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NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

Numerical approximations of PDEs

Numerical methods
@ mathematically-based algorithms evaluated by computers
@ deliver approximate solutions
@ conception: more effort = closer to the unknown solution
@ example: elastic string
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Numerical approximations of PDEs

Numerical methods
@ mathematically-based algorithms evaluated by computers
@ deliver approximate solutions
@ conception: more effort = closer to the unknown solution
@ example: elastic string
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Numerical approximation uj, and its convergence to u

1
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IV (u—un)ll={ 2 |(u—unY[2} Uy € B (Th) ,
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@ Does the method converge?
IV(u—up)|| — 0? For h\,0? Forp /" o0?
@ At which speed? ||V(u— up)| <7

© Is the analysis optimal? Is uniform
refinement h \ 0 or p " co optimal?
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A priori error estimates

@ Does the method converge?
IV(u— up)|| = 0? For h\,0? For p / c0?
Q@ At which speed? [|[V(u—up)| <7?
© Is the analysis optimal? Is uniform
refinement h\, 0 or p oo optimal?

M. Vohralik Numerical methods, a priori and a posteriori estimates, and hp FEs 4 /19



NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

A priori error estimates

@ Does the method converge?
IV(u— up)|| = 0? For h\,0? For p / c0?
Q@ At which speed? [|[V(u—up)| <7?
© Is the analysis optimal? Is uniform
refinement h\, 0 or p oo optimal?

Q . of the

M. Vohralik Numerical methods, a priori and a posteriori estimates, and hp FEs 4 /19



NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

A priori error estimates

@ Does the method converge?
IV(u— up)|| = 0? For h\,0? For p / c0?
Q@ At which speed? [|[V(u—up)| <7?
© Is the analysis optimal? Is uniform
refinement h\, 0 or p oo optimal?

Q : of the
@ C(u,p)hPin h- , C(u, ) (£)P in
hp-

M. Vohralik Numerical methods, a priori and a posteriori estimates, and hp FEs 4 /19



NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

A priori error estimates

@ Does the method converge?
IV(u— up)|| = 0? For h\,0? For p / c0?
Q@ At which speed? [|[V(u—up)| <7?
© Is the analysis optimal? Is uniform
refinement h\, 0 or p oo optimal?

Q : of the

Q C(u,p)hPin h- , C(u, ) (£)P in
hp- .

Q . No, much better can be achieved.

M. Vohralik Numerical methods, a priori and a posteriori estimates, and hp FEs 4 /19



NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

A priori & a posteriori error estimates

@ Does the method converge? @ How large is the overall error?
IV(u—up)|| — 0? For h\,0? Forp  c0? Obtain || V(u — up)||<n(up)?
@ At which speed? ||[V(u— up)|| <7
© Is the analysis optimal? Is uniform
refinement h ™\, 0 or p oo optimal?

Q : of the

Q C(u,p)hPin h- , C(u, ) (£)P in
hp- .

Q . No, much better can be achieved.

M. Vohralik Numerical methods, a priori and a posteriori estimates, and hp FEs 4 /19



NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

A priori & a posteriori error estimates

@ Does the method converge? @ How large is the overall error?
IV(u—up)|| — 0? For h\,0? Forp  c0? Obtain || V(u — up)||<n(up)?
@ At which speed? ||V(u — up)|| <7 @ Where is the error localized?

© Is the analysis optimal? Is uniform
refinement h ™\, 0 or p oo optimal?

Q : of the

Q C(u,p)hPin h- , C(u, ) (£)P in
hp- .

Q . No, much better can be achieved.

M. Vohralik Numerical methods, a priori and a posteriori estimates, and hp FEs 4 /19



NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

A priori & a posteriori error estimates

@ Does the method converge? @ How large is the overall error?
IV(u—up)|| — 0? For h\,0? Forp  c0? Obtain || V(u — up)||<n(up)?

@ At which speed? ||V(u — up)|| <7 @ Where is the error localized?

© Is the analysis optimal? Is uniform © Can we decrease it faster?

refinement h ™\, 0 or p oo optimal?

Q ) of the

@ C(u,p)hPin h- , C(u, ) (£)P in
hp- .

Q . , much better can be achieved.

M. Vohralik Numerical methods, a priori and a posteriori estimates, and hp FEs 4 /19



NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

A priori & a posteriori error estimates

@ Does the method converge? @ How large is the overall error?
IV(u—up)|| — 0? For h\,0? Forp  c0? Obtain || V(u — up)||<n(up)?

@ At which speed? ||V(u — up)|| <7 @ Where is the error localized?

© Is the analysis optimal? Is uniform © Can we decrease it faster?

refinement h ™\, 0 or p oo optimal?

Qo error
Q : of the . : of the
@ C(u,p)hPin h- , C(u, ) (£)P in
hp- .
Q . o, much better can be achieved.

M. Vohralik Numerical methods, a priori and a posteriori estimates, and hp FEs 4 /19



NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

A priori & a posteriori error estimates

@ Does the method converge?

@ How large is the overall error?

IV(u—up)|| — 0? For h\,0? Forp  c0? Obtain || V(u — up)||<n(up)?

@ At which speed? ||[V(u— up)|| <7
© Is the analysis optimal? Is uniform
refinement h ™\, 0 or p oo optimal?

Q ) of the
@ C(u,p)hPin h- , C(u, ) (£)P in
hp- .
Q . , much better can be achieved.
M. Vohralik

@ Where is the error localized?
© Can we decrease it faster?

Q error
of the

@ Elementwise
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A priori & a posteriori error estimates
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CDG Terminal 2E collapse in 2004 (opened in 2003)
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@ no earthquake, flooding, tsunamlheavy ram extreme temperature
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CDG Terminal 2E collapse in 2004 (opened in 2003)

@ no earthquake, roodmg tsunaml heavy rain, extreme temperature
@ deterministic, steady problem, PDE known, data known, implementation OK
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CDG Terminal 2E collapse in 2004 (opened in 2003)

@ no earthquake, roodmg tehnaml heavy rain, eitreme temperature
@ deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,
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CDG Terminal 2E collapse in 2004 (opened in 2003)
I

@ no earthquake, roodmg tsuraml heavy rain, ektreme temperature
@ deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,
| believe without error certification by a posteriori error estimates
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Poisson equation
—Au=f in Q
u=0 on 0Q
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A posteriori error estimates: certify the error

Poisson equation

—-Au=f in Q,
u=0 on 0Q
Guaranteed error upper bound (reliability)
IV(u—up)ll < n(un)
N—— N——"
unknown error computable estimator

N
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A posteriori error estimates: certify the error

Poisson equation

—-Au=f in Q,
u=0 on 99
Guaranteed error upper bound (reliability)
[V (u—up)|| = 1(Un)
N—— N——"
unknown error computable estimator

Global error lower bound (global efficiency; mathematical equivalence of the
error and estimator)

n(un) < Cl[V(u — )]

Ry wrwera
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A posteriori error estimates: certify the error

Poisson equation

—-Au=f in Q,
u=0 on 00
Guaranteed error upper bound (reliability)
IV(u—up)ll = nlun)
—_———— ——
unknown error computable estimator

Global error lower bound (global efficiency; mathematical equivalence of the
error and estimator)

n(un) < Cl[V(u — )]

Local error lower bound ( efficiency; if the estimator predicts error in an
element K, then it is in K and around)

1k (Un) < ClIV (U = up)|o

S et
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A posteriori error estimates: reconstructions

Theorem (Error characterization)

Let u € H}(Q2) be the weak solution and let u, € H'(Tp) be arbitrary. Then

V(u—up)lP= min [|[Vu,+Vv|[P+ min ||[V(u,— v)|?
IV( h)|| VeH(div}Q)H h+ V|| veHg(Q)H (up—v)||
V-v=
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A posteriori error estimates: reconstructions

Theorem (Error characterization)

Let u € H}(Q2) be the weak solution and let u, € H'(Tp) be arbitrary. Then

V(u—u)llP= min [[Vu,+ Vv|[Z+ mi 2,
IV( h)|| VeH(div,Q)H h+ V|| S |

n |IV(up—v)
V.-v=f O(Q)

Comments
@ Itis now enough to choose suitable o, € H(div. ) and s, € HJ ().
@ A simple choice for nonconforming finite elements given in the lecture notes.
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h  p|  n(u)  rel error estimate X%
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- NMs Error analysis A postericri estimates hadaptivity hp FEs  hp adaptivity
How large is the overall error? (model pb, known smooth solution)

h  p|  n(u)  rel error estimate 7Kk | || V(U — up)

hy 1 1.25 28% 1.07

L, A\
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How large is the overall error? (model pb, known smooth solution)

h p n(un)

rel. error estimate /X%

IV (u — up)]|| rel. error I Z—tn)l

[[Vusll

hy 1 1.25

[Vusll
28%

1.07

24%

g
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How large is the overall error? (model pb, known smooth solution)

h p n(un)

rel. error estimate /X%

IV(u — up)| rel. error 1

V{Uu=up)l

Ieff _ n(up)

[[Vusll

— IVu=ull

hy 1 1.25

[Vusll
28%

1.07

24%

1.17

o
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How large is the overall error? (model pb, known smooth solution)

n V(u— ff
h n(un)  rel. error estimate R | [|[V(u — up)]| rel. error ISzt [ o — i)
ho 1.25 28% 1.07 24% 1.17
~hy/2 |6.07x107" 14% 5.56 x 107" 13% 1.09
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How large is the overall error? (model pb, known smooth solution)

h  p|  n(us)  rel error estimate ;X[ [|V(u — up)]| rel. error INEZaL [ o — gl

h 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07x107" 14% 5.56 x 107" 13% 1.09
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How large is the overall error? (model pb, known smooth solution)

. b7 V(u— ff 7

h p[  n(u) el error estimate 72 | ||V (u— up)| rel. error INCZGIIT o —  ali
h 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07x107" 14% 5.56 x 10~" 13% 1.09
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Problem with singular solution

@ consider the pure diffusion equation
-V:8Vu=0 in Q=(-1,1)x(-1,1)

@ discontinuous and inhomogeneous S, two cases:

1 1

s =1 s.=5 s =1 51:100

8,=5 s,=1 5,=100 s,=1

- 0 1 - 0 1

@ analytical solution: singularity at the origin
u(r,0) = r*(a;sin(ad) + bjcos(ab))

e (r,0) polar coordinates in Q
e a;, b; constants depending on Q;
e o regularity of the solution, u € H'"(Q)
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Analytical solutions

1
N A
it T
R s
i PRGNS
il CXTRTEE
05 il AR
0
s i
S ANl
- R i
- SR RS
Sy i
) i
-1

y B <

Case 1 (a ~ 0.54) Case 2 (« =~ 0.13)
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Where is the error localized?

0.8
0.6
0.4 0.02
0.2
0 0.015
0.2
0.01
0.4
-0.6
0.005
-0.8
-1
-1 -0.5 0 0.5 1
Estimated error distribution 7 (uy,) Exact error distribution ||V (v — up)|
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Can we adapt the mesh to better approximate the solution?

Nonconforming finite elements Adaptively refined mesh
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Does this lead to a better error decrease?

10 T

T T T s
—e— error uniform

—=— estimate uniform
-4 - error adapt.
-4 - estimate adapt.

Energy error

>
‘r
#
.
Ll

-2 | Ll |

4 5

10° 10 10
Number of triangles

Case 1 (a ~ 0.54)

M. Vohralik

107 T T T T T III———r T T rrrrn
F —e— error uniform i
L —a— estimate uniform []
- -4 - error adapt. H
r -A - estimate adapt.
S
6 1
510 —
E -
2 ]
] ]
Y L Ll ‘ ~ L Lol ‘ L Lol
10 5 3 4 5
10 10 10 10

Number of triangles

Case 2 (o ~ 0.13)
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Quality of the estimates for a singular solution

1.6 T T T T T T T T TTTT T 1

—=— efficiency uniform 4 —=— efficiency uniform
155 -4 - efficiency adapt. 3.8— -4 - efficiency adapt.
OO — —
A\A 3.6 ‘\A
5 i 341~
145 — 32—
|} 37
1.4 —
§ \ %2.8* A
8135 — 52,6 A
& £
] 13- 4‘ | w2 4— AA
\ 221 A
SN — ol
12 Y — 1.8
A__ 1.6
1151 L U —
‘ ‘ 1.4
11 | I I I | I I I Y 12 \\\\\\\‘ \\\\\\\‘ | |
10° 10° 10 10° 10? 10° 10* 10°
Number of triangles Number of triangles
Case 1 (o ~ 0.54) Case 2 (=~ 0.13)
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- NMs Error analysis A posteriori estimates ~ hadaptivity hp FEs hp adaplivity
Adaptive mesh refinement

Mesh adaptivity
@ Dorfler marking: subset M, containing ¢-fraction of the estimates

7 ak(u)? = P> c(ue)

KeM, KeTy

@ refine the elements in M,
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Adaptive mesh refinement

Mesh adaptivity
@ Dorfler marking: subset M, containing ¢-fraction of the estimates

7 ak(u)? = P> c(ue)
KeM, KeTy

@ refine the elements in M,
Convergence on a sequence of adaptively refined meshes 7,
° IV(u—uw)| — 0foré — oo
@ some mesh elements may not be refined at all: f—<5-unifermly
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Adaptive mesh refinement

Mesh adaptivity
@ Dorfler marking: subset M, containing ¢-fraction of the estimates

7 ak(u)? = P> c(ue)

KeM, KeTy

@ refine the elements in M,
Convergence on a sequence of adaptively refined meshes 7,

° IV(u—uw)| — 0foré — oo

@ some mesh elements may not be refined at all: f—<5-unifermly
Optimal error decay rate wrt degrees of freedom

° |V(u— )| < C|DoF,|~P/? (replaces hP)

@ same for smooth & singular solutions: righererderontypays-effi-forsm—soek

@ decays to zero as fast as on a best-possible sequence of meshes
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Q A priori and a posteriori error analysis

o A posteriori error estimates

Q Mesh adaptivity

e hp finite elements: a priori error estimates

O hp finite elements: mesh & polynomial degree adaptivity
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h a priori analysis

Theorem (Deny—Lions/Bramble—Hilbert)

For all K € Tp and v € HPH!(K),

th
i IV (=il < /(21 () Ve
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h a priori analysis

Theorem (Deny-Lions/Bramble—Hilbert)

For all K € Tp and v € HPH!(K),

th
i IV (=il < /(21 () Ve

Theorem (A priori rate of convergence)

Let ulx € HP(K) for all K € Tp. Then

IV(u—up)| < C(p)hp|u|,_,p+1(777).
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h a priori analysis

Theorem (Deny-Lions/Bramble—Hilbert)

For all K € T, and v € HPT1(K),

hi\P
i 9@l <V () o,

Theorem (A priori rate of convergence)

Let ulx € HP(K) for all K € Tp. Then

IV(u = un)ll < C(P)A°|ulos1(7;)-

Comments
@ C(p) depends unfavorably on p
@ for fixed p, convergence as hP for h >, 0
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hvs. hp a priori analysis

Theorem (Deny-Lions/Bramble—Hilbert)
For all K € Tp and v € HPT1(K),

Theorem (Element hp approximation)
For all K € Tp and v € HP(K),

hi\P
min [V (v—vn)llx < (p+1)!(7K)\v\Hp+1(K)

\Y% <C v J
vhePp(K) min [[V(v—vp)lk (,O> | ||HP+‘(K)

Vi EPp K)

Theorem (A priori rate of convergence)

Let ulx € HP(K) for all K € Tp. Then

19w~ un)ll < C(OIH |l 73y

Comments
@ C(p) depends unfavorably on p
@ for fixed p, convergence as hP for h >, 0
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hvs. hp a priori analysis

Theorem (Deny-Lions/Bramble—Hilbert) Theorem (Element hp approximation)
For all K € Tp and v € HPT1(K), Forall K € Tp and v € HPT1(K),

hK P
[ A
o [V(v=vn)lk < (p+1)-(ﬂ>‘V‘HP+1(K) Vhef?;an)HV(V Vh)||K<C( p> V[l o1 (1)

Theorem (A priori rate of convergence)
Let ulx € HP(K) for all K € Tp. Then

Theorem (A priori rate of convergence)

Let ulx € HP(K) for all K € Tp. Then

h\ P
IV(u—up)| < C(P)hp|U|HP+1(77,)~ IV(u—up)| < C(E) ”U”Hp+1(77,)-

Comments
@ C(p) depends unfavorably on p
@ for fixed p, convergence as hP for h >, 0
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hvs. hp a priori analysis

Theorem (Deny-Lions/Bramble—Hilbert) Theorem (Element hp approximation)
For all K € Tp and v € HPT1(K), Forall K € Tp and v € HPT1(K),

hK P
[ A
o [V(v=vn)lk < (p+1)-(ﬂ>‘V‘HP+1(K) thgan)HV(V Vh)||K<C( p> V[l o1 (1)

Theorem (A priori rate of convergence)
Let ulx € HP(K) for all K € Tp. Then

Theorem (A priori rate of convergence)

Let ulx € HP(K) for all K € Tp. Then

h\ P
IV(u—up)| < C(P)hp|U|HP+1(77,)~ IV(u—up)| < C(E) ”U”Hp+1(77,)-
Comments Comments
@ C(p) depends unfavorably on p @ C does not depend on p
e for fixed p, convergence as hP for h >, 0 @ convergence for both h ~\, 0 & p " oo
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Q Numerical approximations of PDEs

O A priori and a posteriori error analysis

O A posteriori error estimates

Q Mesh adaptivity

Q hp finite elements: a priori error estimates

G hp finite elements: mesh & polynomial degree adaptivity
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Where is the error localized?

%1074
8

~

(0]

(¢)]

N

w

N

N

@ |

Estimated error distribution 1 () Exact error distribution ||V (v — us)||k
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Can we decrease the error efficiently? f1p adaptivity, (smooth solution)

|
|
<]

X
<IXIX]

(1
>

7 INXIXD
INXIXIX
IXIXIXIX D

X

Mesh 7, and pol. degrees px
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Can we decrease the error efficiently? f1p adaptivity, (smooth solution)

|
|
<]

X
<IX
XX

XX
XIXIX]
2

<XIX

X
<IX]

AN
AN
XX

X

Mesh 7, and pol. degrees px Exact solution
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Mesh 7, and polynomial degrees px



NMs Error analysis A posteriori estimates h adaptivity hp FEs hp adaptivity

Can we decrease the error efficiently? /1p adaptivity, (singular solution)

] 10?
P5 Iy
= 10t
€
S 3,
2 10°¢ % e
P4 5 2
c
210t
‘n
S
P3 5 107
()
‘% uniform h, p=1
% 1073 1 — h-adaptivi’ty, p=1
= —o— hp-adaptivity
—p—a priori best
P2 10 i T | ‘ ‘
0 5 10 15 20 25 30
| | | L DoFY3
Mesh 7, and polynomial degrees px Relative error as a function of DoF
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Adaptive mesh & polynomial degree refinement

Mesh & polynomial degree adaptivity
@ decision between h or p refinement needs to be done
@ much harder than just h-adaptivity
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Adaptive mesh & polynomial degree refinement

Mesh & polynomial degree adaptivity
@ decision between h or p refinement needs to be done
@ much harder than just h-adaptivity

Convergence on a sequence of adaptively refined /p spaces V,
° IV(u—up)| — 0forf— oo

o A~O-uniformly, p—~0O-uniformly
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Adaptive mesh & polynomial degree refinement

Mesh & polynomial degree adaptivity
@ decision between h or p refinement needs to be done
@ much harder than just h-adaptivity
Convergence on a sequence of adaptively refined /p spaces V,
° IV(u—up)| — 0forf— oo
o A~O-uniformly, p—~0O-uniformly
Optimal error decay rate wrt degrees of freedom
@ for d = 2, hp refinement gives
1
VU=l = G5 ooes
@ exponential convergence rate
e for d = 2 and p = 1 fixed, adaptive mesh h refinement only gives
1

IV~ )l < Co g
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