Computing a rational in between
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We are interested in the following problem: Given two (distinct) real algebraic numbers and
their order, can we compute a number between them as a rational polynomial function of the
coefficients of the polynomials that define these two numbers?

Given intervals that contain the real algebraic numbers and a procedure to refine them, we can
solve our problem as follows: We refine the intervals until they become disjoint, this will happen
eventually since we assume that the real algebraic numbers are not equal, and then we compute
a rational number between the intervals, which is, evidently, between the real algebraic numbers,
as well. However, this an iterative approach and it depends on separation bounds, e.g. [L1]. We
present a direct method, which is applicable when we allow in addition to compute the floor of a
polynomial expression that involves real algebraic numbers. In the end, we will also remove the
assumption that the order of the real algebraic numbers is known.

The problem arises when we want to compute rational numbers that isolate the roots of an
integer polynomial of small degree, say < 5 [3]. Another motivation comes from geometry. In order
to analyse the intersection of two quadrics P and @ |10], one need to determine the real roots of
the polynomial det(P + zQ) = 0, their multiplicities and a value in between each of these roots.

1 A rational between square roots

Let us first consider a simple problem. Given two expressions involving square roots, that is
a = a1 + /b1 and B = ay + /ba, such that a < B, can we compute a number m = P such that
a < m < 3, as a rational polynomial function of ai, as, b1, bs?

Lemma 1. Given a1,as € Z, by,by € IN, let 8 > a > 0 be defined below. Then, it is possible to
determine m € Q as a function of a1, as, by, bs, such that

a=a1+ b <m<ax+by =8

Proof: Notice that o is a root of the polynomial h;(z) = 22 — 2a;1z — by + a1?, while 3 is a root
of he(z) = z2 — 2a5z — by + a2, We consider the following resultant w.r.t. y:

h(z) = resultant,(hi(y), ha(z + y)) = z* + n3z> + n2z? + N1z + Mg, (1)
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where ng = 4a; —4a,,
ny = —12as%a1 + 6a22 —2b; —2by + 6a12,
ny = —4 (a1 — a2) (—a1? + 2aza; + by + by — a2?),
ng = 4asai1b; + 4asa1bs + b12 — 2b1by — 2b1a12 — 2b1a22 + b22 — 2b2a12 — 2b2a22 + 6a12a22 —
40.2[1,13 — 40,230.1 + a14 + 0,24.

Polynomial h(z) has 8 — a > 0 as one of its (four) real roots. We consider any of the possible
lower bounds k£ > 0 on the positive roots of h, see [4, 5, [7, &, I9, [11]. Independently of the precise
value of k, the following holds:

a1 + Vb1 < k+a1+ Vb1 < as + Vbs.

If £k > 1, then we set

m:k—i—al—l—[\/EJ,

which satisfies the inequalities because |[v/b1| + k > +/b1. In this case, we could also choose

m:1+a1+L\/l)_1J.

Ifk <1, then k= % for integers 1 < A < p, and it holds that

por = pay + p/by < A+ par + p/by < pas + py/bs = ppB. (2)
Then, we choose
A b
m=—+4+ai + M,
7 7
because m < B & um < p@B, which follows from the right inequality (2]). Moreover, um >
A+ pag + py/by — 1> pa. O

2 A rational between real algebraic numbers

The technique of the proof of the previous lemma is quite generic. Thus we will extend the previous
lemma to a more general theorem.

Consider two real algebraic numbers o < (3, defined as real roots of A = Z?io a; ' and
B = Zfio b; z* € Z|z], respectively. We are seeking for a number m, such that a < m < 3, defined
as a rational polynomial functions in the coefficients of A and B. We consider the polynomial

dc
C(z) = Z c; z" = resultant, (A(y), B(z + v), 9), (3)
i=0
which has as real roots all the differences of the roots of the polynomials A and B. If the constant
coefficient of C is zero, then we divide C by z until we obtain a polynomial with non zero constant
term. By abuse of notation we denote this polynomial by C. Let 0 < k be a lower bound on the
absolute value of the roots of C. Then it holds that

a<k+a<p.



If k> 1thenm =k + |af, since |[a] +k > a. If k < 1, then let k = % for some numbers
1 > A < p. In this case, it holds that

poa < A+pa < pp,

and so we can choose

mo el

I I
The previous discussion allows us to state the following theorem:

(4)

Theorem 2. Consider two real algebraic numbers a < . We can compute a number m, such
that o < m < B as a rational polynomial function in the coefficients of the polynomials that define
o and B, using the four basic operations and the |-| function.

2.1 What we can choose as lower bound

If we can afford the computation of C, refer to Eq. (), then in order to compute k, we can apply
one of the various lower bounds [4, 5, [7, &, |9, [11], available in the literature.

If we do not want to compute C(X) then we can proceed as follows. Recall, e.g. [f], that
for a real algebraic number, say 7, its measure, M (), is the Mahler measure of its minimum
polynomial. It holds that ﬁ < |y] < M (%), and M (B + a) < 2% 9 M (a)® M (B)%. Thus, we
can choose

k=2 %% M(A)™% M(B) %,

Remark 3. If the polynomials that define a and f have degree bounded by d and maximum
coefficient bit size bounded by T, then using the fact that M (A) < ||Alls < v/d 27, we can choose
as rational between o and B the number

1 [d 2d2+2d'r aJ
m = 2 + 3 )
d2d +2dt d2d +2dT
or the more “simple” number
- ) [22d2+2d7 O‘J
M= adriadr T gadiadr

which can be implemented using only shift operations.
Other estimations, possible sharper, are possible using the inequalities M (A) < [A]s < [|4]]2 <
Vd||Al|e, where [A], is the Bombieri norm [1].

Example 4. We will compute a rational between a = +/2 < +/3 = (3, which are roots of A(z) =
25— 2 and A(z) = 253, respectively. The polynomial C(z) of @) is C(z) = z?° —522° 43760 2% +

1124020 + 1162552 — 1, and a lower bound on its roots is k = 1g5ss. Thus, a rational between
o and B, refer to (@), is
N N 116256 V2] 14133543 16603
116256 115256 116256 14532°
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Further extensions

We can drop the assumption of Th. @] that we know the order of the two real algebraic numbers.
Initially, we assume a < § and we compute a rational m;. Assuming a > § we compute a rational

mo.

Then, m = min{my, ms} is between o and S.

We hope that this result will help us to derive a probabilistic test for comparing two expressions

involving roots of rational numbers, similar to the one for zero-testing [2].
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