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Outline

e Background: Multi-scale and multi-physics problems

e Model reduction for parameterized
evolution equations

— Reduced basis methods for linear problems
— Adaptive basis enrichment

— Generalization to non-linear problems

e Current work and outlook
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Multi-Scale- and Multi-Physics Problems
Example: PEM fuel cells

Pore Cell Stack System

[BMBE-Project PEMDesign: Fraunhofer ITWM and Fraunhofer ISE]
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Multi-Scale- and Multi-Physics Problems
Example: PEM fuel cells

Two phase flow with phase transition
Species transport with reaction

for OQ, HQ, HQO

e Potential flow for electrons

e Energy balance

Porous layers:

Membrane: Two phase water transport
Potential flow for protons

e Energy balance

Gas channels:

flow, species transport and energy balance

Bipolar plates: electron flow and energy balance

Coupling through interface conditions
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Multi-Scale- and Multi-Physics Problems

Example: Hydrological Modeling

Transpiration
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[BMBEF-Project AdaptHydroMod: Bronstert et al., Potsdam]

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger



— e \NESTFALISCHE CeNoS Institut fiir Numerische
WILHELMS-UNIVERSITAT und Angewandge
MUNSTER Center for Nonlinear Science Mathematik

Multi-Scale- and Multi-Physics Problems

Legende:

Grundwasserstande am 15.05.1997 56.0 m+NN

Modellgrenze 55.0 m+NN
Gewasser

54.0 m+NN
Bahniinie
_— 53.0m+NN

° Entnahmebrunnen 52.0 m+NN

Berechnungsknoten

51.0m+NN
FlieBgewassermodell

Gewasserpegel 50.0 m+NN

=1 49.0 m+NN

—
7 43.0 m+NN

3

Schwarz

[BMBE-Project AdaptHydroMod: Wald & Corbe, Hiigelsheim ]
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Mathematical Challenges and Possible Solutions

Multiscale Problem Efficient Numerical Methods

Homogenization Higher Order Discretization

Numerical

Adaptive Schemes
Multiscale Methods 2

Parallelization
Model Reduction

Adaptive Modelling
Dimension Reductions

Reduced Basis Methods

Qualitative Analyse

Bifurcation
Optimization

Parameter Identification/ ) )
Inverse Modelling System Simulation
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Reduced Basis Method for Linear

Parameterized Evolution Equations
with B. Haasdonk and G. Rozza

Goal: Fast “Online”-Simulation of Complex Evolution Systems for

e Parameter Optimization

e Design Optimization

e Optimal Control

e Integration into System Simulation
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Reduced Basis Method for Linear

Parameterized Evolution Equations
with B. Haasdonk and G. Rozza

Goal: Fast “Online”-Simulation of Complex Evolution Systems for

e Parameter Optimization
e Design Optimization + Wi
e Optimal Control

e Integration into System Simulation

UH(-, ta IJ’)

Ansatz:

e Reduced Basis Method (RB)

Some references:

notation RB [Noor, Peters "80], initial value problems [Porsching, Lee '87],
method [Nguyen et al. ‘05], book [Patera, Rozza '07], http://augustine.mit.edu
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Example: Convection-Diffusion Problem

c(+, 0; )
c(p
(v(p)e(p) — d(p)Ve(p)) - n

Oe(p) + V- (v(p)e(p) —

d(p)Vu(p)) =0 in Q x [0, Ta,

up(pe) in €2,
bdlr( ) in Fdilr X [07 Tmax];
bn ( u, ,UJ) in 1—wneu X [07 Tmax]-

Discretization by Finite Volumes — cyg(p) € Wy

mario.ohlberger@uni-muenster.de
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Example: Convection-Diffusion Problem

Parameter:

e Initial Data

e Boundary Values

e Diffusion Parameter

Possible Variations of the Solution:

- s
:
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Model Reduction: Reduced Basis Method

Goal: Find c(-, t; u) € L2(Q) for t € [0, T], u € P C R? with

Ore(p) + Lp(e(p)) =0 in Q2 x [0, T],

plus suitable Initial and Boundary Conditions.
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Model Reduction: Reduced Basis Method

Goal: Find c(-, t; u) € L2(Q) for t € [0, T], u € P C R? with

Ore(p) + Lp(e(p)) =0 in Q2 x [0, T],

plus suitable Initial and Boundary Conditions.

Assumption: FV/DG Approximation cy(pr) € Wy for given Parameter 1
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Model Reduction: Reduced Basis Method

Goal: Find c(-, t; u) € L2(Q) for t € [0, T], u € P C R? with

Ore(p) + Lp(e(p)) =0 in Q2 x [0, T],

plus suitable Initial and Boundary Conditions.

Assumption: FV/DG Approximation cy(pr) € Wy for given Parameter 1

Ansatz (RB): Define low dimensional Subspace Wy C Wy
and project FV/DG Scheme onto the Subspace
—> RB Approximation cx(p) € Wn.

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger
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Model Reduction: Reduced Basis Method

Goal: Find c(-, t; u) € L2(Q) for t € [0, T], u € P C R? with

Ore(p) + Lp(e(p)) =0 in Q2 x [0, T],

plus suitable Initial and Boundary Conditions.

Assumption: FV/DG Approximation cy(pr) € Wy for given Parameter 1

Ansatz (RB): Define low dimensional Subspace Wy C Wy
and project FV/DG Scheme onto the Subspace
—> RB Approximation cx(p) € Wn.

Requirement: e Efficient Choice of 11y (Exponential Convergence in N)
e Offline-Online Decomposition for fast Calculation of cn( /)
e Error Control for ||ci (1) — enx(p)]]

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger
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Model Reduction: Reduced Basis Method

Assumption: FV/DG Scheme for Evolution Equations of the Form
¢y = Pleo(p)]; Li(w)ley™ ()] = Lip(p)ley ()] + 0 ().

with time step counter k and cf;(11) € Wh.
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Model Reduction: Reduced Basis Method

Assumption: FV/DG Scheme for Evolution Equations of the Form
¢y = Pleo(p)]; Li(w)ley™ ()] = Lip(p)ley ()] + 0 ().

with time step counter k and cf;(11) € Wh.

RB Method: Let Wy C Wy be given, {¢1, ..., on} a ONB of Wy.
Sought: ¢k (1) = Y, ak(11) ¢ with

Lj(p)a™! = Li(p)a® + b ().

We then have
(LE(1) o = / L5 (0 [ on], (L)) = / oL (1) o],

(a%()), = /Q Plo(i)lpn,  (b5(1)), = / oul (1),

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger
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A Posteriori Error Estimates

Definition: Residual of the FV/DG Method at Time t¥

1

RE (o] = 5 (EHEIESH (1) — L) [e ()] — (1)
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A Posteriori Error Estimates

Definition: Residual of the FV/DG Method at Time t¥

R oex] = (KRl ()] - L ()l ()] — (1)

Theorem: A Posteriori Error Estimate in L>°L?

k-
HCﬁV(“‘) — cylp HL2 Z ) HRZH('“‘)[CN(“)]HL%Q)

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger
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A Posteriori Error Estimates

Theorem: A Posteriori Error Estimate in a Weighted Energy Norm

Ih0) = I < ooy ZAt | B e (20

with weighted energy norm

ol 2 = [[0* | ey + 7 (ZN o, Lylv ]>>

=1
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Offline—-Online Decomposition

Goal: All Steps for the Calculation of ¢y (/) and
for the Calculation of the Error Estimator are
split into Two Parts:

e Offline-Step: Complexity depending on dim(Wp)
e Online-Step: Complexity independent of dim (W)

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger
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Goal:

Constrained:

!

|

Offline—-Online Decomposition

All Steps for the Calculation of cy(x) and
for the Calculation of the Error Estimator are
split into Two Parts:

e Offline-Step: Complexity depending on dim(Wp)
e Online-Step: Complexity independent of dim (W)

Affine Parameter Dependency of the Evolution Scheme

k, q
L];(N)[] = 22221 qu[_] Ué,(IJJ)
depending on z depending on p

Precompute offline: (L), :== [ 0, L[]
0

Q
Assemble online:  (L5(10))pm i= 3 (LY D) pmo? (1)
q=1
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Goal:

Constrained:

!

|

Offline—-Online Decomposition

All Steps for the Calculation of cy(x) and
for the Calculation of the Error Estimator are
split into Two Parts:

e Offline-Step: Complexity depending on dim(Wp)
e Online-Step: Complexity independent of dim (W)

Affine Parameter Dependency of the Evolution Scheme

k, q
L];(N)[] = 22221 qu[_] Ué,(IJJ)
depending on z depending on p

Precompute offline: (L), :== [ 0, L[]
0

Q
Assemble online:  (L5(10))pm i= 3 (LY D) pmo? (1)
q=1

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger



1
e m— WESTFALISCHE CeNoS ‘ o: Institut fiir Numerische
WILHELMS-UNIVERSITAT und Angewandte

———  MUNSTER Mathematik

Center for Nonlinear Science

Numerical Results

CPU-Time Comparison for the Convection-Diffusion Problem:

Discretization: 40 x 200 Elements, K = 200 time steps

time dependent data constant data
Reference | RB online | RB offline | Reference | RB online | RB offline
implicit 155.94s 16.67s 447.16s 45.67s 1.02s 241s
Factor 9.44 44.77
explicit 105.97s 16.53s 437.20s 1.51s 0.79s 2.31s
Factor 6.41 1.91

Discretization: 80 x 400 Elements, K = 1000 time steps

time dependent data constant data
Reference | RB online | RB offline | Reference | RB online | RB offline
implicit | 4043.18s 143.57s 8693.90s 924.91s 6.18s 9.22s
Factor 28.27 149.66
explicit | 2758.20s 134.00s 8506.60s 17.41s 3.64s 8.83s
Factor 20.58 4.78

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger
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Efficient Choice of Wy

Idea: e Construct W, as the span of Snapshots cy (1), p € D C P.

e Use Error Estimator for an efficient Choice of
the Snapshots with Guaranteed Error Control
on a Training Set.

e Reduce VVN to Wy with Principal Component Analysis (PCA).

Goal: Exponential Convergence in N!
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Efficient Choice of Wy

Idea: e Construct W, as the span of Snapshots cy (1), p € D C P.

e Use Error Estimator for an efficient Choice of
the Snapshots with Guaranteed Error Control
on a Training Set.

e Reduce VVN to Wy with Principal Component Analysis (PCA).
Goal: Exponential Convergence in N!

Preliminary Result: Convergence in N for Training and Test Sets

. Training Error Estimator Convergence Test Error Estimator Convergence
10

_ PCA-fixspace . © PCAfixspace [M] = 39
= (== max-err—snapshol Syl == PCA-fixspace [M]| = 5
£ £ PCA-fixspace [M] = 93
w (%]
i i
5 5
i} i}
E E
= =
£ E
> >
© [y}
= - =

8

0 50 100 150 0 50 100 150
Size N of Reduced Basis Size N of Reduced Basis
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Improvement through Adaptive Basis Enrichment

Algorithms for Basis Enrichment: Fixed / Adaptive Training Sets

ESGREEDY(®o, Mtrain, Etol, Mual, Ptol)

1 o = (I)O

2 repeat

3 P = argmaxie My, ., A1, P)

4 if A([,L*) > Etol

5 then

6 ¢ := ONBASISEXT(ug ("), ®)
7 O :=PdU{p}

8 € 1= MaXeM,,q;m A1, P)

9 p = maxpuen,,; A(p,®)/e

10 until € < €401 O p > pro
11 return ®,¢
12

Here, M denotes a Partition of the Parameter Space,
and V(M) are the Vertices of M.

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger
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Improvement through Adaptive Basis Enrichment

Algorithms for Basis Enrichment: Fixed / Adaptive Training Sets

ESGREEDY(@O, Mt'r'ain7 Etol, Mvah ptol) RBADAPTIVE(@O, M07 Etoly M'uu,h ptol)
1 &:=d 1 ®&:=dg, M := My
2 repeat 2 repeat
3 W= arg maxpe My .., A1, ) 3 Mirain := V(M)
4 fA(p™) > etol 4 [®,¢] := ESGREEDY(®, Mirain, Etol,
5 then 5 Myat, prot)
6 ¢ := ONBASISEXT(ug ("), ®) 6 ife > €00
7 O :=PdU{p} 7 then
8 € 1= MaXeM,,q;m A1, P) 8 1 = ELEMENTINDICATORS(M, ®, ¢)
9 p = maxpuen,,; A(p,®)/e 9 M := MARK(M, n)
10 until € < €451 OF p > pro 10 M := REFINE(M)
11 return ®,¢ 11 until ¢ < g4
12 12 return ¢

Here, M denotes a Partition of the Parameter Space,
and V(M) are the Vertices of M.
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Improvement through Adaptive Basis Enrichment
Error Distribution for Uniform / Adaptive Training Sets

cig® log, (D) <10 log, (D(m) 10 log, (D (m))
-7 -7 5 -7
=71 =71 4.5 =71
-7.2 72 4 -7.2
-7.3 73 35 -73
74 7.4 3 74
-7.5 -75 25 ~T.5
7.8 -7.6 2 -7.6
77 77 15 il =77
-7.8 78 1 I | ~7i8
-79 79 05 -7.9
5 s oi—w i 5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
. o o
Exponential Convergence and CPU-Efficiency
. test estimator values decrease max test estimator over training time
10 . - . . . . . .
dz —— Unif ) 3 —— " 3
g uniform—fixed 4 uniform—fixed 4
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Adaptive Parameter Domain Partition
[Dihlmann, Haasdonk, Ohlberger "10]

Idea: Construct a reduced model with prescribed error tolerance
and an upper bound for the dimension of the reduced space.

Ansatz: Parameter domain partition and construction of independent
reduced spaces in the parameter sub-domains.

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger
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Adaptive Parameter Domain Partition
[Dihlmann, Haasdonk, Ohlberger "10]

Construct a reduced model with prescribed error tolerance
and an upper bound for the dimension of the reduced space.

Parameter domain partition and construction of independent
reduced spaces in the parameter sub-domains.

adaptive training set + adaptive p—partition
&

]
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Adaptive Parameter Domain Partition

ADAPTIVEPARAMPARTITION (Mo, €401, Ninaz)
1 M:= My ®(e):=0fore € E(M)
2 repeat
3 for e € £(M) with ®(e) =0
4 do @, := INITBASIS(e)
5 Miyain := MTRAIN(e€)
6 n(e) :==0
7 [®(e),e(e)] := EARLYSTOPPINGGREEDY (P, Myyqin, €tor, 0, 00, Ninaz)
8 if e(e) > g1y
9 then n(e) :=1,P(e) :=10
10 Nmaz = MaXecg (M) 77<€>
11 if e > 0
12 then M := MARK(M,n)
13 M := REFINE(M)
14 until 7,,,, =0
15 return M, {®(e),e(e)}ecem)

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger
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Evaluation of the Online Efficiency

(max) test—error over online simulation time

10 T T T T T T

= # = no P—partition

+=%=" fixed P—partition

—#— adaptive P—partition

=== gdapt. P—partition + adapt. M train
107" -

(maximal) test error
=
oI
N
1

10 °F E

10_4 ! ! ! ! ! ! ! !
0.5 1 15 2 25 3 3.5 4 4.5 5

(average) online simulation time [s]
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Extension to Nonlinear Explicit Operators

Reduced Basis Method for Explicit Finite Volume
Approximations of Nonlinear Conservation Laws

[Haasdonk, Ohlberger "08]

A Simple Model Problem

Oc(p) +V - (ve(p))=0 inQx[0,T], nel,2]

plus suitable Initial and Boundary Conditions.

p=1 = Linear Transport

p=2 = Burgers Equation
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Numerical Results
Initial values: ¢y(z) = 1/2(1 + sin(27z, ) sin(27z3))

. Solution at t = 0.3 .
Linear Transport Burgers Equation

O
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General Framework

Nonlinear Equation:

Orc(p) + Lple(p)] =0 in Q x (0,77,

Explicit Discretization:

() = () — ALY () (el ().

Problem: Non-Affine Parameter Dependency
Non-Linear Evolution Operator
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General Framework

Nonlinear Equation:

Orc(p) + Lple(p)] =0 in Q x (0,77,

Explicit Discretization:

() = () — ALY () (el ().

Problem: Non-Affine Parameter Dependency
Non-Linear Evolution Operator

Idea: Linear Affine Approximation through Empirical Interpolation

Ly ()l ())& 5 e 0 5)m(2)

m=1
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General Framework

Nonlinear Equation:

Orc(p) + Lple(p)] =0 in Q x (0,77,

Explicit Discretization:

() = () — ALY () (el ().

Problem: Non-Affine Parameter Dependency
Non-Linear Evolution Operator

Idea: Linear Affine Approximation through Empirical Interpolation

Ly ()l ())& 5 e 0 5)m(2)

s 1, 85) 2= Ty (1) [y (1)) ()
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Empirical Interpolation of Localized Operators

Idea: Construct a Collateral Reduced Basis Space Wy, that

approximates the space spanned by L% (11)[c¥ (11)]
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Empirical Interpolation of Localized Operators

Idea: Construct a Collateral Reduced Basis Space W) that
approximates the space spanned by L% (11)[c¥ (11)]

Ingredients: Collateral Reduced Basis Space:
Wiy = span{Li7 (ptm)[cj (b)llm = 1, M}
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Empirical Interpolation of Localized Operators

Idea:

Ingredients:

Construct a Collateral Reduced Basis Space W) that
approximates the space spanned by L% (11)[c¥ (11)]

Collateral Reduced Basis Space:

Wy = span{L%"(um)[c%"(um)Hm =1,...,M}
Nodal Collateral Reduced Basis:

{6 MM = Wy =span{{,/m=1,..., M}

Interpolation Points:
{xk}ﬁil with ém(.%‘k) = Omk
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Empirical Interpolation of Localized Operators

Idea:

Ingredients:

Construct a Collateral Reduced Basis Space W) that
approximates the space spanned by L% (11)[c¥ (11)]

Collateral Reduced Basis Space:

Wi = span{Lij (tm) [l (m)llm = 1,..., M}
Nodal Collateral Reduced Basis:

{6 MM = Wy =span{{,/m=1,..., M}
Interpolation Points:

{xk}ﬁil Wlth ém(.%‘k) = 5mk
Empirical Interpolation:

M
Iul L () [ck ()] = 32 ym(c, p, t*)ém(x)

m=1
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Empirical Interpolation of Localized Operators

Idea:

Ingredients:

Offline:
Online:

Construct a Collateral Reduced Basis Space W) that

approximates the space spanned by L% (11)[c¥ (11)]

Collateral Reduced Basis Space:

Wir = span{Zly (,0) [y (i)llm = 1,..., M}
Nodal Collateral Reduced Basis:

{& M| = Wy =span{&,m=1,..., M}
Interpolation Points:

{xp}M, with &, (z1) = S
Empirical Interpolation:

Tl () ()= 52 (et (@)

Collateral Basis {¢,,}}._, and Interpolation Points {z,,}}_,
Calculate Coefficients y,, = L% (1) [}, ()] (zm)
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Empirical Interpolation of Localized Operators

Idea:

Ingredients:

Offline:
Online:

Construct a Collateral Reduced Basis Space W) that

approximates the space spanned by L% (11)[c¥ (11)]

Collateral Reduced Basis Space:

Wir = span{Zly (,0) [y (i)llm = 1,..., M}
Nodal Collateral Reduced Basis:

{& M| = Wy =span{&,m=1,..., M}
Interpolation Points:

{xp}M, with &, (z1) = S
Empirical Interpolation:

Tl () ()= 52 (et (@)

Collateral Basis {¢,,}}._, and Interpolation Points {z,,}}_,
Calculate Coefficients y,, = L% (1) [}, ()] (zm)
—> Localized operators for [/-independent point evaluations
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Local Operator Evaluations and Reduced Basis Scheme

Local Operator Evaluations in the Online-Phase require:

1.) Local reconstruction of c% from coefficients a”

2.) Local operator evaluation: y,, = L% (u)[cf (u)](2,,)

Requires Offline: Numerical subgrids, local representation of ¢, € Wy
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Local Operator Evaluations and Reduced Basis Scheme

Local Operator Evaluations in the Online-Phase require:
1.) Local reconstruction of c% from coefficients a”
2.) Local operator evaluation: y,, = L% (u)[cf (u)](2,,)

Requires Offline: Numerical subgrids, local representation of ¢, € Wy

RB Method: Galerkin projection of interpolated evolution scheme

[ (700 = ) — ST ) . Vo € W

Offline-Online decomposition analog to the linear and affine case!!
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Numerical Experiment

Interpolation points/DOFS

Empirical Interpolation: ‘ 150

0.9

0.8

Mpax = 150 interpolation points

0.6

Translation symmetry detected 08

0.4

SRR
o1 o o7 )

om L [ | n
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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Numerical Experiment

Interpolation points/DOFS

Empirical Interpolation: ‘ 150

0.9

0.8

Mpax = 150 interpolation points

0.6

Translation symmetry detected 08

0.4

03« " & j iih::'r:.
test error & . - .

2 mmom n
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Test error convergence:

error

Exponential convergence for
simultaneous increase of N and M
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Numerical Experiment

Comparison of Online-Runtimes

Simulation Dimension Runtime [s] Gain Factor

detailed H = 7200 20.22

reduced N=20, M=30 0.91 22.2
reduced N=40, M=60 1.22 16.6
reduced N=60, M=90 1.55 13.0
reduced N=80, M=120 1.77 11.4
reduced N=100, M=150 2.06 9.8
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Numerical Experiment

Comparison of Online-Runtimes

Simulation Dimension Runtime [s] Gain Factor

detailed H = 7200 20.22

reduced N=20, M=30 0.91 22.2
reduced N=40, M=60 1.22 16.6
reduced N=60, M=90 1.55 13.0
reduced N=80, M=120 1.77 11.4
reduced N=100, M=150 2.06 9.8

< Demonstration >
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Extension to Nonlinear Implicit Operators
with M. Drohmann and B. Haasdonk

Ore(p) + Lple(p)) =0 inQ x [0,T7],

Mixed Implicit - Explicit Discretization:

Li(p)lel ()] = Lip(w)lek ().

Problem: Non-Affine Parameter Dependency
Non-Linear Evolution Operators
L% involves the solution of a non-linear System
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Extension to Nonlinear Implicit Operators
with M. Drohmann and B. Haasdonk

Ore(p) + Lple(p)) =0 inQ x [0,T7],

Mixed Implicit - Explicit Discretization:

Li(p)lel ()] = Lip(w)lek ().

Problem: Non-Affine Parameter Dependency
Non-Linear Evolution Operators
L% involves the solution of a non-linear System

Ansatzz:  Newton’s Method and
Empirical interpolation for the linearized defect equation
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Newton’s Method and Empirical Interpolation

Define the defect

k+1v+1 . k+1v+1 k+1,v

Solve in each Newton step v for the defect

Fl(p)cy dy " = = L)y ] + L () ek,

and update
E+1v+1  k+1lw k+1,v+1
Cy =cy T dy :

Here F¥ is the Frechet derivative of L%.

Problem: FF has Non-Affine Parameter Dependency
LY and L% can be treated as before!
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Empirical Interpolation for the Frechet Derivative

Starting point: Empirical interpolation for L%

Ty [Lj(p Zym Chro 1) €

Empirical Interpolation for F¥

H M
Tu[FF(w)erlvy] = ZZ@ (chy, )i & = ZzazymcH,uvzg.

i=1 m=1 et m=1

Properties:
e Here 7 C {1,..., H} is the smallest subset, such that the equality holds
= card(7) = O(M), since L% is supposed to be localized!
e (v;);er can be evaluated efficiently in case of a nodal basis of V.

mario.ohlberger@uni-muenster.de www.uni-muenster.de/math/num/ohlberger



1
— — WESTFALISCHE CeNoS ‘ o; Institut flir Numerische

WILHELMS-UNIVERSITAT und Angewand@e
MUNSTER Center for Nonlinear Science Mathematik

Resulting Reduced Basis Formulation of one Newton Step

Ansatz: c’_f\}”(x) = Zn Labvé,(x), (a*” denotes the coefficient vector)

G A[ /;V—l—l 1/] (ak—i-l,y—i-l . ak+1,u2 _ RHS(akH’”, ak).

AN

~~
—-dk+1rv+1

Thereby the matrices A[cy|, G are given as

(Alen])m Zaym (en, w)en(i), G = /ngSOn

/L_

with a corresponding offline-online splitting.
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A Posteriori Error Estimate

Definition: Residual of the approximated FV/DG Method

RN () [en) = Tas [Li(pe) [en™ ] = Tus [Lp(p) [en']]

Theorem: A Posteriori Error Estimate in L>°L?

k—1 M+M'
ek () = ()] ey < ZO}”OE”( S (0 (e ) — v (e 1))
1=0 m=M L2(Q)

F2eNewton || R () o] gy )
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Reduced Basis Approximation for the
Heat Equation on Parameterized Geometries

with M. Drohmann and B. Haasdonk

Transformed heat equation on reference domain )
Oyt + k(p)V - (GGTVQ) + k(0)V - (vi) + Kk(p)V - vl = f
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Preliminary experimental results

..

Results for 4 = (0,0) and t = 0,¢ = 0.75, and ¢ = 1.5.

B

Results for 1 = (0.2,0.2) and t = 0,¢ = 0.75, and ¢ = 1.5.
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Preliminary experimental results

101 M=1
M=220
10-2 M=510
M=800
10—3 + + + N
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Fig. L? convergence
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Dimension | CPU time
H =40.000 24.37

N =7, M= 267 1.22

N =7, M= 800 2.05

N =14, M=267| 1.25

N =14, M= 800 2.10

N =20, M= 267 1.27

N =20, M= 800 2.11

Tab. Computing times

Gain factor: ~ 10
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Further work on reduced basis techniques

Coupling with DUNE

[www.dune-project.org)|

Sparse —~/CRS
Matrix

| Geometry IF | \ Grid IF |

User Code

(Functions & | Solvers IF |
Operators IF |

| Visualization IF |

e X

model dimension

N-Adaptivity [HO "09]

0 50 100 150 200 300 350 400 450 500

0
time index k

mario.ohlberger@uni-muenster.de

Vector = Block-CRS
IF —
’ 77 Sparse BCRS

Non-linear evolution equations
[DHO "10]

z 107!

i

H ) S0k

(0,0.01)

X 0.
T

(0.1,0.01

)

(0.2,1

I 1

Reduced basis medthods for
dynamical systems [HO "09]

La(t) = A(t, w)a(t) + B(t, p)u(t)
y(t) = C(t, p)z(t) + D(t, p)u(?)

RB with output estimation
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Thank you for your attention!
www.uni-muenster.de/math/num/ohlberger

Software: DUNE ALUGrid GRAPE RBmatlab
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