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Framework

Road traffic (Médiamobile) :
@ Activity: Real-time prediction of traveling time
@ Aim: Understand the speed process on the road traffic
network
@ Observations :
e Fixed sensors: corrupted values
o Cars fleet: unobserved areas
e The graph is known
@ Probem: Use the spatial dependency for:

e Spatial completion
@ Spatio-temporal prediction
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Steps

Modeling : Random process (X,(")),,Ez,,-ea
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Steps

Modeling : Random process (X,(")),,Ez,,-ea

@ Indexed by (discrete) time Z and the graph G of the road
traffic network

@ Gaussian

@ Centered

@ “Stationary”

@ Extension of classical tools from time series to graphs

Objective: Yield a parametric model (KCg),o for covariance op-
erators of X
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Modeling

Model: Zero-mean Gaussian field (X;);cg indexed by the
vertices G of a graph G.

Definition (Unoriented weigthed graph)

G=(GW):
@ G set of vertices (countable)
o W e [-1,1]9%C Weighted adjacency operator (symmetric)
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Model: Zero-mean Gaussian field (X;);cg indexed by the
vertices G of a graph G.

Definition (Unoriented weigthed graph)
G=(G W):
@ G set of vertices (countable)
o W e [-1,1]9%C Weighted adjacency operator (symmetric)

Neighbors: / ~ jif W; #0
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Modeling

Model: Zero-mean Gaussian field (X;);cg indexed by the
vertices G of a graph G.

Definition (Unoriented weigthed graph)
G=(G W):
@ G set of vertices (countable)
o W e [-1,1]9%C Weighted adjacency operator (symmetric)

Neighbors: / ~ jif W; #0
Degree of a vertex: D, =4 {j,i ~ j}.

Assumption ()
@ D :=sup;c.g D; < +o0, G has bouded degree
 Vie G, Y .q|Wj| <1 even renormalizing
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Modeling

Problem

Speed of vehicles on the road network at a fixed time:
zero-mean Gaussian field (X;);cg indexed by the vertices of a
graph.
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Modeling

Problem

Speed of vehicles on the road network at a fixed time:
zero-mean Gaussian field (X;);cg indexed by the vertices of a
graph.

Aim: Chose a model for covariance operators

Modeling constraints
@ Adaptability to physical modeling
@ Compatibility with classical cases (time series, Z9,
homogeneous tree...)

@ Extension of classical tools from time series (spectral
representation, Whittle’s estimation...)
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Modeling

Problem

Speed of vehicles on the road network at a fixed time:
zero-mean Gaussian field (X;);cg indexed by the vertices of a
graph.

Aim: Chose a model for covariance operators

Modeling constraints
@ Adaptability to physical modeling
@ Compatibility with classical cases (time series, Z9,
homogeneous tree...)

@ Extension of classical tools from time series (spectral
representation, Whittle’s estimation...)

= Define covariance operators from a spectral construction
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Modeling

Modeling for covariance operators

Models for covariance operators (of the speed field)

Example : Finite dimension
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Modeling

Modeling for covariance operators

Models for covariance operators (of the speed field)

Example : Finite dimension
W acts on ?(G) :

Vu e P(G),Vi € G, (Wu); =Y Wju;.
jea
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Modeling

Modeling for covariance operators

Models for covariance operators (of the speed field)

Example : Finite dimension

W is a bounded Hilbertian self-adjoint operator in
Bg := P(G) — P(G):

IWll,0p < 1.
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Modeling

Modeling for covariance operators

Models for covariance operators (of the speed field)

Example : Finite dimension

W is a bounded Hilbertian self-adjoint operator in
Bg := P(G) — P(G):

IWll,0p < 1.

Spectral decomposition

HE,M,W:/ AE())
M
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Modeling

Modeling for covariance operators

Models for covariance operators (of the speed field)

Example : Finite dimension

Definition (Identity resolution)
M o-algebra E : M — Bg such that Vw,w' € M,
@ E(w)self-adjoints projectors.
Q E(g)=0,E(Q) =1
Q E(wnuw) = E(W)E(W)
Q Siwnw =g, alors E(wUw') = E(w) + E(w)
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Modeling

Models for covariance operators, spectral density

Definition (Construction of the covariance operators)
Let g be an positive function, analytic over Sp(W),

K(g) = / INAE(N).
Sp(W)
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@ g polynomial: MAgW)
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Modeling

Models for covariance operators, spectral density

Definition (Construction of the covariance operators)
Let g be an positive function, analytic over Sp(W),

K(g) = / INAE(N).
Sp(W)

@ g polynomial: MAgW)

° é polynomial: AR{,W)

Remarks:
@ K(g) = g(W) (Normal convergence of the PSD)
@ Dependency in W
@ Analogy with Z
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Modeling

Local measures, trace measure

Definition (Local measures)

Vi,j € G,Vw € M, pjj(w) = Ej(w).
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Modeling

Local measures, trace measure

Definition (Local measures)

Vi,j € G,Vw € M, pjj(w) = Ej(w).

Caracterized by: Vi,j € G,Vk € Z, (W"),./. = Jsp(wy Nedpi(A).
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Modeling

Local measures, trace measure

Definition (Local measures)

Vi,j € G,Vw € M, pjj(w) = Ej(w).

Caracterized by: Vi,j € G,Vk € Z, (W*); = [gpm) N duj(A)-
Model: K(Q)U = fSp(W) g()\)dﬂlj(/\)
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Modeling

Local measures, trace measure

Definition (Local measures)

Vij € G,Vw € M, j(w) = Ejw).

Caracterized by: Vi,j € G,Vk € Z, (W*); = [gpm) N duj(A)-
Model: K(Q)U = fSp(W) g()‘)du/j(/\)

Definition (Trace measure associated to Gj)

Z Hgg

ge Gn
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Modeling

G = Z: compatibility with time series

Adjacency operator
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Modeling

G = Z: compatibility with time series

Adjacency operator

Local measure

Tizi(\
Vi,j e G,Vkez,(wk).:l )\km(v\.
i V1= X2

T, : k'™ Chebychev polynomials
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Modeling

G = Z: compatibility with time series

Adjacency operator

W §1|I—/\—1
Local measure
.. 1 ey
Vije GVkez, (WK) = / Ak R g
! ( >i/ ™)1 V12
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Modeling

G = Z: compatibility with time series

Adjacency operator

1
Wi = 51)i-j=1
Local measure
VI,/GG,VkeZ,(W")_‘:/ NAIEICNN
T J-10] 1 -2

Spectral density

f(t) = g(cos(t))
K(g); = 21%/[_ (0005 (G~ D)t = (T
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Modeling

An example

Dynamic model of spatio-temporal speed agregation:

Vnez,ie G XM =MD ax() bZXj(n)*

i
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Modeling

An example

Dynamic model of spatio-temporal speed agregation:

vnezie G X" =" 4 ax( 15> X

i

Covariance operator

Under stationarity:
Cov(X)=> Y (Z) Wk @ (aldG _|_bWG>2”—k
n>0 k<n
Cov(X™) =3 3" ( ) ( ) (aldg +bWa)™"
n>0 k<[ ]
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Estimation
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Estimation

Problem:

@ © C R compact
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Estimation

Problem:

@ © C R compact
@ (fy)pco parametric family of spectral densities associated
to K(fy) = fo(W)
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Estimation

Problem:

@ © C R compact

@ (fy)pco parametric family of spectral densities associated
to K(fy) = fo(W)

@ Asymptotic on (Gp),cy s€quence of nested subgraphs
inducted by G
Example G=Z: G, =[1,n].
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Estimation

Problem:

@ © C R compact

@ (fy)pco parametric family of spectral densities associated
to K(fy) = fo(W)

@ Asymptotic on (Gp),cy s€quence of nested subgraphs
inducted by G
Example G=Z: G, =[1,n].

@ Og € é, X NN(OaK(fGO))
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Problem:

@ © C R compact

@ (fy)pco parametric family of spectral densities associated
to K(fy) = fo(W)

@ Asymptotic on (Gp),cy s€quence of nested subgraphs
inducted by G
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@ We observe the restriction X, of X to G, cov : Kn(f)
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Estimation

Problem:

@ © C R compact

@ (fy)pco parametric family of spectral densities associated
to K(fy) = fo(W)

@ Asymptotic on (Gp),cy s€quence of nested subgraphs
inducted by G
Example G=Z: G, =[1,n].

@ 0 €0, X~ N (0,K(fy,))

@ We observe the restriction X, of X to G, cov : Kn(f)

e m,=1G,

Aim: Estimate 6y with a maximum likelihood method:

Ln(0) := f% (mnlog(2r) + log det (Ka()) + XT (Ka(f)) ™" Xa )
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Estimation

Classical case Z

Computational issues: Maximize an approximation of the log-
likelihood

Lo(6) = —2

3 (toa(en) + 1 logdet (7a(h) + X7 (To(1) ™" %o
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Estimation

Classical case Z

Computational issues: Maximize an approximation of the log-
likelihood

L(0) = fg

(foat2n) +  ogdet(Ta() + 1 X7 (Ta(f)) ™" o)

Whittle’s approximation for Z, log det

1 1
~logdet(Ta(#)) — 5 /[0727(] log (£,) dt.
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Estimation

Classical case Z

Computational issues: Maximize an approximation of the log-
likelihood

10(0) =~ (1oo@r) 5 [ 100 () dt X7 (7o) X))

Whittle’s approximation for Z, log det

1 1
~logdet(Ta(#)) — 5 /[0727(] log (£,) dt.
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Estimation

Classical case Z

Computational issues: Maximize an approximation of the log-
likelihood

Ln(0) := r27(log(27r)+217r /[02 | log (fy) dl‘+l17]X,3— (77;(7‘9))71 Xn)

Y

llogdet(ﬁ,(fg))%;/ log (£,) dt.
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Estimation

Classical case Z

Computational issues: Maximize an approximation of the log-
likelihood

Ln(0) := g(log(Zﬂ)+21 /[02 | log (fy) dt+ll’anT (77;(7‘49))71 Xn)

™

Whittle’s approximation for Z, log det

—
—

~logdet(Ta(#)) — 5 /[0727(] log (£,) dt.

Whittle’s approximation for Z, periodogram

1 N 1
= <x,,T (Tn(fy)) 1X,,—X,7TT,,(ﬁ9)X,,> — 0, ps.
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Estimation

Classical case Z

Computational issues: Maximize an approximation of the log-
likelihood

1 1 1 1

Whittle’s approximation for Z, log det

1 1
"logdet(T(f)) —+ 5- /[O’zﬂ log (£,) dt.

Whittle’s approximation for Z, periodogram

1 _ 1
L (XJ (Tol)) ™" Xo— XT Tn(fe)xn) L0 pe
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Estimation

log det approximation for a graph

Assumption (Existence of the limit trace measure)

Hi 2 3p, 2 Y gy Hag = 1

Assumption (Edge effects)
H2 . (Sn = O(mn)
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Estimation

log det approximation for a graph

Assumption (Existence of the limit trace measure)

Hi 2 3p, 2 Y gy Hag = 1

Assumption (Edge effects)
H2 . (Sn = O(mn)

Whittle’s approximation for G, log det

,717,7 log det (Kn(fy)) — /Sp(W) log (f5) dpu(t)
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Estimation

Sufficient conditions for the existence of the trace
measure
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Estimation

Sufficient conditions for the existence of the trace
measure
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Sufficient conditions for the existence of the trace
measure
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Estimation

Sufficient conditions for the existence of the trace
measure
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Estimation

Consistency

Let 6, 0,, 0, resp. argmax of

L,(0) = f% (mn log(27) + logdet (ICh(fy)) + XT (/Cn(fe)r1 Xn)
L) = % (m,, log(27) + mn/Iog (f(x))dp(x) + XT (Kn(f)) ™" Xn>
L,(0) = % (m,, log(27) + m,,/log (fy(x))du(x) + X (IC,, (;)) Xn>
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Estimation

Consistency

Let 6, 0,, 0, resp. argmax of

L) = f% (malog(2r) +log det (Ka(f)) + X] (Ka())™" X0)
L) = % (m,, log(2n) +mn/Iog (f(x))dp(x) + XT (Kn(f)) ™" Xn>
L,(0) = % (m,, log(27) + mn/log (fy(x))du(x) + X (IC,, (é)) Xn>

Assumption ()

@ 0 — fy injective
@ VX e Sp(W),0 — fy(\) continuous.

@ Strong regularity assumptions on (fy)eco
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Estimation

Consistency

Let 6, 0,, 0, resp. argmax of

Lo(0) = — (malog(2n) +logdet (Kn(1)) + X] (Ka(1))”" X)
L) = —% (m,, log(27) + mn/Iog(fg(x))du(x) + X T (Kn(f5)) X,,)
L) = — (mn log(2r)+ my [ 10g(fs(x))au(x) + X] (icn (;)) xn>

Theorem (Consistancy of the Whittle’s estimate)

The estimators 0,0, 0, converge Pfeo -a.s. to the true value 0q.
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Estimation

Asymptotic normality and efficiency

Tappered likelihood

—21(9) := mylog(2r) + my, / log(fy(x))du(x) + XT (Q,,()jg)) X,
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Estimation

Asymptotic normality and efficiency

Tappered likelihood

—21(9) := mylog(2r) + my, / log(fy(x))du(x) + XT (Q,,()jg)) X,

oY) = argmax LY.
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Estimation

Asymptotic normality and efficiency

Tappered likelihood

—21(0) := m,log(2r) + m, / log(fy(x))du(x) + XT (Q,,(;e)) X,

Theorem (Asymptotic normality)

For 6y € ©, in the AR, or MA, cases, and under assumptions

on the graph and the family of spectral densities,e,g“) converges
to 6y, and is asymptotically normal and efficient:

V(0 — 00) = N (0, (1 / f

2
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Outline
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Applications

Applications

Figure: Graphe G
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Applications

Applications

Figure: Empirical spectral measure
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Applications

Applications

Figure: Empirical distribution of estimation error
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Applications

Spectrum of the road network

Bordeaux FRC 0t0 2 Lyon FRC0to 2 Marseille FRC 0 to 2
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Applications

Projects

In progress

@ Choice/estimation of the generator
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Projects

In progress
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Applications

Projects

In progress
@ Choice/estimation of the generator
@ Spectral study and modeling of the road network
@ Random process indexed by random graphs
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Applications

Projects

In progress
@ Choice/estimation of the generator
@ Spectral study and modeling of the road network
@ Random process indexed by random graphs

Future works ?

@ Link with physicals models
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Applications

Projects

In progress
@ Choice/estimation of the generator
@ Spectral study and modeling of the road network

@ Random process indexed by random graphs

Future works ?

@ Link with physicals models

@ Use approximation of manifolds by graphs
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Applications

Projects

In progress
@ Choice/estimation of the generator
@ Spectral study and modeling of the road network

@ Random process indexed by random graphs

@ Link with physicals models

@ Use approximation of manifolds by graphs
@ Extension of the notion of causality

T. Espinasse, F. Gamboa, JModeling and estimation for Gaussian fields indexed by graphs, application to road



Applications

Gamboa, JModeling and estimation for Gaussian fields indexed by graphs, application to road 26/35



Applications

Normalité asymptotique et efficacité

Cadre :
o ARL
(*] MAL
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Applications

Normalité asymptotique et efficacité

Cadre :
o ARL
(*] MAL

L-type pour les couples de sommets

g.he Gt (g h) = (Wop)i=o,.- L

Card {(k, /) e Gy x G, Mkl = ,u,-j}
Card {(k, /) e Gp X Gn,,uk/ = ,UJ,'j},
= 1sid(ij)> L.
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Applications

Normalité asymptotique et efficacité

Cadre :
o ARL
(*] MAL

L-type pour les couples de sommets

g.he Gt (g h) = (Wop)i=o,.- L

Card {(k, /) e Gy x G, Mkl = ,u,-j}
Card {(k, /) e Gp X Gn,,uk/ = ,UJ,'j},
= 1sid(ij)> L.

") d(i,j) <L

Exemple G=7: B = 1k 7%
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Produit d’'Hadamar: (A® B); = A;Bj
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Applications

Produit d’'Hadamar: (A® B); = A;Bj

Forme “tordue”

Qn,=Kp® B(n:K)
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Applications

Produit d’'Hadamar: (A® B); = A;Bj

Forme “tordue”

On=Kp® B(n’K)

Exemple G = Z : X7 Qp(1)X covariance empirique non-biaisée
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Applications

Produit d’'Hadamar: (A® B); = A;Bj

Forme “tordue”

Qn,=Kp® B(n:K)

Exemple G =79 :
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Applications

Limites du cadre précédent

Double constat
@ Les processus construits analytiguement sont réguliers

@ Sur un graphe distance-transitif, MA(W), MA®Y), MA®D ont
méme sens
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Limites du cadre précédent

Double constat

@ Les processus construits analytiguement sont réguliers

@ Sur un graphe distance-transitif, MA(W), MA®Y), MA®D ont
méme sens

Objectifs

@ Choisir les modifications de graphes A admissibles pour
les MA( (quitte & renormaliser)
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@ Sur un graphe distance-transitif, MA(W), MA®Y), MA®D ont
méme sens

Objectifs
@ Choisir les modifications de graphes A admissibles pour
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@ Etendre a des procesus non réguliers (sans représentation
MA)
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Applications

Limites du cadre précédent

Double constat

@ Les processus construits analytiguement sont réguliers

@ Sur un graphe distance-transitif, MA(W), MA®Y), MA®D ont
méme sens

Objectifs
@ Choisir les modifications de graphes A admissibles pour
les MA( (quitte & renormaliser)

@ Etendre a des procesus non réguliers (sans représentation
MA)

= Définition de stationnarité “algébrique” plutét qu’analytique
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Applications

Rappel du probleme
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Applications

Rappel du probleme

Idée : Proposer un modéle de covariance “stationnaire” et
“isotrope” généralisant les notions suivantes :
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Applications

Rappel du probléeme

Idée : Proposer un modéle de covariance “stationnaire” et
“isotrope” généralisant les notions suivantes :

@ Sur Z : invariance par translation

@ Sur Z9 : invariance par rotations/translations

@ Arbres homogeénes, graphes de Cayley... : invariance par
automorphisme de graphe
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Applications

Démarche

Propriétés souhaitées
@ Covariance dans Fg: I'(G) — I°°(G)
@ Invariance par automorphisme si il en existe

@ Contient fonctions positives de W, D opérateur de degrés,
L =D — W Laplacien discret...

@ Si les sous graphes se “ressemblent” localement, les
corrélations aussi
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Démarche

Propriétés souhaitées
@ Covariance dans Fg : I'(G) — I°(G)
@ Invariance par automorphisme si il en existe

@ Contient fonctions positives de W, D opérateur de degrés,
L =D — W Laplacien discret...

@ Siles sous graphes se “ressemblent” localement, les
corrélations aussi

1ere idée : Invariance par automorphisme
Probleme : Pas d’automorphisme non triviaux généralement
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Applications

Démarche

Propriétés souhaitées
@ Covariance dans Fg: I'(G) — I°°(G)
@ Invariance par automorphisme si il en existe

@ Contient fonctions positives de W, D opérateur de degrés,
L= D — W Laplacien discret...
@ Siles sous graphes se “ressemblent” localement, les
corrélations aussi
1ére idée : Invariance par automorphisme

Probléme : Pas d’automorphisme non triviaux généralement
Idee : Prendre fonctions de W, L...
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Applications

Démarche

Propriétés souhaitées
@ Covariance dans Fg: I'(G) — I°°(G)
@ Invariance par automorphisme si il en existe
@ Contient fonctions positives de W, D opérateur de degrés,
L =D — W Laplacien discret...
@ Siles sous graphes se “ressemblent” localement, les
corrélations aussi

1ere idée : Invariance par automorphisme

Probléme : Pas d’automorphisme non triviaux généralement
Idee : Prendre fonctions de W, L...

Probléme : Choix arbitraire
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Applications

Démarche

Propriétés souhaitées
@ Covariance dans Fg: I'(G) — I°°(G)
@ Invariance par automorphisme si il en existe
@ Contient fonctions positives de W, D opérateur de degrés,
L= D — W Laplacien discret...

@ Siles sous graphes se “ressemblent” localement, les
corrélations aussi

Construire opérateurs de covariance comme image de W par
une classe bien choisie de fonctions “invariantes”
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Applications

Stationnarité

Definition (Fonctions invariantes /)
® de Dom(®) C Bg dans Fg invariante si
@ Yo € S,YW € Dom(®), W o o € Dom(®), WT € Dom(o)

T. Espinasse, F. Gamboa, JModeling and estimation for Gaussian fields indexed by graphs, application to road



Applications

Stationnarité

Definition (Fonctions invariantes /)
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Applications

Stationnarité

Definition (Fonctions invariantes /)

® de Dom(®) C Bg dans Fg invariante si
@ Vo € S,YW € Dom(®), W o o € Dom(¢), WT € Dom(®)
@ Vo€ S,VYW € Dom(®),d¢(Woo) =d(W)oo
@ YW c Dom(®), d(WT) = (d(W))"

Remarque : Conditions de symmétrie sur les variables

Definition
(Xi)icg de covariance K Gaussien stationnaire si

AP € Ig, W € Dom(®), K = (W)

T. Espinasse, F. Gamboa, JModeling and estimation for Gaussian fields indexed by graphs, application to road



Applications

Remarque :
@ Compatibilité avec définitions existantes
@ Contient L,L, W, - --
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Applications

Remarque :
@ Compatibilité avec définitions existantes
@ Contient L,L, W, - --

Soit A= (W), d € [g, tel que

W,-,-zO:A,-j:O,\A,-j\§1

= A modification “isotrope” du graphe = MA()
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Applications

Remarque :
@ Compatibilité avec définitions existantes
@ Contient L,L, W, - --

Soit A= (W), d € [g, tel que

W,-,-zO:A,-j:O,\A,-j\§1

= A modification “isotrope” du graphe = MA()
Exemples :

@ Laplacien

@ Laplacien renormalisé
@ Matrice de degré

o .-
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Applications

Remarque :

@ On peut aussi définir 'ordre de ® € I, c’est une notion
importante.
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Applications

Remarque :
@ On peut aussi définir 'ordre de ® € I, c’est une notion
importante.
@ De plus, I'ordre de ¢ € I5 permet de restreindre les
possibilités.
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Applications

Remarque :

@ On peut aussi définir 'ordre de ® € I, c’est une notion
importante.

@ De plus, I'ordre de ¢ € I5 permet de restreindre les
possibilités.
@ Point de vue spectral sur Ig ?
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