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Abstract. This paper introduces and analyses a new algorithm for minimizing a convex function subject
to a finite number of convex inequality constraints. It is assumed that the Lagrangian of the problem is
strongly convex. The algorithm combines interior point methods for dealing with the inequality constraints
and quasi-Newton techniques for accelerating the convergence. Feasibility of the iterates is progressively
enforced thanks to shift variables and an exact penalty approach. Global and g-superlinear convergence is
obtained for a fixed penalty parameter; global convergence to the analytic center of the optimal set is ensured
when the barrier parameter tends to zero, provided strict complementarity holds.
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1. Introduction

This paper introduces and analyzes a new algorithm for solving a convex minimization
problem of the form

min f(x),
{c(x)zo, (1.1)

where f : R” — R and ¢ : R* — R™ are continuously differentiable functions on
the whole space R"”. We assume that f is convex and that each component c(; of c,
for 1 < i < m, is concave. The feasible set of Problem (1.1) is then convex. The
algorithm combines interior point (IP) ideas for dealing with the inequality constraints
and quasi-Newton techniques for approximating second derivatives and providing fast
convergence. The motivation for introducing such an algorithm has been given in [2].
The main contributions of this paper are twofold. First, we improve the capabilities of
the primal-dual IP algorithm introduced in [2], by allowing the iterates to be infeasible.
This property is useful when it is difficult to find a strictly feasible starting point. In
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the proposed algorithm, feasibility and optimality are obtained simultaneously. The
iterates remain inside a region obtained by shifting the boundary of the feasible set and
their asymptotic feasibility is enforced by means of an exact penalty approach. This
one shifts back monotonically that boundary to its original position. By our second
contribution, we enlarge the class of problems that this algorithm can solve. The strong
convexity hypothesis that is necessary to settle the algorithm has been weakened. Instead
of assuming the strong convexity of one of the functions f, —c(1), ... , —c(n), asin [2],
our analysis shows that it is sufficient to assume the strong convexity of the Lagrangian of
Problem (1.1). We believe that these contributions improve significantly the applicability
of the algorithm.

In our approach, Problem (1.1) is transformed, using shift variables s € R™, into an
equivalent form (see [9]):

min f(x),
c(x)+s>0, (1.2)
s =0.

The interest of this modification is that it is now easy to find an initial pair (x1, s1)
satisfying c(x1) + s1 > 0. Of course Problem (1.2) is as difficult to solve as (1.1), but
it is now possible to control the feasibility of the inequality constraints. In the chosen
approach, the inequality c¢(x) + s > 0 is maintained throughout the iterations thanks to
the logarithmic barrier function, while the equality s = 0 is relaxed and asymptotically
enforced by exact penalization. Another key feature of this transformation is that the
convexity of the original problem is preserved in (1.2). This would not have been the
case if instead we had introduced slack variables s € R, as in the problem

min f(x),
c(x) =s, (1.3)
s> 0.

With such a transformation, the positivity of the slacks would be maintained in the
algorithm and the constraint c¢(x) = 5 would be progressively enforced (see [5] for
example). The drawback of (1.3) in the present context is that the equality constraint
cannot be viewed as a convex constraint, since the set that it defines may be nonconvex.
This is a source of difficulties, preventing the extension of the analysis carried out in [2].

Provided the constraints satisfy some qualification assumptions, the Karush-Kuhn-
Tucker (KKT) optimality conditions of Problem (1.1) can be written as follows (see [7,
14] for example): there exists a vector of multipliers A € R™ such that

Vx)—Ax) ™A =0,
C(x)A =0, (1.4)
(c(x),2) =0,
where V f(x) is the gradient of f at x (for the Euclidean scalar product), A(x) is the
m x n Jacobian matrix of ¢, and C(x) = diag(c(1)(x), ... , con)(x)).
We consider a relaxed barrier problem associated with (1.2):

i min (g, (x, ) = f00) = X0y log (e () +509) ). 05

s =ry,
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where @, is the barrier function parameterized by ;. > 0, the arguments of the logarithm
are implicitly assumed to be positive, and r, € R™ is a vector relaxing the equality
constraint of (1.2). There is nothing in r,, that is fundamental for the convergence of the
algorithm, and one could set r,, = O (this is what is done in Sects. 3 and 4, actually). For
its efficiency, however, it may be more appropriate to force the feasibility progressively
as u goes to zero (of course it is required to have r,, — 0 when u — 0). This topic is
further discussed in the introduction of Sect. 5.

Let us go back to the barrier problem (1.5). Its optimality conditions can be written

Vx)—Ax) A =0,
(Cx) + 1 = pe,

5= 1, (1.6)
(c(x) +s,4) >0,
where S = diag(s(1), - . , Sgm)) and e = (1---1)" is the vector of all ones. Note that

by eliminating s in (1.6) and by setting r,, = 0, one recovers the system (1.4), in which
the complementarity conditions C(x)A = 0 are perturbed into C(x)A = e, a frequently
used technique in primal-dual IP methods. We prefer keeping s in the system (1.6), in
particular in its second equation, since in the algorithm the iterate s needs to be nonzero
when the iterate x is infeasible, in order to ensure the positivity of c(x) + s.

Our primal-dual IP algorithm computes approximate solutions of (1.6) for a se-
quence of parameters u > 0 decreasing to zero. For a fixed value of u, it uses a sequence
of quasi-Newton iterations for solving the first three equations of (1.6), using the BEGS
update formula. These iterations are called inner iterations, while an outer iteration is
the collection of inner iterations corresponding to the same value of p.

The global convergence of the quasi-Newton iterates is ensured by a backtracking
line-search on some merit function. A classical merit function associated with a con-
strained problem like (1.5) is the following exact penalty function:

Ouo(x,8) == @ux,s) +olls —rullp.

where o > 0 is the penalty parameter and || - ||, is an arbitrary norm. Let || - ||,, be the
dual norm associated with || - || ,:

lvll,, := sup v u.
flull p <1

It is well known (see [4, Chap. 12] for example) that, for convex problems, the penalty
function ®,  is exact (i.e., the solutions of (1.5) minimize ©, ), if

o= Ay,

for some optimal multiplier A associated with the constraint of (1.5). A property
that plays an important role in our analysis is the convexity of ®, ,. Starting with
Problem (1.3) instead of Problem (1.2) would have led to the merit function f(x) —
wd ", log5si + olle(x) — 5| ,, which is not necessarily convex. This is another way of
motivating the choice of transforming the original problem (1.1) by using shift variables
instead of slack variables.
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Since our algorithm generates primal-dual iterates, we have chosen, as in [2], to use
a primal-dual merit function by adding to ®,, , a centralization term V)

Yo (x,8,8) = Op o (x,8) + TV, (x, 5, A),

where 7 is some positive constant and

Viu(x, 5,0) = A1 (c(x) +5) — Zlog(km (ciy @) + 537))-
i—1

Since ¢ > t — p logt is minimized at ¢ = u, function V), has its minimal value at points
satisfying the second equation of (1.6).

The strategy that consists in forcing the decrease of ¥, , from (x,s, 1) along
a direction d = (d*, d*, d”) can work well, provided d is a descent direction of ¥, ;.
‘We shall show that this is actually the case if dis a (quasi-)Newton direction on the system
(1.6) and if o is large enough: o > ||A 4 d*|| p must hold. Satisfying this inequality
does not raise any difficulty, since it is sufficient to increase ¢ whenever necessary.
If o is modified continually, however, the merit function changes from iteration to
iteration and it is difficult to prove convergence. In order to avoid the instability of the
penalty parameter, there are rules ensuring that either the sequence of generated o’s is
unbounded or o takes a fixed value after finitely many changes. Of course, only the latter
situation is desirable. We have not succeeded, however, in proving that this situation
necessarily occurs with our algorithm, despite the convexity of the problem and the
assumed qualification of the constraints (Slater’s condition). At this point, we quote
that Pshenichnyj [16, Theorem 2.4] has proven an interesting result on the stabilization
of the penalty parameter, but with an algorithm that may require a restart at the initial
point when o is updated. We did not want to go along this line, which is not attractive
in practice, and have preferred to assume the boundedness of the sequence of o’s. With
this assumption, we have been able to show that, for a fixed u, the whole sequence
of inner iterates converges to the solution to the barrier problem (1.5). This favorable
situation can occur only if the Slater condition holds.

The paper is organized as follows. Section 2 provides notation and tools from convex
analysis that are used throughout the paper. The quasi-Newton-IP algorithm for solving
the barrier problem is presented in Sect. 3, while Sect. 4 focuses on the proof of its
superlinear convergence. The last section describes the overall algorithm and provides
conditions ensuring the convergence of the outer iterates towards the analytic center of
the optimal set.

2. Notation and tools from convex analysis

In this paper, we always assume that R” is equipped with the Euclidean scalar product
and denote by ||- || the associated £2 norm. Extending the algorithm to take into account an
arbitrary scalar product, which is important in practice, should not present any difficulty.

A function is of class C! if it is continuously differentiable and of class C"! if in
addition its derivative is Lipschitz continuous.
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A function & : R" — R is strongly convex with modulus x > 0, if the func-
tion &(-) — 5| - |? is convex. When £ is differentiable, an equivalent property is
the strong monotonicity of its gradient, that is: for all (x,y) € R"” x R" one has
(VEx) — VEO) T (x — y) > kllx — y||? (for other equivalent definitions, see for ex-
ample [10, Chap. IV]).

Consider now a convex function f : R” — R U {+00} that can take the value +o0.
The domain of f is defined by dom f := {x € R" : f(x) < oo} and its epigraph is
epi f:={(x,@) e R" xR : f(x) < «a}. The set of such convex functions that are proper
(dom f # ) and closed (epi f is closed) is denoted by Conv(R"). The asymptotic
derivative of a function f € Conv(R") is the function f., € Conv(R") defined for
d € R" by

fold) = tim JEOFIDZICO oy, S0t rd)

t—+00 1 t——+00 1

where xq is an arbitrary point in dom f (see for example [10, Sect. 1V.3.2]). It follows
immediately from this definition that the asymptotic derivative is positively homoge-
neous and that f._(0) = 0. The concept of asymptotic derivative is useful since it allows
us to verify a topological property of compactness by a simple calculation: the level sets
of a convex function f are compact if and only if . (d) > O for all nonzero d € R"
(see [10, Proposition 1V.3.2.5]). A variant of this result is given in the following lemma
(see [17, Corollary 27.3.3]).

Lemma 2.1. IfProblem (1.1) is feasible, then its solution set is nonempty and compact if
and only if there is no nonzerovectord € R" such that f._(d) < 0and (—c;))5,(d) <0,
foralli=1,... m.

The following chain rule for asymptotic derivatives is proven in [3, Proposition 2.1].
Let n € Conv(R) be nondecreasing and such that /(1) > 0, and let f € Conv(R") be
such that (domn) N f(R™) # @. Consider the composite function

_ [ n(f) if x € dom f,
gx) = { 400  otherwise.
Then g € Conv(R") and
v e (flo(d)) if d € dom fL,
8ool(d) = { +00 otherwise. @

The subdifferential 9 f(x) of a convex function f : R" — R at x € R" is the set of
vectors g € R”, called subgradients, such that: f'(x; h) > gTh, for all h € R". Clearly,
x minimizes f if and only if 0 € 9 f(x). If || - ||, is a norm on R":

ved( - Ilp)u) — loll, <1 and u'v = [lul,, 2.2

where the dual norm || - ||, was defined in the introduction.

Despite this paper essentially deals with convex issues, occasionally we shall have to
consider nonconvex functions, say ¢ : R” — R, having however directional derivatives.
If a point x minimizes v, there holds v/(x; k) > 0 for all = € R". If, in addition, v is
of the form Y = ¢ + f, where ¢ is differentiable at x and f is convex, then the latter
property can equivalently be written —V¢(x) € 9 f(x).
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3. Solving the barrier problem

This section presents step by step the ingredients composing the algorithm for solving
the barrier problem (1.5) for fixed p: Algorithm A ;. In Sect. 3.1, we introduce the basic
assumptions for the well-posedness of the algorithm and draw some consequences from
them, including existence and uniqueness of the barrier problem solution. Section 3.2
defines the direction along which the next iterate is searched. The next two sections
analyze the primal merit function ® , , obtained by exact penalization of the constraint
of the barrier problem (Sect. 3.3), and the primal-dual merit function ¥, ., obtained by
adding a centralization term to ©®, » (Sect. 3.4). It is this latter function that is used in
the algorithm to ensure its robustness. Algorithm A, is finally presented in Sect. 3.5.

In this section and in Sect. 4, we set the relaxation vector r;, of the barrier problem
(1.5) to zero:

min ¢, (x, s),
{s _ 0.“ (3.1

We shall see in Sect. 5, that there is no limitation in doing so, because a simple change
of variables will allow us to recover the results of Sects. 3 and 4 for the case when r, is
nonzero. The optimality conditions of the barrier problem becomes

Vf(x) = A A =0,
(Cx) + 1 = pe,

s =0,

(c(x)+s,1) > 0.

(3.2)

The Lagrangian associated with Problem (1.1) is the real-valued function ¢ defined
for (x, 1) € R" x R™ by
0(x,0) = f(x) — ATe(x).

When f and c are twice differentiable, the gradient and Hessian of ¢ with respect to x
are given by

Vel(x, A) = VAx) =A@ A and V2L A) = V) — Y i Vien ().

i=1

The following formule will be often useful in the sequel (from now on, we drop
most of the dependencies in x and X):

Vf—uAT(C+8) e
\Y% ,8) = 33
0u(x, ) ( rsy i ) (3.3)
V2gu(x)  pAT(C+S)2
Veu(x,s) = =" 3.4
Pl (M(C+S)‘2A H(C+8)2 G

where
V2 0u(x,5) = V2 £(x, w(C+S) o) + nAT(C+8) 2 A.
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3.1. The barrier problem

Our minimal assumptions refer to the convexity and smoothness of Problem (1.1).

Assumptions 3.1. The functions f and —c(; (1 < i < m) are convex and differentiable

from R” to R; and there exists A € R™, such that the Lagrangian £(-, 1) is strongly
convex with modulus ¥ > 0.

The second part of these assumptions is weaker than Assumption 2.1-(7) in [2], which
requires the strong convexity of at least one of the functions f, —c(1), ..., —c(n). Forex-
ample, the problem of two variables min {x(zl) 11— x(zz) > 0} satisfies Assumptions 3.1,
but not Assumption 2.1-(i) in [2].

We now derive three consequences of Assumptions 3.1. Lemma 3.2 shows that
for any positive multiplier A, £(-, A) is strongly convex, with a modulus depending
continuously on A. In turn, with some other mild assumptions, this implies that Problem
(1.1) has a compact set of solutions (Proposition 3.3) and that the barrier problem
(3.1) has a unique primal-dual solution (Proposition 3.4). For ¢ € R, we define ™ :=
max(0, 7).

Lemma 3.2. Suppose that Assumptions 3.1 hold. Then, for any » > 0, the Lagrangian
L(-, A) is strongly convex with modulus

. X+ 4
K = K min (1,)&(1)/)»(1), . ’)‘(m)/)‘(m)) > 0.

Proof. 1Tt suffices to show that £(-, 1) — %KH - ||? is convex. One has

AT
€ = golelP = (1= 5) o0 = (= 53) eco + & (e(x 0~ g )

The result then follows from the convexity of the functions f, —C(1) e+ s =Cm) and
£, A) — 5/<|| |2, and from the inequalities 1 > f >0and A — A >\ — )ﬁ > 0.
]

Proposition 3.3. Suppose that Assumptions 3.1 hold. Then, there is no nonzero vector
d € R" such that f.(d) < oo and (—c@))s,(d) < oo, foralli = 1,...,m. In
particular, if Problem (1.1) is feasible, then its solution set is nonempty and compact.

Proof. Lemma 3.2 implies that £(-, e) is strongly convex. In particular, for all d # 0,
(L(, ) (d) = fLo(d) + D7 (—c(i))ho(d) = 400. The first part of the proposition
follows. The second part is then a consequence of Lemma 2.1.

O

Proposition 3.4. Suppose that Assumptions 3.1 hold. Then the barrier function ¢, is
strictly convex on the set {(x,s) € R" x R™ : ¢(x)+s > 0}. Moreover if Problem (1.1)
is strictly feasible, then the barrier problem (3.1) has a unique primal-dual solutlon
This one is denoted by Z,, := (X, S, M) and we have §,, = 0 and )W = ,uC(xu)
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Proof. Assumptions 3.1 imply that for all x # x" and @ € (0, 1), flax + (1—a)x’)
< af(x) + (1—a) f(x') and c)(ax + (1—a)x') > aci(x) + (1—a)cg) (x'), for all
i =1,...,m; and at least one inequality is strictly satisfied (otherwise we would have
Llax + (1—a)x’, e) = al(x, e) + (1—a)l(x’, e), contradicting the strong convexity of
£(-, e)). Now consider two pairs (x,s) # (x/,s"). If x # x’, then the strict convexity
of ¢, follows from the previous remark and the properties of the log function (strict
monotonicity and concavity). If x = x’, thens # s, c(x) +s # c(x’) + ', and the result
follows from the monotonicity and strict concavity of the logarithm.

To prove the second part of the proposition, note that the pair (X, §,,) is a solution to
the barrier problem (3.1) if and only if 5, = 0 and %, is a solution to the unconstrained
problem min{¢, (x) : x € R"}, where ¢,.(-) := ¢, (-, 0). To prove that this problem has
a solution, let us show that (¢,,)/,(d) > 0 for any nonzero d € R" (see Sect. 2). Let us
introduce the increasing function n € Conv(R) defined by

—log(—1) ift < 0,

+00 otherwise. 3.5)

n() = {

By using the chain rule (2.1) we obtain

(D)oo (d) = food) + 1Y g ((—c) (@)

i=1

with the convention that . (+00) = 4o00. Since 1 (f) = +oo if + > 0 and is
zero otherwise, and since f. (d) > —00, (¢u)n(d) < 0 only if f (d) < 0 and
(—c(i))so(d) < 0foralli = 1,...,m. This is not possible by Proposition 3.3. The
positivity of (¢,,), implies the compactness of the level sets of ¢,,. Now, the fact that
¢, is finite for some point, implies the existence of a minimizer of this function.

The uniqueness of the solution (%, 5,,) follows from the strict convexity of ¢,..
Existence of the dual solution iﬂ is a consequence of the linearity of the constraint
in (3.1) and its value is given by the second equation in (3.2).

O
3.2. The Newton step
The Newton step (4%, d°, d*) € R" x R™ x R™ on (3.2) is a solution to
M 0 —AT\ [d* —V, L
AA A C+S & | =\ nue—(C+S5r |, (3.6)
0 I 0 d* —s

in which M is the Hessian of the Lagrangian V2 £(x, 1) and A is the diagonal matrix
diag(A(1), . .. , Agm)). In the quasi-Newton algorithm that we consider, M is a positive
definite approximation to szxﬁ(x, A), obtained by BFGS updates.

The third equation in (3.6) determines d* uniquely:

d* = —s. (3.7)
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This makes it possible to eliminate ¢° from the second equation:

M —AT d* . v
<A A—I(C+S)> <dl> - <MA‘1e - c) ' 38

Proposition 3.5. Suppose that M is positive definite and that (c(x)+s, A) > 0, then the
system (3.6) has a unique solution.

Proof. Writing
0:=M+ATA(C+S)7'A,

and eliminating d* from (3.8) give
Qd* = =Vl + AT (C+8) (e — C1). (3.9)

Since Q is positive definite, this equation determines 4*, while @” is given by the second
equation in (3.8) and d* by (3.7).
O

3.3. A primal merit function

An exact penalty function associated with (3.1) is the function ® , defined by
Op.o(x,8) == gu(x, ) +alsl,, (3.10)

where o > 0 is a penalty parameter and || - ||, is an arbitrary norm. The following
proposition focuses on the connections between the minimizer of this merit function
and the solution to the barrier problem (3.1).

Proposition 3.6. Suppose that Assumptions 3.1 hold. Then ©,  is strictly convex on the
set {(x,s) € R" x R™ : c(x)+s > 0}, its level sets are compact and it has a unique min-
imizer, denoted by ()Ac,“,, 3,“,). This one is characterized by the existence ()f):ﬂ,g e R™
such that:

Vxe(fcp,,aa }A\p,,a) = 07
(C()ACM,J)—FS#,J)XMJ = ue,

) " G.11)
)\u,a € od(]l - ||P)(sll.,0')5
(C()Acu,a) + g‘u,a, j\\p,,a) > 0.

The vector ):,L,g is uniquely determined and we note Z, o *= (Xu,0, Sju,0 )AL,L,U). Fur-

thermore, if 0 > ||):,M,||D, then 2, = Zy or equivalently o > ||):M||D; in particular
Problem (1.1) has a strictly feasible point.
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Proof. The strict convexity of ®, , follows from that of ¢, (Proposition 3.4). As
in the proof of Proposition 3.4, we show that the level sets of ®, , are compact by
proving that its asymptotic derivatives (®,, +)5,(d*, d*) are positive for any nonzero
(d*,d*) e R" x R™. Using the function 7 defined in (3.5), one has (see (2.1)):

Opo)oo (@, d*) = fLo@) + 1Y 0o (e (@) — d2) + o],

i=1

with the convention that 1/ (4+00) = +o0. Since 1., (f) = o0 if > 0 and is zero
otherwise, and since f (d*) > —oo, the asymptotic derivative (0, )5 (d*, d*) is
nonpositive only if £/ (d*) < —ol|d*||, and (—c()) 5, (d¥) < d‘zi), foralli =1,...,m.
According to Proposition 3.3, this is not possible when d* # 0. This is not possible
when d* = 0 either, since these inequalities would imply that (d*, d*) = 0.

The compactness of the level sets of ©,, , and the fact that ®,  is finite for some
(x, s) satisfying c(x) + s > 0O imply the existence of a minimizer of that function.
Uniqueness follows from the strict convexity of ®, .

The solution pair (X4, 5,,0) is characterized by the optimality condition 0 €
90, 6 (Xu,0, Su,0), Which can also be written:

wau(fcu,m §p,,a) =0 and - Vs(/’p,(fcp,,m gp,,a) € od(| - ”p)(&p,,a).

Using (3.3), we obtain (3.11). The vector iu,a is uniquely determined by the second
condition in (3.11).

Suppose now that o > ||):W, |, According to (2.2), the third condition in (3.11)
can also be written:

A AT .
IApoll, <o and A, Suo =0lSuollp- (3.12)

The generalized Cauchy-Schwarz inequality then provides o ||$,. o , < A wollp ISl ps
so that 5, , = 0. Hence Problem (1.1) has a strictly feasible point X, » and Z,
satisfies (3.2). Since the latter system characterizes the unique solution to the barrier
problem (3.1), Z,» = Z,. Note that, when Z,, = Z, ):,L,a = )AL,L and the first
inequality in (3.12) implies that o > ||)AW Il,; conversely, if o > ||)AW Il ,, by definition
of Z,, (Proposition 3.4), one has V,£(X,, )Aw) =0, (C(fcu)—i-gu)i# = ue, ||)AW||D <o,
and ):Z&u =o|Sull, (= 0), so that Z,, satisfies (3.11) and 2, o = Z.

O

In the following proposition we give a condition on o such that (d*, d°) is a descent
direction of the merit function ®; ;.

Proposition 3.7. Suppose that (x, s) satisfies c(x) + s > 0 and that M is symmetric
positive definite. Let (d*, d*, d") be the unique solution of (3.6). Then

0, ,(x,5:d%, d°) = —(@)Md* — | AV2(C+S8)" 2 (Ad* + a*)|)?
+ O+d")Ts —o|isl,. (3.13)
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Moreover, if
o > |a+d,, (3.14)

then (d*, d*) is a descent direction of ©,, » at a point (x,s) # (X, §,), meaning that
@L,J(x, s;d*, d*) < 0.

Proof. Using (3.3) and (3.7), the directional derivative of ®,, , can be written

O, o (x,53d", d%)
= (Vf = nAT(C+8) ") d* — (uC+S)"'e) & —ollsl,.  (3.15)

From the first equation in (3.6):
Vf=—Md*+ A" (O+d"). (3.16)
On the other hand, by multiplying the second equation in (3.6) by (C+S)~!, we obtain
w(C+8)"le = +d*) + A(C+S) ' (Ad* + d*). (3.17)

With (3.16), (3.17), d* = —s, and using the generalized Cauchy-Schwarz inequality,
(3.15) becomes

©).o(x, 53d*, d%)
— —(Md* + ATAC+S) " (Ad* + %)) @
—(O+d") + AC+S) V(A" + a*)) d* —olls,
= (@) Md* + (+d")Ts — | AV2(C+8) V2 (Ad* + &) | = olsll,
< —(@)'Ma* — | A2 (C+S8) (A —|—d“)H2 + (Ix+d*ll, = o)lIsll -
Formula (3.13) follows from this calculation.

When M is positive definite, the last inequality and (3.14) imply that the directional
derivative of ®, , is nonpositive. If @L,a(x, s; d*, d*) vanishes, then d* = 0 (by the
positive definiteness of M) and d* = 0 (since (¢ + s, ) > 0). Since (d*, d*, d") is the
solution to the system (3.6), we deduce that (x, s, A + d*) is a solution of (3.2). Now it

follows from Proposition 3.4 that (x, ) = (X, 5,.).
O

3.4. A primal-dual merit function

The merit function actually used in the algorithm is the function v, , obtained by
adding to the primal merit function ®,, , a centralization term:

I/ILL,U(xv s, )") = ®ll,,0(x7 S) +TV}L(~X7 s, )")7 (318)
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where 7 > 0 is some positive constant and

Vx5, 0) 1= AT () + ) — i Y _log(ra) (ciy®) + 57))-

i=1

This term was already considered in [11,12,1,8,2]. Its role here is to scale the displace-
ment in A.
To simplify the notation, we denote by z the triple (x, s, A) and by Z the domain of
wu,o:
Z = {z = (x5 1) €R" xR" x R" : (c(x)+s, A) > 0}.

We shall use the following derivatives:

AT (L = n(C+8)7te)

VVu(z) = A= pu(C+8)"le (3.19)
c—l—s—uA_le
and
V2Vu(z) pAT(C+S) 72 AT
VIV (2) = | m(C+9) A wc+s) 2 1 |, (3.20)
A I wA 2
where
m

VeVu@ =) (Mz‘) -

) VZC(,') + [LAT(C+S)_2A.
i=1

CGi)TS(i)

The directional derivative of V,, along a directiond = (d*, d*, d*) satisfying the second
equation of (3.6) (i.e., the linearized perturbed complementarity conditions) shows that
such a d is a descent direction of V,;:

VWV (2)'d

= (A= u(C+9)7e) Ad* + (A — u(C+8)e) & + (c+5— pur~"e) d*

= (h — w(C+8) ') (Ad* + d° + A~ (C+S)d?)

= (A= u(C+9)7"e) A (e — (C+9)2)

= —(ne — (C+8)2) A~H(C+8) ! (e — (C+85)1)

= — | ATV2C+8) TP (pe — (C+8)) .

T

(3.21)

The merit function ¥, » is not necessarily convex (see [2] for an example), but this
will not raise any difficulty, since it has a unique minimizer.

Proposition 3.8. Suppose that Assumptions 3.1 hold. Then, r,, » has for unique mini-
mizer the triple 2.6 = (Rp.0» S0+ Au.0) given by Proposition 3.6.
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Proof. Since (34,5, Su,0) is a minimizer of ®, :
OuocF 0. Su,0) < Ouo(x,s), forany (x,s) such that c(x)+s > 0.

On the other hand, since ¢ +— r—pulogt is minimized at r = p and since (by the
perturbed complementarity) it = (¢(X,1,0) + Su,0) (i) (Au,0) ) for all index i, we have

™Wu(Zuo) < t™Vu(z), foranyze Z.

Adding up the preceding two inequalities gives ¥, o (Z,,0) < Yu,o(2) forall z € Z.
Hence Z,,,, minimizes v/, ;.

We still have to show that Z,, , is the unique minimizer of ¥, . If z = (x, s, A)
minimizes the nondifferentiable function ¥, , 1//;“, (z; d) = Oforall d or, equivalently,
Van¥ue(z) =0and —V; ((pu(x, s) + rVM(z)) € 09(]| - I,)(s). By (3.3) and (3.19),
this can be written:

Vi—04+DuAT(C+S) e+ 1ATA =0,
—(14+Dp(C+S) te+ A +v =0,
c—i—s—uA‘le:O,

for some v € od(|| - || ,)(s). By the third equation above, A = w(C+S)"le,sothat A = v
by the second equation. Then the previous system becomes

Vil(x, ) =0,
(C+S)A = pe,
A€ ad(]l - Ip)(s).

By Proposition 3.6, z = 2, 5.
O

We have seen with Proposition 3.7, that the quasi-Newton direction d solving (3.6)
is a descent direction of ®, ,. According to the calculation (3.21), it is not surprising
that d is also a descent direction of ¥, .

Proposition 3.9. Suppose that z € Z and that M is symmetric positive definite. Let
d = (d*, d*, d*) be the unique solution of (3.6). Then

V), o (zd) = —(d") Md* — | A'2(C+85)7 12 (Ad" + ds)||2 + O+d") s —a|sll,
—t| A28V (e — (S |,

so that, if o > ||)L—|—d)‘||D and z # Z,, d is a descent direction of Y, at z, meaning
that Ilfl/L,U(Z; d) <0.

Proof.: We have ), ,(z;d) = O ,(x,s5;d%,d%) + tVV,(z)'d. The formula for
¥, o (z:d) thus follows from (3.13) and (3.21). Suppose now that o > [[A+d"|,.
then from the generalized Cauchy-Schwarz inequality

V(@ d) < —(@)TMd* — | AV2C+8)" (A + a)|?
— 7| ATV2(C+8) T (e — (C+SH)| %,




406 Paul Armand et al.

which is nonpositive. If wl/“,(z; d) vanishes, one deduces that d* = 0 (since M is
positive definite) and next that * = 0 and (C+S)X — e = 0 (since (c(x) + s, A) > 0).
Now, using the second equation of (3.6), we obtain that d = 0. Since then, the right
hand side of (3.6) vanishes, (3.2) holds and z = Z, by Proposition 3.4. We have thus
proven that ¥, ,(z; d) < 0if in addition z # Z,,.

O

3.5. Algorithm A,

We can now state one iteration of the algorithm used to solve the perturbed KKT system
(3.2), with fixed p > 0. The constants w € ]0, %[ (Armijo’s slope), 0 < & < &' < 1
(backtracking reduction coefficients), 7 > 0 (centralization factor), and ¢ > 0 (penalty
factor threshold) are given independently of the iteration index. At the beginning of the
iteration, the current iterate z = (x, s, A) € Z is supposed available, as well as a positive
scalar og)q (the penalty factor used in the preceding iteration) and a positive definite
matrix M approximating the Hessian of the Lagrangian Vx2x€(x, ).

ALGORITHM A, for solving (3.2) (one iteration, from (z, M) to (z4, My))
1. Compute d := (d*, d*, d*), the unique solution to the linear system (3.6). If
d = 0, stop (z solves the system (3.2)).

2. Update o using the following rule : if oo1q > ||)L~|—dk||D + o, then o := 0,14,
else o := max(1.1 0014, |A+d*|,, + ).

3. Compute a stepsize o > 0 by backtracking:

3.0. Seta = 1.
3.1. While z + ad ¢ Z, choose a new stepsize « in [Ea, & a].
3.2. While the sufficient decrease condition (or Armijo condition)

wu,a(z +ad) < wu,a(z) + wo w;,g(z; d) (3.22)

is not satisfied, choose a new stepsize « in [£a, &'a].
33. Setz4 ==z 4 oad.

4. Update M by the BFGS formula

My o ag MMy (3.23)
e STMs ' yTs’ '
where y and § are given by
S:=xy—x and y:=Vil(xy, Ag) — Vil(x, Ay). (3.24)

At this stage of the presentation, the meaning of the steps forming Algorithm A, should
be quite clear. In Step 2, the penalty parameter 0,14 is updated into o in order to ensure
that the direction d computed in Step 1 be a descent direction of ¥, » (use Proposition 3.9
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and observe that at this stage, z # Z,,). Then, the backtracking line-search in Step 3 is
guaranteed to find a stepsize o > 0 ensuring 7 + od € Z and satisfying the Armijo
condition (3.22). In Step 4, the matrix M is updated into M4+ by the BFGS formula to
be a better approximation of the Hessian of the Lagrangian. As usual, y € R" is the
change in the gradient with respect to x of the Lagrangian, with a multiplier fixed at its
new value A > 0. The matrix M is positive definite, since y '8 > 0 by the strong
convexity of the Lagrangian (Lemma 3.2).

4. Analysis of Algorithm A,

In this section we prove that if p is fixed and if the sequence of penalty parameters
remains bounded, then the sequence of iterates converges g-superlinearly to a point on
the central path. Hence, in all this section, we assume:

Assumption 4.1. The sequence {o}} generated by Algorithm A, is bounded.

By Step 2 of Algorithm A, each time oy is updated, it is at least multiplied by a factor
greater than 1. Therefore, Assumption 4.1 implies that the sequence {o}} is stationary
for k large enough:

ox = o for k large.

With Algorithm A, the boundedness of {0y} is equivalent to that of {A; + d,’}}. A limited
number of experiments with Algorithm A, has shown that the latter sequence is actually
bounded when Problem (1.1) has a strictly feasible point (Slater’s condition). Of course,
if Algorithm A, converges to the solution to the barrier problem (3.1), ¢(x,) > 0 and
Slater’s condition holds, but we do not know whether this is a sufficient condition for
stabilizing the penalty factors.

The proof of convergence is organized in three stages. First, we show the global
convergence of the sequence {zx} to Z,,, the unique primal-dual solution to the barrier
problem (3.1) (Sect. 4.1). With the update rule of o, o > [[A,ll, and 2,0 = Z,. It
is then possible to use the behavior of v, , around Z, , = Z, to show the r-linear
convergence of {z;} (Sect. 4.2). This result is then used to show that the updated matrix
M, provides a good value M;d; along the search direction dj . This allows us to prove
that the unit stepsize is accepted by the line-search after finitely many iterations. The
g-superlinear convergence of {z;} then follows easily (Sect. 4.3).

4.1. Convergence

We denote by z1 = (x1, 51, A1) € Z the first iterate obtained with a penalty parameter
set to o and by

1o =12€Z Y0 < Yuo(z)}
the level set of v/, » determined by z;. We denote by
V(@ = ¢u(x, ) + V(@) 4.1

the differentiable part of ¥, .
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The following lemma gives the contribution of the line-search to the convergence of
the sequence generated by Algorithm A,,. Such a result is standard when the objective
function is differentiable and finite-valued. It dates back at least to Zoutendijk [18] (for
a proof, see [6]). Since ¥, » is nondifferentiable and takes infinite values, we prefer
giving a specific proof, which in fact is very close to the original one.

Lemma 4.2. Suppose that 1// is C! on an open convex neighborhood N of the level
set L1 _, and denote by L the Lipschitz modulus of 1// Then for any descent direction
d of wu o satisfying d* = —s and for o determmed by the line-search in Step 3 of
algorithm A,,, one of the following inequalities holds:

W,a(z +ad) < WM,U(Z) - KO“ML,U(Z; d)|,

W, o (25 D

W;L,U(Z +ad) < l[fp,,a(Z) - Ko ||d||2 ,
where K is the constant min (a), W)

Proof. 1f the line-search is satisfied with o = 1, the first inequality holds with Ky = w.
Suppose now that « < 1, which means that some stepsize @ satisfying é@ < o < &'@
is not accepted by the line-search. This rejection of @ may have two reasons. Either
z4+ad g Zorz+ad € Zbut Yy o (z+ad) > Y, o (2) + oo 1//;’%0(1; d). In the first
case, there exists & € o, @[ such that z + ad € N\ E‘ffo (N must be included in 2).
Then

Ipp,,a(z +ad) > I/fll,,a(Z]) > I/fll,,a(z) > 1//u,a(Z) + wa W;L,J(Z; d).

If we set @ := @ in the second case, in either case, we have o > éa > &€& and
wu,a(z +oad) > WM,U(Z) + wa w,/,,,g(ZQ d). (4.2)

Using a Taylor expansion of {/7“, the Cauchy-Schwarz inequality, the Lipschitz continuity
of Vij, and& < 1:

wu,i(z +ad) — w;i,o(z)
=Yuz+ad) =Y. +olls+adll, —lsl,)

1
=GV, (2)'d + / (V¥ (z + tad) — VI,()) " (@d) d
0
+o(lls —asll, — lIsll,)

1
~V¢M(Z)Td+/ Lta?||d|dt — oals||,
0
3 1.
=ay) ,(z:d) + ELoﬁudu?.

Then (4.2) yields a lower bound on &:

5. 20— V.0 (2 )l
L Idi>
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Now, the sufficient decrease condition (3.22) is satisfied with «:

Yo @ +ad) < Yuq(2) —wa P, ,(z:d)|
< Yo (@) — wEG |, ,(z; d)|
2kl — w) V), 4@ d)?
L la)>

2tw(l—w)
B S

< I/fll,,a(Z) -

so that the second inequality holds with Ky =
O

A consequence of the following lemma is that, because the iterates (x, s, A) remain
in the level set E‘i’?a, the sequence {(c(x) + s, A)} is bounded and bounded away from
zero. This property plays an important role to control the contribution of the IP aspect
of the algorithm.

Lemma 4.3. Suppose that Assumptions 3.1 and 4.1 hold. Then, the level set LY’ is
compact and there exist positive constants K1 and K, such that

Ky < (c(x)+s5,4) < Ko, forallz e L.

Proof. Since V,,(z) is bounded below by m (1 — log 1), there is a constant K such
that ® o (x,s) < Kﬁ for all z € C‘]‘?a. By Assumptions 3.1 and Proposition 3.6, the
level set L' := {(x,5) : c(x) +5 > 0, O, (x,5) < K|} is compact. By continuity of
(x,8) > c(x) + s, {c(x) + 5 : (x,5) € L'} is compact, so that ¢(x) + s is bounded for
(x,s) € L, hence for z € E‘]‘?a. It is now also clear that c(x) + s is bounded away from
zero for z € E‘i’fg, because ¢, (x, s) < K| and f(x) is bounded below.

By the compactness of £/, © w0 1s bounded below on L', hence V. is bounded above
on E‘i’fg. Now, from the form of the function ¢ — ¢ — pt log ¢, one deduces that, for some
positive constants K/, and K5: K/, < A (c(i)(x) + 5¢y) < K3, forall z € L, and all
index i. Therefore, the A-components of the z’s in E‘ffo are bounded and bounded away
from zero.

We have shown that L7’ is included in a bounded set. Hence, it is compact by
continuity of ¥ .

O

The search direction dy of Algorithm A, is determined by the system (3.6). This
one highlights the two aspects of the method: the IP approach is represented by the
matrices Ay and C(xx)+Sk, while the quasi-Newton technique manifests itself through
the matrix M. One can view Lemma 4.3 as a way of controlling the contribution of the
IP approach; while the next lemma allows us to master what is supplied by the BFGS
updates. Lemma 4.4 claims indeed that, at least for a proportion of the iterations, there
are bounds on various effects of the matrices My on the displacement §; (see Byrd and
Nocedal [6] for a proof). We denote by 6; the angle between M} §; and §x:

(SZMkSk

cosby i = —————,
| M S|l | 3

and by [-] the ceiling operator: [x] =i, wheni — 1 < x <iandi € N.
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Lemma 4.4. Let {My} be positive definite matrices generated by the BFGS formula
using pairs of vectors {(yk, 0k) }k>1, satisfying for all k > 1

Vi 8k = arllSell* and v 8k > aollyill?, (4.3)

where a1 > 0 and a» > 0 are independent of k. Then, for any r € 10, 1[, there exist
positive constants by, by, and b3, such that for any index k > 1,

M6 _

by <cosf; and by < < b3,
N85l

4.4)

for at least [rk] indices jin {1, ... k}.

The next lemma shows that the assumptions (4.3) made on y; and & are satisfied in
our context.

Lemma 4.5. Suppose that Assumptions 3.1 and 4.1 hold, and that f and c are of class
CU1. There exist constants a; > 0 and ay > 0 such that for all k > 1

Vi ok = arllSell®>  and v 8k > axllyill®

Proof. Let us first observe that, because v, , decreases at each iteration, the iterates
generated by Algorithm A, stay in the level set £{° and Lemma 4.3 can be applied.
According to Lemma 3.2 and the fact that A is bounded away from zero (Lemma 4.3),
the Lagrangian is strongly convex on Lﬁ‘fg, with a modulus k > 0. Therefore

Vi 8k = (Vel (i1, A1) — Vil (o, A1) | (et — 1) >« | 8l|

and the first inequality holds with a; = «. The second one can be deduced from first
inequality and ||yx|| < K’||8x|l, which follows from the Lipschitz continuity of V f and
V¢, and the boundedness of A given by Lemma 4.3.

O

We are now in position to prove that the sequence {zx} converges to Z,. Since Z,,
is strictly feasible, necessarily, this event can occur only if Problem (1.1) has a strictly
feasible point.

Theorem 4.6. Suppose that Assumptions 3.1 and 4.1 hold, that f and c are of class
C"', and that Algorithm A, does not stop in Step 1. Then, Algorithm A, generates
a sequence {zi} converging to Z,, and we have o > ||):M Il

Proof. Wedenoteby K/, K, ... positive constants (independent of the iteration index).
Given an iteration index j, we use the notation

cj=c(xj), Aj=A(xj), Cj:=diag(cay(xj),...,cmx;)),
and S; :=diag((sj)1)s---» (S))(m))-

The bounds on (c(x)+s, 1) given by Lemma 4.3 and the fact that f and c are of class
C'! imply that Y, given by (4.1) is of class ¢! on some open convex neighborhood
of the level set L7’ . For example, one can take the neighborhood

(%)} 2L o
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where g : (x, s) — c(x) + s and O is an open bounded convex set containing E‘]‘?a (this
set O is used to have ¢’ bounded on the given neighborhood).

Therefore, by the line-search and Lemma 4.2, there is a positive constant K g such
that either

Vo (@it1) < Yo (2) — K1Yy, o (2ks di| (4.5)
or

W), o (2k; di)?
Vo @rt1) < Yo (1) — K] M’TVT

(4.6)

Let us now apply Lemma 4.4: fix r € ]0, 1[ and denote by J the set of indices
j for which (4.4) holds. Since Algorithm A, ensures o > ||A; + dJA.IID + &, using
Proposition 3.9 and the bounds from Lemma 4.3, one has for j € J:

Vo (e A1 = (d5) Myd5 + [ AF2(Ci+8) 72 (A5 + &) P
+ 2| ATAC+S)TRAC+S A — no) P + G sl
b B ,
= b—; |Md5[* + Kikz ' 4ja5 + 5

+ K2 |(C+S)hj — pe| + & isll,
> K5 (| Myd5||* + [ A +d5[* + 1(Ci4Sns — el +lssl)-
On the other hand, by (3.6) and the fact that {s;} is bounded:
;I = a3 |+ 5)* + 23]
= |3 ]* + s 12 + | (Cj4S) ™" (e — (Cj+8p)n; — Aj(Ajd + ) |

1
1M 7 + s

2K 2NC+S)h) — el + 2K K3 Ajd + 5

Ky (| Mja])* + 1C+8)n; — el + | A ds + a5 + s ).

IA

Combining these last two estimates with (4.5) or (4.6) gives for some positive constant
K} and for any j € J:

Ipu,o(zj+1) - wu,a(zj)
2 2

< =Ky (|M;d} |” + I(Cj+Sph; — pel® + | Ajdj +d5|” + lsjll). - 4.7
Now, since the sequence {1/, »(zx)} is decreasing (by the line-search) and bounded
below (by ¥,,6(Zu,0)). it converges and we deduce from the preceding inequality that
Mjd;, (Cj+Sj)r; — pe, Ajd; +dj and s; tend to zero when j — oo in J. According
to the linear system (3.6), this implies that V. ¢(x;, A; + d}‘) and (Cj—i—Sj)dJA. tend to
zero. Therefore, d}‘ — 0(C;+S; is bounded away from zero) and A (x j)Td]A. — 0(x;is
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in the compact £7° ). Finally V,£(x;, 1;), (Cj+S;)A; — e, and s; tend to zero. This
means that any limit point z of {z;} ey satisfies (3.2), i.e., z = Z,. Since {z;} remains
in the compact E‘ffo (Lemma 4.3), the whole sequence {z;} jes converges to Z.

Using the update rule of o in Algorithm A, we have o > |[A, ||, and, thanks to
Proposition 3.6, Z;, = Z;.,+. Therefore {1, 5 (zx)} converges to ¥, 5 (Z,,o). In addition,
{zx} remains in the compact £} and ¥, » has aunique minimizer Z,, , (Proposition 3.8).
As aresult, the whole sequence {z;} converges to z,,.

O

4.2. R-linear convergence

Knowing that the sequence {zx} converges to the unique solution Z, of the barrier
problem (3.1) and that Z, = Z, ,, we can now study its speed of convergence. The
analysis of the g-superlinear convergence in Sect. 4.3 requires that we first show

D llzx = 2l < oo

k>1
The convergence of this series results directly from the r-linear convergence of {z;}:

1/k

limsup flzx — 2, I7" < 1,

k— 00
which is proven in this section (Theorem 4.10). This one results from the strong convexity
of ¥,,.» near Z,, » (see Lemmas 4.7 and 4.9; it is therefore important to have Z,, = 2, &
to take advantage of this convexity property) and from the contribution of the BFGS
and IP techniques summarized in Lemmas 4.3 and 4.4.

Lemma 4.7. Suppose that Assumptions 3.1 hold. Then, the functions 1;“ and Yy o
are strongly convex in the neighborhood of any point z = (x, s, A) € Z satisfying the
centrality condition (C(x) + S)A = ue.

Proof. Let z € Z be a point satisfying (C(x) + S)A = pe. Using (3.4), (3.20), and the
fact that (C(x) + S)A = ue, the Hessian of v, at z can be written

VZIZM (x,s,A)
V2.0(x, A) + 1+ AT (C+S)ZA  (1+0)pAT(C+S) 2 AT

— (+D)u(C+S)2A (141 u(C+S)2 I
TA 7l w1 (C+S)?

To establish that %L is strongly convex in the neighborhood of z, it is enough to show that
the matrix above is positive definite. Multiplying this matrix on both sides by a vector
(u,v,w) € R" x R x R™ gives
u Ve L(x, Mu+ pl (C+8) " (Au+ v)|?
+ellpn! 2 (C+8) T (A u 4 v) + T HCHS WP,
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which is nonnegative. If it vanishes, one deduces that u = 0 (since foe(x, A) is positive
definite for fixed A > 0, a consequence of Assu@ptions 3.1 and Lemma 3.2), and next
that v = w = 0 (since c¢(x) + s > 0). Hence V21//,L (z) is positive definite.
To extend this property to V¥, o, it suffices to observe that v, , is the sum of %L
and the convex function (x, s, A) — o||s]|,.
O

Lemma 4.8. Let a, o, and B be nonnegative numbers, such that a < aal’? + B. Then
a<a®+ 20.

Proof. Use aa'/? < o?/2 + a/2 in a < aa'/? + B and multiply both sides of the

resulting inequality by 2.
O

Lemma 4.9. Suppose that Assumptions 3.1 and 4.1 hold. Then there exist a constant
a > 0 and an open neighborhood N' C Z of 2., such that for all z € N'

~ 2 ~
allz — Z;L,a” =< wu,a(z) - WM,U(Z;L,J)

1 n
;(nvxe(x, M2+ 1CH+SHA — pell* + s = Suoll,).  (4.8)

IA

Proof. For the inequality on the left in (4.8), we first use the strong convexity of ¥, o
in the neighborhood of 2, ; (Lemma 4.7): for some neighborhood N' C Z of Z,, 5,
there exists a positive constant ¢’ such that, for all z € N, ¥,,5(2) > Yuo(@uo) +
Vo Guosz = Zpo) +dllz = Zu.0l1%. Since ¥, o is minimized at Z, ,, one gets
V1o @p.os 2 = Zpo) = 0. Thus the inequality on the left in (4.8) holds on N with
a=d.

For the inequality on the right, we first use the convexity of IZM (see (4.1))near Z,, »
(Lemma 4.7), (3.3) and (3.19) to write

Vo (@) = Vo CGuo) = U@ = U Guo) +ollsly, — I50ll,)
< V(@) (2= 2u0) +ols = Suoll,

T, A T, A .
=8 (@—Zpuo)—A (s=3u0)tolls —=Suollp,

where
Vil (x, 1) + (14D AT(CH+S) L (CHS)A — pe)
g= (I4D)(C+8) ™" (C+S)A — e)
A ((CHS)A — pe)

For A in a neighborhood of A 1u,0» there exists a” > 0 such that
Wu,a(z) - 1//“,0(2;/,,0) < gT(Z - Eu,a) + a//”s - g‘u,a ”p-

With the Cauchy-Schwarz inequality and the inequality on the left of (4.8):

wu,a(Z) - I/I[L,G(EM,U) <zl (wﬂ’g(z) _aI{/M,U(Z,L,U)

12
) —i—(l””S _§[L,U||P‘
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Now Lemma 4.8 yields

R 1 R
Vo (@) = Vo Guo) < ;ngu2 +2d"||s = S0l

The inequality on the right in (4.8) now follows by using the bounds obtained in
Lemma 4.3.
O

Theorem 4.10. Suppose that Assumptions 3.1 and 4.1 hold, that f and ¢ are C'!
functions, and that Algorithm A, does not stop in Step 1. Then, Algorithm A,, generates
a sequence {zi} converging r-linearly to Z,,, meaning that im supy_, o, |zx —Z || 1k < 1.

In particular
D llzk — 2l < oo

k>1

Proof. We know from Theorem 4.6, that Algorithm A, generates a sequence {zx}
converging to Z,. In addition o > ||):u | 5. so that Z,, = Z,..c (Proposition 3.6).

Now, let us fix » € ]0, 1[ and denote by J the set of indices j for which (4.4) holds.
Since d solves the linear system (3.6), one has for j € J

IVl (xj, 2 )17
= || M;df - ajdr|?

2

3

< 2 My |P +2 [ AT(Ci+8) 7 (e = (Ci+Sph; — Aj(Asd} + )|

and, with the bounds from Lemma 4.3, we have for some positive constant K i :
IVl DI+ ICj4+S))hj — pell® + lisjll»
2 2
< Ki(IM;d "+ W(Cj+Spnj — pel® + | Ajd} +d3 |~ + lsjll,)-

We have shown during the proof of Theorem 4.6, see (4.7), that there exists a positive
constant K, such that for any j € J:

1;0;/,,c7(zj+1) - Wu,a(zj)
2 2
= —Ky(|M;d5 "+ 1(CiSpa; = el + [ Ajdj + d5 | + lissl.)-
Combining these inequalities gives for the constant K = K} /K and for any j € J:

Vo (2j41) < Yo (@) — K5(IVeLCxj, I + I1C+S)n; — pell® + lIsjll ).

From the convergence of the sequence {z} to Z,, and Lemma 4.9 (note that here 5, c = 0
since Z,,o = Zu), there exists an index jo € J, such that for j € J and j > jo, z; isin
the neighborhood AV given by Lemma 4.9 and

Ipu,o(zj+1) - WM,U(zu)
Vo (2)) = Vo Gu) — K5 (VL jy AP + 1(C+S)n; — pell® + lisjl )
T (Wo (2)) — Vo Gy,

IA

IA
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where the constant 7 := (1 — Kga)’ is necessarily in [0, 1[. On the other hand, by the
line-search, ¥, o (Zk+1) — ¥y,0(Zp) < Yo (2k) — Y0 (Z,), forall k > 1. According
to Lemma 4.4, |[1, k] N J| > [rk], so that for k > jo: |[jo, k] N J| > [rk] — jo+ 1 >
rk — jo + 1. Let ko := [jo/r], so that |[jo, k] N J| > O for all k > ko. By the last
inequality, one has for k > ko:

W;L,J(Zk+1) - WM,U(QM) =< Kéfka

where K is the positive constant (¥, o (zj,) — I/I,L,U(E,L))/t(jo_l)/’. Now, using the
inequality on the left in (4.8), one has for all k > ko:

k
2

. 1 1 K/\?
lzk+1 _Zl/«” =< %(Wu,a(2k+l) - I/fll,,a(zp,))Q =< (74> T2,

from which the r-linear convergence of {z;} follows.

4.3. Q-superlinear convergence

Using shift variables s has a worth noting consequence. These ones are updated by
the formula si+1 = si + oud = (1 — a)si. Therefore, if the unit stepsize o = 1
is ever accepted by the line-search, the shift variables are set to zero, and this value is
maintained at all the subsequent iterations. If this event occurs, the algorithm becomes
identical to the feasible algorithm in [2], which has been proven to be g-superlinear
convergent (see Theorem 4.4 in [2]). As a result, to prove the g-superlinear convergence
of algorithm A, it is sufficient to show that oy = 1 for some index k.

In Proposition 4.11 below we show that the unit stepsize is indeed accepted by the
Armijo condition (3.22), if the matrices M} satisfy the estimate

() (M — B1,)d¥ = o] dF]). 4.9)

where we used the notation AA/IH 1= V2L, ):M). This one is itself a consequence of
the stronger estimate

(M — 1) = o] @10

Although Assumptions 3.1 are weaker than Assumptions 2.1 in [2], since y,;r 8k > Ostill
holds, we can show that (4.10) holds using the same arguments as those in the proof of
Theorem 4.4 in [2].

Proposition 4.11. Suppose that Assumptions 3.1 hold and that f and c are twice
continuously differentiable near x,,. Suppose also that the sequence {zi} generated by
Algorithm A, converges to Z,, and that the positive definite matrices My satisfy the
estimate (4.9) when k — o0. Then the sufficient decrease condition (3.22) is satisfied
with ax = 1 for k sufficiently large.
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Proof. Observe first that the positive definiteness of M . and (4.9) imply that

(@) My = K |af ),

@.11)

for some positive constant K and sufficiently large k. Observe also that dx — 0 (for

di — 0, use (3.9), (4.11), Vil (xg, Ax) — 0, and C(xg)Ar — pe). Therefore, for k

large enough, zj and zj + di are near Z,, and one can expand ¥/, » (zx + dk) about z.
Decomposing ¥y, 5 (2k) = {/7“ (zx) + ollskll ,, we have for k large enough:

Yo (@ + di) = Yp.o(zk) — oy, 52k di)
= Yulzx + di) — Yulzr) — oV () di — (1 — o)o |Isel

i T 1 T2 2
= (1 = ) V() di + 5[ V2T @) = (1= )0 lsell, + o(ldil)
1 ~ 1/ _~ ~
- (5 - w) V(@0 e+ 5 (V0 di+ 4 VT 0 d)
— (1 = @)olsel, +o(ldlP). (4.12)

We want to show that the latter expression is nonpositive when & is large.
For this, we start by evaluating the terms Vi, (zk)Tdk and d;—VZI/fM (zk)dy. From
(3.13), (3.21), and (3.6):

VU, (zi) Tdy

2
= —(d) "Med; — | AP (€t S0 T2 (Ard + )|+ G+l s

2
— | AP0V (Ard) + i+ AL (€S0} ) |
= Di + (+d}) sk, (4.13)

where

2
Dy 1= —(df) Midf — (140 | A (Co+-S0 ™1 (Axd} + )

2
A PG s P} - 2e(Andy + )

On the other hand, from (3.4) and (3.20) and a calculation very similar to the one done
in Lemma 4.7, one has

AV, (z1)di
= () V2 0Cu R} + (D] (Cot S~ (Aedf + )|
2t (Ardf + &) d} + | AL L (4.14)

where Ay = (I—H)pL(Ck—hS’k)_1 e — k. Injecting (4.13) and (4.14) in (4.12), and using
(4.9), 2k = 2y, and o = [|Ax +d} |l . give
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Yo @k + di) — Yo (zk) — oV, 5 (2ks di)
1
_ (5 _ w) 2 (M~ VR A);
1
+ 5 (4D (Adf + &) (1(CitS0) 2 = (Crt-S0) 7 A (Awdf + )
+ 2 (@) (A = (Cot S )}
+ (1 — o)+ d}) sk — (1 — oo lsgll, + o(lldill?)

1
< (5 - w) Dy + (1= o) (| ae + di || | = o)lsill, + oClldel®)

1
< (5 - w) Dy + o(||di|1?).

To conclude, we still have to show that the negative terms in Dy can absorb the term
in o(||dx||?). For this, we use the Cauchy-Schwarz inequality on the last term in Dy, to
obtain

2 |(Ad + )|

<27 H (Cr+Sp)~ 1/2A /Z(Akdk +dk —1/2

\(ck+sk)”2A dt|

<t H(c S 1/2A”2(Akd,§+d,i)

Rl ]

Then, using (4.11), one has

2
Dy < —(d,f)TMkd,f HAI/Z(Ck—l-Sk)_I/Z(Akd,f +dj)

2
A Cr+S, 1/2dAH
1 ) H (k %) k

< —Ki[df P — Kb Awd} + a3 — K|}

3

for some positive constants K/, and K. For any € > 0:

| Awdf +di]|* = [ Ardi |* +2(Ard) " + [ 3]

v

1 ) .
[k | = A+o At |” = o [di]” + 4

v

2 € 12
—el| el || + — |||
hA g [” + il
Set now € := Ki/(2K§||Ak||2) to conclude that
K’ €K
1 2 2115112 a2
Dy < —7||d;f|| - 1—+€||d;i|| — Kjlldg|1”.

This negative upper bound of Dy can absorb the term o(||dy||?).
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A function ¢, twice differentiable in a neighborhood of a point x € R”", is said to
have a locally radially Lipschitzian Hessian at x, if there exists a positive constant L
such that for x” near x, one has

IV2p(x) — V() < Lllx — x|

Theorem 4.12. Suppose that Assumptions 3.1 and 4.1 hold, that f and ¢ are C'!
functions, twice continuously differentiable near X, with locally radially Lipschitzian
Hessians at X, and that Algorithm A,, does not stop in Step 1. Then the sequence
{zk} = {(xk, Sk, M)} generated by this algorithm converges to 2, = (X, Sy, ):M) with a
q-superlinear speed of convergence and, for k sufficiently large, the unit stepsize oy = 1
is accepted by the line-search.

Proof. According to the observation made at the beginning of this section and the
previous proposition, we only have to show that the estimate (4.10) holds to guarantee
the g-superlinear convergence of zx — Z,,. This can be done exactly as in the proof of
Theorem 4.4 in [2], using a standard result from the BFGS theory (see [15, Theorem 3]
and [6]).

O

A consequence of this result is that the g-superlinear convergence of {z;} does not
depend on the value of the positive factor r multiplying the centralization term V), in
the merit function.

5. The overall primal-dual algorithm

We have already mentioned at the beginning of Sect. 4.3 that, as soon as the unit stepsize
o = 1 is accepted by the line-search, all the iterates become strictly feasible. This is
because the shift variables are updated by the rule: s+ = s + ad® = (1 — «)s. This is
not necessarily an advantage. For some problems, it is difficult to find a point satisfying
the constraints, so that the property above becomes a drawback: for many iterations the
unit stepsize could not be accepted. This may well slow down the speed of convergence
of Algorithm A,.

To prevent this effect from occurring, one can relax the constraint s = 0 of Prob-
lem (1.2), substituting it into s = 7, as in the barrier problem (1.5). The function
r:u e [0,+o00[ = r, € R™ is supposed to be continuous at u = 0 and to satisfy
ro = 0. To overcome the difficulty mentioned in the previous paragraph, it is natural
to take r, > 0, although this is not required by the analysis below. An example of
relaxation vector is r,, = (ju/ wu")s!. In this approach, feasibility in Problem 1.1 is only
obtained asymptotically.

Let us mention that the results of Sects. 3 and 4 are still valid when r,, # 0, since
w is fixed in these sections and the constraint s = 0 can be recovered in Problem (1.5)
thanks to the substitutions

c(x) ~clx) —ry and s S+ry.
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We can now describe the overall algorithm. We index the outer iterations with
superscripts j € N\ {0} and note r/ = r ;. At the beginning of the jth outer iteration an
approximation z{ = (x{ , s{ , k{ ) € Z of the solution Z of (1.6) is supposed available,
as well as a positive definite matrix M { approximating the Hessian of the Lagrangian.
Values for the penalty parameters /> 0, for the relaxation vector r/ € R™, and for
a precision threshold el = (elj , €l €y > 0 are also known.

ALGORITHM A for solving Problem (1.1) (one outer iteration)

1. Starting from z{ , use Algorithm A, until 7 = (xj Y ) satisfies

IV fed) — A TA | < ¢,
ICG)+8H = ple| < €, (5.1)
s/ —ri), <€l
2. Set the new penalty parameters u/*! > 0 and o/*! > 0, the precision
thresholds /*! := (elj +1, GZH , 6! +1) > 0, and the new relaxation vector
ri*1, such that {/}, {€/}, and {r/} converge to zero when j — oo. Choose
anew starting iterate z{ ™ ¢ Z for the next outer iteration, as well as a positive

definite matrix M{ t

The following lemma gives an over-estimate of the function value at an outer
iteration.

Lemma 5.1. Suppose that Assumptions 3.1 hold. If (x/, s/, M) satisfies (5.1), then for
any x € R", one has

Ay = fx) < =) (c) + s7) +mPel +mpd + €l x) —xIl. (5.2)

Proof. ‘Using the convexity of the Lagrangian: £(x/, A7) + Vil(x/, A)T(x — x/) <
£(x, AM), for any x € R". Therefore, the first criterion in (5.1) yields

—)Te) + 0 Te(ed) + € IIx/ — x|
—W) T (e@) +s7) + 0D el +57) + € I = x].

) — f(x)

IA

IA

Now with the second criterion in (5.1):
) () 4+ 57) = eT(CP) + SHA — pie) + mpd < m2el + mp.

The result follows from these last two inequalities.
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Theorem 5.2. Suppose that Assumptions 3.1 hold and that f and ¢ are C'' functions.
Suppose also that Algorithm A generates a sequence {z/}, which means that the stopping
criteria (5.1) can be satisfied at every outer iteration. Then, depending on the problem
data, the following situations occur:

(i) The limit points 7 := (%, 5, 1) of {z/}, if any, are such that 5§ = 0 (in fact all the
sequence {sj} — 0) and (X, 1) is a primal-dual solution to Problem (1.1).

(ii) If Problem (1.1) has no feasible point, ||x'|| — oo and | M| — oo.

(iii) If Problem (1.1) has a feasible point and Algorithm A takes r/ > 0 and s{ >0,
the sequence {x'} is bounded and its limit points are feasible.

(iv) If Problem (1.1) has a strictly feasible point (Slater’s condition), the sequence {z/}
is bounded, so that {z/} has indeed a limit point that satisfies the properties given
in point (i).

Proof. Let 7 be a limit point of {z/}. Taking the limit in (5.1) shows that 5 = 0 and that
(x, %) satisfies the KKT conditions (1.4). Therefore, (X, 1) is a primal-dual solution to
the convex problem (1.1). Point (i) is proven.

Before proceeding with the other points, let us show the following intermediate
result, which will be used three times. Suppose that, for some subsequence of indices J,
|lx/|| = oo when j — ocin J. Then ||A/|| = oo when j — oc in J and, for any point
X € R":

@i e{l,...,m}) (Isubsequence J' C J) (Ve J) ¢ —i—s{l.) <0. (5.3)

Indeed, define / := ||x/ — X||, which is nonzero for j large in J. One has t/ — oo when
j— ocin J,and d’/ := (x/ — %)/t/ — d # 0 for some subsequence Jy C J. Since
—c(x/) < s/ and {s/} tends to zero, we have (—c(;))5,(d) < 0,foralli = 1,...,m.
It follows from Proposition 3.3 that f. (d) = 400. On the other hand, dividing both
sides of inequality (5.2) with x = ¥ by ¢/ provides

fad) = f@ _ 0D @ +57)  miel +mpd
T 1 T

+¢ .

The left hand side tends to f. (d) = +o00 when j — oo in Jo, while the last two terms
in the right hand side tends to zero. Therefore ||A/|| — oo when j — oo in Jy (even
more rapidly than ¢/) and, since A/ > 0, (5.3) must hold. By applying the result just
proven to any subsequence of J, we see that {1/} jeJs cannot have a limit point, so that
[IA || = oo for j — oo inall J.

Consider now point (if), assuming that Problem (1.1) is not feasible. Then, the
sequence {x/} cannot have a limit point X, otherwise the limit in c(x/) + s/ > 0 for
an appropriate subsequence would imply that x is feasible for Problem (1.1). Then
x| = oo. Also ||A/|| — oo by the intermediate result proven above.

Consider now point (iii) and let x be feasible for Problem (1.1). The nonnegativity
of r/ and s{ imply that s/ > 0. Indeed, during the jth outer iteration, the shift variables
are updated by sy := s — a(s — r/) = (1 — a)s + ar’/; hence s, is nonnegative by
induction and so is s/. Then (5.3) cannot hold (because ¢ (¥) > 0 and s{i) > 0).
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Hence {x/} is bounded by the intermediate result. On the other hand c(x/)+s/ > 0and
s/ — 0, so that the limit point of {x/} are feasible.

Consider finally point (iv), assuming that Problem (1.1) has a strictly feasible point X.
Since c(X)+s/ > Oforlarge j, (5.3) cannot hold, which implies the boundedness of {x/}.
We still have to show that {1/} is bounded. We proceed by contradiction, assuming that
|A/|| = oo for j — 0o in some subsequence J. Then, for some subsequence J' C J,
the bounded sequence {(x/, A/ / A7 1D} jeg’ converges to (X, X), say. Dividing the first
two inequalities in (5.1) by ||A/| and taking limits when j — oo, j € J', we deduce
that 2 > 0, A()_C)T)_\. =0and (X)Tc()?) = 0. Using the concavity of the components of ¢
and the strict feasibility of X, one has

c(X) + AX) (X — %) > c(x) > 0.

Multiplying by %, we deduce that (1) ¢(X) = 0, and thus A = 0, which is in contradiction
with [[A]| = 1.
O

We now exhibit conditions ensuring that the whole sequence of outer iterates {z/}
converges to the analytic center of the primal-dual optimal set. To get that property, we
assume that the Slater condition is satisfied.

Assumption 5.3 (Slater). There exists x € R" such that ¢(x) > 0.

Let us first recall the definition of analytic center of the optimal sets which, under
Assumptions 3.1 and 5.3, is uniquely defined. We denote by opt(P) and opt(D) the sets
of primal and dual solutions to Problem (1.1). The analytic center of opt(P) is defined as
follows. If opt(P) is reduced to a single point, its analytic center is precisely that point.
Otherwise, opt(P) is a convex set with more than one point and the following index set

B :={i : 3x € opt(P) such that c(; (¥) > 0}

is nonempty (otherwise, for any A > 0, the Lagrangian (-, A) would be constant on
a nontrivial segment of optimal points, which is in contradiction with Lemma 3.2). By
concavity of the components of ¢, {X € opt(P) : cg(X) > 0} is nonempty. The analytic
center of opt(P) is then defined as the unique solution to the following problem:

logcg) (%) | - 4
max (Z 0g ) (x)> (5.4)
cp(®)>0 ieB

The fact that this problem is well defined and has a unique solution is highlighted in
Lemma 5.4 below. Similarly, if opt(D) is reduced to a single point, its analytic center is

that point. In case of multiple dual solutions, the index set
N:={i: 3% € opt(D) such that A, > 0}

is nonempty (otherwise opt(D) would be reduced to {0}). The analytic center of opt(D)
is then defined as the unique solution to the following problem:

max (Z logi(i)> . (5.5)

)Ateopl(D) .
XN >0 ieN
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Lemma 5.4. Suppose that Assumptions 3.1 and 5.3 hold. If opt(P) (resp. opt(D)) is not
reduced to a singleton, then Problem (5.4) (resp. (5.5)) has a unique solution.

Proof. The proof of this lemma is very similar to the one of Lemma 5.2 in [2], although
Assumptions 3.1 and 5.3 are weaker than Assumptions 2.1 in [2].

Consider first Problem (5.4) and suppose that opt(P) is not a singleton. We have
seen that the feasible set in (5.4) is nonempty. Let X¢ be a point satisfying the constraints
in (5.4). Then the set

{)% 1 X € opt(P), cp(x) > 0, and Z logci(x) > Z logci(fco)}
ieB ieB

is nonempty, bounded (Proposition 3.3) and closed. Therefore, Problem (5.4) has a so-
lution. To prove its uniqueness, suppose that x; and X are two distinct solutions to
Problem (5.4). Then, any point in the nontrivial segment [X], x»] is also optimal for
this problem, so that, by the strict concavity of the log, cp has a constant value over
the segment. On the other hand, f is also constant on the segment (which is contained
in opt(P)), as well as ¢y for i ¢ B (which vanishes on the segment). It follows that
the Lagrangian has a constant value over a nontrivial segment, a contradiction with its
assumed strong convexity.

Using similar arguments (including the fact that Assumption 5.3 implies the bound-
edness of opt(D) and the fact that the objective function in (5.5) is strictly concave),
one can show that Problem (5.5) has a unique solution.

O

By complementarity (i.e., C (X)i = 0) and convexity of problem (1.1), the index
sets B and N do not intersect, but there may be indices that are neitherin B norin N. Itis
said that Problem (1.1) has the strict complementarity property if BUN = {1, ..., m}.

Theorem 5.5. Suppose that Assumptions 3.1 and 5.3 hold and that f and ¢ are C'!
functions. Suppose also that Problem (1.1) has the strict complementarity property and
that the sequences {r’} and {€’} in Algorithm A satisfy the estimate

rl=o(w) and € =o(u’).

Suppose finally that Algorithm A generates a sequence {z'}, which means that the
stopping criteria (5.1) can be satisfied at every outer iteration. Then the sequence {z/}
converges to the point 39 := (%0, 0, A), where X is the analytic center of the primal
optimal set and Ao is the analytic center of the dual optimal set.

Proof Let (%, ):) be an arbitrary primal-dual solution of (1.1). Then X minimizes £(-, i)
and AT¢(%) = 0, so that

f&) =G, < 6@ D) = fd) = Alexl)
and with the upper bound of f(x/) given by inequality (5.2), we obtain
0 < —ATe(!) = G (@) + /) +m2el +mp/ + ¢ |l - 3|

A . . ~ A . . l . . . . N
< —2Tw/ = ) Te@® + G =) s+ mrel +mpd + ¢l |/ — 21,
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where w’/ := c(x/) + /. According to Theorem 5;2, {x/} and {A/} are bounded, and by
definition of B and N: c(;(¥) =0 fori ¢ B, and Ay = 0 fori ¢ N. Hence

; T ~ . . .
vl + () @) < mud + oIl ) + o).

Now, using st =o€ ) + 0(||rf |I) from the third criterion in (5.1), and the assump-
tions 7/ = o(u/) and €/ = o(u’), we obtain finally

)A\—Ar,w{\, + ()»{;)TCB()?) <mp’ 4+ o(u’). (5.6)

We pursue by adapting an idea used by McLinden [13] to give properties of the limit
points of the path u +— (X, A,). Let us define IV := AJw/ — pfe. One has for all
indices i:

Substituting this in (5.6) and dividing by u/ give

N ; j i j .
Y el o,y oDl L, o)
J J J J - J
ieN Moy M ieB W # ®
By assumptions, el = o(uj ), so that the second inequality in (5.1) implies that F{ H =

o(uf ). Let (xo, ):0) be a limit point of {(xf A )}. Taking the limit in the preceding

estimate yields
A ciy (X
> ey e s
v G006 iy @)

Necessarily cp(Xp) > 0 and ():0) ~ > 0. Observe now that, by strict complementarity,
there are exactly m terms on the left-hand side of the preceding inequality. Hence, by
the arithmetic-geometric mean inequality

)A‘(i) C(i) (x) <1
(,l;[v (io)(i)) (ll;! C(i)()%)) -

(H i(f)) (l_[ C(i)(fc)> =< (l_[ ()Ano)a)) (l_[ C(i)(fco)) -
ieN ieB ieN ieB

One can take iy = (Ao)y > 0 or cg(X) = cp(%) > 0 in this inequality, so that

[[co® <[]coGo and []io=]]Gow.

ieB ieB ieN ieN

This shows that X is a solution of (5.4) and that io is a solution of (5 5). Since the
problems in (5.4) and (5.5) have a unlque solution, all the sequence {x/} converges to
%o and all the sequence {1/} converges to Ao

O
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