tensors by the rank. See, however, [12] for a progress in the binary case. For a detailed presentation of the symmetric tensor decomposition problem, from a projective algebraic geometric point of view, we refer to [31]. The properties of so-called catalecticant matrices, related to the apolar duality induced by the symmetric tensor associated with homogeneous polynomials of a given degree, are extensively studied.

Independently tensor decompositions have been studied by numerical analysts inspired in a disconnected way, probably because of language barrier. Investigations of this problem in numerical analysis have been developed, inspired by the successful work on order two tensors, i.e. matrices. However, despite their obvious practical value, numerical algorithms presently used in most scientific communities are suboptimal, in the sense that they either do not fully exploit symmetries [1], minimize different successive criteria sequentially [56, 21], or are iterative and do not guarantee a global convergence [30, 47]. In addition, they often request the rank to be much smaller than generic. Among these popular methods, we refer to “PARAFAC” techniques [5], extensively applied to ill-posed problems. . . Indeed unlike the matrix case, the set of symmetric tensors of rank at most r is not closed, and its closure has singularities corresponding to tensors of rank greater than r. This explains why iterative numerical methods encounter difficulties in computing a tensor decomposition. For more details and open problems on symmetric tensors, see [16].

The goal of this paper is to describe a new algorithm that decomposes a symmetric tensor of arbitrary order and dimension into a sum of rank-one terms. The algorithm proposed in this paper is inspired by Sylvester’s theorem [36] and extends its principle to larger dimensions. Using apolar duality on polynomials, we show that the symmetric tensor decomposition reduces to the decomposition of a linear form as a linear combination of evaluations at distinct points. We give a necessary and sufficient condition for the existence of a decomposition of rank r, based on rank conditions of Hankel operators or commutation properties. Instead of working, degree by degree, as in [31], we consider affine situations in order to treat simultaneously the various homogeneous components. In the binary case, the decomposition can be obtained directly by computing ranks of catalecticant matrices. In higher dimension, this is not so simple. An extension step is required to find the decomposition. This leads to the resolution of a polynomial system of small degree, from which we deduce the decomposition by solving a simple eigenvalue problem, by means of linear algebra manipulations.

The algorithm is not restricted to strictly sub-generic ranks as for the method proposed in [31][chap. 5]. In sub-generic cases, the decomposition is essentially unique (i.e. up to scale and permutation) when some rank conditions are satisfied. Our algorithm fully exploits this symmetry and provides a complete answer to the questions of uniqueness and computation, for any order [14].

In the following section, we recall the method deduced from Sylvester’s theorem to decompose a binary form, and in section 3 we present the notation used throught the paper. In section 4, we give three equivalent formulations of the same problem, used and studied in different communities. In section 5, we develop the duality point of view, extending the notion of generalized additive decomposition, introduced in [31], to any dimension. Section 6 is devoted to the algebraic characterization of the extension property of linear forms, in terms of rank condition on multivariate Hankel operators, or on commutation properties. Finally in section 7, we describe the algorithm and give examples.

2. The binary case (Sylvester’s algorithm)

The present contribution is a generalization of Sylvester’s algorithm devised to decompose homogeneous polynomials in two variables into a sum of powers of linear forms [53] [12]. It is hence convenient to first recall the latter algorithm.

Theorem 2.1 (Sylvester, 1886). A binary quantic p(x_1, x_2) =

∑_d i=0 (_d i ) c_i x^i_1 x^{d−i}_2 can be written as a sum of d^{th} powers of r distinct linear forms in C as:

p(x_1, x_2) = r∑ j=1 λ_j (α_j x_1 + β_j x_2)^d, (1)

if and only if (i) there exists a vector q = (q_ℓ)^r_{ℓ=0}, such that

c_0 c_1 · · · c_r . . . . c_{d−r} · · · c_{d−1} c_d q = 0. (2)

and (ii) the polynomial q(x_1, x_2) =

∑_r

ℓ=0 q_ℓ x^ℓ_1 x^{r−ℓ}_2 admits r distinct roots, i.e. can be written as q(x_1, x_2) =

∏_r j=1(β^∗_j x_1 − α^∗_j x_2).

The proof of this theorem is constructive [53] [14] [16] and yields Algorithm 2.1. Note that step 5 is a specialization only if the dimension of the right kernel is strictly larger than one.

3. Notation and preliminaries

Let K be an algebraically closed field (e.g. K = C the field of complex numbers). For a vector space E, its associated projective space is denoted P(E). For v ∈ E − {0} its class in P(E) is

Algorithm 2.1: Binary form decomposition Input: Given a binary polynomial p(x_1, x_2) of degree d with coefficients a_i =

(_d i ) c_i, 0 ≤ i ≤ d, define the Hankel matrix H[r] of dimensions d − r + 1 × r + 1 with entries H[r]_{ij} = c_{i+j−2}.

Output: A decomposition of p as p(x_1, x_2) =

∑_r j=1 λ_j k_j (x)^d with minimal r.

1. Initialize r = 0 2. Increment r ← r + 1 3. If the matrix H[r] has full column rank, then go to step 2 4. Else compute a basis {k_1, . . . , k_l} of the right kernel of H[r]. 5. Specialization:

• Take a generic vector q in the kernel, e.g. q = ∑ i μ_ik_i • Compute the roots of the associated polynomial q(x_1, x_2) =

∑_r ℓ=0 q_ℓ x^ℓ_1 x^{d−ℓ}_2 . Denote them (β_j , −α_j ), where |α_j |^2 + |β_j |^2 = 1.

• If the roots are not distinct in P^2, try another specialization. If distinct roots cannot be obtained, go to step 2.

• Else if q(x_1, x_2) admits r distinct roots then compute coefficients λ_j , 1 ≤ j ≤ r, by solving the linear system below, where a_i denotes

(_d i ) c_i

α^d_1 . . . α^d_r α^{d−1}_1 β_1 . . . α^{d−1}_r β_r α^{d−2}_1 β^2_1 . . . α^{d−1}_r β^2_r : : : β^d_1 . . . β^d_r λ = a_0 a_1 a_2 : a_d

6. The decomposition is p(x_1, x_2) =

∑_r

j=1 λ_j k_j (x)^d, where k_j(x) = (α_j x_1 + β_j x_2).

denoted v. Let P^n be the projective space of the field K^n. A symmetric tensor is an element of the tensor algebra T (E) which can be represented by an array [t_{i1,...,id} ]_{0≤ij ≤n} of coefficients in a basis of T (E), with t_{i1,...,id} ∈ K and t_{iσ(1),...,iσ(d)} = t_{i1,...,id} for any permutation σ of [1, . . . , d]. The set of all symmetric tensors forms an algebra S(E), called the symmetric algebra of E.

If a = (a_1, . . . , a_n) is a vector in N^n, then |a| is the sum of its elements, i.e. |a| =

∑_n i=a a_i. We also use the greek letters α and β for vectors in N^n. We denote by x^α the monomial x^{α1}_1 · · · x^{αn}_n . For a set B = {b_1, . . . , b_m}, we denote by ⟨B⟩, respectively (B), the corresponding vector space, resp. ideal, generated by B.

Let R be the ring of polynomials K[x_1, . . . , x_n], while R_d denotes the ring of polynomials of (total) degree at most d. The set {x^α}_{|α|≤d} = {x^{α1}_1 · · · x^{αn}_n }_{α1+···+αn≤d} represents the elements of the monomial basis of the vector space R_d and contains

(_{n+d} d ) elements. Hereafter, the superscript h denotes the homogenization of a polynomial. We denote by S_d the vector space of homogeneous polynomials in n + 1 variables x_0, x_1, . . . , x_n. This is also the symmetric d-th power S^d(E) where E = ⟨x_0, . . . , x_n⟩. The dehomogenization of a polynomial f ∈ S_d with respect to the variable x_0 is denoted f^a := f(1, x_1, . . . , x_n).

Duality is an important ingredient of our approach. For a comprehensive treatment of duality of multivariate polynomials, we refer the reader to [44]. Recall that the dual E^∗ = Hom_K(E, K) of a K-vector space E is the set of K-linear forms from E to K. A basis of the dual space R^∗_d, is the set of linear forms that compute the coefficients of a polynomial in the primal basis. It is denoted by {d^α}_{|α|≤d}.

We identify R^∗ with the (vector) space of formal power series, i.e. K[[d]] = K[[d_1, . . . , d_n]]. Any element Λ ∈ R^∗ can be decomposed as Λ = ∑ a Λ(x^a)d^a. Typical elements of R^∗ are the linear forms that correspond to the evaluation at a point ζ ∈ K^n:

1_ζ : R → K p → p(ζ)

The decomposition of 1_ζ in the basis {d^a}_{|a|≤d} is 1_ζ = ∑ a ζ^ad^a. Such an evaluation form can be composed with differentiation. In fact, if θ(∂_1, . . . , ∂_n) is a differential polynomial, then

1_ζ ∘ θ(∂_1, . . . , ∂_n) : R → K p → θ(∂_1, . . . , ∂_n)(p)(ζ).

The dual space R^∗ has a natural structure of R-module [25] defined as follows: for all p ∈ R, and for all Λ ∈ R^∗ consider the linear operator

p ⋆ Λ : R → K q → Λ(pq).

In particular, we have x_i ⋆ d^a = { d^{a1}_1 · · · d^{ai−1}_{i−1} d^{ai−1}_i d^{ai+1}_{i+1} · · · d^{an}_n if a_i > 0, 0 otherwise.

4. Problem formulations

In this section, we present three different formulations of the same problem.

4.1. Polynomial decomposition

A symmetric tensor [a_{j0,...,jn} ] of order d and dimension n can be associated with a homogeneous polynomial f(x) ∈ S_d: f(x) = ∑ j_0+j_1+···+j_n=d

a_{j0,j1,...,jn} x^{j0}_0 x^{j1}_1 · · · x^{jn}_n . (3)

Our goal is to compute a decomposition of f as a sum of d^{th} powers of linear forms, i.e.

f(x) = r∑ i=1 λ_i (k_{i,0}x_0 + k_{i,1}x_1 + · · · + k_{i,n}x_n)^d = λ_1 k_1(x)^d + λ_2 k_2(x)^d + · · · + λ_r k_r(x)^d, (4)

where λ_i ≠ 0, k_i ≠ 0, and r is the smallest possible. This minimal r is called the rank of f.

Here is the direct approach to solving this decomposition problem. Consider the relation

f(x) = r∑ i=1 (k_{i,0}x_0 + k_{i,1}x_1 + · · · + k_{i,n}x_n)^d,

where k_i ≠ 0. We assume that r, the rank, is known and the smallest possible. We consider the r(n + 1) coefficients k_{i,j} of the linear forms as unknowns. We expand (symbolically) the right hand side of the equation. The two polynomials on the left and right hand sides are equal. Thus by equating the coefficients of the same monomials we get a polynomial system in the coefficients k_{i,j} . This is an over-constrained polynomial system of

(_{n+d} d ) equations and r(n + 1) unknowns. The polynomials of the system are homogeneous of degree d and the magnitude of their coefficients is at most r

(_{n+d} d ) . This approach describes the problem of decomposition in a non-optimal way. It introduces r! redundant solutions, since every permutation of the linear forms is also a solution. Another drawback of this approach is that the polynomials involved are of high degree, that is, d. The reader can compare this with the degree two polynomial system, described in Section 6, containing the polynomials that we have to solve in order to extend the matrix.

In the following sections, we are going to describe a new method, which is much more efficient for solving this decomposition problem.

4.2. Veronese and Secant Varieties

Let us recall the well-known correspondence between the symmetric outer product decomposition and secant varieties for symmetric tensors. The set of symmetric tensors or homogeneous polynomials of the form k(x)^d = (k_0x_0 + k_1x_1 + · · · + k_nx_n)^d for k = (k_0, k_1, . . . , k_n) ∈ K^n is a closed algebraic set. Scaling the vector k by a non-zero scalar λ yields a homogeneous polynomial scaled by λ^d. Thus, we can also consider this construction as a map k → k(x)^d from the projective space P^{n−1} to the projective space of symmetric tensors:

ν : P(S_1) → P(S_d) k(x) → k(x)^d.

The image of ν is called the Veronese variety V_{n,d} [57, 29]. Following this point of view, a tensor is of rank one if it corresponds to a point on the Veronese variety. A tensor is of rank at most r if it is a linear combination of r tensors of rank one. In other words, it is in the linear space spanned by r points of the Veronese variety. The closure of the r−dimensional linear space spanned by r points of the Veronese variety V_{n,d} is called the (r − 1)-secant variety of V_{n,d} and denoted S^{r−1}(V_{n,d}). We refer the reader to [57, 29] for examples and general properties of these algebraic sets. In the nonsymmetric case, the so-called Segre variety of the projective space of tensors is considered instead of the Veronese variety. It corresponds to the set of (possibly non-symmetric) tensors of rank one.

For any f ∈ S_d − {0}, the smallest r such that f ∈ S^{r−1}(V_{n,d}) is called the typical rank or border rank of f [16, 54, 6].

4.3. Decomposition using duality

Let f, g ∈ S_d, where f = ∑ |α|=d fαx α_0

0 · · · x^{αn}_n and g = ∑ |α|=d gαx α_0

0 · · · x^{αn}_n . We define the apolar inner product on S_d as

⟨f, g⟩ = ∑ |α|=d

f_α g_α ( d α_0, . . . , α_n

)_{−1} .

Using this non-degenerate inner product, we can associate an element of S_d with an element S^∗_d , through the following map:

τ : S_d → S^∗_d

f → f^∗,

where the linear form f^∗ is defined as f^∗ : g → ⟨f, g⟩. A simple calculation shows that ⟨f, k(x)^d⟩ = f(k) so that under this duality it holds that τ(k(x)^d) = 1_k ∈ S^∗_d . Moreover, under τ, the polynomial f = ∑ |α|=d cα

(_d α ) x^α ∈ S_d is mapped to f^∗ = ∑ |α|=d cα d

α ∈ S^∗_d . The decomposition of f can then be restated as follows:

Given f^∗ ∈ S^∗_d , find the minimal number of non-zero vectors k_1, . . . , k_r ∈ K^{n+1} and non-zero scalars λ_1, . . . , λ_r ∈ K − {0} such that

f^∗ = r∑ i=1 λ_i 1_{ki} .

By scaling k_i and multiplying λ_i by the inverse of the d^{th} power of this scaling factor, we may assume that the first non-zero coordinate of k_i is 1.

Definition 4.1. We say that f^∗ has an affine decomposition if for every k_i in the decomposition, k_{i,0} ≠ 0.

By a generic change of coordinates, any decomposition of f^∗ can be transformed into an affine decomposition. To any f^∗ ∈ S^∗_d , we can associate an element in R^∗_d, defined by Λ̃_f : p ∈ R_d → f^∗(p^h), where p^h is the homogenization in degree d of p. If f^∗ admits an affine decomposition with k_{i,0} = 1 then Λ̃_f coincides with the linear form

Λ̃ =^r ∑ i=1 λ_i 1_{k̃i}

up to degree d, where k̃_i is the vector made up of the last n coordinates of k_i.

5. Hankel operators and quotient algebra

In this section, we recall the algebraic tools we need to describe and analyze our algorithm. For any Λ ∈ R^∗, we define the bilinear form Q_Λ, such that

Q_Λ : R × R → K (a, b) → Λ(ab).

The matrix of Q_Λ, in the monomial basis of R, is Q_Λ = (Λ(x^{α+β} ))_{α,β} , where α, β ∈ N^n. For any Λ ∈ R^∗, we define the Hankel operator H_Λ from R to R^∗ as

H_Λ : R → R^∗ p → p ⋆ Λ.

The matrix of the linear operator H_Λ in the monomial basis and in the dual basis, {d^α}, is H_Λ = (Λ(x^{α+β} ))_{α,β} , where α, β ∈ N^n. The following relates the Hankel operators to the bilinear forms. For all a, b ∈ R, due to the R-module structure, it holds

Q_Λ(a, b) = Λ(ab) = (a ⋆ Λ)(b) = (b ⋆ Λ)(a) = H_Λ(a)(b) = H_Λ(b)(a).

In what follows we identify H_Λ and Q_Λ.

Definition 5.1. Given B = {b_1, . . . , b_r}, B^′ = {b^′_1, . . . , b^′_r′ } ⊂ R we define

H^{B,B′}_Λ : ⟨B⟩ → ⟨B^′⟩^∗,

as the restriction of H_Λ to the vector space ⟨B⟩ and inclusion of R^∗ in ⟨B^′⟩^∗. Let H^{B,B′}_Λ = (Λ(b_i b^′_j ))_{1≤i≤r,1≤j≤r}′ . If B^′ = B, we also use the notation H^B_Λ and H^B_Λ .

If B, B^′ are linearly independent, then H^{B,B′}_Λ is the matrix of H^{B,B′}_Λ in this basis {b_1, . . . , b_r} of ⟨B⟩ and the dual basis of B^′ in ⟨B^′⟩^∗. The catalecticant matrices of [31] correspond to the case where B and B^′ are the set of monomials of degree at most k and d − k (k = 0, . . . , d), respectively.

From the definition of the Hankel operators, we can deduce that a polynomial p ∈ R belongs to the kernel of H_Λ if and only if p ⋆ Λ = 0, which in turn holds if and only if for all q ∈ R, Λ(pq) = 0.

Proposition 5.2. Let I_Λ be the kernel of H_Λ. Then, I_Λ is an ideal of R.

Proof. Let p_1, p_2 ∈ I_Λ. Then for all q ∈ R, Λ((p_1 +p_2)q) = Λ(p_1q)+Λ(p_2q) = 0. Thus, p_1 +p_2 ∈ I_Λ. If p ∈ I_Λ and p^′ ∈ R, then Λ(pp^′q) = 0 holds for all q ∈ R. Thus pp^′ ∈ I_Λ and I_Λ is an ideal. �

Let A_Λ = R/I_Λ be the quotient algebra of polynomials modulo the ideal I_Λ, which, as Proposition 5.2 states, is the kernel of H_Λ. The rank of H_Λ is the dimension of A_Λ as a K-vector space.

A quotient algebra A is a Gorenstein algebra if there exists a non-degenerate bilinear form Q on A, such that for all polynomials f, g, h ∈ A it holds that Q(f, gh) = Q(fg, h), or equivalently, if there exists Λ ∈ A^∗ such that (f, g) ∈ A × A → Λ(f g) is non-degenerate. Equivalently, A is a Gorenstein algebra iff A^∗ is a free A-module generated by one element Λ ∈ A^∗: A^∗ = A ⋆ Λ. See e.g. [25] for more details. The set R ⋆ Λ is also called the inverse system generated by Λ [41].

Proposition 5.3. The dual space A^∗_Λ of A_Λ, can be identified with the set D = {q ⋆ Λ | q ∈ R} and A_Λ is a Gorenstein algebra.

Proof. Let D = {q ⋆ Λ; q ∈ R} be the inverse system generated by Λ. By definition,

D^⊥ = {p ∈ R | ∀q ∈ R, q ⋆ Λ(p) = Λ(pq) = 0} .

Thus D^⊥ = I_Λ, which is the ideal of the kernel of H_Λ (Proposition 5.2). Since A_Λ^∗ = I^⊥_Λ is the set of linear forms in R^∗ which vanish on I_Λ, we deduce that A_Λ^∗ = I^⊥_Λ = D^{⊥⊥} = D.

It holds that p ∈ I_Λ or p ≡ 0 in A_Λ, because p ⋆ Λ = 0. Hence, A_Λ^∗ is a free rank 1 A_Λ-module (generated by Λ). Thus A_Λ is a Gorenstein algebra. �

Definition 5.4. For any B ⊂ R let B^+ = B ∪ x_1B ∪ · · · ∪ x_nB and ∂B = B^+ − B.

Proposition 5.5. Assume that rank(H_Λ) = r < ∞ and let B = {b_1, . . . , b_r} ⊂ R such that H^B_Λ is invertible. Then b_1, . . . , b_r is a basis of A_Λ. If 1 ∈ ⟨B⟩ then the ideal I_Λ is generated by ker H^{B+}_Λ .

Proof. Let us first prove that {b_1, . . . , b_r} ∩ I_Λ = {0}. Let p ∈ ⟨b_1, . . . , b_r⟩ ∩ I_Λ. Then p = ∑ i p_i b_i with p_i ∈ K and Λ(p b_j ) = 0. The second equation implies that H^B_Λ ·p = 0, where p = [p_1, . . . , p_r]^t ∈ K^r. Since H^B_Λ is invertible, this implies that p = 0 and p = 0.

As a consequence, we deduce that b_1 ⋆Λ, . . . , b_r ⋆Λ are linearly independent elements of R^∗. This is so, because otherwise there exists m = [μ_1, . . . , μ_r]^⊤ ≠ 0, such that μ_1(b_1 ⋆ Λ) + · · · + μ_r(b_r ⋆ Λ) = (μ_1b_1 + · · · + μ_rb_r) ⋆ Λ = 0. Since {b_1, . . . , b_r} ∩ Kernel(H_Λ) = {0}, we have a contradiction.

Consequently, {b_1 ⋆ Λ, . . . , b_r ⋆ Λ} span the image of H_Λ. For any p ∈ R, it holds that p ⋆ Λ = ∑_r

i=1 μ_i(b_i ⋆ Λ) for some μ_1, . . . , μ_r ∈ K. We deduce that p −

∑_r

i=1 μ_ib_i ∈ I_Λ. This yields the decomposition R = B ⊕ I_Λ, and shows that b_1, . . . , b_r is a basis of A_Λ.

If 1 ∈ ⟨B⟩, the ideal I_Λ is generated by the relations x_jb_k −

∑_r i=1 μ^{j,k}_i b_i ∈ I_Λ. These are precisely in the kernel of H^{B+}_Λ . �

Proposition 5.6. If rank(H_Λ) = r < ∞, then A_Λ is of dimension r over K and there exist ζ_1, . . . , ζ_d ∈ K^n where d ≤ r, and p_i ∈ K[∂_1, . . . , ∂_n], such that Λ = d∑ i=1 1_{ζi} ∘ p_i(∂) (5)

Moreover the multiplicity of ζ_i is the dimension of the vector space spanned by the inverse system generated by 1_{ζi} ∘ p_i(∂).

Proof. Since rank(H_Λ) = r, the dimension of the vector space A_Λ is also r. Thus the number of zeros of the ideal I_Λ, denoted {ζ_1, . . . , ζ_d}, is at most r, viz. d ≤ r. We can apply the structure Theorem [25, Th. 7.34, p. 185] in order to get the decomposition (5) and the multplicity of the roots. � If the field K is of characteristic 0, the inverse system of 1_{ζi} ∘ p_i(∂) is isomorphic to the vector space generated by p_i and its derivatives of any order with respect to the variables ∂_i. In general characteristic, we replace the derivatives by the product by the ”inverse” of the variables [44], [25].

Definition 5.7. For f ∈ S^d, we call generalized decomposition of f^∗ a decomposition such that f^∗ =

∑_d

i=1 1_{ζi} ∘ p_i(∂) where the sum for i = 1, . . . , d of the dimensions of the vector spaces spanned by the inverse system generated by 1_{ζi} ∘ p_i(∂) is minimal. This minimal sum of dimensions is called the length of f.

This definition extends the definition introduced in [31] for binary forms. The length of f^∗ is the rank of the corresponding Hankel operator H_Λ.

Theorem 5.8. Let Λ ∈ R^∗. Λ =

∑_r i=1 λ_i 1_{ζi} with λ_i ≠ 0 and ζ_i distinct points of K^n, iff rank H_Λ = r and I_Λ is a radical ideal.

Proof. If Λ =

∑_r i=1 λ_i 1_{ζi} , with λ_i ≠ 0 and ζ_i distinct points of K^n. Let {e_1, . . . , e_r} be a family of interpolation polynomials at these points: e_i(ζ_j ) = 1 if i = j and 0 otherwise. Let I_ζ be the ideal of polynomials which vanish at ζ_1, . . . , ζ_r. It is a radical ideal. Clearly we have I_ζ ⊂ I_Λ. For any p ∈ I_Λ, and i = 1, . . . , r, we have p ⋆ Λ(e_i) = Λ(p e_i) = p(ζ_i) = 0, which proves that I_Λ = I_ζ is a radical ideal. H_Λ is of rank r because the quotient A_Λ is generated by the interpolation polynomials e_1, . . . , e_r.

Conversely if rank H_Λ = r and I_Λ is radical, then by Proposition 5.6, Λ =

∑_r i=1 1_{ζi} ∘ p_i(∂) with polynomials p_i of degree 0 since the multiplicity of ζ_i is 1. This concludes the proof of the equivalence. �

In order to compute the zeros of an ideal I_Λ when we know a basis of A_Λ, we exploit the properties of the operators of multiplication in A_Λ: M_a : A_Λ → A_Λ, such that ∀b ∈ A_Λ, M_a(b) = a b and its transposed operator M^t_a : A^∗_Λ → A^∗_Λ, such that for ∀γ ∈ A^∗_Λ, M^⊤_a (γ) = a ⋆ γ.

The following proposition connects the multiplication tables with Hankel matrices, based on the properties of duality.

Proposition 5.9. For any linear form Λ ∈ R^∗ such that rank H_Λ < ∞ and any a ∈ A_Λ, we have

H_{a⋆Λ} = M^t_a ∘ H_Λ (6)

Proof. By definition, ∀p ∈ R, H_{a⋆Λ}(p) = a p ⋆ Λ = a ⋆ (p ⋆ Λ) = M^⊤_a ∘ H_Λ(p). � We have the following well-known theorem:

Theorem 5.10. Assume that A_Λ is a finite dimensional vector space. Then Λ =

∑_d i=1 1_{ζi} ∘ p_i(∂) for ζ_i ∈ K^n and p_i(∂) ∈ K[∂_1, . . . , ∂_n] and

• the eigenvalues of the operators M_a and M^t_a, are given by {a(ζ_1), . . . , a(ζ_r)}.

• the common eigenvectors of the operators (M^t_{xi} )_{1≤i≤n} are (up to scalar) 1_{ζi} .

Proof. [18, 17, 25] � Using the previous proposition and theorem 5.10, we can recover the points ζ_i ∈ K^n by eigenvector computation as follows. Assume that B ⊂ R with |B| = rank(H_Λ) and H^B_Λ invertible, then equation (6) and its transposition yield H^B_{a⋆Λ} = M^t_aH^B_Λ = H^B_Λ M_a,

where M_a is the matrix of multiplication by a in the basis B of A_Λ. By virtue of theorem 5.10, the solutions v of the generalized eigenvalue problem

(H_{a⋆Λ} − λ H_Λ)v = O (7) for all a ∈ R, yield the common eigenvectors H^B_Λ v of M^t_a, that is, the evaluation 1_{ζi} at the roots. Therefore, these eigenvectors H^B_Λ v are up to a scalar, the vectors [b_1(ζ_i), . . . , b_r(ζ_i)] (i = 1, . . . , r). Notice that it is sufficient to compute the common eigenvectors of (H_{xi⋆Λ}, H_Λ) for i = 1, . . . , n.

If Λ =

∑_d i=1 λ_i1_{ζi} (λ_i ≠ 0), then the roots are simple, and the computation of one eigenvector is enough: for any a ∈ R, M_a is diagonalizable and the generalized eigenvectors H^B_Λ v are, up to a scalar factor, the evaluations 1_{ζi} at the roots.

6. Truncated Hankel operators

Coming back to our problem of symmetric tensor decomposition, f = ∑ |α|≤d cα

(_d α ) x^α ∈ R_d admits an affine decomposition of rank r, iff Λ(x^α) = c_α for all |α| ≤ d where Λ = r∑ i=1 λ_i 1_{ζi} ,

for some distinct ζ_1, . . . , ζ_r ∈ K^n and some λ_i ∈ K − {0}. Then, by virtue of theorem 5.8, H_Λ is of rank r and I_Λ is radical. Conversely, let H_Λ of rank r and a radical ideal I_Λ, which coincides up to degree d with Λ_d. Then by Proposition 5.6, Λ =

∑_r i=1 λ_i 1_{ζi} and f can be decomposed as a sum of r d^{th}-powers of linear forms. The problem of decomposition of f can thus be reformulated as follows:

Given f^∗ ∈ R_d^∗ find the smallest r such that there exists Λ ∈ R^∗ which extends f^∗ with H_Λ of rank r and I_Λ a radical ideal.

In this section, we are going to characterize under which conditions f^∗ can be extended to Λ ∈ R^∗ with H_Λ of rank r.

We need the following technical property on the bases of A_Λ:

Definition 6.1. Let B be a subset of monomials in R. We say that B is connected to 1 if ∀m ∈ B either m = 1 or there exists i ∈ [1, n] and m^′ ∈ B such that m = x_i m^′.

Let B ⊂ R_d be a set of monomials of degree at most d, connected to 1. We consider the Hankel matrix H^B_Λ = (h_{α+β} )_{α,β∈B} ,

with h_α = f^∗(x^α) = c_α if |α| is at most d and otherwise h_α is a variable. The set of all these new variables is denoted h.

Suppose that H^B_Λ is invertible in K(h), then we define the multiplication operators

M^B_i (h) := (H^B_Λ )^{−1}H^B_{xi⋆Λ}.

The following result characterizes the cases where K[x] = ⟨B⟩ ⊕ I_Λ:

Theorem 6.2. Let B = {x^{β1} , . . . , x^{βr} } be a set of monomials of degree at most d, connected to 1 and let Λ be a linear form in ⟨B · B^+⟩^∗_d. Let Λ(h) be the linear form of ⟨B · B^+⟩^∗ defined by Λ(h)(x^α) = Λ(x^α) if |α| is at most d and h_α ∈ K otherwise. Then Λ(h) admits an extension Λ̃ ∈ R∗ such that H_{Λ̃} is of rank r with B a basis of A_{Λ̃} iff

M^B_i (h) ∘ M^B_j (h) − M^B_j (h) ∘ M^B_i (h) = 0 (1 ≤ i < j ≤ n) (8)

and det(H^B_Λ )(h) ≠ 0. Moreover, such a Λ̃ is unique.

Proof. If there exists Λ̃ ∈ R^∗ which extends Λ(h), with H_{Λ̃} of rank r then the tables of multiplications by the variables x_i are M_i = (H^B_Λ )^{−1}H^B_{xi⋆Λ} (proposition 5.9) and they commute.

Conversely suppose that these matrices commute. Then by [43], we have K[x] = ⟨B⟩ ⊕ (K), where K is the set of border relations x_im − M_i(m) for m ∈ B and i = 1, . . . , n. Let π_B be the projection of R on ⟨B⟩ along (K).

We define Λ̃ ∈ R^∗ as follows: ∀p ∈ R, Λ̃(p) = Λ(p(M)(1)) where p(M) is the operator obtained by substitution of the variables x_i by the commuting operators M_i. Notice that p(M) is also the operator of multiplication by p modulo (K).

By construction, (K) ⊂ ker H_{Λ̃} and B is a generating set of A_{Λ̃}.

Let us prove by induction on the degree of b ∈ B that for all b^′ ∈ B, we have Λ(b b^′) = Λ(b(M) (b^′)). The property is true for b = 1. If b ≠ 1, then b = x_i b^{′′} for some variable x_i and some element b^{′′} ∈ B of degree smaller than b, because B is connected to 1,

By construction of the operators M_i, we have Λ(x_ib^{′′} b^′) = Λ(b^{′′}M_i(b^′)). By induction hypothesis, we deduce that Λ(b b^′) = Λ(b^{′′}(M) ∘ M_i(b^′)) = Λ(b(M)(b^′)). It holds

Λ(b b^′) = Λ(b^{′′}(M) ∘ M_i(b^′)) = Λ(b(M) ∘ b^′(M)(1)) = Λ((b b^′)(M)(1)) = Λ̃(b b^′),

because b^′ = b^′(M)(1) for all b^′ ∈ B (the multiplication of 1 by b is represented by b ∈ ⟨B⟩ modulo (K)). This shows that Λ = Λ̃ on B · B. As det(H^B_Λ ) ≠ 0, we deduce that B is a basis of A_{Λ̃} and that H_{Λ̃} is of rank r.

Suppose there exists another Λ^′ ∈ R^∗ which extends Λ(h) ∈ ⟨B · B^+⟩^∗ with rank H_Λ′ = r. By proposition 5.5, ker H_Λ′ is generated by ker H^{B·B+}_Λ′ and thus coincides with ker H_{Λ̃}. The two elements of R^∗ must be equal, because Λ^′ coincides with Λ̃ on B. This completes the proof of the theorem. �

The degree of these commutation relations is at most 2 in the coefficients of the multiplications matrices M_i. Direct computation yields the following results, for m ∈ B:

• If x_i, m ∈ B, x_j m ∈ B then (M^B_i ∘ M^B_j − M^B_j ∘ M^B_i )(m) ≡ 0 in K(h).

• If x_im ∈ B, x_j m ∉ B then (M^B_i ∘ M^B_j − M^B_j ∘ M^B_i )(m) is of degree 1 in the coefficients of M_i, M_j .

• If x_im ∉ B, x_j m ∉ B then (M^B_i ∘ M^B_j − M^B_j ∘ M^B_i )(m) is of degree 2 in the coefficients of M_i, M_j .

We are going to give an equivalent characterization of the extension property, based on rank bounds.

Theorem 6.3. Let B = {x^{β1} , . . . , x^{βr} } be a set of monomials of degree at most d, connected to 1. Then, the linear form f^∗ ∈ S^∗_d admits an extension Λ ∈ R^∗ such that H_Λ is of rank r with B a basis of A_Λ iff there exists an h such that all (r + 1) × (r + 1) minors of H^{B+}_Λ (h) vanish and det(H^B_Λ )(h) ≠ 0.

Proof. Clearly, if there exists Λ ∈ R^∗ which extends f^∗ ∈ S^∗_d with H_Λ of rank r, then all (r + 1) × (r + 1) minors of H^{B+}_Λ (h) vanish.

Conversely, if H^{B+}_Λ (h) and H^B_Λ (h) are of rank r, then by [40, Theorem 1.4] there exists a unique Λ̃ ∈ R∗ such that H_Λ is of rank r, and which coincides with Λ on ⟨B+ · B+⟩. �

Proposition 6.4. Let B = {x^{β1} , . . . , x^{βr} } be a set of monomials of degree at most d, connected to 1. Then, the linear form f^∗ ∈ S^∗_d admits an extension Λ ∈ R^∗ such that H_Λ is of rank r with B a basis of A_Λ iff

H^{B+}_Λ = ( H G G^t J ) , (9)

with H = H^B_Λ and G = H W, J = W^t H W. (10)

for some matrix W ∈ K^{B×∂B} .

Proof. In the virtue of theorem 6.3, f^∗ ∈ S^∗_d admits a (unique) extension Λ ∈ R^∗ such that H_Λ is of rank r with B a basis of A_Λ, iff H^{B+} is of rank r. Let us decompose its matrix H^{B+} as (9) with H = H^B_Λ .

If we have G = H W, J = W^t H W, then ( H H W W^tH W^t H W )

is clearly of rank at most rank H.

Conversely, suppose that H^{B+}_Λ = rank H. This implies that the image of G is in the image of H. Thus, there exists W ∈ K^{B×∂B} such that G = H W. Without loss of generality, we can assume that the r first columns of H (r = rank H) are linearly independent. Assume that we choose W such that the i^{th} column of G is the linear combination of the r first columns with coefficients corresponding to the i column W_i of W. The same relation holds for the whole column of this matrix, because rank H^{B+}_Λ = r. Thus we have J = G^t W = W^t H W. � Notice that if H is invertible, W is uniquely determined. In this case, we easily check that ker H^{B+}_Λ = ( W −I ) . This leads to the following system in the variables h and the coefficients w of matrix W. It characterizes the linear forms f^∗ ∈ S^∗_d that admit an extension Λ ∈ R^∗ such that H_Λ is of rank r with B a basis of A_Λ.

H^{B,∂B}_Λ (h) − H^B_Λ (h) W(w) = 0, H^{∂B,∂B}_Λ (h) − W^t(w) H^B_Λ (h) W(w) = 0 (11)

with det(H^B_Λ (h)) ≠ 0.

The matrix H^{B+}_Λ is a quasi-Hankel matrix [44], whose structure is imposed by equality (linear) constraints on its entries. If H is known (ie. B × B ⊂ R_d), the number of independent parameters in H^{B,B+}_Λ (h) or in W is the number of monomials in B × ∂B − R_d. By Proposition 6.4, the rank condition is equivalent to the quadratic relations J − W^tH^t W = 0 in these unknowns.

If H is not completely known, the number of parameters in H is the number of monomials in B × B − R_d. The number of independent parameters in H^{B,∂B}_Λ (h) or in W is then B × ∂B − R_d.

The system (11) is composed of linear equations deduced from quasi-Hankel structure, quadratic relations for the entries in B × ∂B and cubic relations for the entries in B × ∂B in the unknown parameters h and w.

We are going to use these characterizations explicitly in our new algorithm for minimal tensor decomposition.

7. Symmetric tensor decomposition algorithm

Our algorithm for decomposing a symmetric tensor as sum of rank one symmetric tensors generalizes the algorithm of Sylvester [53], devised for dimension two tensors. See also [12].

Consider the homogeneous polynomial f(x) in (3) that we want to decompose. We may assume without loss of generality, that for at least one variable, say x_0, all its coefficients in the decomposition are nonzeros, i.e. k_{i,0} ≠ 0, for 1 ≤ i ≤ r. We dehomogenize f with respect to this variable and we denote this polynomial by f^a := f(1, x_1, . . . , x_n). We want to decompose the polynomial f^a(x) ∈ R_d as a sum of powers of linear forms, i.e.

f(x) = r∑ i=1 λ_i (1 + k_{i,1}x_1 + · · · + k_{i,n}x_n)^d = r∑ i=1 λ_i k_i(x)^d

Equivalently, we want to decompose its corresponding dual element f^∗ ∈ R_d^∗ as a linear combination of evaluations over the distinct points k_i := (k_{i,1}, · · · , k_{i,n}):

f^∗ = r∑ i=1 λ_i 1_{ki}

(we refer the reader to the end of Section 4.3).

Assume that we know the value of r. As we have seen previously, knowing the value of Λ on polynomials of degree high enough allows us to compute the table of multiplications modulo the kernel of H_Λ. By Theorem 5.10, solving the generalized eigenvector problem (H_{x1⋆Λ} −λ H_Λ)v = O, we recover the points of evaluation k_i. By solving a linear system, we then deduce the value of λ_1, . . . , λ_r. Thus, the goal of the following algorithm is to extend f^∗ to a large enough set of polynomials, in order to be able to run this eigenvalue computation.

The critical part in this algorithm is the completion of step two. Instead of the commutation relations, one can use the result of Proposition 6.4.

The two examples that follow demonstrate how the algorithm works.

7.1. First Example

1. Convert the symmetric tensor to the corresponding homogeneous polynomial.

Assume that a tensor of dimension three and order 5, or equivalently a three-way array of dimension 5, corresponds to the following homogeneous polynomial

f = −1549440 x_0x_1x_2^3+2417040 x_0x_1^2x_2^2+166320 x_0^2x_1x_2^2−829440 x_0x_1^3x_2−5760 x_0^3x_1x_2− 222480 x_0^2x_1^2x_2 + 38 x_0^5 − 497664 x_1^5 − 1107804 x_2^5 − 120 x_0^4x_1 + 180 x_0^4x_2 + 12720 x_0^3x_1^2 + 8220 x_0^3x_2^2 − 34560 x_0^2x_1^3 − 59160 x_0^2x_2^3 + 831840 x_0 x_1^4 + 442590 x_0 x_2^4 − 5591520 x_1^4x_2 + 7983360 x_1^3x_2^2 − 9653040 x_1^2x_2^3 + 5116680 x_1x_2^4.

The minimum decomposition of the polynomial as a sum of powers of linear forms is

(x_0 + 2 x_1 + 3 x_2)^5 + (x_0 − 2 x_1 + 3 x_2)^5 + 1 3 (x_0 − 12 x_1 − 3 x_2)^5 + 1 5 (x_0 + 12 x_1 − 13 x_2)^5,

that is, the corresponding tensor is of rank 4.

Algorithm 7.1: Symmetric tensor decomposition Input: A homogeneous polynomial f(x_0, x_1, . . . , x_n) of degree d. Output: A decomposition of f as f =

∑_r i=1 λ_i k_i(x)^d with r minimal.

– Compute the coefficients of f^∗: c_α = a_α

(_d α )_{−1} , for |α| ≤ d;

– r := 1;

– Repeat

1. Compute a set B of monomials of degree at most d connected to one with |B| = r; 2. Find parameters h s.t. det(H^B_Λ ) ≠ 0 and the operators M_i = H^B_{xiΛ}(H^B_Λ )^{−1} commute. 3. If there is no solution, restart the loop with r := r + 1.

4. Else compute the n × r eigenvalues ζ_{i,j} and the eigenvectors v_j s.t. M_iv_j = ζ_{i,j}v_j, i = 1, . . . , n, j = 1, . . . , r.

until the eigenvalues are simple.

– Solve the linear system in (ℓ_j)_{j=1,...,k}: Λ =

∑_r j=1 ℓ_j1_{ζj} where ζ_j ∈ K^n are the eigenvectors found in step 4.

2. Compute the actual number of variables needed.

For algorithms computing the so-called number of essential variables, the reader may refer to the work of Oldenburger [45] or Carlini [8].

In our example the number of essential variable is three, so we have nothing to do.

3. Compute the matrix of the quotient algebra.

We form a

(_{n+d−1} d ) × (_{n+d−1} d ) matrix, the rows and the columns of which correspond to the coefficients of the polynomial in the dual base. The map for this is

a_{j0 j1 ... jn} → c_{j0 j1 ... jn} := a_{j0 j1 ... jn} ( d j_0, . . . , j_n

)_{−1} , where a_{d0 d1 ... dn} is the coefficient of the monomial x^{j0}_0 · · · x^{jn}_n in f. Recall that, since the polynomial is homogeneous,

∑_n i=1 j_i = d.

This matrix is called quasi-Hankel [44] or Catalecticant [31].

Part of the corresponding matrix follows. The whole matrix is 21 × 21. We show only the 10 × 10 principal minor.

1 x1 x2 x21 x1x2 x2 x31 x21x2 x1 x2 x32 1 38 −24 36 1272 −288 822 −3456 −7416 5544 −5916 x1 −24 1272 −288 −3456 −7416 5544 166368 −41472 80568 −77472 x2 36 −288 822 −7416 5544 −5916 −41472 80568 −77472 88518 x21 1272 −3456 −7416 166368 −41472 80568 −497664 −1118304 798336 −965304 x1x2 −288 −7416 5544 −41472 80568 −77472 −1118304 798336 −965304 1023336 x2 822 5544 −5916 80568 −77472 88518 798336 −965304 1023336 −1107804 x31 −3456 166368 −41472 −497664 −1118304 798336 h6,0,0 h5,1,0 h4,2,0 h3,3,0 x21x2 −7416 −41472 80568 −1118304 798336 −965304 h5,1,0 h4,2,0 h3,3,0 h2,4,0 x1x2 5544 80568 −77472 798336 −965304 1023336 h4,2,0 h3,3,0 h2,4,0 h1,5,0 x32 −5916 −77472 88518 −965304 1023336 −1107804 h3,3,0 h2,4,0 h1,5,0 h0,6,0

Notice that we do not know the elements in some positions of the matrix. In general we do not know the elements that correspond to monomials with (total) degree higher than 5.

4. Extract a principal minor of full rank.

We re-arrange the rows and the columns of the matrix so that there is a principal minor of full rank, R. We call this minor H_Λ. In order to do that we try to put the matrix in row echelon form, using elementary row and column operations.

In our example the 4 × 4 principal minor is of full rank, so there is no need for re-arranging the matrix. The matrix H_Λ is

H_Λ =

38 −24 36 1272

−24 1272 −288 −3456

36 −288 822 −7416

1272 −3456 −7416 166368

Notice that the columns of the matrix correspond to the monomials {1, x_1, x_2, x^2_1}.

5. We compute the “shifted” matrix H_{x1Λ} = x_1H_Λ. If {x^α} is the set of monomials indexing the columns of H_Λ, then the columns of H_{x1Λ} correspond to the set of monomials {x_1 x^α}.

The shifted matrix H_{x1Λ} is

H_{x1Λ} =

−24 1272 −288 −3456

1272 −3456 −7416 166368

−288 −7416 5544 −41472

−3456 166368 −41472 −497664

Notice that the columns correspond to the monomials {x_1, x^2_1, x_1x_2, x^3_1}, which are just the corresponding monomials of the columns of H_Λ, i.e. {1, x_1, x_2, x^2_1}, multiplied by x_1.

We assume for the moment that all the elements of the matrices H_Λ and H_{x1Λ} are known. If this is not the case, then we can compute the unknown entries of the matrix, using either necessary and sufficient conditions of the quotient algebra, e.g. it holds that M_{xi} M_{xj} −

M_{xj} M_{xi} = O [43] for any i, j ∈ {1, . . . , n}. There are other algorithms to extend a moment matrix, e.g. [39, 38, 19].

6. We solve the equation (H_{x1Λ} − λH_Λ)X = 0.

We solve the generalized eigenvalue/eigenvector problem using one of the well-known techniques [28]. We normalize the elements of the eigenvectors so that the first element is one, and we read the solutions from the coordinates of the (normalized) eigenvectors.

The normalized eigenvectors of the generalized eigenvalue problem are 1 −12 −3 144 , 1 12 −13 144 , 1 −2 3 4 , 1 2 3 4 The coordinates of the eigenvectors correspond to the elements {1, x_1, x_2, x^2_1}. Thus, we can recover the coefficients of x_1 and x_2 in the decomposition from coordinates of the eigenvectors. Recall that the coefficients of x_0 are considered to be one. Thus, the polynomial admits a decomposition

f = ℓ_1(x_0 + 2x_1 + 3x_2)^5 + ℓ_2(x_0 − 2x_1 + 3x_2)^5 + ℓ_3(x_0 − 12x_1 − 3x_2)^5 + ℓ_4(x_0 + 12x_1 − 13x_2)^5

It remains to compute ℓ_i’s. We can do this easily by solving an over-determined linear system, which we know has always a solution, since the decomposition exists. Doing that, we deduce ℓ_1 = 1, ℓ_2 = 1, ℓ_3 = 1/3 and ℓ_4 = 1/5.

7.2. Second Example

One of the assumptions that the previous example fulfills is that all the entries of the matrices needed for the computations are known. However, this is not always the case as the following example shows.

1. Convert the symmetric tensor to the corresponding homogeneous polynomial.

Consider a tensor of dimension three and order 4, that corresponds to the following homogeneous polynomial f = 79 x_0x^3_1 + 56 x^2_0x^2 + 49 x^2_1x^2 + 4 x_0x_1x^2 + 57 x^3_0x_1,

the rank of which is 6.

2. Compute the actual number of variables needed.

In our example the number of essential variables is three, so we have nothing to do.

3. Compute the matrix of the quotient algebra.

The matrix is 15 × 15.

1 x_1 x_2 x^2_1 x_1x_2 x^2 x^3_1 x^2_1x_2 x_1x^2 x^3_2 x^4_1 x^3_1x_2 x^2_1x^2 x_1x^3_2 x^4_2 1 0^{57}_4 0 0 0^{28}_3^{79}_4 0^1_3 0 0 0^{49}_6 0 0 x_1^{57}_4 0 0^{79}_4 0^1_3 0 0^{49}_6 0 h_{500} h_{410} h_{320} h_{230} h_{140} x_2 0 0^{28}_3 0^1_3 0 0^{49}_6 0 0 h_{410} h_{320} h_{230} h_{140} h_{050} x^2_1 0^{79}_4 0 0 0^{49}_6 h_{500} h_{410} h_{320} h_{230} h_{600} h_{510} h_{420} h_{330} h_{240} x_1x_2 0 0^1_3 0^{49}_6 0 h_{410} h_{320} h_{230} h_{140} h_{510} h_{420} h_{330} h_{240} h_{150} x^2^{28}_3^1_3 0^{49}_6 0 0 h_{320} h_{230} h_{140} h_{050} h_{420} h_{330} h_{240} h_{150} h_{060} x^3_1^{79}_4 0 0 h_{500} h_{410} h_{320} h_{600} h_{510} h_{420} h_{330} h_{700} h_{610} h_{520} h_{430} h_{340} x^2_1x_2 0 0^{49}_6 h_{410} h_{320} h_{230} h_{510} h_{420} h_{330} h_{240} h_{610} h_{520} h_{430} h_{340} h_{250} x_1x^2^1_3^{49}_6 0 h_{320} h_{230} h_{140} h_{420} h_{330} h_{240} h_{150} h_{520} h_{430} h_{340} h_{250} h_{160} x^3_2 0 0 0 h_{230} h_{140} h_{050} h_{330} h_{240} h_{150} h_{060} h_{430} h_{340} h_{250} h_{160} h_{070} x^4_1 0 h_{500} h_{410} h_{600} h_{510} h_{420} h_{700} h_{610} h_{520} h_{430} h_{800} h_{710} h_{620} h_{530} h_{440} x^3_1x_2 0 h_{410} h_{320} h_{510} h_{420} h_{330} h_{610} h_{520} h_{430} h_{340} h_{710} h_{620} h_{530} h_{440} h_{350} x^2_1x^2^{49}_6 h_{320} h_{230} h_{420} h_{330} h_{240} h_{520} h_{430} h_{340} h_{250} h_{620} h_{530} h_{440} h_{350} h_{260} x_1x^3_2 0 h_{230} h_{140} h_{330} h_{240} h_{150} h_{430} h_{340} h_{250} h_{160} h_{530} h_{440} h_{350} h_{260} h_{170} x^4_2 0 h_{140} h_{050} h_{240} h_{150} h_{060} h_{340} h_{250} h_{160} h_{070} h_{440} h_{350} h_{260} h_{170} h_{080}

4. Extract a principal minor of full rank.

In our example the 6 × 6 principal minor is of full rank. The matrix H_Λ is

H_Λ =

0^{57}_4 0 0 0^{28}_3 57 4 0 0^{79}_4 0^1_3 0 0^{28}_3 0^1_3 0 0^{79}_4 0 0 0^{49}_6 0 0^1_3 0^{49}_6 0 28 3 1 3 0^{49}_6 0 0

The columns (and the rows) of the matrix correspond to the monomials {1, x_1, x_2, x^2_1, x_1x_2, x^2}.

5. We compute the “shifted” matrix H_{x1Λ} = x_1H_Λ.

The shifted matrix H_{x1Λ} is

H_{x1Λ} =

57 4 0 0^{79}_4 0^1_3 0^{79}_4 0 0 0^{49}_6 0 0^1_3 0^{49}_6 0 79 4 0 0 h_{500} h_{410} h_{320} 0 0^{49}_6 h_{410} h_{320} h_{230} 1 3 49 6 0 h_{320} h_{230} h_{140}

The columns of the matrix correspond to the monomials {x_1, x^2_1, x_1x_2, x^3_1, x^2_1x_2, x_1x^2} which are the monomials that correspond to the columns of H_Λ, i.e. {1, x_1, x_2, x^2_1, x_1x_2, x^2}, multiplied by x_1.

Since not all the entries of H_{x1Λ} are known, we need to compute them in order to proceed further.

Consider the following method to extend the matrix of a quotient algebra. In the quotient algebra it holds that M_{xi} M_{xj} − M_{xj} M_{xi} = O [43] for any i, j ∈ {1, . . . , n}, i.e. the matrices of multiplications commute (cf. Section 6).

From Proposition 5.9 we know that Δ_i = M^t_{xi} H_Λ, and hence M^t_{xi} = Δ_iH^{−1}_Λ , for 1 ≤ i ≤ n. We form all the possible matrix equations, M_{xi} M_{xj} − M_{xj} M_{xi} = O, there are

(_n 2 ) , and we equate their elements to zero. Since the dimension of the matrices is r × r, this leads to at most

(_n 2 ) r^2, or O(n^2r^2) equations. Note that the equations are, at most of total degree two.

In our example the matrix Δ_2 is

Δ_2 =

0 0^{28}_3 0^1_3 0 0 0^1_3 0^{49}_6 0 28 3 1 3 0^{49}_6 0 0 0 0^{49}_6 h_{410} h_{320} h_{230} 1 3 49 6 0 h_{320} h_{230} h_{140} 0 0 0 h_{230} h_{140} h_{050}

Since we have only two variables, there is only one matrix equation,

M_{xi} M_{xj} − M_{xj} M_{xi} = H_{x1Λ}H^{−1}_Λ Δ_2H^{−1}_Λ − Δ_2H^{−1}_Λ H_{x1Λ}H^{−1}_Λ = O.

Many of the resuling equations are trivial. After discarding them, we have 6 unknonws {h_{500}, h_{410}, h_{320}, h_{230}, h_{140}, h_{050}} and 15 equations. A solution of the system is the following

{h_{500} = 1, h_{410} = 2, h_{320} = 3, h_{230} = 1.5060, h_{140} = 4.960, h_{050} = 0.056}.

We subsitute these values to H_{x1Λ} and we continue the algorithm as in the previous example.

Other algorithms to extend a moment matrix with rank constraints, e.g. [39, 38, 19], so called flat extensions, are applicable when the H_Λ is positive definite.

6. We solve the equation (H_{x1Λ} − λH_Λ)X = 0.

The normalized eigenvectors of the generalized eigenvalue problem are 1 −0.830 + 1.593 i −0.326 − 0.0501 i −1.849 − 2.645 i 0.350 − 0.478 i 0.103 + 0.0327 i , 1 −0.830 − 1.593 i −0.326 + 0.050 i −1.849 + 2.645 i 0.350 + 0.478 i 0.103 − 0.032 i , 1.0 1.142 0.836 1.305 0.955 0.699 ,

10.956 −0.713 0.914 −0.682 0.509 , 1 −0.838 + 0.130 i 0.060 + 0.736 i 0.686 − 0.219 i −0.147 − 0.610 i −0.539 + 0.089 i , 1 −0.838 − 0.130 i 0.060 − 0.736 i 0.686 + 0.219 i −0.147 + 0.610 i −0.539 − 0.089 i .

The coordinates of the eigenvectors correspond to the elements {1, x_1, x_2, x^2_1, x_1x_2, x^2} and we can recover the coefficients of x_1 and x_2 in the decomposition.

After, solving the over-constrained linear system for the coefficients of the linear forms we deduce the decomposition

(0.517 + 0.044 i) (x_0 − (0.830 − 1.593 i)x_1 − (0.326 + 0.050 i)x_2)^4 +(0.517 − 0.044 i) (x_0 − (0.830 + 1.593 i)x_1 − (0.326 − 0.050 i)x_2)^4 +2.958 (x_0 + (1.142)x_1 + 0.836x_2)^4 +4.583 (x_0 + (0.956)x_1 − 0.713x_2)^4 −(4.288 + 1.119 i) (x_0 − (0.838 − 0.130 i)x_1 + (0.060 + 0.736 i)x_2)^4 −(4.288 − 1.119 i) (x_0 − (0.838 + 0.130 i)x_1 + (0.060 − 0.736 i)x_2 )^4

8. Conclusions and future work

We proposed an algorithm that computes symmetric tensor decompositions, extending Sylvester’s algorithm. The main ingredients were i) reformulation of the problem in a dual space, ii) exploitation of the properties of multivariate Hankel operators and Gorenstein algebra, iii) an effective method for solving the truncated Hankel problem, iv) deduction of the decomposition by solving a generalized eigenvalue problem.

There are still several questions that remain open, on which we are currently working. First, the (arithmetic and Boolean) complexity of the algorithm has not been evaluated. Second, one may ask oneself whether the decomposition can still be computed if some entries of the tensor are not known (case of missing data). Last, it is suitable to extend the procedure we have proposed to nonsymmetric tensors.

Acknowledgments.

The authors thank the anonymous referees for their valuable comments. This work is partially supported by contract ANR-06-BLAN-0074 ”Decotes”.

References

[1] L. Albera, A. Ferreol, P. Comon, and P. Chevalier. Blind identification of overcomplete mixtures of sources (BIOME). Lin. Algebra Appl., 391:1–30, November 2004.

[2] J. Alexander and A. Hirschowitz. La méthode d’Horace éclatée : application à l’interpolation en degré quatre. Inventh. math., 107:585–602, 1992.

[3] V. Baldoni, N. Berline, J. De Loera, M. Köppe, and M. Vergne. How to Integrate a Polynomial over a Simplex, 2009. URL http://arxiv.org/abs/0809.2083.

[4] D. Bini, M. Capovani, F. Romani, and G. Lotti. O(n^{2.77}) Complexity for n × n approximate matrix multiplication. Inform. Process. Lett., 8(5):234–235, 1979.

[5] R. Bro. Parafac, tutorial and applications. Chemom. Intel. Lab. Syst., 38:149–171, 1997.

[6] P. Bürgisser, M. Clausen, and M. A. Shokrollahi. Algebraic complexity theory, volume 315 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 1997. ISBN 3-540-60582-7. With the collaboration of Thomas Lickteig.

[7] J. F. Cardoso. Blind signal separation: statistical principles. Proc. of the IEEE, 90:2009–2025, October 1998. special issue, R.W. Liu and L. Tong eds.

[8] E. Carlini. Reducing the number of variables of a polynomial. In M. Elkadi, B. Mourrain, and R. Piene, editors, Algebraic geometry and geometric modeling, pages 237–247. Springer, 2005.

[9] P. Chevalier. Optimal separation of independent narrow-band sources - concept and performance. Signal Processing, Elsevier, 73(1):27–48, February 1999. special issue on blind separation and deconvolution.

[10] P. Chevalier, L. Albera, A. Ferreol, and P. Comon. On the virtual array concept for higher order array processing. IEEE Trans. Sig. Proc., 53(4):1254–1271, April 2005.

[11] A. Cichocki and S-I. Amari. Adaptive Blind Signal and Image Processing. Wiley, New York, 2002.

[12] G. Comas and M. Seiguer. On the rank of a binary form, 2001. URL

http://arxiv.org/abs/math/0112311.

[13] P. Comon. Independent Component Analysis. In J-L. Lacoume, editor, Higher Order Statistics, pages 29–38. Elsevier, Amsterdam, London, 1992.

[14] P. Comon and B. Mourrain. Decomposition of quantics in sums of powers of linear forms.

Signal Processing, 53(2-3):93–107, 1996.

[15] P. Comon and M. Rajih. Blind identification of under-determined mixtures based on the characteristic function. Signal Processing, 86(9):2271–2281, September 2006.

[16] P. Comon, G. Golub, L-H. Lim, and B. Mourrain. Symmetric tensors and symmetric tensor rank. SIAM Journal on Matrix Analysis Appl., 30(3):1254–1279, 2008.

[17] D. Cox, J. Little, and D. O’Shea. Ideals, Varieties, and Algorithms. Undergraduate Texts in Mathematics. Springer-Verlag, New York, 2nd edition, 1997.

[18] D. Cox, J. Little, and D. O’Shea. Using Algebraic Geometry. Number 185 in Graduate Texts in Mathematics. Springer, New York, 2nd edition, 2005.

[19] R. E. Curto and L. A. Fialkow. Recursiveness, positivity, and truncated moment problems.

Houston J. Math, 17(4):603–635, 1991.

[20] L. de Lathauwer and J. Castaing. Tensor-based techniques for the blind separation of ds-cdma signals. Signal Processing, 87(2):322–336, February 2007.

[21] L. de Lathauwer, J. Castaing, and J.F. Cardoso. Fourth-order cumulant-based identification of underdetermined mixtures. IEEE Trans. Sig. Proc., 55(6):2965–2973, June 2007.

[22] J. de Leeuw. A new computational method to fit the weighted euclidean distance model.

Psychometrika, 43(4):479–490, December 1978.

[23] M. C. Dogan and J. Mendel. Applications of cumulants to array processing .I. aperture extension and array calibration. IEEE Trans. Sig. Proc., 43(5):1200–1216, May 1995.

[24] D. L. Donoho and X. Huo. Uncertainty principles and ideal atomic decompositions. IEEE Trans. Inform. Theory, 47(7):2845–2862, November 2001.

[25] M. Elkadi and B. Mourrain. Introduction à la résolution des systèmes polynomiaux, volume 59 of Mathématiques et Applications. Springer, 2007. ISBN 978-3-540-71646-4.

[26] A. Ferreol and P. Chevalier. On the behavior of current second and higher order blind source separation methods for cyclostationary sources. IEEE Trans. Sig. Proc., 48:1712–1725, June 2000. erratum in vol.50, pp.990, Apr. 2002.

[27] B. N. Flury. Common principal components in k groups. Journal of the American Statistical Association, 79(388):892–898, 1984.

[28] G. H. Golub and C. F. Van Loan. Matrix Computations. Johns Hopkins University Press, Baltimore, 1996.

[29] J. Harris. Algebraic Geometry: A First Course. Number 133 in Graduate Texts in Mathematics. Springer-Verlag, 1992.

[30] R. A. Harshman and M. Lundy. PARAFAC: Parallel factor analysis. Computational Stat.

Data Analysis, 18:39–72, 1994.

[31] A. Iarrobino and V. Kanev. Power sums, Gorenstein algebras, and determinantal loci, volume 1721 of Lecture Notes in Computer Science. Springer-Verlag, Berlin, 1999.

[32] T. Jiang and N. Sidiropoulos. Kruskal’s permutation lemma and the identification of CANDE- COMP/PARAFAC and bilinear models. IEEE Trans. Sig. Proc., 52(9):2625–2636, September 2004.

[33] H. A. L. Kiers and W. P. Krijnen. An efficient algorithm for Parafac of three-way data with large numbers of observation units. Psychometrika, 56:147, 1991.

[34] I. A. Kogan and M. Moreno Maza. Computation of canonical forms for ternary cubics. In Proc. Int. Symp. on Symbolic and Algebraic Computation, pages 151–160, New York, NY, USA, 2002. ACM.

[35] J. B. Kruskal. Three-way arrays: Rank and uniqueness of trilinear decompositions. Linear Algebra and Applications, 18:95–138, 1977.

[36] J. Kung and G. Rota. The invariant theory of binary forms. Bulletin of the American Mathematical Association, pages 27–85, 1984.

[37] J. Landsberg. Geometry and the complexity of matrix multiplication. Bull. Amer. Math. Soc., 45(2):247–284, April 2008.

[38] M. Laurent. Revisiting two theorems of Curto and Fialkow on moment matrices. Proc. Amer.

Math. Soc, 133:2965–2976, 2005.

[39] M. Laurent. Sums of squares, moment matrices and optimization over polynomials. In M. Putinar and S. Sullivant, editors, IMA volume Emerging Applications of Algebraic Geometry. IMA Volumes in Mathematics and its Applications, 149, Springer-Verlag, Berlin, 157–270, 2009.

[40] M. Laurent and B. Mourrain. A sparse flat extension theorem for moment matrices. Arch.

Math., 93, 87–98, 2009.

[41] F.S. Macaulay. The Algebraic Theory of Modular Systems. Cambridge Univ. Press, 1916.

[42] P. McCullagh. Tensor Methods in Statistics. Monographs on Statistics and Applied Probability.

Chapman and Hall, 1987.

[43] B. Mourrain. A new criterion for normal form algorithms. In M. Fossorier, H. Imai, S. Lin, and A. Poli, editors, Proc. Applic. Algebra in Engineering, Communic. and Computing, volume 1719 of Lecture Notes in Computer Science, pages 430–443. Springer, Berlin, 1999.

[44] B. Mourrain and V.Y. Pan. Multivariate Polynomials, Duality, and Structured Matrices.

Journal of Complexity, 16(1):110–180, 2000.

[45] R. Oldenburger. Composition and rank of n-way matrices and multilinear forms. The Annals of Mathematics, 35(3):622–653, 1934.

[46] V. Y. Pan. On Schemes for the Evaluation of Products and Inverses of Matrices (in Russian).

Uspekhi Matematicheskikh Nauk, 27,5 (167): 249–250, 1972.

[47] P. Paatero. The multilinear engine: A table-driven, least squares program for solving multilinear problems, including the n-way parallel factor analysis model. Journal of Computational and Graphical Statistics, 8(4):854–888, December 1999.

[48] D. T. Pham and J-F. Cardoso. Blind separation of instantaneous mixtures of nonstationary sources. IEEE Trans. Sig. Proc., 49(9):1837–1848, September 2001.

[49] N. D. Sidiropoulos, G. B. Giannakis, and R. Bro. Blind PARAFAC receivers for DS-CDMA systems. IEEE Trans. on Sig. Proc., 48(3):810–823, March 2000.

[50] A. Smilde, R. Bro, and P. Geladi. Multi-Way Analysis. Wiley, 2004.

[51] V. Strassen. Rank and optimal computation of generic tensors. Linear Algebra Appl., 52:

645–685, July 1983.

[52] A. Swami, G. Giannakis, and S. Shamsunder. Multichannel ARMA processes. IEEE Trans.

Sig. Proc., 42(4):898–913, April 1994.

[53] J. J. Sylvester. Sur une extension d’un théorème de Clebsch relatif aux courbes du quatrième degré. Comptes Rendus, Math. Acad. Sci. Paris, 102:1532–1534, 1886.

[54] J. M. F. ten Berge, N. D. Sidiropoulos, and R. Rocci. Typical rank and INDSCAL dimensionality for symmetric three-way arrays of order Ix2x2 or Ix3x3. Linear Algebra Appl., 388: 363–377, 2004.

[55] A. J. van der Veen and A. Paulraj. An analytical constant modulus algorithm. IEEE Trans.

Sig. Proc., 44(5):1136–1155, May 1996.

[56] A. Yeredor. Non-orthogonal joint diagoinalization in the LS sense with application in blind source separation. IEEE Trans. Sig. Proc., 50(7):1545–1553, 2002.

[57] F. L. Zak. Tangents and secants of algebraic varieties, volume 127 of Translations of Mathematical Monographs. AMS, Providence, RI, 1993.

[58] A. Ziehe, G. Nolte, and K. R. Müller. A fast algorithm for joint diagonalization with non orthogonal transformations and its application to blind source separation. Journal of Machine Learning Research, 5:777–800, December 2004.

A. Ternary cubics

As an application, we present the decomposition of all the types of ternary cubics. The decomposition allows us to classify, up to projective transformations of the variables, homogeneous polynomials of degree three in three variables, for instance with the help of the algorithm described in [14]. For another algorithm for decomposing ternary cubics, based on the method of moving frames and on triangular decompositions of algebraic varieties, we refer the reader to [34]. Two polynomials are equivalent in this classicifation if there exists a variable invertible transformation which maps one polynomial to the other.

The classification algorithm goes as follows. Given a ternary cubic, we compute its decomposition as a sum of powers of linear forms. We have the following cases:

• If the rank is one then the polynomial is a 3^{rd} power of a linear form, that is, it is equivalent to x^3_0.

• If the rank is two, then the polynomial is equivalent to x^3_0 +x^3_1 and is in the orbit of x_0x_1(x_0 + x_1). In fact, the decomposition of the latter polynomial is

(−0.34817 − 0.41842I)((−0.68827 − 0.16213I)x_0 + (−0.48454 + 0.51499I)x_1 )^3 +(−0.34817 + 0.41842I)((−0.68827 + 0.16213I)x_0 + (−0.48454 − 0.51499I)x_1 )^3.

• If the rank is three, then the polynomial is either in the orbit of x^2_0x_1 or in the orbit of x^3_0 + x^3_1 + x^3_2. To identify which the orbit, it suffices to check if the polynomial is square-free or not (that is, check whether the gcd between the polynomial and one of its derivatives is one). If it is not square-free then it is in the orbit of x^2_0x_1. Otherwise it is in the orbit of x^3_0 + x^3_1 + x^3_2.

The approximate decomposition of x^2_0x_1 is

(−0.16962 − 0.59162I)((−0.95338 − 0.09061I)x_0 + (−0.00226 + 0.28783I)x_1 )^3 +(−0.16962 + 0.59162I)((−0.95338 + 0.09061I)x_0 + (−0.00226 − 0.28783I)x_1 )^3 −0.04374(−0.50014x_0 − 0.86594x_1)^3.

• If the rank is 4, then our polynomial is generic. As an example, consider the polynomial 150 x_0^2x_2 + x_1^2x_2 + x_2^3 − 12 x_0^3; an approximate decomposition of which is

0.53630(0.34496x_0 + 0.71403x_1 + 0.60923x_2)^3 −201.24433(−0.99226x_0 + 0.00329x_1 − 0.12411x_2)^3 +213.24332(−0.99270x_0 + 0.00311x_1 + 0.12054x_2)^3 +0.53532(−0.34562x_0 − 0.71446x_1 + 0.60835x_2)^3.

• If the rank is 5, then the polynomial is of maximal rank and it is in the orbit of x^2_0x_1 + x_0x^2, an approximate decomposition of which is

7.76492(0.37118x_0 + 0.65728x_1 + 0.65591x_2)^3 −189.49893(0.31401x_0 + 0.74558x_1 + 0.58780x_2)^3 +(−0.35985 − 0.39864I)((−0.76164 − 0.24098I)x_0 + (0.05666 + 0.34433I)x_1 + (0.46901 − 0.14176I)x_2)^3 +(−0.35985 + 0.39864I)((−0.76164 + 0.24098I)x_0 + (0.05666 − 0.34433I)x_1 + (0.46901 + 0.14176I)x_2)^3 −182.10065(−0.31276x_0 − 0.74846x_1 − 0.58481x_2)^3.

B. An example of extreme rank

In this section we present in detail the decomposition of a ternary cubic of maximal rank, that is 5. Consider the polynomial x^2_0x_1 + x_0x^2.

The matrix of the quotient algebra is

0^1_3 0 0 0^1_3 0 0 0 0 1 3 0 0 0 0 0 h_{4,0,0} h_{3,1,0} h_{2,2,0} h_{1,3,0} 0 0^1_3 0 0 0 h_{3,1,0} h_{2,2,0} h_{1,3,0} h_{0,4,0} 0 0 0 h_{4,0,0} h_{3,1,0} h_{2,2,0} h_{5,0,0} h_{4,1,0} h_{3,2,0} h_{2,3,0} 0 0 0 h_{3,1,0} h_{2,2,0} h_{1,3,0} h_{4,1,0} h_{3,2,0} h_{2,3,0} h_{1,4,0} 1 3 0 0 h_{2,2,0} h_{1,3,0} h_{0,4,0} h_{3,2,0} h_{2,3,0} h_{1,4,0} h_{0,5,0} 0 h_{4,0,0} h_{3,1,0} h_{5,0,0} h_{4,1,0} h_{3,2,0} h_{6,0,0} h_{5,1,0} h_{4,2,0} h_{3,3,0} 0 h_{3,1,0} h_{2,2,0} h_{4,1,0} h_{3,2,0} h_{2,3,0} h_{5,1,0} h_{4,2,0} h_{3,3,0} h_{2,4,0} 0 h_{2,2,0} h_{1,3,0} h_{3,2,0} h_{2,3,0} h_{1,4,0} h_{4,2,0} h_{3,3,0} h_{2,4,0} h_{1,5,0} 0 h_{1,3,0} h_{0,4,0} h_{2,3,0} h_{1,4,0} h_{0,5,0} h_{3,3,0} h_{2,4,0} h_{1,5,0} h_{0,6,0}

, and the matrices Δ_0, Δ_1 and Δ_2 are

0 1/3 0 0 0 1/3 0 0 0 0 0 0 1/3 0 0 0 0 0 h_{4,0,0} h_{3,1,0} 0 0 0 h_{3,1,0} h_{2,2,0} , 1/3 0 0 0 0 0 0 0 h_{4,0,0} h_{3,1,0} 0 0 0 h_{3,1,0} h_{2,2,0} 0 h_{4,0,0} h_{3,1,0} h_{5,0,0} h_{4,1,0} 0 h_{3,1,0} h_{2,2,0} h_{4,1,0} h_{3,2,0} , 0 0 1/3 0 0 0 0 0 h_{3,1,0} h_{2,2,0} 1/3 0 0 h_{2,2,0} h_{1,3,0} 0 h_{3,1,0} h_{2,2,0} h_{4,1,0} h_{3,2,0} 0 h_{2,2,0} h_{1,3,0} h_{3,2,0} h_{2,3,0} .

If we form the matrix equation

M_{xi} M_{xj} − M_{xj} M_{xi} = Δ_1Δ^{−1}_0 Δ_2Δ^{−1}_0 − Δ_2Δ^{−1}_0 Δ_1Δ^{−1}_0 = O,

then we have a system of 8 equations in 8 unknowns. The unknowns are

{h_{5,0,0}, h_{4,1,0}, h_{4,0,0}, h_{3,1,0}, h_{2,2,0}, h_{1,3,0}, h_{3,2,0}, h_{2,3,0}} .

It turns out that the system is not zero dimensional, and that we can choose (randomly) the values of five of them, i.e. {h_{1,3,0} = 3, h_{3,1,0} = 1, h_{2,2,0} = 2, h_{4,1,0} = 4, h_{4,0,0} = 5}. Working as in the other examples we end up with the decomposition

+0.000071(x_0 − 15.778x_1 + 0.510x_2)^3 +0.002916(x_0 + 3.517x_1 + 5.909x_2)^3 +0.178137(x_0 + 0.767x_1 − 0.513x_2)^3 (−0.09056 − 0.0879 i)(x_0 + (−1.341 + 0.316 i)x_1 + (−1.168 + 0.781 i)x_2)^3 (−0.09056 + 0.0879 i)(x_0 + (−1.341 + 0.316 i)x_1 + (−1.168 − 0.781 i)x_2 )^3.