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Lu ≡ −∇ · (α(x, y)∇u) , in Ω ∧ u = 0, on ∂Ω
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Lui = f, in Ωi

ui = 0, on ∂Ωi\Γi

ui = uB , on B

i = 1, 2
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M × N
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∇2u(x, y) =

(
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∂x2
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∂y2

)

u(x, y) = 0.
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±+¬15 ±E76AK7V±V¬|ÜGËHD�¯�³H¯�¬19�7H3H3:Ë+xD�©|6¬1A[±V7
A ´W7E±V®66®WA ®x·E±

m
x¬|DEA ®xDEA @?¨6®x·H9

c1(x) = c2(x) = . . . = cm(x) = 0
¼ à:È

¯�¹H¯�¬Ì¯1® ∇f
F�¬f±�¬15 ±E76AQ7Vx7HDG7:5 ¯G³V¯1®Ï±V7Ñ¨6³HFG¬
±H58¶G¬f¯176AÒ@B¬�7V´WDG¹V¯17H¯1®eÂK7V3:3:Ë�FG·E±V7V¯"7:Aq±E7

¬15 ±V7:AW®xD"²e¹HC�Õ�±HA ®.@B¬�¨xA87�¬fWA8ÖeËE±V¬1A87�FGA»ËH@�¯"7H@?³:9
n−m

Â6³£®66®W587�x¬|DEA C?DGËHÖe¬f¯176Ax7Vx¹�¯1®x¸:9
6¬|DEA ®xDEA @B¨:®x·:9VÂWFG³V3:7:FG«�Â

∂f

∂xj

=

m
∑

i=1

λi

∂ci

∂xj

j = 1, . . . , n
¼ÅÇVÈ



«+ª�DG³:@BA8¨6®66®WA Õ�±E¯17:9�@B¸H¨ µ ®V3xA @?¨6¹+WA ±VËV´x°�± ∇f = λT∇c
Âq¹:x®x¸

λ1, . . . , λm

¬15 ±V76Aq®WA
6®H3H3:7H:367H@eA87H@�¯�©|9

Lagrange
= > § 3:¬|9�¨:7:¶E5B®WAB¬|ÜEA @�Õq@?¬"A 9�C?DGË:ÖB®V±G¯"7:A

∂F

∂λ1
= . . . =

∂F

∂λm

=
∂F

∂x1
= . . . =

∂F

∂xn

= 0
¼ Þ:È

¹:x®x¸

F = F (λ1, . . . , λm, x1, . . . , xn)

= f(x1, . . . , xn) −
m

∑

i=1

λici(x1, . . . , xn) = f(x1, . . . , xn) − λT ci(x1, . . . , xn)

>�®�¨6³ÑCBD�7:¨:¨xA ´W¹0@?·:@�¯G³H¨67 ¼ Þ6È�¨:6®xDG¬15Q±V7×¬fxA83:¸E²º¬15Q¨:¬Í6®H3H36®6·:9�¯�DG¹66®x¸:9VÂb¬15 ¯�¬�¨6¬
7HDEA ²e¨6³V¯EA ´W©|9�¨:¬
²º¹xF�®x¸:9VÂ�¹6:°q9

Newton-Raphson
¬"5 ¯G¬�¨:¬�¨:¬f²e¹xFG®6¸:9O7Vx7V3:®WA8Öe«H9HÂ6¹66°q9

¨:¬ µ ËH@B¬1A 9
Groebner

«t¨6¬�¯G³tª�DG«H@B³t7:D�76A8«H9�7Vx7V3:®W58Öe®x¸H@B7H9{¼�½ ÞEÁÃÂ�½ ÆVÁÉÈ|=�ÓÒ¯EA 9�¬
±V¹H¯�³H¯�¬|9
6®x¸u7H´x®H3:®x¸E²º®x·E±�²º7u¨:®V±E¯�¬f36®66®WA8«:@?®x¸H¨6¬�¯G³uFEA87:¨:©|DEA @?³u6¬|FE5 ®x¸Ì°q9t©
±V7�xDG¹ µ 3:³:¨:7Ì¨6¬
6®H3H3:7H:367H@eA87H@�¯�©|9

Lagrange
´W7:A?@�¯G³{@?¸V±E©1ª�¬1A87�²e7¯1®t¬fxA83:·H@B®x¸H¨6¬�@?¸:¨ µ ®V36A8´xË?=

� � ��¢�����F�   �q� � ��PI
�MEFE<¢ I�E<¢� .�~¢� LKM�N�
Lagrange

Ø�6®xDG®x·H¨6¬�±E7�¨:®V±G¯G¬f36®:x®WA8«H@B®x¸H¨6¬t¯1®×xD�¹ µ 3:³H¨67Ï¯�³:9uFEA87H¨6©|DEA @?³:9Ì°q9u©
±V7ÐxD�¹ µ 3:³H¨67
6®H3H3:7H:367H@eA87H@�¯"Õ�±

Lagrange
=

Û�¬f°qDG®6·:¨:¬£¹V¯EA`¯1®u6DG®x9FGA»7H¨6©|DEA @B³�x¬|FE5 ®�¬15 ±V7:A�@?¬
n
ÔÃFEA87:@�¯GËH@B¬1A 9V=�ÓÒ¯�³�C?¬
±HA ´W«�¯1®x¸

¨:®xDGÖB«¯"®{6DG¹ µ 36³H¨67�¬15 ±E76A

min Tcomm(q1, . . . qn)
Tcalc(q1, . . . qn) = constant

¼ Æ6È

¹:x®x¸
q1, . . . , qn

¬15 ±V7:Ae®WAºFEA87H¨6¬|DE5 @?¬1A 9O@?¬�´WËE²º¬�FEA8Ë:@�¯17:@?³?=�ÚÒ5 ±V7:AexDG®xÖB7V±E©19�¹V¯EAB³x7HDG7VÔ
6ËV±G°�¨6®E±E¯G¬f3:®6x®x5 ³:@?³�¨:6®xDG¬15"±V7�x7HDG7HªW²e¬15"CBA87<®66®WA ®xF�«H6®H¯�¬�x¬|FE5 ®4´W7:A�CBA874®:x®WA ®6FG«H6®H¯�¬
¬158FG®x9.FEA87:¨:©1DGA @B³H9V=`2 7V±EË:FG¬1A8ÜG³�¯1®x¸�¬f36ËHª?A @�¯1®x¸�«�¯1®x¸�¨:©fCeA @�¯1®x¸�CB5 ±V¬f¯176A�¨6¬�¯G³Ìª�DG«H@B³
¯1®x¸£ÚÒ@?@BA»7E±V®x·£W5 ±V7V´W7?=

ÓÒ¯�³<@?¸E±V©|ª?¬1A87<67:D�®x¸:@BA8Ë:¶�®x¸:¨:¬�¯G³E±4¬|Öe7HDG¨6®VC?«<¯�³:9Kx7HDG7H6ËV±G°u¨6®E±E¯G¬f3:®6x®W5 ³H@?³:9[@�¯EA 9
ÀWÂ�@�¯EA 9£Ä�´W7:A�¯GA 9T@ÌFGA»7H@�¯GËH@B¬1A 9V=�Û�¬f°qDG®x·H¨6¬�¹H¯GA�¯1®�63:«V²e®x9�¯|°�±Ì¬fx¬|ÜG¬|D�C?7H@�¯"Õ�±�¬"5 ±V7:A
6®H3:·�¨:¬fCBËV3:®eÂ�7V±�7H¸H¯�¹uFG¬
±Ì@?¸:¨ µ 7:5 ±V¬1A�¯�¹H¯�¬£²e7�xDG©f6¬"A`±V7�CB5 ±V¬1A�7E±VËH3:¸H@B³t¯"®6¸�36¹VC?®x¸
6DG®6´W¬1A8¨6©
±V®6¸�±V77Vx®6Öe7H@e5 @?®x¸H¨6¬�¯G³ µ ©f3:¯GA @�¯G³.FGA»7H¨6©|DEA @B³�=

�������	��
���������	����������������� � Û�¬f°qDG®x·H¨6¬�FEA87H¨6©|DEA @?³�¯1®x¸Ðx¬|FE5 ®x¸
Ω
ÂbFEA87H@�¯�Ë:@?¬f°�±

M × N
Âe@?ª�«:¨:7H¯17u¼ @6Èb´W7:A�¼ ßHÈ|= § 7V±E7HCW±EÕq@�¯G³H9�®�®66®W5 ®x9�¬fWA ²e¸H¨6¬15e¨xA87{WA ®�3:¬|:¯1®x¨6¬|DG«

6¬|DEA C?DG7HÖe«�´W7:A�6¬"A8DG7H¨67V¯EA ´WË�7H6®H¯�¬f36©|@?¨67V¯"7t´W7V36¬15 ¯17:A`±V7�7E±V7V¯GDG©|ÜG¬1A�@�¯1®×½¿¾�ÝEÁÃ=�!º³V¯GËH¨6¬
±E7�¬f3:7:ª?A @�¯1®6x®xA»«H@?®x¸:¨:¬[¯G³E±O¬fWA ´W®xA ±G°�±H587�¨6¬f¯17:ÜG·O¯|°�±�x7HDGËH3H3:³H3H°�±4¬fx¬|ÜG¬|D�C?7:@�¯�Õ�±x= ? ±
²e¬f°qDG«H@B®x¸H¨6¬<¹H¯GAe®WA?FEA87:@�¯GËH@B¬1A 94¯1®x¸®xD"²e®VC?Õ�±VA ®x¸£6®x¸©|ª�¬1AB7E±V7H¯�¬
²º¬15�@B¬�´xËV²e¬�¬fx¬|ÜG¬|D"Ô
C?7H@�¯�«¬15 ±V76A

q1
Â�´W7:A

q2
¯G¹V¯G¬�®tª�DG¹E±V®x9�¬fWA ´W®WA ±E°�±V5»7H9�FG5 ±E¬|¯17:AB7Vx¹{¯G³.@Bª�©|@B³

Tcomm(q1, q2) = 4ts + 2(q1 + q2)tw
¼�¾"Ý6È



§ x¬|DEA ®xDEA @?¨6¹x94¨67H9O¬15 ±V7:A?¹V¯EA�xDG©fx¬1Ax±V77E±V7V¯G¬
²º¬15�@B¬4´WËE²º¬4¬fx¬|ÜG¬|D�C?7:@�¯G«£©
±V7.@�¯17V²e¬|DG¹
¬|¨ µ 7HFG¹eÂW¯1®t®6x®W5 ®.±V7{¬15 ±E76Aº5 @B®�¨6¬<¯"®�x³V3658´x®¯"®6¸@B¸E±V®V3xA ´W®6·.¬|¨ µ 7:F�®x·.¯1®x¸.6¬1FG5 ®x¸.FGA»7
¯1®x¸£63:«V²e®x¸H9<¯|°�±£¬|6¬|ÜG¬|D�C?7:@�¯�Õ�±WÂ?FG³V3:7:FG«

c(q1, q2) = q1q2 −
MN

p

¼�¾H¾GÈ

V�7V¯GË£@B¸E±V©fx¬1A87£6DG©fx¬1A�±E7¬fWA 36·H@?®x¸:¨:¬�¯"®�xD�¹ µ 3:³H¨67

min Tcomm(q1, q2)
g(q1, q2) = 0

¼�¾�À:È

ÚKÖB7:DG¨:¹x¶G®x¸H¨6¬<¯G³¨:©f²e®xFG®{¯|°�±£x®V3:3:7H:367H@BA»7H@�¯�Õ�±
Lagrange

ÂxFG³V367HFG«

∇Tcomm(q1, q2) = λ∇g(q1, q2)
g(q1, q2) = 0

¼�¾"Ä6È

ÚqxA83:·H®V±E¯17H9<¯1®{x7HDG7VxËE±E°�@B·H@�¯�³:¨:7¬|ÜEA @�Õq@B¬f°�±£xDG®:´W·H:¯G¬1A�¹H¯GA

q1 = q2 =

√

MN

p

¼�¾5@xÈ

�<DG³H@eA8¨:®6x®WA Õ�±E¯17H9¯1®V±�ÚÒ@?@BA»7E±V¹Ïx5 ±V7H´x7�¨:x®6DG®x·H¨6¬¬|·V´W®H3:7�±V7uFEA87VWA @�¯�Õq@?®x¸H¨6¬¹V¯EA�³
67:D�7H6ËV±E°Ñ¯GA»¨:«¬15 ±V76A?¬f36ËHª?A @�¯�³?=

P0

Pp-q

P1 Pq-1

Pp-1

N/q

Mq/p

����������� � � S|h�T"�6a`^EX M+�1X MGJEy~S"X c6R]V\��1� TVw
������������� á ]HX Y:THX ^"_�^G� MOcBdfR�^�TVS|hWT��6a`�^GX MO�1X MGJEy�S�X c6RO]V\~�1� TVw

� ����� � ����� ��� ����� �	� 
 � � Û�¬|°qD�®x·:¨:¬�¹V¯EAq¯"®�6¬|FE5 ®
Ω
Âq¯1®Ñ®6x®x5 ®ÏxD�©|6¬1A[±V7ÏFEA Ô

7H¨6¬|DEA @�¯�¬"5 Â�¬15 ±V7:AB®xD"²e®VC?Õ�±VA ®{x7HDG7H3H3:³H3:¬fW5 x¬|FG®eÂHFEA87H@�¯�Ë:@?¬f°�±
L × M × N

=
Û�¬f°qDG®6·:¨:¬Ò¹V¯EAH®WA:FEA87H@�¯�Ë:@?¬1A 9Ò¯1®x¸<®xD"²e®HC�Õ�±HA ®x¸�x7HDG7V3:3:³V36¬fWA 6©1F�®x¸Qx®6¸O©|ª?¬1AV7V±E7H¯�¬fÔ

²e¬15`@B¬�´WËE²º¬�¬fx¬|ÜG¬|D�C?7H@�¯�«�¬"5 ±V7:A
q1
Â
q2
´x76A

q3
Âº®6x¹V¯G¬�®Ìª�DG¹E±V®x9£¬fWA ´W®WA ±E°�±H587H9�FE5 ±V¬f¯"7:A

7Vx¹{¯�³@Bª�©|@?³

Tcomm(q1, q2, q3) = 6ts + 2(q1q2 + q2q3 + q1q3)tw
¼�¾�ß:È



§ 6¬1DGA ®xDEA @?¨6¹69K¨:7:9K¬15 ±V76AV¹V¯EAGxDG©f6¬"A�±V7<7V±E7H¯�¬f²e¬15G@B¬q´WËE²º¬K¬fx¬|ÜG¬|D�C?7H@�¯�«4©
±V7H9K@�¯17E²º¬|DG¹x9
¹VC�´W®x9VÂ?®6x®W5 ®x9�¬15 ±E76Aº5 @B®x9�¨:¬O¯"®tx³V3x5 ´W®{¯1®x¸{@?¸V±E®H36A ´W®x·¹VC�´W®x¸{FEA87¯1®x¸63:«E²º®x¸H9O¯|°�±
¬f6¬1Ü�¬1D"CB7H@�¯�Õ�±WÂ?FG³V367HFG«

g(q1, q2, q3) = q1q2q3 −
LMN

p

¼�¾"à6È

V�7V¯GË£@B¸E±V©fx¬1A87£6DG©fx¬1A�±E7¬fWA 36·H@?®x¸:¨:¬�¯"®�xD�¹ µ 3:³H¨67

min f(q1, q2, q3)
g(q1, q2, q3) = 0

¼�¾GÇHÈ

ÚKÖB7:DG¨:¹x¶G®x¸H¨6¬<¯G³¨:©f²e®xFG®{¯|°�±£x®V3:3:7H:367H@BA»7H@�¯�Õ�±
Lagrange

xDG®6´x·H:¯G¬1A?¹V¯EA

q1 = q2 = q3 = 3

√

LMN

p

¼�¾"Þ6È

> Úq±E7x7HDGË:F�¬"A CB¨:7£FGA»7H¨6©|DEA @B³H9O@�¯EA 9OÄ.FEA87:@�¯GËH@B¬1A 9VÂ�Öe7:5 ±V¬f¯176A�@�¯1®�ÓQª�«:¨:7Ì¼ à:Èf=

1

q2

2 q1

M/q1

M/q2

2

p/(q q )1 2

�������������b��X MGJEy~S"X c6RÌced1X Z�
�1X MGcBd|�Gcx\
X Z

��������� ���×�OX MGJEy�S�X c6R JE\ YHM"^�T"^GX Y:�
\��|���6_`^�M

� ����� � ����� ��� � ���	� ��� �	��������������� � Û�¬|°qD�®x·:¨:¬�¹H¯GA�¯1®x¬|FE5 ®
Ω
ÂW¯1®®66®W5 ®.6DG©fx¬1A

±E7�FGA»7H¨6¬|DEA @�¯�¬"5 ÂH¬15 ±V76AxFGA»7H@�¯GËH@B¬f°�±
K×L×M×N

=xÛ�¬f°qDG®x·H¨6¬b¹V¯EAx®xAxFEA87:@�¯GËH@B¬1A 9b¯|°�±
6¬|FE5 °�±�6®x¸�©|ª?®6¸V±�7E±V7H¯�¬
²º¬15�@?¬´WËE²º¬£¬fx¬|ÜG¬|D�C?7:@�¯G«�¬15 ±V7:A

q1
Â
q2
Â
q3
´x76A

q4
®6x¹V¯G¬£®

ª�DG¹E±V®x9�¬fxA8´x®WA ±E°�±H587:9<FE5 ±V¬f¯176A?7H6¹�¯�³@?ª?©|@?³

Tcomm(q1, q2, q3, q4) = 8ts + 2(q1q2q3 + q1q2q4 + q1q3q4 + q2q3q4)tw
¼�¾"Æ6È

§ 6¬1DGA ®xDEA @?¨6¹69K¨:7:9K¬15 ±V76AV¹V¯EAGxDG©f6¬"A�±V7<7V±E7H¯�¬f²e¬15G@B¬q´WËE²º¬K¬fx¬|ÜG¬|D�C?7H@�¯�«4©
±V7H9K@�¯17E²º¬|DG¹x9
¹VC�´W®x9VÂ?®6x®W5 ®x9�¬15 ±E76Aº5 @B®x9�¨:¬O¯"®tx³V3x5 ´W®{¯1®x¸{@?¸V±E®H36A ´W®x·¹VC�´W®x¸{FEA87¯1®x¸63:«E²º®x¸H9O¯|°�±
¬f6¬1Ü�¬1D"CB7H@�¯�Õ�±WÂ?FG³V367HFG«

g(q1, q2, q3, q4) = q1q2q3q4 −
KLMN

p

¼ÅÀVÝ6È



V�7V¯GË£@B¸E±V©fx¬1A87£6DG©fx¬1A�±E7¬fWA 36·H@?®x¸:¨:¬�¯"®�xD�¹ µ 3:³H¨67

min f(q1, q2, q3, q4)
g(q1, q2, q3, q4) = 0

¼ÅÀW¾GÈ

ÚKÖB7:DG¨:¹x¶G®x¸H¨6¬<¯G³¨:©f²e®xFG®{¯|°�±£x®V3:3:7H:367H@BA»7H@�¯�Õ�±
Lagrange

xDG®6´x·H:¯G¬1A?¹V¯EA

q1 = q2 = q3 = q4 = 4

√

KLMN

p

¼ÅÀHÀ:È

� � ¢�������� OT�N� � ��¢�����F�   �q� �  LK � � I ��I
��	��
ÓÒ¯1®4x7HDG¹V±Ò´W¬|ÖeËV3:76A ®b²e7�7V±V7V3:·:@?®x¸H¨6¬�FGA»7H¨6¬|DE5 @B¬1A 9�@�¯1®�¬fW5 6¬1F�®<¨:¬�¯G³�ª�DG«H@B³�´W7E±V®E±HA ´xÕ�±
6®H3:¸VC?Õ�±G°�±W=6ÚÒ5 ±V7:A�CW±E°q@�¯G¹{¹V¯EAW¯17£¨:¹V±V7�´W7E±V®E±HA ´WË�x®V36·VC�°�±V7�¯"7�®66®W587�´W7V3:·H:¯"®6¸V±4¯1®
¬fx586¬|FG®.¬15 ±V7:AW¯1®.A @B¹:63:¬1¸HDG®�¯GDE5 C�°�±V®BÂ6¯1®.¯G¬f¯�DGËHC�°�±V®´x76A6¯1®¬|ÜGËVC�°�±V®e=0=�5 ±V¬f¯176Ax¬|·V´W®H3:7
7E±E¯GA83:³V6¯G¹£¹H¯GAW³.FEA87H¨6©|DEA @?³�x®x¸�@�¯�³:DG5»¶�¬|¯17:Ax@B¬<A @?¹663:¬|¸:D�7O¯GDE5 C�°�±V7£¬15 ±E76AW7HFEA8Ë:ÖB®xDG³�CeA87
¯�³�7V±VËV3:¸:@?«�¨67H9H=WÓÒ¯1®�½n¾"ÝGÁ`¨:¬|3:¬f¯G«H@B7H¨6¬Ò¯"®£¯G¬f¯GDGËVC�°�±V®£´x76Ax@�¯G³E±�x7HDG®x·H@?7�¬
±V¹V¯G³V¯17�²º7
¨:¬f36¬f¯G«H@?®x¸:¬|¨.¯1®�¬|ÜGËVC?°�±E®e=

� �����
	��� � �	����� � ���������������� 6®:²e©|¯1®x¸H¨6¬Ò¹H¯GAx©|ª?®6¸:¨:¬b©
±V7�®xD"²e®HC�Õ�±HA ®£x¬|FE5 ®
Ω
FEA87:@�¯GËH@?¬|°�±

M × N
´W7:A�¹V¯EAº®�7:DEA ²e¨6¹69�¯|°�±�¬fx¬|ÜG¬|D�C?7H@�¯"Õ�±{¯1®x¸{x7HDGËV3:3:³H3:®x¸£¸HHÔ

®V3:®HCBA @�¯G«Ì¬15 ±V7:A
p
=�Û�¬f°qDG®x·H¨6¬{¹V¯EA�³�63:¬|¸:D�Ë�´W7:A�³Í7V´x¯G5 ±E7Ì¯"®6¸u´x7V±V®E±HA ´W®x·�¬|ÜG7VC�Õ�±V®x¸

¬15 ±V7:A
R
=�ÚqxA83:©fC?®x¸:¨:¬£±V7u¯1®6x®:²e¬f¯G«H@B®6¸:¨:¬£¯17+¬|ÜGËVC�°�±V7u¨6¬{¯G©f¯1®WA ®u¯GD�¹6x®ÏÕq@�¯G¬�@�¯G³E±

7HDEA @�¯G¬|DG«�´W7:A6FG¬|ÜEA8Ë�ËV´WDG³�¯1®x¸�x¬|FE5 ®x¸�±E7�¬|¨:Öe7E±H58¶G®V±G¯"7:A6¯GDG5 C�°�±V7�¯17�®66®W587�¨:x®6DG®x·H¨6¬Ò±V7
¬|·V´W®V367±V7Ì¸Vx®V3:®HCB5 @?®x¸H¨6¬O¹V¯EA�¬15 ±E76A�¬15 ¯G¬�¯1® 1

6

¬"5 ¯G¬�¯1® 1
12

¯1®x¸�¬|ÜG7VC�Õ�±V®x¸�= ? x7:A ¯1®x·:¨:¬
¯1®�63:«V²e®x9�7H¸H¯"Õ�±.¯|°�±.¯GDEA C�Õ�±E°�±{@B¬�´xËV²e¬�63:¬|¸:D�Ë£±V7{¬15 ±V76Ae6®H3H3:7H:36ËH@eA ®£¯1®x¸{Ä�ÂB©f¯�@eA
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