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Small evaluation cost
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Previous results (reaction—diffusion equation)

@ Verfiirth (1998) / Ainsworth and Babuska (1999): robustness wrt. singular
perturbation

@ Grosman (2006): robustness & anisotropic meshes, polynomial degree p = 1

@ Cheddadi, Fucik, Prieto, Vohralik (2009): guaranteed upper bound &
robustness, p = 1

@ Ainsworth and Vejchodsky (2011, 2014): guaranteed upper bound &
robustness but requires submesh (complicated), (2019) without submesh
(simple but with restrictions), p = 1

@ Kopteva (2017): guaranteed upper bound, robustness, & anisotropic meshes,
p=1
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The reaction—diffusion equation

The reaction—diffusion equation
Findu:Q cRY - R, d > 1, such that
—2Au+rPu="f inQ,
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Singular perturbation
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Weak solution
Find u € H} () such that

2(Vu,Vv) + &2(u,v) = (f,v)  VYve HI(Q)

Finite element approximation
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Equivalence between error and residual

Energy norm ) ) ) o 1o ;
llell® = =Vl + sl p € Hy(Q2)
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Equivalence between error and residual

Energy norm
Il = 21Vel? + s2llell? ¢ € H3(Q)

Residual of v, = H}(9)
@ R(up) € H1(Q), the misfit of up in the weak formulation:

(R(up), v) := (f,v) — 2(Vup, VV) — k2(up,v) v e HIRQ)
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Upper bound: motivation

Bound on the residual
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Upper bound: motivation

Bound on the residual
@ let o € H(div, Q) and ¢p, € L2(Q) be such that | V.o, + k20, = f
@ o equilibrated flux reconstruction, ~ —c?Vu
@ ¢pn: potential reconstruction, ~ u
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@ how to obtain suitable practical (inexpensive) o and ¢,?
@ counter-example where ||cVuy, + ¢ ' p| can largely overestimate the error
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Counter-example (—-2Au + +2u = fin Q, u = 0 on 1)

Data

0 Q:=(-1/2,1/2),d =1 Finite element approximation
. . ]
@ odd integer m @ Vy:=P1(T)N Hy(2)
Lo . . . L 6 1—cos(mmh)
@ f: piecewise affine Lagrange int. of cos(mmx) ® [th = grcos(mrR) B
. . _ 2 .

@ uniform mesh 7 with 2N = (m + 1) intervals o up = (2up+ K2)7f
@ h=1/(m+1)?
V | T Y -0 ! 1 ! | | 100 \75 \74 \3 \7 \71 \\U‘\‘;-.‘?__J;,i,a

e=1,k=102, m=3 detailed view k=102, m = 3, eff. ind.
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢/,)
For each vertex a € V, let

(o Ph)

Comments
@ local discrete constrained minimization problems

-

. Coeia L2 &
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢/,)
For each vertex a € V, let

(oh: ¢h) == arg (Vh,Gn) ERTNG(T?)x Pp(T2)CHo(div,wa) x L?(wa)

Comments
@ local discrete

-

. Leria o
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢/,)
For each vertex a € V, let

a ay .__
(0, $h) 7= A8 (v, G ERTNG(T2)x Po(T2)CHo(div,wa) X L2(wa)
V-Vp+r2qh=Tp(fpa)—e2VUp-Vioa
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢/,)
For each vertex a € V, let

(0h, h) 1= arg Min (v, q)eRTAL(T%)x Po(72)C Holdivaun) < L2(ws) Jitn (V1> Gh)
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢/,)
For each vertex a € V, let
(oh, ¢h) = arg min (vh,qh)eRT./\é(Ta)XT’p(’Ta)CHo(div,wa)><L2(wa)J3h(Vh7 an)
V-Vp+r2Gh=Tn(fba)—*Vup Vija
S5, (Vh, Gn) = W2 |levaVun + e~ |2, + [|% [Ma(vatn) — anlllZ,

Comments
@ local discrete constrained minimization problems

-

° Clreia L2 _F°
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢/,)
For each vertex a € V, let

o H a
(ohs ®h) 1= arg Min (y, 4 eRTAG(72) x5 (72)CHo(divywa) x L2(wa) s (Vs Gh)
V- Vht42Gn=Tn(ftba) € Vip-Vija

e, (Vh, Q) = WillevaVup + 7 Va2, + |5 [Ma(vaun) — grlll2,

with the weight w, := min {1, C. f,;w}

Comments _ o
@ local discrete constrained minimization problems

-

° Clreia L2 _F°

A. Ern, |. Smears, and M. Vohralik A posteriori error estimates for the reaction—diffusion and heat equations 9/ 34



Introduction Reaction—diffusion equation Heat equation Conclusions Error & residual Reliability Efficiency and robustness Numerical experiments

Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢/,)
For each vertex a € V, let

o H a
(ohs ®h) 1= arg Min (y, 4 eRTAG(72) x5 (72)CHo(divywa) x L2(wa) s (Vs Gh)
V- Vht42Gn=Tn(ftba) € Vip-Vija

e, (Vh, Q) = WillevaVup + 7 Va2, + |5 [Ma(vaun) — grlll2,

with the weight w, := min {1, C., /fhl,a} Combine
op = ZU% € RTN(T) N H(div,Q), ¢p:= Z % € Pp(T).

acy acy )
Comments o
@ local discrete constrained minimization problems
°
° lreia L2 "
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢/,)
For each vertex a € V, let

(0h, h) 1= arg Min (v, q)eRTAL(T%)x Po(72)C Holdivaun) < L2(ws) Jitn (V1> Gh)
V-Vp+r2Gh=Tn(fba)—*Vup Vija

e, (Vh, Q) = WillevaVup + 7 Va2, + |5 [Ma(vaun) — grlll2,

with the weight w, := min {1, C., /fhl,a} Combine
op = ZU% € RTN(T) N H(div,Q), ¢p:= Z % € Pp(T).

acy acy

Comments
@ local discrete constrained minimization problems

@ choose the locally best-possible estimators

° Clreia L2 _F°
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Definition (Flux o, and potential ¢/,)
For each vertex a € V, let

o H a
(ohs ®h) 1= arg Min (y, 4 eRTAG(72) x5 (72)CHo(divywa) x L2(wa) s (Vs Gh)
V- Vht42Gn=Tn(ftba) € Vip-Vija

e, (Vh, Q) = WillevaVup + 7 Va2, + |5 [Ma(vaun) — grlll2,

with the weight w, := min {1, C., /fhl,a} Combine
op = ZU% € RTN(T) N H(div,Q), ¢p:= Z % € Pp(T).

acy acy

Comments _ -
@ local discrete constrained minimization problems

@ choose the locally best-possible estimators
@ yields | V.o + Hz(ﬁh = MNpf &'z . : erc
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Equilibrated flux reconstruction
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Flux —e2Vup,
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J/
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Equilibrated flux reconstruction

1

R O 2
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Equilibrated flux reconstruction

1
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Equilibrated flux reconstruction
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution

lrzia -2 T
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution and let u, € V, be its finite element approximation.

-

-
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution and let u, € Vy, be its finite element approximation. Let
on € RTN(T) N H(div, Q) and ¢, € Po(T) be the flux and potential
reconstructions.

-

Y/ -
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution and let u, € Vy, be its finite element approximation. Let
on € RTN(T) N H(div, Q) and ¢, € Po(T) be the flux and potential
reconstructions. Then

_ . 2
lu— unll? <> [willeVun + e oallk + s (Un — o)k + Wil f = Mafllk]
KeT
with

WK::min{1,C* _ }, VNVK::min{hK,1}, KeT.
rhk e’ K

v

-
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution and let u, € Vy, be its finite element approximation. Let
on € RTN(T) N H(div, Q) and ¢, € Po(T) be the flux and potential
reconstructions. Then

_ . 2
lu— unll? <> [willeVun + e oallk + s (Un — o)k + Wil f = Mafllk]
KeT

WK::min{1,C* /:7 }, VNVK::min{m,1}, KeT.

kK TE K

with

v

Comments
@ guaranteed upper bound on the unknown error

@ the weight wy with min crucial for robustness

Y/ -
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Local efficiency and robustness

Theorem (Local efficiency and robustness)
Let f be a piecewise polynomial for simplicity.

Creia—*-
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Local efficiency and robustness

Error & residual Reliability ~Efficiency and robustness Numerical experiments

Theorem (Local efficiency and robustness)

Let f be a piecewise polynomial for simplicity. Then, for all K € T,

Wi |leVun + e anllk + |k (Un — ¢n)llk < Cerllu — upll,,,
where the constant C.;; only depends on the space dimension d, the
shape-regularity constant 1 of the mesh T, and on the polynomial degree p of uy,.

- . / e
&2%— s
A. Ern, |. Smears, and M. Vohralik
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Local efficiency and robustness

Theorem (Local efficiency and robustness)

Let f be a piecewise polynomial for simplicity. Then, for all K € T,

Wi |leVun + e anllk + |k (Un — ¢n)llk < Cerllu — upll,,,

where the constant C.;; only depends on the space dimension d, the
shape-regularity constant 1 of the mesh T, and on the polynomial degree p of uy,.

Comments
@ the computable elementwise estimators are local lower bounds for the
unknown error

@ C. independent of the parameters = and » = robustness

-
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Boundary layer, solution u(x,y) = e =X + e =¥, p= 1
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[
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Error & residual

Reliability Efficiency and robustness Numerical experiments

Boundary layer, solution u(x,y) =e =¥ + e =/, p=2
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Boundary layer, solution u(x,y) =e =X +e <Y, p=2

energy errors estimators
IsoValue
mo

Isovalue
mo

4 4 ganss0e

4 4
4 4
4 4
4 4
4

4

| 4 4
' m0.600584 '
4 £35zce 4
' W0.678921 '
4 4
4 4
4 4
4 4
4 4
4 4
4

4

Exact en. error on each mesh element Estimated en. error on each mesh eIemenetrc
lrzia— :
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Counter-example withe =1,k =102, m=3, p =1

epsilon*|dx(u)-dx(u_h)| kappat|u-u_h|

IsoValue
m1.82027e-18
88653€-06
37731e-05
06596e-05
461e-05
27e-05
5

64202605
54413e-05

014
000151504
00015839
000165277
000172163

m0.00017905

8
000198801

m0.000234885

Pointwise H'-seminorm errors Pointwise x x L2-norm errors
Cezia—:
A. Ern, |. Smears, and M. Vohralik A posteriori error estimates for the reaction—diffusion and heat equations 16 /34




Introduction Reaction—diffusion equation Heat equation Conclusions Error & residual Reliability Efficiency and robustness Numerical experiments

Counter-example with k = 102, m= 3, p = 1

3
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Counter-example withe =1,k =102, m=3, p =1

energy errors Jcovalue estimators

06408e-07
et
4M6.192236-07
m825631e-07

W5.3666e-06 W3.03805€-06

4 4
4 4
4 v
4 v
v v
v , v :
|4 i v
v Pt s v PHe o
v |4
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v v
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4 4
4 4
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Exact en. error on each mesh element Estimated en. error on each mesh element
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Outline

9 The heat equation

Equivalence between error and dual norm of the residual
High-order discretization & Radau reconstruction
Guaranteed upper bound

Local space-time efficiency and robustness

Numerical experiments
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation ,
ou—Au=1Ff inQx(0,T),

u=0 ondQx(0,T),
u(0)=up iInQ
Spaces
X = L2(0 T; H(Q)),
VI = / IVv|2dt,
Y = L2(0 T HJ(Q) N H'(0, T; H1(Q)),

I3 = /0 1012, ) + VIt + [[v(T)[2
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation ,
ou—Au=1Ff inQx(0,T),

u=0 ondQx(0,T),

u(0)=up iInQ
Spaces
X = L2(0 T; H(Q)),

vI% = / Vvt
Y = L2(0 T HJ(Q) N H'(0, T; H1(Q)),
VI3 = /0 J0VIR, g + IV VIRt + V(T2

Weak solution
Find u € Y with u(0) = up such that

T T
/ (Oru, v) + (Vu,Vv)dt = / (f,v)dt VveX
0 0
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound

N
O [lu—tnlZg. o) < 20 Ckeran(Un)?
@ no undetermined constant: error control
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
® |lu— unl? Qx(0.7) = St kern i (Unr)?
@ no undetermlned constant: error control
Local efficiency
® ng(Unr) < Cesrl|u — UhTH?,neighbors of Kx(tn=1,tn)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound

-
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
o |lu- UhTH_%Qx(OAT) <y Ckern m(Unr)?
@ no undetermined constant: error control
Local efficiency
° U}Q(Uhf) < Cerrllu — UhTH?,neighbors of Kx(tn=1,tm)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound
Robustness
@ C.r independent of data, domain €, final time 7, meshes, solutions u, up,,
polynomial degrees of uy, in space p and in time g

-
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
° |lu- uhT||?27Q><(0AT) <YL > kern Mk(Unr)?
@ no undetermined constant: error control
Local efficiency
® nk(Unr) < Cerellu — UhTH?,neighbors of Kx (t7-1,1)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound
Robustness
@ C.r independent of data, domain €, final time 7, meshes, solutions u, up,,
polynomial degrees of uy, in space p and in time g
Small evaluation cost
@ estimators 7y (up.) can be evaluated cheaply (locally) from v,

-

V207
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
° |lu- uhT||?27Q><(()AT) <YL > kern Mk(Unr)?
@ no undetermined constant: error control
Local efficiency
® nk(Unr) < Cerellu — UhTH?,neighbors of Kx (t7-1,1)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound
Robustness
@ C.r independent of data, domain €, final time 7, meshes, solutions u, up,,
polynomial degrees of uy, in space p and in time g
Small evaluation cost
@ estimators 7y (up.) can be evaluated cheaply (locally) from v,
Asymptotic exactness
° Z/I;Iﬂ ZKeT” n%(UhT)z/”U - Uhr”%QX(o,T) N\ 1
@ overestimation factor goes to one with increasing effort /A e
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Previous results

@ Picasso / Verfiirth (1998), work with the energy norm X:

7 upper bound [[u — tnr 3 < C 0Ly S e it (Unr )2
X constrained lower bound (h and 7 strongly linked)

@ Repin (2002), guaranteed upper bound
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Previous results

@ Picasso / Verfiirth (1998), work with the energy norm X:

7 upper bound [[u — un, |3 < C Y314 Sk i (Unr 2
X constrained lower bound (h and 7 strongly linked)

@ Repin (2002), guaranteed upper bound

@ Verfirth (2003) (cf. also Bergam, Bernardi, and Mghazli (2005)), work with the
Y norm:
v/ upper bound [[u — tnr |2 < C o0y S ko nt(Une )2
v efficiency Yy ng(un)? < Cllu — un, I3,
v robustness with respect to the final time 7, no link h < 7
X efficiency local in time but global in space

-
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Previous results

@ Picasso / Verfiirth (1998), work with the energy norm X:

7 upper bound [[u — un, |3 < C Y314 Sk i (Unr 2
X constrained lower bound (h and 7 strongly linked)

@ Repin (2002), guaranteed upper bound

@ Verfirth (2003) (cf. also Bergam, Bernardi, and Mghazli (2005)), work with the
Y norm:
v/ upper bound [[u — tnr |2 < C o0y S ko nt(Une )2
v efficiency Yy ng(un)? < Cllu — un, I3,
v robustness with respect to the final time 7, no link h < 7
X efficiency local in time but global in space

@ Makridakis and Nochetto (2006): Radau reconstruction
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Previous results

@ Picasso / Verfiirth (1998), work with the energy norm X:

7 upper bound [[u — un, |3 < C Y314 Sk i (Unr 2
X constrained lower bound (h and 7 strongly linked)

@ Repin (2002), guaranteed upper bound
@ Verfurth (2003) (cf. also Bergam, Bernardi, and Mghazli (2005)), work with the
Y norm:
v/ upper bound [[u — tnr |2 < C o0y S ko nt(Une )2
v efficiency e g (Un-)? < Cllu — un, |3,
v robustness with respect to the final time 7, no link h < 7
X efficiency local in time but global in space

@ Makridakis and Nochetto (2006): Radau reconstruction

@ Ern and Vohralik (2010): unified framework for different spatial discretizations
(FEs, NCFEs, DGs, MFEs, FVs)

A. Ern, I. Smears, and M. Vohralik A posteriori error estimates for the reaction—diffusion and heat equations 21 /34



O Introduction

O The reaction—diffusion equation
@ Equivalence between error and dual norm of the residual
@ Guaranteed upper bound
@ Local efficiency and robustness
@ Numerical experiments

o The heat equation
@ Equivalence between error and dual norm of the residual
@ High-order discretization & Radau reconstruction
@ Guaranteed upper bound
@ Local space-time efficiency and robustness
@ Numerical experiments

O Conclusions and future directions




Introduction  Reaction—diffusion equation Heat equation Conclusions Error & residual Reconstruction Reliability Efficiency and robustness Num. exp.

Equivalence between error and residual

The heat equation
9 ou—Au=1Ff inQx(0,T),

u=0 ondQx(0,T),

u0)=up iInQ
Spaces
X = L2(0 T; H(Q)),

VI = / IVv|2dt,
Y = L2(0 T H}(Q)NH'(0, T; H'(Q)),

v = Hatv||2H,1 o) VI dt+[lv(T)]?
5 (@)

Weak solution
Find u € Y with u(0) = up such that

T T
/ (Otu, v) + (Vu,Vv)dt :/ (f,v)dt VveX . )
0 0 lrneia -~
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Equivalence between error and residual

Theorem (Parabolic inf—sup

For every p € Y, we have
2

)
lol2 = |  sup / (Orp, V) + (Yo, TV)dt| + [|o(0) 2.
veX,||vlix=1J0

‘erc
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Equivalence between error and residual

Theorem (Parabolic inf—sup

For every p € Y, we have
2

;
IIwII%ZI sup /O<5r%v>+(V%VV)dT + (0)]12.

veX, [lv)x=1

Residual of v, ¢ Y
@ R(up,) € X', the misfit of up, in the weak formulation:

(R(up,),v) = /OT(f, v) — (Otupr, V) — (VUp., Vv)dt veX

@ dual norm of the residual

IR(Un:) | x = sup (R(unr), v)
veX, ||v|lx=1
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Equivalence between error and residual

Theorem (Parabolic inf—sup

For every p € Y, we have
2

;
IIwII%ZI sup /O<5r%v>+(V%VV)dT + (0)]12.

veX, [lv)x=1

Residual of v, ¢ Y
@ R(up,) € X', the misfit of up, in the weak formulation:
T
R V) = [ (1)~ @ V)~ (T TV)E v E X
0

@ dual norm of the residual

IR(Un:) | x = sup (R(unr), v)
veX, ||v|lx=1

Y norm error is the dual X norm of the residual + initial condition error

2
lu = uncll5 = IR (unr) 1% + llto — un-(0)]
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Proof of the parabolic inf—sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWa, VV) = (D1, V) Vv € HY(Q) = VWil = (10101 g
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Proof of the parabolic inf—sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VW VV) = (010, v) Vv € HY(Q) = [[VWa? = [|8r0l1Z-1 g

2

.

sup / (Orp, V) + (Vo,Vv)dt
0

veX,|lvilx=1
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@ let w, € X be defined by, a.e. in (0, T),
(VWa, VV) = (D1, V) Vv € HY(Q) = VWil = (10101 g

2

;

sup / (V(wy + ), Vv)dt
0

veX,|lvilx=1
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Proof of the parabolic inf—sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWa, VV) = (D1, V) Vv € HY(Q) = VWil = (10101 g

veX,|lvilx=1

= 2
[ sup /0 (V(wy +¢), VV) dt]

= [l + ¢l%
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Proof of the parabolic inf—sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWa, VV) = (D1, V) Vv € HY(Q) = VWil = (10101 g

2

-
[ sup /0 (V(wy + ¢), V) dt]

veX,|lvilx=1

i
— W, + ol = /0 IV (. + @) dt
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Proof of the parabolic inf—sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWa, VV) = (D1, V) Vv € HY(Q) = VWil = (10101 g

2

veX,|lvilx=1

-
[ sup /<3t<p,V>+(V<p,VV)dt
0

i
— W, + ol = /0 IV (. + @) dt

i
= / VW2 + 2(Vw,, Vo) + [Vl dt
0
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Proof of the parabolic inf—sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),

(VW VV) = (0o, v) ¥V € HY(Q) = VW2 = (|00l g

2

veX,|lvilx=1

.
[ sup / (Orp, V) + (Vo,Vv)dt
0

i
— W, + ol = /0 IV (. + @) dt

i
= / VW2 + 2(Vw,, Vo) + [Vl dt
0

i
= | 10011y + 20000,0) + IVl
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Proof of the parabolic inf—sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWa, VV) = (D1, V) Vv € HY(Q) = VWil = (10101 g

® using [, 2(drp, @) dt = | o(T)|2 - [l0(0)|? gives
2

.
[ sup / (Orp, V) + (Vo,Vv)dt
0

veX, ||v|x=1
2 T 2
— W, + ol = /0 IV (W + @) dt

i
= / VW2 + 2(Vw,, Vo) + [Vl dt
0

.
= /0 10eelIE1-1 () + 208, ) + IV lI? dt = [lo]l¥ — lle(0)]1?
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Approximate solution and Radau reconstruction

—e

Upr
. . —e
Approximate solution — o

v up(1), t € Iy, is a piecewise continuous polynomial in space in
= {vh € HJ(Q), Vhlx € Pp(K) VK eT")

X Up. is a piecewise discontinuous polynomial in time

X up, ¢ Y = impossible to estimate ||u — up, ||y

-

s /
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Approximate solution and Radau reconstruction

—o

Upr
. . —e
Approximate solution

— o

v Up (1), t € Iy, is a piecewise continuous polynomial in space in
= {vh € H{(Q), Vhlx € Pp(K) VKeT"}

X Uup, is a piecewise discontinuous polynomial in time

X up. ¢ Y = impossible to estimate ||[u — up, ||y

Unpr IuhT

Radau reconstruction N
V' Tup €Y, Zup|, € Qg 1 (In; V) (Makridakis—Nochetto)

-
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Approximate solution and Radau reconstruction

—o

Upr
. . —e
Approximate solution

— o

v Up (1), t € Iy, is a piecewise continuous polynomial in space in
Vi = {vh € HI(Q), Vhlx € Py (K) VKeT"}

X Uup, is a piecewise discontinuous polynomial in time

X up. ¢ Y = impossible to estimate ||[u — up, ||y

Unpr IuhT

Radau reconstruction N
V' Tup €Y, Zup|, € Qg 1 (In; V) (Makridakis—Nochetto)

/((‘)Jum, Vine) + (Vs Vi) di = /(f, Vo) dt ¥ Vi € Qap(In: V)
Lo

hn hn eia L2 F°
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Results in the Y norm

Theorem (Guaranteed upper bound in the Y norm)

Suppose no data oscillation (f and uy piecewise polynomial). Then, for any
one € L2(0, T; H(div,Q)) with V-op, = f — 0;Zup,, there holds

)
Ju=Zen < [ llom -+ VIur |2t
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Proof of the upper bound

@ equivalence error-residual (supposing no error in the initial condition):

||U_IUhT||Y = sup <R(Iuh7')’v>
veX, ||v||x=1
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Proof of the upper bound

@ equivalence error-residual (supposing no error in the initial condition):
||U_IUhT||Y = sup <R(Iuh7')’v>

veX, ||v]x=1
@ Green theorem

-
/ (ohr, VIUp )+ (Von,Zup)dt =0
0
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Proof of the upper bound

@ equivalence error-residual (supposing no error in the initial condition):

|u—Zup|ly = sup  (R(Zun),V)

veX, ||v]x=1
@ Green theorem
=

/ (0hrs VZUp) + (V-ohr, TUp)dt =0

0
@ residual definition, Cauchy—Schwarz inequality:

(R(Tup), V) = /0 ") — (0Ztn v) — (VTup. V) dt

T
:/ (f — 0iZup, — V-op;, V) = (VIUhT + O'hT,VV) dt
0 >
=0

T 1
<{ [ om + 9Zum et} vix
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval /, and for each vertex a < V", let

oy = arg min / Ivh + ¢aVup, |12, dt.
In

vhEVE
V-Vp=va(f—=0tLup,)—=V1ha-VUp,

Cezia L2 7"
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval /, and for each vertex a < V", let

oy = arg min / Ivh + ¢aVup, |12, dt.
In

vhEVE
V-Vp=va(f—=0tLup,)—=V1ha-VUp,

Then set

N
L a7n
o= Y o

n=1aeyn

-

-
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval /, and for each vertex a < V", let

o-?,’Tn ‘= arg min / lvh + ¢aVUhT||L%a dt.
In

vheVE!
YV -Vp=va(f—0Lup, )=Vipa-Vup,

Then set

N
— a,n
o= Y o

n=1aey"n

Comments
v satisfies o, € L?(0, T; H(div, Q)) with V-op, = f — 0:Zup,

X a priori a local space-time problem, V5™ := 9, (I»; V&")
v/ uncouples to g, elliptic problems posed in V2"

-

V207
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
There holds

[ Iom + VTun [ dt < Calu=Tunllvy  VI<n<N.

X local-in-time but global-in-space only (as in Verfirth & Bergam—Bernardi—
Mghazli)

Creia ~L2 _°
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
There holds

[ Iom + VTun [ dt < Calu=Tunllvy  VI<n<N.

X local-in-time but global-in-space only (as in Verfirth & Bergam—Bernardi—
Mghazli)

Reason
X Zup, misses the Galerkin orthogonality:

/(f, Vhr) — (0tZUnr s Vae) — (VZUp, Ve )dE # 0 Yva, € Qq,(In; Vi)
In
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
There holds

[ Iom + VTun [ dt < Calu=Tunllvy  VI<n<N.

X local-in-time but global-in-space only (as in Verfirth & Bergam—Bernardi—
Mghazli)

Reason
X Zup, misses the Galerkin orthogonality:

/(f7 Vhr) — (OtLUps, Var) — (VZUp,, Vi )dt = /(V(Um — Tupy), VVpr)dt ¥ Vi,
I

In
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
There holds

[ Iom + VTun [ dt < Calu=Tunllvy  VI<n<N.

X local-in-time but global-in-space only (as in Verfirth & Bergam—Bernardi—
Mghazli)

Reason
X Zup, misses the Galerkin orthogonality:

/(f7 Vhr) — (OtLUps, Var) — (VZUp,, Vi )dt = /(V(Um — Tupy), VVpr)dt ¥ Vi,
I

In

v the misfit is known: up, — Zup,
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Guaranteed upper bound

A decisive trick
Define the final norm as

lu— unr |2, = lu = Zun |13 + |lunr — Zun 1%
—_—

known, computable
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Guaranteed upper bound

A decisive trick
Define the final norm as

U = tne |2, = U = Tn |3 + U — Tun||%
—

known, computable

Theorem (Guaranteed upper bound)
Suppose no data oscillation (f and uy piecewise polynomial). Then there holds

N
lu—unlis, <> > /,Hfth + VZupe i + 11V (unr — Zupr) [ dt.
n=1Kegn-mn

-

-
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Local space-time efficiency and robustness

Local error contributions

|u — up| gan— /||8t u—Zup)|? ) TIV(U— Tup,)|?, dt

IV (Unr — Zup,) %, dt

n
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Local space-time efficiency and robustness

Local error contributions
0= tnlZe = [ 100 = Tun )+ 90 = T 2, o
+/||V(uhT—IuhT)llia dt

n

recall

T T
=l = [0~ Zun)lf, oy dt+ [ 19— Zun)

i
4 /0 IV (Unr — Tun) 2 dt
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Local space-time efficiency and robustness

Local error contributions
0= tnlZe = [ 100 = Tun )+ 90 = T 2, o
+/||V(uhT—IuhT)llia dt

n

recall

T T
=l = [0~ Zun)lf, oy dt+ [ 19— Zun)

i
4 /0 19 (Unr — T2 dt 4+ [|(u — Zup, (TP
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Local space-time efficiency and robustness

Local error contributions
o=ty = [ lou=Tun )+ 9= Tum) P, dt

+/||V(uhT—IuhT)llia dt

n

Theorem (Local space-time efficiency and robustness)

For each time-step interval |, and for each element K € T", there holds, in the
absence of data oscillation,

J 1+ VTt + 19 (0 — Tt < CBr 3 1 el
n acVy
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Local space-time efficiency and robustness

Local error contributions
o=ty = [ lou=Tun )+ 9= Tum) P, dt

HV(UhT - IUhT)Hu%a dt

n

Theorem (Local space-time efficiency and robustness)

For each time-step interval |, and for each element K € T", there holds, in the
absence of data oscillation,

/Ilam VZupe [ + [V (e — Tupr)lIZdE < CEr D |u = Une[Fan.

acVy

Comments o
v local in space and in time

v Cer Only depends on shape regularity = robustness w.r.t the final time T and
the polynomial degrees p and g
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Richards equation 9;S(u) — V-[:(S(u)) (Vu + g)] = f (results by K.
Mitra, three levels of uniform space-time mesh refinement)

0.5 T 3r
(=
— 04F .
S|t =2
5 osf Tt =4 of
=
g 02f . {=1
= =2
0.1 M —.—E = 4
0 . L . . 1 it i i |
0 0.2 0.4 0.6 0.8 t 1 0.2 0.4 0.6 0.8 t 1
Estimators n(up.) as a function of T Effectivity indices n(un;)/||u — Up.|le,
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Richards equation, local space-time effectivity indices

IsoValue IsoValue
m0.5
m0.75
u
l} ,%5
n

A m1.75

=g 25

4 35
F l2.75
a4 4

a4
Add
4
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Conclusions and future directions

Conclusions (reaction-diffusion equation)
v/ guaranteed upper bound
v local efficiency and robustness with respect to reaction and diffusion
parameters
v simple form (no submesh), local estimators minimization, any polynomial
degree
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parameters

v simple form (no submesh), local estimators minimization, any polynomial
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Conclusions (heat equation)
v/ guaranteed upper bound
v local space-time efficiency
v/ robustness with respect to both spatial and temporal polynomial degree
v/ arbitrarily large coarsening allowed
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Conclusions and future directions

Conclusions (reaction-diffusion equation)
v/ guaranteed upper bound

v local efficiency and robustness with respect to reaction and diffusion
parameters

v simple form (no submesh), local estimators minimization, any polynomial
degree

Conclusions (heat equation)
v/ guaranteed upper bound
v local space-time efficiency
v/ robustness with respect to both spatial and temporal polynomial degree
v/ arbitrarily large coarsening allowed
Future directions
@ nonlinear and coupled problems Loveia erc
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Fundamental results on a reference tetrahedron

Bounded right inverse of the divergence operator
@ polynomial volume data
@ Costabel & MciIntosh (2010):
Let K € T and r € P,(K). Then there exists £, ¢ RTN,(K) s.t. V-£, =r and

1€nllc < Cllrlly-1(k) = sup (r,v)k.
veH](K), IV v]lk=1
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Fundamental results on a reference tetrahedron

Bounded right inverse of the divergence operator
@ polynomial volume data
@ Costabel & MciIntosh (2010):
Let K € T and r € P,(K). Then there exists £, ¢ RTN,(K) s.t. V-£, =r and

1€nllc < Cllrlly-1(k) = sup (r,v)k.
veH](K), IV v]lk=1

Polynomial extensions in H(div)
@ polynomial boundary data
@ Demkowicz, Gopalakrishnan, Schéberl (2012):

Let K € T and r € Pp(Fk) satisfying (r,1)sxk = 0. Then there exists &, <
RTNp(K) s.t. €yng =rondK, V-£,=0in K, and

1€nll < Clirlly-1/2006) = sup (r,V)ok:
veH! (K), [ Vvx=1

Yy erc
S
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General result on a physical tetrahedron

Lemma (H(div) polynomial extension on a tetrahedron)

LetK € T, 7} C Fk. Letr € Pp(FR) x Po(K), satisfying
ZFe]—'K(rF7 1)/: = (I’K7 1)K If]:}}] = Fk. Then for C = C(HK) > 0,

min Vv <C min \'
VHERTNG(K) Ivallie < veH(div,K) Vil
Vh-Nk=rF VFEFY V-nk=rg VFEFY
V Vp=rk Vv=rk
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General result on a physical tetrahedron

Lemma (H(div) polynomial extension on a tetrahedron)

LetK € T, 7} C Fk. Letr € Pp(FR) x Po(K), satisfying
ZFe]—'K(rF7 1)/: = (I’K7 1)K If]:}}] = Fk. Then for C = C(HK) > 0,

MFEs . .
= min v <C min Vi =C .
lenwlic "5 min wallk <C | _min [Vl = Cliéxllx
Vh-Nk=rF VFEFY V-nk=rg VFEFY
Vvp=rg Vv=rk
Context
—ACK = Ik in K,
—Viknk = e onall F ¢ F§,
(k=0 onaIIFEFK\F}}I.
Set SK = —VCK L ‘erc
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@ Braess, Pillwein, & Schéberl (2009), 2D

T




|
Stable broken H(div) polynomial extension on a patch

@ Braess, Pillwein, & Schéberl (2009), 2D
@ Ern & V. (2016), 3D

Wa
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Stable broken H(div) polynomial extension on a patch

@ Braess, Pillwein, & Schéberl (2009), 2D
@ Ern & V. (2016), 3D
@ Ern, Smears, & V. (2017), 2-3D, patches with subrefinement

Tn Ta,n

(A)a wa,
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High-order space-time discretization

CG in space & DG in time
@ p-degree continuous piecewise polynomials in space

VI = {vh € H}(Q), Vhlx € Pp(K) YKeT"}
@ g-degree discontinuous piecewise polynomials in time

Qqp (In; V) := { V-valued pols of degree at most g, over I,}

Y/ -
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High-order space-time discretization

CG in space & DG in time
@ p-degree continuous piecewise polynomials in space

VI = {vh € H}(Q), Vhlx € Pp(K) YKeT"}
@ g-degree discontinuous piecewise polynomials in time
Qqp (In; V) := { V-valued pols of degree at most g, over I,}
High-order discretization

Find up,|), € Qq,(In; V) with up,(0) = Muup such that

/l(atuhra Var) + (VUnr, VVihr) dt = ((Unr)n-1, Var(t1_1))

= /(f7 Vh,)dt V Ve € Qq,(In; V) V1 <n<N.
In

lrezia

erc
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Remedy

Augmented norm
@ augment the norm: ||v[2 = |Zv|% + v —ZV|4. v E Y + Vi
e lu=Uu=

X

known, computable

HU — Unpr

f‘,y =|u *IUh,—H%/ + ||unr — Zup,

@ we are adding to Y norm the time jumps in X norm (Schétzau—-Wihler):

e — Tt 2, = // IV (U — Zups) | dt

= a2 |V (e o |2

-

-

A.Ern, |. Smears, and M. Vohralik A posteriori error estimates for the reaction—diffusion and heat equations 39/ 34



Equivalence between the Y and £y norms

Theorem (Global equivalence)

Suppose no source term oscillation or no coarsening. Then there holds

|U—Zup ||y < |lu— Uprlle, < 3||U—Zup|ly

@ the two norms ||-|y and |[|-||¢, still may differ locally
@ in general, an additional source term oscillation or coarsening term appears
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Wa

@ refinement & coarsening can also involve changing polynomial degrees




AN, -
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@ refinement & coarsening can also involve changing polynomial degrees




Handling mesh adaptivity

i

e refinement & coarsening can als89nvolve changing polynomial degrees
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