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Abstract The plain Newton-min algorithm to solve the linear complementarity
problem (LCP for short) 0 ≤ x ⊥ (Mx + q) ≥ 0 can be viewed as a semismooth
Newton algorithm without globalization technique to solve the system of piecewise
linear equations min(x, Mx + q) = 0, which is equivalent to the LCP. When M is an
M-matrix of order n, the algorithm is known to converge in at most n iterations. We
show in this paper that this result no longer holds when M is a P-matrix of order ≥ 3,
since then the algorithm may cycle. P-matrices are interesting since they are those
ensuring the existence and uniqueness of the solution to the LCP for an arbitrary q.
Incidentally, convergence occurs for a P-matrix of order 1 or 2.

Keywords Linear complementarity problem · Newton’s method · Nonconvergence ·
Nonsmooth function · M-matrix · P-matrix
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1 Introduction

The linear complementarity problem (LCP) consists in finding a vector x ≥ 0 with n
components such that Mx + q ≥ 0 and x�(Mx + q) = 0. Here M is a real matrix of
order n, q is a vector in R

n , the inequalities have to be understood componentwise,
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and the sign � denotes matrix transposition. The LCP is often written in compact form
as follows

LC(M, q) : 0 ≤ x ⊥ (Mx + q) ≥ 0.

This problem is known to have a unique solution for any q ∈ R
n if and only if M

is a P-matrix [12,35], i.e., a matrix with positive principal minors: det MI I > 0 for
all nonempty I ⊂ {1, . . . , n}. We denote by P the set of P-matrices. Other clas-
ses of matrices M intervening in the discussion below are the class Z of Z-matrices
(which have nonpositive off-diagonal elements: Mi j ≤ 0 for all i �= j) and the class
M := P ∩ Z of M-matrices (they are called K-matrices in [12]).

Since the components of x and Mx + q must be nonnegative in LC(M, q), their
perpendicularity with respect to the Euclidean scalar product required in the problem
is equivalent to the nullity of the Hadamard product of the two vectors, that is

x · (Mx + q) = 0. (1.1)

Recall that the Hadamard product u · v of two vectors u and v is the vector having its
i th component equal to uivi . A point x such that (1.1) holds is here called a node or is
said to satisfy complementarity. Since, for a node x , either xi or (Mx + q)i vanishes,
for all indices i , there are at most 2n nodes for a nondegenerate matrix M , which is
a matrix having nonsingular principal submatrices. On the other hand, a point x such
that x and Mx + q are nonnegative (resp. positive) is said to be feasible (resp. strictly
feasible). A solution to LC(M, q) is therefore a feasible node.

Many algorithms have been proposed to solve problem LC(M, q) [12,33]. They
may be based on pivoting techniques [11,28], which often suffer from the combi-
natorial aspect of the problem (i.e., the 2n possibilities to realize (1.1), on interior
point methods, which originate from an algorithm introduced by Karmarkar in lin-
ear optimization [22] (see also [24] for one of the first accounts on the use of inte-
rior point methods to solve linear complementarity problems), and on nonsmooth
Newton approaches [14], such as the one considered here. See [12,33] for other iter-
ative methods.

The algorithm we consider in this paper maintains the complementarity condition
(1.1) at each iteration, while feasibility is obtained at convergence (when this one
occurs). As a result, all the iterates are nodes, except possibly the first one, and the
algorithm terminates as soon as it has found a feasible iterate. More specifically, sup-
pose that the current iterate x is a node. The algorithm first defines index sets A+ and I +
associated with the next iterate x+; in its simplest form, it takes

A+ := {i : xi ≤ (Mx + q)i } and I + := {i : xi > (Mx + q)i }. (1.2)

Then it computes x+ by solving the linear system formed of the equations

x+
A+ = 0 and (Mx+ + q)I + = 0. (1.3)
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To have a well defined algorithm, an assumption on M is necessary so that this system
has a solution for any choice of complementary sets A+ and I +, and vector q: M must
be nondegenerate.

The motivation sustaining the algorithm is that it can be viewed as a semismooth
Newton method to solve the system of piecewise linear equations

min(x, Mx + q) = 0, (1.4)

in which the minimum operator ‘min’ acts componentwise: [min(x, y)]i =min(xi , yi ).
On the one hand, since, for a and b ∈ R, min(a, b) = 0 if and only if 0 ≤ a ⊥ b ≥ 0,
the system (1.4) is indeed equivalent to problem LC(M, q) (see [26] and [29,
Lemma 2.1] for instance). On the other hand, it is indeed clear that the function
in (1.4) is differentiable at a point x without doubly active index (i.e., without index i
such that xi = (Mx + q)i ) and that its Jacobian matrix is the one used in the linear
system (1.3); when there are doubly active indices, the Jacobian used in (1.3), deter-
mined by the choice (1.2), is an element of the Clarke generalized Jacobian [9] of the
function in (1.4), so that the algorithm may indeed be viewed as a semismooth Newton
method [34]. This description makes it natural to call Newton-min the algorithm that
updates x by the formulas (1.2)–(1.3).

Here are some remarks about algorithm (1.2)–(1.3). First, note that the algorithm
has a principle quite different from the one used by an interior point approach, which
generates strictly feasible points, while complementarity is obtained at the limit. Note
also that if, in the local analysis of the method, it is important to allow the first iterate x1

not to be a node, in this paper, x1 will always be assumed to be a node. Finally, observe
that a consequence of the fact that the algorithm only generates nodes is that it is equiv-
alent to say that it converges or that it converges in a finite number of iterations or that
it does not cycle (algorithm (1.2)–(1.3) is a Markov process).

The algorithm sketched above and that we further explore in this paper can be
traced back at least to the algorithm (6.2)–(6.4) of Aganagić in [1], who considers
a linear complementarity problem that reads instead 0 ≤ (X x) ⊥ (Y x + q) ≥ 0,
in which X and Y must be jointly M-regular. Here, it is not important to be precise
about the meaning of this property of joint M-regularity, but to know that if X = I ,
as in LC(M, q), then the property is equivalent to the M-matricity of Y ≡ M . When
X = I and Y ≡ M , the algorithm (6.2)–(6.4) of Aganagić [1] is exactly the algorithm
(1.2)–(1.3) above, which is proven in [1, theorem 6.2] to be monotonically (in the
sense that xk ≤ xk+1 for k ≥ 2) and globally (i.e., x1 may be arbitrary) convergent
to the unique solution of LC(M, q), provided M ∈ M (in [1], the first iterate x1 is
supposed to be zero, but this assumption is not necessary). Under the conditions that
x1 = 0 and M ∈ M, this algorithm is actually identical to the one proposed and
analyzed earlier by Chandrasekaran [8] [1, remark 2]. Although not presented in that
manner, the algorithm proposed by Bergounioux et al. [5] to solve a strongly convex
quadratic optimal control problem, under the name of primal-dual active set strategy
(PDAS), can be viewed as an extension of algorithm (1.2)–(1.3) to an infinite dimen-
sional problem (see [4] for a comparison with interior point methods); the authors
prove the convergence of the algorithm on a discretized version of the problem under
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some conditions. In [19], Hintermüller et al. consider a quadratic optimization prob-
lem with simple bounds, which can actually be written as a linear complementarity
problem like LC(M, q); they establish the equivalence between the PDAS strategy
and the semismooth Newton method, i.e., algorithm (1.2)–(1.3); the algorithm is also
shown to be locally superlinearly convergent when M ∈ P, and to be monotonically
(in the sense that

∑
i xk

i ≤ ∑
i xk+1

i ) and globally convergent when M is in the set
that we denote here by

Mε := {M : M is a matrix near an M-matrix of the same order}. (1.5)

In Mε, the level of proximity to an M-matrix is left unprecise (and depends on the
considered matrix M), but in the proof of [19, theorem 3.4], this proximity is suffi-
ciently tight to imply Mε ⊂ P. Another interesting property of algorithm (1.2)–(1.3),
proved by Kanzow [21], is its convergence in at most n iterations when M ∈ M and
the first iterate is a node. When applied to algorithm (1.2)–(1.3), the result of Fischer
and Kanzow [16] shows that a solution to LC(M, q), if any, is reached in one step,
provided x1 is sufficiently close to that solution and M is a nondegenerate matrix. To
conclude this review of results, we would like to cite the quadratic local convergence
of Newton’s method for piecewise C1 functions proved by Kojima and Shindo [25],
which is related to the formulation (1.4) of problem LC(M, q).

This paper presents examples of nonconvergence of the Newton-min algorithm
when M is a P-matrix. These counter-examples hold for the plain (or undamped)
Newton-min algorithm, i.e., without the use of globalization techniques such as line-
search or trust regions. One may believe that, as a Newton-like method to solve a
nonlinear (and nonsmooth) system of equations, this is not a good strategy. We share
this opinion, in general. However the algorithm deals with a piecewise linear function,
and it has been shown to be convergent without globalization techniques when M is a
P-matrix sufficiently near an M-matrix (see the discussion in the previous paragraph).
Therefore, searching for the weakest assumptions for which these convergence prop-
erties hold seems to us a valid topic. The examples in this paper show that it is not
enough to require the P-matricity for M .

The paper is structured as follows. In the next section, we are more specific on the
definition of the algorithm, by making it a slightly more flexible than in the description
(1.2)–(1.3) above. Some elementary properties of the algorithm, useful in the sequel,
are also given. Section 3 describes and analyzes the examples of nonconvergence of
the plain Newton-min algorithm with a P-matrix, when n ≥ 3. These counter-exam-
ples work for both definitions of the algorithm, those of Sects. 1 and 2. In them,
the algorithm can be forced to cycle and visit p nodes, with a p that can be cho-
sen arbitrarily in {3, . . . , n}. We consider successively the cases when n is odd and
even, which require a different analysis. These counter-examples readily imply that
the convergence radius of the plain Newton-min algorithm for solving LC(M, q) with
M ∈ P, which is known to be > 0 [19], can be arbitrarily small (Corollary 3.8). In
Sect. 4, the plain Newton-min algorithm is claimed to converge for a P-matrix when
n = 1 or n = 2, a crumb of consolation. The paper concludes with the perspective
Sect. 5.
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2 The algorithm

The plain Newton-min algorithm described in this section generates points that sat-
isfy the complementarity conditions in (1.1), while the nonnegativity conditions in
LC(M, q) are satisfied when the solution is reached. The starting point x1 may or may
not satisfy this complementarity condition.

Algorithm 1 (plain Newton-min) Let x1 ∈ R
n .

For k = 2, 3, . . ., do the following.
1. If xk−1 is a solution to LC(M, q), stop.
2. Choose complementary index sets Ak := Ak

0 ∪ Ak
1 and I k := I k

0 ∪ I k
1 , where

Ak
0 := {i : xk−1

i < (Mxk−1 + q)i },
Ak

1 ⊂ Ek := {i : xk−1
i = (Mxk−1 + q)i },

I k
0 := {i : xk−1

i > (Mxk−1 + q)i },
I k
1 := Ek \ Ak

1.

3. Determine xk as a solution to
{

xk
Ak = 0

(Mxk + q)I k = 0.
(2.1)

The algorithm is well defined if M is nondegenerate. This assumption will be gen-
erally reinforced by supposing that M ∈ P. We recall from [12,15] that

M ∈ P ⇐⇒ any x verifying x · (Mx) ≤ 0 vanishes. (2.2)

Note that Algorithm 1 is more flexible than the one presented in Sect. 1, in that the
doubly active indices (those in Ek) can be chosen to belong either to Ak or I k . If this
choice is not entirely determined by the current point xk , the generated sequence {xk}
may no longer be a Markov process. We will not be more precise here, however, since
this choice has actually no impact on the counter-examples given in this paper, for
which the algorithm never generates iterates with doubly active indices.

In this paper, we always assume that x1 is a node; then there are two complementary
subsets A1 and I 1 of {1, . . . , n}, such that x1

A1 = 0 and (Mx1 + q)I 1 = 0. In other
contexts, in particular for studying the local convergence of the algorithm [19], it is
better not to make this assumption.

By the selection of the index sets in step 2, one certainly has for k ≥ 2:

xk−1
Ak ≤ (Mxk−1 + q)Ak and xk−1

I k ≥ (Mxk−1 + q)I k . (2.3)

Therefore,

xk−1
Ak ≤ 0 and (Mxk−1 + q)I k ≤ 0 (2.4)
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must hold [19,21]. Indeed, for i ∈ Ak, xk−1
i ≤ (Mxk−1 +q)i by (2.3) and, since either

xk−1
i = 0 or (Mxk−1 + q)i = 0 by complementarity, one necessarily has xk−1

i ≤ 0,
which proves the first inequality in (2.4). A similar reasoning yields the second inequal-
ity in (2.4).

We denote by ei the i th vector of the canonical basis of R
n : its j th component is

equal to 1 if j = i and to 0 otherwise.

3 Nonconvergence for n ≥ 3

In this section, we show that the plain Newton-min algorithm described in Sect. 2 may
not converge if M is a P-matrix and n ≥ 3. We start in Sect. 3.1 with the case when n
is odd and provide an example of a P-matrix M , a vector q, and a starting point, for
which the algorithm makes cycles having n nodes. In Sect. 3.2, we consider the case
when n is even and construct another class of P-matrices, which can be viewed as
perturbations of the matrices in the first example, for which a cycle having n nodes is
also possible. We conclude in Sect. 3.3 by constructing examples for which the plain
Newton-min algorithm makes cycles visiting p nodes, with p arbitrary in {3, . . . , n}.

3.1 Cycles with an odd number of nodes

In this section, we show the nonconvergence of the plain Newton-min algorithm for
problems having the following features.

Example 3.1 Let n ≥ 2. The matrix M ∈ R
n×n and the vector q ∈ R

n are given by

M =

⎛

⎜
⎜
⎜
⎜
⎝

1 α

α
. . .

. . . 1
α 1

⎞

⎟
⎟
⎟
⎟
⎠

and q = 1,

where 1 denotes the vector of all ones and the elements of M that are not represented
are zeros. More precisely, Mi j = 1 if i = j, Mi j = α if i = ( j mod n) + 1, and
Mi j = 0 otherwise. Since q ≥ 0, a solution to LC(M, q) for these data is x = 0. ��

The matrix M and the vector q in Example 3.1 have already been used by
Morris [32] (in that paper, α = 2, M is the transpose of the one here, and q = −1),
although we arrived at them in a different manner, as explained in Sect. 4 of [2]. For
completeness and precision, we start by studying the P-matricity of the matrix M in
Example 3.1 (the result for n odd and α = 2 was already claimed in [32] without a
detailed proof).

Lemma 3.2 Consider the matrix M in Example 3.1. If n is even, M ∈ P if and only
if |α| < 1. If n is odd, M ∈ P if and only if α > −1.
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Proof Observe first that if α ≤ −1, the nonzero vector x = 1 is such that x · (Mx) =
(1 + α)1 ≤ 0; hence M /∈ P.

Observe next that M ∈ P when −1 < α < 0. Indeed, let x ∈ R
n be such that

x · (Mx) ≤ 0 or equivalently

x1(x1 + αxn) ≤ 0, x2(x2 + αx1) ≤ 0, . . . , xn(xn + αxn−1) ≤ 0. (3.1)

If xn > 0, using (3.1) from right to left shows that all the components of x are positive
and verify

0 < xn ≤ |α|xn−1 ≤ |α|2xn−2 ≤ · · · ≤ |α|n−1x1 ≤ |α|n xn .

Since |α| < 1, this is incompatible with xn > 0. Having xn < 0 is not possible either
(just multiply x by −1 and use the same argument). Hence xn = 0 and using (3.1)
from left to right shows that x = 0. The P-matricity now follows from (2.2).

When α = 0, M is the identity matrix and is therefore a P-matrix.
Suppose now that n is even. If α ≥ 1, the nonzero vector x , defined by xi = (−1)i+1,

is such that x ·(Mx) = (1−α)1 ≤ 0; hence M /∈ P. Let us now show, by contradiction,
that M ∈ P if 0 < α < 1, assuming that there is a nonzero x satisfying x · (Mx) ≤ 0,
hence that (3.1) holds. Then, as above, all the components of x are nonzero and one
can assume that xn > 0. Starting with the rightmost inequality of (3.1), one obtains
by induction for i = 1, . . . , n − 1:

xn−i ≤ − 1

αi
xn < 0 (for i odd) and xn−i ≥ 1

αi
xn > 0 (for i even).

Since n is even, x1 ≤ −(1/αn−1)xn < 0 and, using the first inequality of (3.1),
xn ≥ −(1/α)x1 ≥ (1/αn)xn , which is in contradiction with 0 < α < 1 and xn > 0.

Suppose finally that n is odd and α > 0. Again, for proving that M ∈ P, we argue
by contradiction, assuming that there is a nonzero x such that x · (Mx) ≤ 0, which is
equivalent to (3.1). As above, one can assume that xn > 0. Starting with the rightmost
inequality in (3.1), one can specify by induction the sign σ(xi ) of the xi ’s:

σ(xn−1) = −1, σ (xn−2) = 1, . . . , σ (x1) = (−1)n−1 = 1,

since n is odd. Finally, the first inequality in (3.1) gives σ(xn) = −σ(x1) = −1, in
contradiction with xn > 0. Hence x = 0 and M ∈ P by (2.2). ��

Recall that ek denotes the kth basis vector of R
n .

Lemma 3.3 Suppose that n ≥ 2 and consider problem LC(M, q) in which M and q
are given in Example 3.1 with α > 1. When applied to that problem LC(M, q)

and started from x1 = −e1, Algorithm 1 cycles by visiting in order the n nodes
xk = −ek, k = 1, . . . , n.

Proof The proof proceeds by induction. By assumption, x1 = −e1.
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Suppose now that xk−1 = −ek−1 for some k ∈ {2, . . . , n} and let us show that
xk = −ek . There hold

xk−1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
...

0

−1

0

0
...

0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and Mxk−1 + q =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
...

1

0

1 − α

1
...

1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

where the component −1 (resp. 0) is at position k − 1 in xk−1 (resp. in Mxk−1 + q).
The update rules of Algorithm 1 and α > 1 then imply that I k = {k} and xk = −ek .

We still have to show that xn+1 = −e1. From xn = −en , one deduces that

xn =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0

0
...

0

−1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and Mxn + q =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 − α

1
...

1

0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Again, the update rules of Algorithm 1 and α>1 show that I n+1 ={1} and xn+1 =−e1.
Therefore Algorithm 1 cycles. ��

By combining Lemmas 3.2 and 3.3, one can see that Algorithm 1 may cycle when M
is a P-matrix of odd order n ≥ 3: this is the case when the algorithm is started at
x1 = −e1 and when M and q are given by Example 3.1, with n odd and α > 1.
When n is even, the condition α > 1 used in Lemma 3.3 prevents the matrix M from
being a P-matrix. It is not difficult to show, however, that the algorithm can also cycle
when n is even, n ≥ 4, and M ∈ P, by using the construction given in the proof of
Proposition 3.7: the cycle visits an odd number of nodes (hence < n).

3.2 Cycles with an even number of nodes

The next family of examples is obtained by perturbing the matrices of Example 3.1
with a parameter β, in order to construct cycles having n nodes for an even oder
P-matrix.
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Example 3.4 Let n ≥ 3. The matrix M ∈ R
n×n and the vector q ∈ R

n are given by

M =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 β α

α
. . . β

β
. . . 1
. . . α 1

β α 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and q = 1,

where the elements of M that are not represented are zeros or, more precisely, for
i, j ∈ {1, . . . , n}:

Mi j =

⎧
⎪⎪⎨

⎪⎪⎩

1 if i = j
α if i = ( j mod n) + 1
β if i = (( j + 1) mod n) + 1
0 otherwise.

Since q ≥ 0, a solution to LC(M, q) for these data is x = 0. ��
Conditions for having an n-node cycle with Algorithm 1 on problem LC(M, q)

with M and q given by Example 3.4 are very simple to express.

Lemma 3.5 Suppose that n ≥ 3 and consider problem LC(M, q) in which M and q
are given in Example 3.4 with α > 1 and β < 1. When applied to that problem
LC(M, q) and started from x1 = −e1, Algorithm 1 cycles by visiting in order the n
nodes defined by xk = −ek, k = 1, . . . , n.

Proof The proof is quite similar to the one of Lemma 3.3 and proceeds by induction.
By assumption, x1 = −e1.

Suppose now that xk−1 = −ek−1 for some k ∈ {2, . . . , n − 1} and let us show that
xk = −ek . There hold

xk−1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
...

0
−1
0
0
0
...

0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and Mxk−1 + q =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
...

1
0

1 − α

1 − β

1
...

1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

where the component −1 (resp. 0) is at position k − 1 in xk−1 (resp. in Mxk−1 + q).
The update rules of Algorithm 1, α > 1, and β < 1 then imply that I k = {k} and
xk = −ek .
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Therefore, by induction

xn−1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0
0
...

0
−1
0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and Mxn−1 + q =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 − β

1
...

1
0

1 − α

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

The update rules of Algorithm 1, α > 1, and β < 1 then imply that I n = {n}, so that

xn =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0
0
...

0
−1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

and Mxn + q =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 − α

1 − β

1
...

1
0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Again, the update rules of Algorithm 1, α > 1, and β < 1 show that I n+1 = {1}.
Therefore, xn+1 = −e1 and Algorithm 1 cycles. ��

We have now to examine whether the conditions on α and β given by Lemma 3.5
are compatible with the P-matricity of the matrix M in Example 3.4. Actually, the
conditions on α and β ensuring the P-matricity of that matrix M are nonlinear and
much more complex to write than the simple conditions on α given in Lemma 3.2;
in particular, their number depends on the dimension n. The shaded regions in Fig. 1
show the intersections with the box [−2, 2]×[−2, 2] of the sets P formed of the (α, β)

pairs for which the matrix M is a P-matrix, when its order is n = 3, 4, 5, and 6. Of
course, by Lemma 3.2, P contains the set {(α, β) : −1 < α < 1, β = 0} when n is
even and the set {(α, β) : −1 < α, β = 0} when n is odd. It is not clear at this point,
however, whether, for any n ≥ 3, these regions will contain points with α > 1 and
β < 1, which are the conditions highlighted by Lemma 3.5. Lemma 3.6 below shows
that this is actually the case since P always contains the interiors of the nonconvex
polyhedron and the ellipse represented in Fig. 1, which are independent of n.

To prepare the proof of Lemma 3.6, we write the circulant matrix M in Example 3.4
as follows

M = I + β J n−2 + α J n−1,

where I denotes the n × n identity matrix and J is the elementary circulant n × n
matrix

J =

⎛

⎜
⎜
⎜
⎜
⎝

0 1 0

0
. . .

. . . 1
1 0

⎞

⎟
⎟
⎟
⎟
⎠

.
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Fig. 1 The shaded regions are formed of the (α, β) pairs in [−2, 2] × [−2, 2] for which the matrix M of
Example 3.4 is a P-matrix, when its order is n = 3, 4, 5, and 6; these regions are nonconvex but star-shaped
with respect to (0, 0), which is the point corresponding to the identity matrix. According to Lemma 3.6,
the interiors of the represented nonconvex polyhedron and ellipse, which are independent of n, are always
contained in these regions, for any n ≥ 3

More precisely, Ji j = 1 if j = (i mod n)+ 1 and Ji j = 0 otherwise. It is well known
[17, formula (4.7.10)] that J is diagonalizable on C, meaning that there is a diago-
nal matrix D ∈ C

n×n and a nonsingular matrix P ∈ C
n×n such that J = P D P−1;

in addition its eigenvalues are the nth roots of unity: D := Diag(1, w1, . . . , wn−1),
where w = e2π i/n and i is the imaginary unit.

Lemma 3.6 The set of (α, β) pairs ensuring that M ∈ P in Example 3.4 contains the
set {(α, β) : |α| − 1 < β < |α|/4 or α2 + 8(β − 1

2 )2 < 2}.

Proof We only have to show that when α and β satisfy

|α| − 1 < β <
|α|
4

or α2 + 8

(

β − 1

2

)2

< 2, (3.2)

the matrix M + M� is positive definite, since then M is clearly a P-matrix [23, p. 175].
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For any integer p, (J p)� = J n−p. Therefore M + M� = 2I + α J + β J 2 +
β J n−2 + α J n−1 and, using J = P D P−1, we obtain

M + M� = P
(

2I + αD + βD2 + βDn−2 + αDn−1
)

P−1.

This identity shows that the eigenvalues of the symmetric matrix M + M� are the
(necessarily real) numbers

λk := 2 + αe2kπ i/n + βe4kπ i/n + βe2k(n−2)π i/n + αe2k(n−1)π i/n,

for k = 0, . . . , n − 1. Using e2kpπ i/n + e2k(n−p)π i/n = 2 cos(2kpπ/n) (for p integer)
and cos 2θ = 2 cos2 θ − 1, we obtain

λk = 2 + 2α cos(2kπ/n) + 4β cos2(4kπ/n) − 2β.

We see that the desired positivity of the eigenvalues λk depends on the positivity of
the following polynomial on [−1, 1]:

t �→ ϕ(t) = 2βt2 + αt + (1−β).

We denote by t± := [−α ± (α2 − 8β(1 − β))1/2]/(4β) the roots of ϕ when β �= 0
and consider in sequence the three possible cases, identifying in each case conditions
that ensure the positivity of ϕ on [−1, 1].
• Case β = 0. Then ϕ is positive on [−1, 1] if |α| < 1.
• Case β > 0. There are two subcases.

◦ If ϕ has no real root, i.e., if α2 < 8β(1−β) or equivalently α2 +8(β− 1
2 )2 < 2,

then ϕ is clearly positive on R.
◦ If ϕ has two (possibly equal) real roots t±, i.e., if α2 ≥ 8β(1 − β), then these

verify t− ≤ t+ and ϕ is positive on [−1, 1],
– either if 1 < t−, which is ensured if −α − 1 < β < −α/4,
– or if t+ < −1, which is ensured if α − 1 < β < α/4.

• Case β < 0. Then, ϕ has two real roots t±, which verify t+ < t−, and ϕ is positive
on [−1, 1] if both t+ < −1 and 1 < t− holds, which is ensured if |α|−1 < β < 0.

By gathering the above conditions, we obtain (3.2). ��

3.3 Nonconvergence

The nonconvergence result is summarized in Proposition 3.7, in which it is shown
that cycles made of p nodes are possible when n ≥ 3 and p ∈ {3, . . . , n}. It is
then shown with Proposition 3.8 that when n ≥ 3, although the plain Newton-min
algorithm is known to converge locally, i.e., when the starting point is near the solution
to LC(M, q), the radius of convergence can be made as small as desired by modifying
q; this makes the convergence of the plain Newton-min algorithm unlikely.
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Proposition 3.7 (nonconvergence for n ≥ 3) When n ≥ 3, Algorithm 1 may fail to
converge when trying to solve LC(M, q) with a P-matrix M. A cycle made of p nodes
is possible, for an arbitrary p ∈ {3, . . . , n}.
Proof Since the plain Newton-min algorithm visits only a finite number of nodes, it
fails to converge if and only if it cycles.

When n ≥ 3 is odd, a cycle made of n nodes is possible on problem LC(M, q)

with M and q given by Example 3.1, and α > 1: Lemma 3.2 shows that M ∈ P and
Lemma 3.3 shows that a cycle is possible.

When n ≥ 4 is even, a cycle made of n nodes is possible on problem
LC(M, q) with M and q given by Example 3.4, and α and β satisfying α > 1 and
α − 1 < β < α/4 (hence β < 1/3): Lemma 3.5 shows that a cycle is possible and
Lemma 3.6 shows that M ∈ P.

When n ≥ 3 and p ∈ {3, . . . , n}, consider a p × p matrix M̃ ∈ P, a vector q̃ ∈ R
p,

and a starting point x̃1 ∈ R
p, such that Algorithm 1 applied to problem LC(M̃, q̃) and

starting at x̃1 generates iterates x̃ k forming a cycle made of p nodes (this is possible
by what has just been proven). With obvious notation, define

M =
(

M̃ 0p×(n−p)

0(n−p)×p In−p

)

, q =
(

q̃
0n−p

)

, and x1 =
(

x̃1

0n−p

)

.

The P-matricity of M is clear, by observing that x · (Mx) ≤ 0 implies x = 0. Denote
by xk the kth iterate generated by Algorithm 1 on LC(M, q) starting from x1. Observe
first that when an index i > p, there holds xk

i = 0, whenever i ∈ I k or i ∈ Ak ;
therefore the generated iterates xk ∈ R

p × {0n−p}. Hence, if the same rule as the
one used by Algorithm 1 on R

p is used to decide whether an index i ∈ Ek will be
considered as being in I k or Ak , the iterates xk will be (x̃ k, 0n−p). Obviously, as the
x̃ k’s, these iterates also form a cycle made of p nodes. ��

To make the above nonconvergence result more concrete, we provide two examples
of P-matrices Mn , of order n = 3 and n = 4 respectively, which make Algorithm 1 fail
with an n-cycle, when it starts at x1 = (−1, 0, . . . , 0) to solve problem LC(Mn, 1):

M3 :=
⎛

⎝
1 0 2
2 1 0
0 2 1

⎞

⎠ and M4 :=

⎛

⎜
⎜
⎝

1 0 1/2 4/3
4/3 1 0 1/2
1/2 4/3 1 0
0 1/2 4/3 1

⎞

⎟
⎟
⎠ . (3.3)

We have used the Lemmas 3.2 and 3.3 for constructing M3 and the Lemmas 3.5 and 3.6
for designing M4.

The convergence radius of an iterative algorithm for finding a solution x to a given
problem is the largest ρ > 0 such that the algorithm converges to x when the ini-
tial iterate is in the ball of center x and radius ρ. The plain Newton-min algorithm is
known to be locally convergent [19]. By scaling the variables in the previous examples,
however, one can make the convergence radius of the plain Newton-min algorithm as
small as desired. Even though this observation is straightforward, we highlight it in the
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following corollary to stress the fact that without modification the plain Newton-min
algorithm may have little chance to converge.

Corollary 3.8 (small convergence radius for n ≥ 3) When n ≥ 3, the convergence
radius of Algorithm 1 to solve LC(M, q) with a P-matrix M may be arbitrarily small.

Proof Take an example of matrix M ∈ P and vector q ≥ 0 such that Algorithm 1
cycles when it tries to solve LC(M, q) from some nonzero x1 (this is possible by
using one of the problems considered in the proof of Proposition 3.7). The conver-
gence radius of Algorithm 1 for that problem is therefore less than ‖x1‖ (the solution
is 0).

Now, Algorithm 1 starting at x̃1 = εx1, for some ε > 0, for solving LC(M, εq)

generates the iterates x̃ k = εxk and therefore cycles. The convergence radius for the
plain Newton-min algorithm on this new problem is less than ε‖x1‖, which can be
made arbitrarily small by letting ε ↓ 0. ��

4 Convergence for n = 1 or 2

If the plain Newton-min algorithm does not necessary converge for a P-matrix M of
order n ≥ 3, it does converge when n = 1 or 2.

Proposition 4.1 (convergence for n = 1 or n = 2) Suppose that M is a P-matrix and
that n = 1 or n = 2. Then the plain Newton-min algorithm converges.

The proof of this proposition can be found in the full report [2]. It was obtained by
highlighting first necessary conditions for having a cycle made of 3 nodes. It is then
shown that, when M is a P-matrix, the algorithm cannot do cycles made of 2 distinct
nodes and that the conditions for making a cycle made of 3 distinct nodes cannot be
satisfied when n = 2 (when n = 1 such a 3-cycle does not exist).

5 Perspectives

The work presented in this paper can be pursued along at least two directions. One
possibility is to better mark out the set of matrices for which the plain Newton-min
method converges. According to [19, theorem 3.4] and the counter-examples of the
present paper, this set contains the set Mε of matrices sufficiently near an M-matrix
but not all of the larger set P of P-matrices, see the discussion around (1.5). Such a
study may result in the identification of an analytically well defined set of matrices or
it may be a long process with an endless refinement. In the first case, it would be nice
to see whether membership in that new matrix class can be determined in polynomial
time, knowing that recognizing a P-matrix is a co-NP-complete problem [13,38].

Another possibility is to modify the algorithm to force its convergence for
P-matrices or an even larger class of matrices. Being able to deal with P-matrices
is important for at least three reasons. First, linear complementarity problems with a
P-matrix are encountered in practice [36]. Next, this is exactly the class of matrices
that ensure the existence and uniqueness of the solution to the LCP [12,35], which
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forces us to pay attention to these matrices. Finally, the possibility to find a polynomial
algorithm to solve the LCP with a P-matrix still seems to be an open question. Some
authors argue that such an algorithm might exist; see Morris [32], who refers to a
contribution by Megiddo [30], himself citing an unpublished related note of Solow,
Stone and Tovey [37]. The possibility that a modified version of the plain Newton-
min algorithm might have the desired polynomiality property cannot be excluded. A
natural remedy would be to add a globalization technique (linesearch or trust regions,
see [6,10] for example) to the plain Newton-min algorithm in order to force its con-
vergence; see [18,20], for contributions along that direction. This globalization is not
straightforward since the Newton-min direction may not be a descent direction of the
standard �2 merit function associated with (1.4) [3].
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1. Aganagić, M.: Newton’s method for linear complementarity problems. Math. Program. 28, 349–362
(1984)

2. Ben Gharbia, I., Gilbert, J.: Nonconvergence of the plain Newton-min algorithm for linear comple-
mentarity problems with a P-matrix—the full report. Rapport de Recherche 7160, INRIA, BP 105,
78153 Le Chesnay, France (2009). http://hal.archives-ouvertes.fr/inria-00442293/en

3. Ben Gharbia, I., Gilbert, J.: (2011) (in preparation)
4. Bergounioux, M., Haddou, M., Hintermüller, M., Kunisch, K.: A comparison of a Moreau-Yos-

ida-based active set strategy and interior point methods for constrained optimal control problems.
SIAM J. Optim. 11, 495–521 (2000)

5. Bergounioux, M., Ito, K., Kunisch, K.: Primal-dual strategy for constrained optimal control problems.
SIAM J. Control Optim. 37, 1176–1194 (1999)

6. Bonnans, J., Gilbert, J., Lemaréchal, C., Sagastizábal, C.: Numerical Optimization—Theoretical and
Practical Aspects, 2nd edn. Universitext. Springer, Berlin (2006)

7. Buchholzer, H., Kanzow, C., Knabner, P., Kräutle, S.: Solution of Reactive transport problems includ-
ing mineral precipitation-dissolution reactions by a semismooth Newton method. Technical Report
288, Institute of Mathematics, University of Würzburg, Würzburg (2009)

8. Chandrasekaran, R.: A special case of the complementary pivot problem. Opsearch 7, 263–268 (1970)
9. Clarke, F.: Optimization and Nonsmooth Analysis. Wiley, New York (1983)

10. Conn, A., Gould, N., Toint, P.: Trust-region methods. MPS-SIAM Series on Optimization 1. SIAM
and MPS, Philadelphia (2000)

11. Cottle, R., Dantzig, G.: Complementarity pivot theory of mathematical programming. Linear Algebra
Appl. 1, 103–125 (1968)

12. Cottle, R., Pang, J.S., Stone, R.: The linear complementarity problem. No. 60 in Classics in Applied
Mathematics. SIAM, Philadelphia, PA, USA (2009)

13. Coxson, G.: The P-matrix problem is co-NP-complete. Math. Program. 64, 173–178 (1994)
14. Facchinei, F., Pang, J.S.: Finite-Dimensional Variational Inequalities and Complementarity Problems

(two volumes). Springer Series in Operations Research, Springer (2003)
15. Fiedler, M., Pták, V.: On matrices with nonpositive off-diagonal elements and principal minors. Czech.

Math. J. 12, 382–400 (1962)
16. Fischer, A., Kanzow, C.: On finite termination of an iterative method for linear complementarity

problems. Math. Program. 74, 279–292 (1996)
17. Golub, G., Loan, C.V.: Matrix Computations, 3rd edn. The Johns Hopkins University Press, Baltimore,

Maryland (1996)

123

http://hal.archives-ouvertes.fr/inria-00442293/en


I. Ben Gharbia, J. C. Gilbert

18. Harker, P., Pang, J.S.: A damped-Newton method for the linear complementarity problem. In: Allgower,
E., Georg, K. (eds.) Computational Solution of Nonlinear Systems of Equations, No. 26 in Lecture in
Applied Mathematics. AMS, Providence, RI (1990)

19. Hintermüller, M., Ito, K., Kunisch, K.: The primal-dual active set strategy as a semismooth Newton
method. SIAM J. Optim. 13, 865–888 (2003)

20. Ito, K., Kunisch, K.: On a semi-smooth Newton method and its globalization. Math. Program. 118,
347–370 (2009)

21. Kanzow, C.: Inexact semismooth Newton methods for large-scale complementarity problems. Optim.
Methods Softw. 19, 309–325 (2004)

22. Karmarkar, N.: A new polynomial-time algorithm for linear programming. Combinatorica 4, 373–395
(1984)

23. Kellogg, R.: On complex eigenvalues of M and P matrices. Numer. Math. 19, 170–175 (1972)
24. Kojima, M., Megiddo, N., Noma, T., Yoshise, A.: A Unified Approach to Interior Point Algorithms for

Linear Complementarity Problems. No. 538 in Lecture Notes in Computer Science. Springer, Berlin
(1991)

25. Kojima, M., Shindo, S.: Extension of Newton and quasi-Newton methods to systems of PC1 equa-
tions. J. Oper. Res. Soc. Jpn. 29, 352–375 (1986)

26. Kostreva, M.: Direct algorithms for complementarity problems. Ph.D. Thesis, Rensselaer Polytechnic
Institute, Troy, New York (1976)

27. Kräutle, S.: The semismooth Newton method for multicomponent reactive transport with miner-
als. Technical Report, Department of Mathematics, University of Erlangen-Nuremberg, Erlangen,
Germany (2010)

28. Lemke, C.: Bimatrix equilibrium points and mathematical programming. Manag. Sci. 11, 681–689
(1965)

29. Mangasarian, O.: Solution of symmetric linear complementarity problems by iterative methods. J.
Optim. Theory Appl. 22, 465–485 (1977)

30. Megiddo, N.: A note on the complexity of P-matrix LCP and computing an equilibrium. Technical
Report RJ 6439 (62557), IBM Research, Almaden Research Center, 650 Harry Road, San Jose, CA,
USA (1988)

31. Metla, N.: The sequential quadratic programming method for elliptic optimal control problems with
mixed control-state constraints. Ph.D. Thesis, Johann Radon Institute for Computational and Applied
Mathematics, Johannes Kepler Universität, Linz, Austria (2008)

32. Morris, W.: Randomized pivot algorithms for P-matrix linear complementarity problems. Math.
Program. 92A, 285–296 (2002)

33. Murty, K.: Linear Complementarity, Linear and Nonlinear Programming. Heldermann Verlag,
Berlin (1988)

34. Qi, L.: Convergence analysis of some algorithms for solving nonsmooth equations. Math. Oper. Res.
18, 227–244 (1993)

35. Samelson, H., Thrall, R., Wesler, O.: A partition theorem for the Euclidean n-space. Proc. Am. Math.
Soc. 9, 805–807 (1958)

36. Schäfer, U.: A linear complementarity problem with a P-matrix. SIAM Rev. 46, 189–201 (2004)
37. Solow, D., Stone, R., Tovey, C.: Solving LCP on P-matrices is probably not NP-hard. Unpublished

note (1987)
38. Tseng, P.: Co-NP-completeness of some matrix classification problems. Math. Program. 88, 183–192

(2000)

123


	Nonconvergence of the plain Newton-min algorithm for linear complementarity problems with a P-matrix
	Abstract
	1 Introduction
	2 The algorithm
	3 Nonconvergence for n geq3
	3.1 Cycles with an odd number of nodes
	3.2 Cycles with an even number of nodes
	3.3 Nonconvergence

	4 Convergence for n=1 or 2
	5 Perspectives
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


