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The heat equation

Find u: Q x (0, T) — R such that
ou—Au=f inQx(0,T),
u=0 onoQx(0,T),
u=0 onQx0.
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The wave equation
Find u: Q x (0, T) — R such that
opu—Au=1f inQx(0,T),
u=0 onoQx(0,T),
u=0 onQx0,
otu=0 onQ x0.
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The heat equation The wave equation
Find u: Q x (0, T) — R such that Find u: Q x (0, T) — R such that
ou—Au=f inQx(0,T), opu—Au=1f inQx(0,T),
u=0 ondQx(0,T), u=0 onoQx(0,T),
u=0 onQ x0. u=0 onQ x0,
otu=0 onf xO0.
Continuous setting Discrete setting
@ T:final time o discrete times {{"}o<n<n
@ : space domain (Lipschitz o time intervals /, := (t"~", "], 7" := t" — "
bounded polytope) @ simplicial/affine cuboidal mesh 7, of Q
@ Q:=Qx(0,T): space-time @ hat functions «/# for vertices Vy, support w;
domain @ conforming finite element space «
@ f: source term, pw polynomial Vi :=Pp(Th) N HA(Q), p>1 lreia 52 | @i
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@ provide sharp computable bounds on the (unknown) error between the
(unavailable) exact solution v and its (computed) numerical approximation uy,.
— error certification

@ predict the error localization (in space and in time )

@ adapt space mesh, time mesh

Guaranteed a posteriori error estimate

N
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Setting:
@ wave equation

@ finite elements of
polynomial degree p = 4
in space

@ explicit leapfrog scheme
in time

@ mass lumping

@ equilibrated flux
estimators

N. Hugot, A. Imperiale, M. Vohralik, preprint (2026).
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Setting:

@ wave equation

@ finite elements of
polynomial degree p = 4
in space

@ explicit leapfrog scheme
in time

@ mass lumping

@ equilibrated flux
estimators
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N. Hugot, A. Imperiale, M. Vohralik, preprint (2026).
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Goal: snapshots v/} — estimators 1) (uy, )

Setting:
@ wave equation

@ finite elements of
polynomial degree p = 4
in space

@ explicit leapfrog scheme
in time

@ mass lumping

@ equilibrated flux

estimators
-1.5e-03 22603 22e-151 24e-05 3.6e-150 1.7e-04
- - - = = -
Approximation up, error |U — Unr |yt (kx> €stimators g (un;) LA
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Previous results: heat equation

@ Bieterman & Babuska (1982), introduction

@ Eriksson & Johnson (1991), duality techniques & Makridakis & Nochetto
(2003), elliptic reconstruction: L2(L2) / L>(L?) / L>°(L>) / higher-order norms

~ Ale
O e
/ AA |

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 5/ 34



| Setting Dual norm localization Reliability & efficiency Schemes & recs Numerics C

Previous results: heat equation

@ Bieterman & Babuska (1982), introduction
@ Eriksson & Johnson (1991), duality techniques & Makridakis & Nochetto
(2003), elliptic reconstruction: L2(L2) / L>(L?) / L>°(L>) / higher-order norms
@ Picasso / Verfirth (1998), work with the energy norm of X:
X constrained efficiency (number of elements |7,7| and time step 7 linked)

~ A
.
7 A0 | @k woue

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 5/ 34



| Setting Dual norm localization Reliability & efficiency Schemes & recs Numerics C

Previous results: heat equation

@ Bieterman & Babuska (1982), introduction

@ Eriksson & Johnson (1991), duality techniques & Makridakis & Nochetto
(2003), elliptic reconstruction: L2(L2) / L>(L?) / L>°(L>) / higher-order norms
@ Picasso / Verfirth (1998), work with the energy norm of X:
X constrained efficiency (number of elements |7,7| and time step 7 linked)

@ Repin (2002), guaranteed upper bound

~ A
.
7 A0 | @k woue

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 5/ 34



| Setting Dual norm localization Reliability & efficiency Schemes & recs Numerics C

Previous results: heat equation

@ Bieterman & Babuska (1982), introduction
@ Eriksson & Johnson (1991), duality techniques & Makridakis & Nochetto
(2003), elliptic reconstruction: L2(L2) / L>(L?) / L>°(L>) / higher-order norms
@ Picasso / Verfirth (1998), work with the energy norm of X:
X constrained efficiency (number of elements |7,7| and time step 7 linked)
@ Repin (2002), guaranteed upper bound
@ Verfirth (2003) (cf. also Bergam, Bernardi, & Mghazli (2005)), Y norm:
v reliability [l — Tup- (|3 < C2 5504 o i (Unr )2
v efficiency 3 xern ni(Unr)? < CP||lu — Zun,|[%, ), X global in space

v/ robustness with respect to the final time T, no link |7,| < 7
X restrictions on mesh coarsening between time steps

~ A
.
7 AL | e

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 5/ 34



| Setting Dual norm localization Reliability & efficiency Schemes & recs Numerics C

Previous results: heat equation

@ Bieterman & Babuska (1982), introduction
@ Eriksson & Johnson (1991), duality techniques & Makridakis & Nochetto
(2003), elliptic reconstruction: L2(L2) / L>(L?) / L>°(L>) / higher-order norms
@ Picasso / Verfirth (1998), work with the energy norm of X:
X constrained efficiency (number of elements |7,7| and time step 7 linked)
@ Repin (2002), guaranteed upper bound
@ Verfirth (2003) (cf. also Bergam, Bernardi, & Mghazli (2005)), Y norm:
v reliability [l — Tup- (|3 < C2 5504 o i (Unr )2
v efficiency 3 xern ni(Unr)? < CP||lu — Zun,|[%, ), X global in space

v/ robustness with respect to the final time T, no link |7,| < 7
X restrictions on mesh coarsening between time steps

@ Makridakis & Nochetto (2006): Radau reconstruction Zuy,, for any order

g A | @
£ W BolvTeduniaue

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 5/ 34



| Setting Dual norm localization Reliability & efficiency Schemes & recs Numerics C

Previous results: heat equation

@ Bieterman & Babuska (1982), introduction

@ Eriksson & Johnson (1991), duality techniques & Makridakis & Nochetto
(2003), elliptic reconstruction: L2(L2) / L>(L?) / L>°(L>) / higher-order norms
@ Picasso / Verfirth (1998), work with the energy norm of X:
X constrained efficiency (number of elements |7,7| and time step 7 linked)

Repin (2002), guaranteed upper bound

Verfurth (2003) (cf. also Bergam, Bernardi, & Mghazli (2005)), ¥ norm:
v reliability [l — Tup- (|3 < C2 5504 o i (Unr )2
v efficiency 3 uer i (Unr)? < CPllu — Zun, |3, X global in space

v/ robustness with respect to the final time T, no link |7,| < 7
X restrictions on mesh coarsening between time steps

Makridakis & Nochetto (2006): Radau reconstruction Zuy,, for any order
Ern, Smears, & Vohralik (2017): local space-time efficiency in the ¥ norm
Georgoulis & Makridakis (2023), Smears (2025): efficiency in thg' X norme. | gy,

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 5/ 34



@ Bernardi & Sili (2005), reliability and efficiency but employing different norms




1 Setting Dual norm localization - Reliabilty & efficiency Schemes & recs Numerics G
Previous results: wave equation

@ Bernardi & Sili (2005), reliability and efficiency but employing different norms

@ Georgoulis, Lakkis, Makridakis, (& Virtanen) (2013, 2016), reliability but no
efficiency, L>(L?) norm
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Weak formulations

The heat equation

Definition (Weak solution)

u € X such that, for all v € H'(Q),
—(U, atV)Q + (VU, VV)Q = (f7 V)Q'
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Weak formulations

The heat equation The wave equation
Definition (Weak solution) Definition (Weak solution)
u € X such that, forall v e H',(Q), u € Hj (Q) such that, for all v € H'(Q),
—(U,0v)a + (Vu,Vv)q = (f,V)a- (1w, 0tv)q + (Vu, Vv)q = (f, v)a.
eia | @
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Weak formulations

The heat equation The wave equation

Definition (Weak solution) Definition (Weak solution)

u € X such that, forall v e H',(Q), u € Hj (Q) such that, for all v € H'(Q),
—(u,0tv)q + (Vu,Vv)q = (f,v)a. —(u,0tv)g + (Vu,Vv)g = (f,v)q.

Trial space X or H; (Q), test space H'/(Q).

~ Ale
O e
/ AA |
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Residuals and their dual norms

The heat equation
Definition (Residual)

For up, € X, R(up,) € (HH(Q)),
(R(unr), v) == (f,V)q + (Un-, OtV)a
— (Vup,, VV)q, v € H(Q).
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Residuals and their dual norms
The heat equation
Definition (Residual)
For up, € X, R(up,) € (HH(Q)),
(R(unr), v) = (f,v)q + (Unr, OtV)a
— (Vup,, VV)q, v € H(Q).

The wave equation
Definition (Residual)

For up, € Hy (Q), R(un,) € (HH(Q)Y',

(R(unr), v) = (f,v)a + (V:Unr, 0:V)q
— (VUp-, VV)q, v € HH(Q).
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Residuals and their dual norms
The heat equation
Definition (Residual)
For up, € X, R(up,) € (HH(Q)),
(R(unr), v) = (f,v)q + (Unr, OtV)a
— (Vup,, VV)q, v € H(Q).

The wave equation
Definition (Residual)

For up, € Hy (Q), R(un,) € (HH(Q)Y',

(R(unr), v) = (f,v)a + (V:Unr, 0:V)q
— (VUp-, VV)q, v € HH(Q).

R(up.) = 0 if and only if up. = u.
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Residuals and their dual norms
The heat equation
Definition (Residual)
For up, € X, R(up,) € (HH(Q)),
(R(ups),Vv) = (f,v)q+ (Unr, 0tV)q

— (Vup,, VV)q, v € H(Q).

The wave equation

Definition (Residual)
For up, € Hy (Q), R(un,) € (HH(Q)Y',
<R(uh7')a V) = (fv V)Q + ( Uhr, 3tV)O

— (VUp-, VV)q, v € HH(Q).

R(up.) = 0 if and only if up. = u.

Definition (Intrinsic error measure, dual norm of the residual)

HR(Uhr)H(H1T(Q))’ = sup (R(Unr), V).
’ veH':(Q)

|VIH1 (0)21 )
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Residuals and their dual norms
The heat equation
Definition (Residual)
For up, € X, R(up,) € (HH(Q)),
(R(unr), v) = (f,v)q + (Unr, OtV)a
— (Vun,, VV)a, v € HH(Q).

The wave equation

Definition (Residual)

For up, € Hy (Q), R(un,) € (HH(Q)Y',

<R(uh7')a V) = (fv V)Q + ( Uhr, 3tV)O
— (VUp-, VV)q, v € HH(Q).

v

R(up.) = 0 if and only if up. = u.

Definition (Intrinsic error measure, dual norm of the residual)
= sup (R(Unr), V).

IR(Un )l 11 @)y =
ey =

|VIH1 (0)21 J
@ induced by the weak formulation (problem-dependent x fixed space & norm)
@ may be the only choice (sign-changing coefficients, implicit const. laws . ..)
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Inf-sup equalities, norms of the difference u — up,

The wave equation

@ For the slightly bigger trial space

lu = unrllvo = IR(Un )l (111, ()

by inf-sup of Steinbach & Zank (2022).
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Inf-sup equalities, norms of the difference u — up,

The heat equation The wave equation
@ For the slightly bigger test space @ For the slightly bigger trial space
Y7 > H(Q), Yo > H} (Q),
U — Unellx = [IR(Un )l vy lu = unrllvo = IR(Un )l (111, ()
by standard inf-sup theory. by inf-sup of Steinbach & Zank (2022).

~ A
.
7 A0 | @k woue
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@ There holds

IR(Ub )l (1@

= sup {(at(ufh’_u)7 atV)Q—(V(UhT—U), VV)O}
veH'1(Q)

|V|H1 (Q)=1

< (10s(u—upe) % + IV (u—tn,)[13)
= |U - Uh~,-|H1(Q).

1/2
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Inf-sup equalities, norms of the difference u — up,

@ There holds @ There holds
IR Cune )l b1,y IR Cun )l 11,y
= sup{(Unr—u,0tV) o (V(Unr—U), VV)a} = sup {((tn—U),0V)q— (V(Unr—U), VV)q}
veHjT(Q) veHjT(Q)
|V|H1(Q):1 |V|H1(Q):1

)1/2

1/2

< (Ilu— nell + IV (U = un,) 13 < (|0(u—up)|1Z + IV (u—tn)||%)
= |U— Up; . -
| helH1(Q) Lovnie
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IRCune) 1@y = SuPvert (@) (R(Unr), V)
|V|H1 (Q):1
Observations, questions
° ||R(Uhr)||(HjT(o))/3 dual, a priori global norm
@ a priori no localization
@ local space-time efficiency in a nonlocal norm?
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Context

IRCune) 1@y = SuPvert (@) (R(Unr), V)
|V|H1 (Q):1
Observations, questions
° ||R(Uhr)||(HjT(O))': dual, a priori global norm
@ a priori no localization
@ local space-time efficiency in a nonlocal norm?

... elliptic setting on the space-time domain Q
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Localization of the intrinsic dual residual norm

Theorem (Localization of the intrinsic dual residual norm)
Let up, € Hy (Q) (heat) or up, € Hy (Q) N H?(0, T; L2(Q2)) (wave).

~ A
R
7 A0 | @k woue
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Localization of the intrinsic dual residual norm

Theorem (Localization of the intrinsic dual residual norm)

Let up, € Hy (Q) (heat) or up, € Hy (Q) N H?(0, T; L2(Q2)) (wave). Let the following
orthogonality property hold:

(f> wa)waxln - (8t Uhmlﬁa)waxln - (vuh’mvwa)waxln =0 W <n< N, va e Vh-

~ A
R
7 AL | e
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Localization of the intrinsic dual residual norm

Theorem (Localization of the intrinsic dual residual norm)

Let up, € H§ (Q) (heat) or up, € Hy (Q) N H*(0, T; L3(Q)) (wave). Let the following
orthogonality property hold:

(f> wa)waxln - (8t Uhr,¢a)waxln - (vuh’mvwa)waxln =0 W <n< N, va e Vh-

Let R(up,) € (H'-(Q)) be the heat or the wave residual.
T

~
/</\ W BolvTeduniaue
7 . Ui
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Localization of the intrinsic dual residual norm

Theorem (Localization of the intrinsic dual residual norm)

Let up, € H§ (Q) (heat) or up, € Hy (Q) N H*(0, T; L3(Q)) (wave). Let the following
orthogonality property hold:

(f> wa)waxln - (8t Uhr,¢a)waxln - (vuh’mvwa)waxln =0 W <n< N, va e Vh-

Let R(up,) € (HjT(Q))’ be the heat or the wave residual. Then

N
HR(UhT)H?HjT(Q))/ S Z Z ”R(UhT)H(zHé(waX/m))/ S HR(Uhr)H?HjT(Q))H

n=1acVy
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Localization of the intrinsic dual residual norm

Theorem (Localization of the intrinsic dual residual norm)

Let up, € H§ (Q) (heat) or up, € Hy (Q) N H*(0, T; L3(Q)) (wave). Let the following
orthogonality property hold:

(f) wa)waxln - (8t thlﬁa)waxln - (vuh’mvwa)waxln =0 Wi <n< N, vVa c Vh'
Let R(up,) € (HjT(Q))’ be the heat or the wave residual. Then

N
HR(UhT)H?HjT(Q))/ S Z Z ”R(UhT)H(zHé(waX/m))/ S HR(Uhr)H?HjT(Q))H

n=1acVy

where the hidden constants only depend on the space dimension d and
shape-regularity of the space and time meshes.
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Reliable and locally space-time efficient a posteriori error estimates

Theorem (A posteriori error estimates)

Let up, € Hy (Q) (heat) or up, € Hy (Q) N H?(0, T; L%(Q2)) (wave) be piecewise
polynomials (order p in space, order q in time).

,,,,,,
(7 277 e
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Reliable and locally space-time efficient a posteriori error estimates

Theorem (A posteriori error estimates)

Let up, € Hy (Q) (heat) or up, € Hy (Q) N H?(0, T; L%(Q2)) (wave) be piecewise
polynomials (order p in space, order g in time). Let the following orthogonality
property hold:

(F, 9 waxt, — Ot Unrs V¥ waxty — (VUhr, VP )axt, =0 V1 <n < N, Va € V.

(0 g )77) — '-{S‘VZ‘XY‘:‘\Y ““““““
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Reliable and locally space-time efficient a posteriori error estimates

Theorem (A posteriori error estimates)

Let up, € Hy (Q) (heat) or up, € Hy (Q) N H?(0, T; L%(Q2)) (wave) be piecewise
polynomials (order p in space, order g in time). Let the following orthogonality
property hold:

(F, 9 waxt, — Ot Unrs V¥ waxty — (VUhr, VP )axt, =0 V1 <n < N, Va € V.

Let R(up,) € (H'-(Q)) be the heat or the wave residual.
T
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(P2 =" T
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Reliable and locally space-time efficient a posteriori error estimates

Theorem (A posteriori error estimates)

Let up, € Hy (Q) (heat) or up, € Hy (Q) N H?(0, T; L%(Q2)) (wave) be piecewise
polynomials (order p in space, order g in time). Let the following orthogonality
property hold:

(F, 9 waxt, — Ot Unrs V¥ waxty — (VUhr, VP )axt, =0 V1 <n < N, Va € V.

Let R(un,) € (HY; (Q))’ be the heat or the wave residual. Then
IR (Un-) H(H1 )/NZ ZUK(Uhr)2<HR(UhT)H(H1 y
n=1KeT"
1k (WUnr ) SIR(Un) (1 (1)

where the hidden constants only depend on the space dimension d, shape-
regularity of the space and time meshes, and p and q.

e

T

rrrrrr
;;;;;
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Residual-based estimators
1k (Unr) = hicxi, If = Oritine + At |k,

TV i
volume residual

1/2
-1—{ > hF><In|||IVUhT]]'nF”%><IE}

Ferint

TV
face normal component jump
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Estimators

Residual-based estimators
n(Unr) == hkxi,|If — OrUns + Dunr||kxi,

volume residual

1/2

2
+9 Y heeIIVURI-nE|E ),
FeFt

face normal component jump

Equilibrated fluxes estimators (reliability constant becomes 1)
one € L2(0, T; H(div, Q)) with (f — dytupy — Veonr, Dkx, =0 Y1 <n< N, VK € Tp,
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Estimators

Residual-based estimators
n(Unr) == hkxi,|If — OrUns + Dunr||kxi,

volume residual

1/2

2
+9 Y heeIIVURI-nE|E ),
Ferint

face normal component jump

Equilibrated fluxes estimators (reliability constant becomes 1)
one € L2(0, T; H(div, Q)) with (f — dytupy — Veonr, Dkx, =0 Y1 <n< N, VK € Tp,

h2
K
i (Unr)? = ﬁ\lf — OnUne — Veoonr o,

equilibrium (time)
+ Vb + ohelii,

s

constitutive law (space) &Iz A
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@ overlapping in space only, full /,-locality in time

@ in the elliptic case, since the problem is boundary value, to obtain
orthogonality of the residual wrt 4@, one needs to solve global a linear system
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Discussion

@ overlapping in space only, full /,-locality in time

@ in the elliptic case, since the problem is boundary value, to obtain
orthogonality of the residual wrt ¢/, one needs to solve global a linear system

@ in parabolic/hyperbolic cases, no condition is prescribed on the final time —-
implicit and even explicit time stepping is sufficient (no global linear
space-time system needs to be solved, not even a global linear space system)

eela— 2
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Q Numerical experiments
@ Heat equation and extensions
@ Wave equation
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Crank—Nicolson method for the heat equation

Definition (Crank—Nicolson, heat)

Set u? := 0. Find u, 1 < n < N, such that
n—1

(A ) (P o), = (O ) e

4 &
W PoLEduNiaue
Z, AA | W3
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Crank—Nicolson method for the heat equation

Definition (Crank—Nicolson, heat)

Set u? := 0. Find u, 1 < n < N, such that
n—1

(B ) (P o) = (B0, ) e,

@ up|y, := up € X: OK to define the heat residual R(up,)

4 &
W PoLEduNiaue
Z, AA | W3
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Crank—Nicolson method for the heat equation

Definition (Crank—Nicolson, heat)

Set u? := 0. Find u, 1 < n < N, such that

up — up! up + uf! )+ (T
(o ) (P ), = (LD ) e
® U], := U] € X: OK to define the heat residual R(up,) °
_ﬁ.
up e
—e
i L | @

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 18 /34



| Setting Dual norm localization Reliability & efficiency Schemes & recs Numerics C

Crank—Nicolson method for the heat equation

Definition (Crank—Nicolson, heat)

Set u? := 0. Find u, 1 < n < N, such that
n—1

(B ) (P o) = (B0, ) e,

@ up|y, := up € X: OK to define the heat residual R(up,) ¢

. —®
@ but we need 0;up, (smoothness increase) Up

~ A
.
7 A0 | @k woue
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Definition (Crank—Nicolson, heat)

Set u? := 0. Find u, 1 < n < N, such that
n—1

(B ) (P o) = (B0, ) e,

@ up|y, := up € X: OK to define the heat residual R(up,) ¢

. YT
@ but we need 0;up, (smoothness increase) = up, € H, (Q)!
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.
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Crank—Nicolson method for the heat equation

Definition (Crank—Nicolson, heat)

Set u? := 0. Find u, 1 < n < N, such that
n—1

(B ) (P o) = (B0, ) e,

@ up|y, := up € X: OK to define the heat residual R(up,) ¢

: 1 e
@ but we need 0;up, (smoothness increase) = up, € H, (Q)!

@ continuous & piecewise affine (Radau) reconstruction from v}

~ A
.
7 A0 | @k woue
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Definition (Crank—Nicolson, heat)

Set u? := 0. Find u, 1 < n < N, such that
n—1

(B ) (P o) = (B0, ) e,

@ up|y, := up € X: OK to define the heat residual R(up,) ¢

: 1 e
@ but we need 0;up, (smoothness increase) = up, € H, (Q)!

@ continuous & piecewise affine (Radau) reconstruction from v}

Uhn Upr
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Crank—Nicolson method for the heat equation

Definition (Crank—Nicolson, heat)

Set u? := 0. Find u, 1 < n < N, such that

<uf,’—ug_17 Vh)Q—F(VW,VVh)Q _ <f(., t") + f(-, tn—1), v,,)Q —

Thn

2

2

@ up|y, := up € X: OK to define the heat residual R(up,) ¢

: 1 e
@ but we need 0;up, (smoothness increase) = up, € H, (Q)!

n

—e
@ continuous & piecewise affine (Radau) reconstruction from v} *
@ equivalently
(OtUnry Va)axi, H(VUne, Vvp)axi, = (F, Vi)axi, Yvh€ Vi —uy” Uhr
A - T
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Crank—Nicolson method for the heat equation

Definition (Crank—Nicolson, heat)

Set uh := 0. Find up, 1 < n < N, such that

Vi), = (Ml

n—1 n—1

L | ——V/ vi
( o Q+ 2

('7 tn_1)
5 V/,)Q VVh € Vh.

@ up|y, := up € X: OK to define the heat residual R(up,) ¢

n

but do th i Hl (Q)un
@ but we need d;up. (smoothness increase) = up, € 07( )

@ continuous & piecewise affine (Radau) reconstruction from v} *
@ equivalently
(OtUnry Va)axi, H(VUne, Vvp)axi, = (F, Vi)axi, Yvh€ Vi —uy” Uhr

(F, ¥ waxtn— (0t Unrs ¥ wax iy —(VUpr, V9 )ux, =0 V1 <n < N, Va € V. A
wrzea— !
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Leapfrog method for the wave equation

Definition (Leapfrog)

Set u? :=0and &2 := 0. Find u, 0 < n < N — 1, such that

nt1_ o,n n—1
(Uh Uzh A , Vh>Q + (Vup, Vi) g = (F( "), Vh)g YVhE Vi

T

~ Ale
O e
7 AA | g B
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Leapfrog method for the wave equation

Definition (Leapfrog)

Set u? :=0and &2 := 0. Find u, 0 < n < N — 1, such that

uttt — 2yl 4y
( i 2h i , Vh>Q s (VU,r,', VVh)Q = (f(-, tn), Vh)Q Yvy € Vp.

T

@ Up, € H&(Q) would be OK to define the wave residual R(up,)

~ A
.
7 A0 | @k woue
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uttt — 2yl 4y
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T

@ Up, € H&(Q) would be OK to define the wave residual R(up,)
@ but we need dyup, (Smoothness increase) = up, € H*(0, T; L2())
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Leapfrog method for the wave equation

Definition (Leapfrog)

Set u? :=0and &2 := 0. Find u, 0 < n < N — 1, such that

uttt — 2yl 4y
( i 2h i , Vh>Q s (VU,r,', VVh)Q = (f(-, tn), Vh)Q Yvy € Vp.

T

@ Up, € H&(Q) would be OK to define the wave residual R(up,)

@ but we need dyup, (Smoothness increase) = up, € H*(0, T; L2())
@ suitable C' and piecewise 3rd order polynomial-in-time reconstruction from up

~ A
.
7 A0 | @k woue
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Set u? :=0and &2 := 0. Find u, 0 < n < N — 1, such that

uttt — 2yl 4y
( i 2h i , Vh>Q s (VUZ, VVh)Q = (f(-, tn), Vh)Q Yvy € Vp.

T

@ Up, € H&(Q) would be OK to define the wave residual R(up,)

@ but we need dyup, (Smoothness increase) = up, € H*(0, T; L2())
@ suitable C' and piecewise 3rd order polynomial-in-time reconstruction from up

(fa ¢a)waxln_(0ffuhr)wa)waxln_(vuh’r)V¢a)waxln =0 Wi <n< N, Va e Vh'

~ A
.
7 AL | e
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Temporal reconstruction for the leapfrog scheme

- Temporal
(up)o<n<n C Vh] —— | Upr € P3(T7(0, T); Vy) NC'(0, T; V)
reconstruction
0.0 ° Fo‘intwise valués i 0.0 ®  Pointwise values -
-0.1
-0.1
° -0.2
-0.3
-0.2
£ £ 04
) 3 .
-0.3 -0.5
-0.6
-0.4 -0.7
® —0.8
-0.5
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t
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Temporal reconstruction for the leapfrog scheme

Unt

(Up)o<n<n C V,,]

Temporal

[

0.0

-0.1

-0.2

-0.3

-0.4

-0.5

reconstruction

®  Pointwise values -

T Reconstruction
N
\\
\'
0.0 0.2 0.4 0.6 0.8 1.0

Upr € 'P3(7;-(0, T); Vh) ﬂC1(0, T, Vh)

0.0 ®  Pointwise values -
Reconstruction
-0.1
-0.2

0.0 0.2 0.4 0.6 0.8 1.0
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Setting

Setting
@ incomplete interior penalty discontinuous Galerkin space discretization with
polynomial degrees p =1,2,3
@ Crank—Nicolson in time
@ space and time meshes both uniformly refined: m=1,2,3
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Setting

Setting
@ incomplete interior penalty discontinuous Galerkin space discretization with
polynomial degrees p =1,2,3
@ Crank—Nicolson in time
@ space and time meshes both uniformly refined: m=1,2,3
Effectivity indices

@ dual norm .

e := . > 1
° HR(UhT)H(HjT(Q))/ +Jumps

@ (weighted) L2 norm:

lo 1 = ! (< 1 possible)

T2 .
(772|u — une |13 + W2V (u — up,)|13) /2 4 jumps

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 21 /34



Viscous Burgers equation

ou—V-(eVu—¢(u))=0 inQ

@:-=1020re=10"*
® ¢(u) = (u?/2,u%/2)7
@ Q=(-1,1)x(-1,1)
e T=1




Viscous Burgers equation

Viscous Burgers equation

otu—V-(eVu—o¢(u))=0 inQ

@:=1020re=10"*

® o(u) = (u?/2,u%/2)T
0 Q=(-1,1)x(-1,1)

e 7T =1
Exact solution
o

~1
u(x,y,t) = <1 + exp (—X+y2t1 — t))

N




Exact and approximate solutions, ¢ = 1072

' " h=1/12, tau=2.50E-03, P2 — " N=1/24, tau=1.56E-04, P3 ——
"""\  exact b 1 . exact - b 1
08| R 0.8 -
06 | B 0.6 |-
04 ‘1‘ g 0.4
0.2 0.2
0r 0
-0I.2 -Ol.l . 0 ) 0.1 0.2 -0.2 -0.1 . 0 . 0.1 0.2 -0.2 -0.1 . 0 . 0.1 0.2
P; approximation on P> approximation on P53 approximation on
{h1, 71} {h2, 2} {h3, 73}

V. Dolejsi, A. Ern, M. Vohralik, SIAM Journal on Numerical Analysis (2013)

s AA | P waue
‘ ¥
CA— sy



| Setting Dual norm localization Reliability & efficiency Schemes & recs Numerics C  Heat equation and extensions Wave

Effectivity indices for varying e and (hy, 70)

€ 10-2 102 102 10—4
(ho,70) | (1/6,0.05) | (1/6,0.2) (1/6,0.0125) |(1/6,0.05)
m p ie /e H1 ie I‘ewa ie ie H ie /e H1
1 1 [1.85 1.15[2.21 1.28 3.00 0.81 |[1.45 0.71
2 1 |[1.71 135|238 1.12 245 1.03 |1.68 1.06
3 1 [1.25 1.36|2.15 0.90 1.33 1.03 |1.82 1.34
1 2 [2.15 1.01 [3.13 1.71 369 067 |1.38 0.62
2 2 |165 0.94 |2.74 158 2.16 0.49 |1.41 0.62
3 2 |153 1.08|2.38 1.52 1.83 0.58 |1.54 0.69
1 3 [1.71 059 [2.74 1.47 3.00 0.34 [1.26 0.31
2 3 |1.75 0.73 |2.63 1.67 3.15 0.46 |1.13 0.21
3 3 |254 097|277 1.73 — 0.69 |1.03 0.15
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Porous medium equation

ou—V-(K(u)Vu)=0 inQ

e K(u) = slulF 1,

@ kx=20rr=4

@ Q= (-6,6)x(—6,6)
o 7T =1




Porous medium equation

Porous medium equation

ou—V-(KUu)Vu)=0 inQ

® K(u) = klul" I,
@ rv=20rx=4
@ Q=(-6,6) x (—6,6)

o 7T =1
Barenblatt solution
o

1
1 k—1 x24+y2 ]=1|"
”(X’y’t)_{t+1 [1_ 4r2 (z‘+1)1/~]+




Exact and approximate solutions, x = 4

0.9 0.9 0.9
0.8 0.8 0.8
0.7 0.7 0.7
0.6 06 0.6
05 05 05
04 0.4 0.4
0.3
0.3 0.3

0.2
0.1 0.2 0.2

0 0.1 0.1
-0.1 0 0
0.2 1 1 1 1 1 -0.1 1 1 1 1 1 -0.1 1 1 1 1 1

-6 -4 2 0 2 4 6 -6 -4 2 0 2 4 6 -6 -4 2 0 2 4 6

P; approximation on P, approximation on P53 approximation on
{h1, 74} {ha, 72} {hs, 73}

V. Dolejsi, A. Ern, M. Vohralik, SIAM Journal on Numerical Analysis (2013)

-

NsTITUT
POLVTECHNIGUE
BE PARIS



| Setting Dual norm localization Reliability & efficiency Schemes & recs Numerics C  Heat equation and extensions Wave

Errors, estimators, and effectivity indices, (ho, 70) = (0.5,0.02)

k=2 k=4
IR 11 () nF 7R NG e Tgd n e | e o

7.90E-03 5.90E-03 1.32E-02 9.10E-03 3.23E-02 7.08E-05 5.88E-02|3.46 0.92|4.68 0.98
21 8.36E-03 4.64E-03 1.71E-02 8.46E-03 1.11E-02 3.99E-05 4.03E-02|2.40 1.46|3.72 1.62

3
°

-

(-0.08) (0.35) (-0.38) (0.10) (1.54) (0.83) (0.54)

3 1 8.91E-03 4.38E-03 2.18E-02 9.56E-03 3.44E-03 1.83E-05 3.87E-02(2.09 2.49|3.38 2.68
(-0.09) (0.08) (-0.35) (-0.18) (1.69) (1.13) (0.06)

T2 1.09E-03 1.06E-02 1.06E-01 3.12E-02 1.35E-02 1.74E-04 1.61E-01|4.99 3.22|5.13 3.18

22 4.02E-04 8.04E-03 8.12E-02 2.37E-02 5.16E-03 6.40E-05 1.18E-01|4.90 3.89|5.05 3.84
(1.43) (0.40) (0.39) (0.40) (1.39) (1.45) (0.45)

32 1.28E-04 5.22E-03 5.33E-02 1.55E-02 1.69E-03 2.23E-05 7.57E-02|4.84 4.26(4.97 4.30
(1.65) (0.62) (0.61) (0.61) (1.61) (152) (0.64)

T3 6.53E-04 2.06E-02 3.27E-01 7.58E-02 8.39E-03 1.36E-04 4.33E-01|5.67 5.01|5.67 4.88

23 1.78E-04 9.26E-03 1.38E-01 3.13E-02 3.14E-03 3.51E-05 1.82E-01|5.76 5.17|5.78 5.03
(1.87) (1.29) (1.24) (127) (142) (195 (1.25)

33 3.83E-05 3.41E-03 5.08E-02 1.15E-02 1.14E-03 8.89E-06 6.68E-02|5.80 5.21|5.85 5.10
(2.22) (1.44)  (1.44) (145) (146) (1.98) (1.44)

lveda . L2 | @i
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Exact and approximate error, k =4, t=T,p=2, m=2

1/
V]
/]
14
|
4
14
14
]
]
]
]
]

A
]
VA4
L/
VA
L

NNN]
DN NS NN
A NNAN]

N
NANNNNN\N

.0 3.0 6.0
Estimators 7y

M. Vohralik

T

nr

4.57E-05
3.81E-05
3.05E-05
2.28E-05
1.52E-05
7.61E-06

1.24E-12

260 -3.0 0 3.0 6.0

Local error upper bounds

-

bezia—~

1.91E-03
1.60E-03
1.28E-03
9.57E-04
6.38E-04
3.19E-04

2.90E-10

A | s menrer
L4 | g ke
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Data and solution

Q=(0,1)x (0,2)
fr(t) = —sin(dn(t — 1)) x e (1)

05 Y
fx(x,y) = exp <—(X 0'5)(;;20/ 1) >

0.75
0.50
0.25
£ o000
-0.25
SCALAR_SRC_O
0504 l— 2.0e+00
— 15
-0.75 I
— 05
I— 5.3e-109
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-1.5e-03 2.2e-03

-_— o

Approximation uy .




Approximation, error, and estimators

-1.5e-03 22603 22e-151 2.4e-05
-— | — |
Approximation up, error [U — Un| 1 (k) -

Y227
zla— i
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Approximation, error, and estimators

-1.5e-03 2203 2 29 151 24e 05 3.6e-150
- - - d
Approximation up, error |U — Unr |yt (kx> €Stimators g (Un;) LA
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Approximation, error, and estimators

Remarks:
@ equilibrated fluxes
estimators
@ local H' norms in place
of the dual local norms:
HR uh’T H H1 WKXI[’] ’V’H1(WK><In)
@ quadrature error ignored

-1.5e-03 22903 229]51 24905 369150
-
Approximation uh,error\u uhT]H1(KX,n),estimators nr(Unr) LA
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Averaged flux g

1072 4 [— Equilibrated flux ,‘
|u = Une|nro)
| — slope = 0.888
P
ped
e ~

O
S -~

1073

2x1072 3x1072 4x1072 6x1072 107t
Mesh cell size (h)

Estimators and error

N. Hugot, A. Imperiale, M. Vohralik, preprint (2026).
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Convergence rates and effectivity indices

Averaged flux
1072 4+ ——— Equilibrated flux

|u = Unelrro)

rrrrrrrrrrr slope = 0.888 Remarks
/ . -
prd @ estimators are superior to the error
< @ estimators and error are of same
order of magnitude
@ estimators and error have the same
102 order of convergence
2x1072 3x1072 4x1072 6x1072 10'4

Mesh cell size (h)

Estimators and error
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[u = un<liio)

2.9

| Averaged flux 1
~——— Equilibrated flux

2.8

~N
N

N
o

2.5

2.4

no

~

=

2x1072

Dependence on hwith T =5

3x1072 4x107? 6x1072
Mesh cell size (h)

107t

10t

Averaéed flux »
Equilibrated flux -

10°

[u = unlnro)

107t

Final time (T)

25 50 75 100 125 150 175

Dependence on T with h = 0.1

N. Hugot, A. Imperiale, M. Vohralik, preprint (2026).
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Extension to elastic waves (stress tensor o := 2ue(u) + A tr(e(u))l,
Lamé parameters A = u = 0.4)

1.0e-03 1.0e+02 1.0e-03 1.0e+02

-— o — o

U — Unr | (ke x )

oy zﬁ © 5t
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Extension to elastic waves (stress tensor o := 2ue(u) + A tr(e(u))l,
Lamé parameters A = u = 0.4)

10003 1.00+02 10003 1.00+02
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Conclusions

Conclusions
@ inexpensive (explicit) estimators of the global error
@ same methodology for both parabolic & hyperbolic problems
@ localization of global space-time norms with an orthogonality property
@ covers implicit & explicit time-stepping as well as time-evolving meshes
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Conclusions

Conclusions

@ inexpensive (explicit) estimators of the global error

@ same methodology for both parabolic & hyperbolic problems

@ localization of global space-time norms with an orthogonality property

@ covers implicit & explicit time-stepping as well as time-evolving meshes
Outlook

@ local space-time efficiency =—> use local-space-time mesh refinement?

@ convergence, optimality?

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 34 / 34



Setting Dual norm localization Reliability & efficiency Schemes & recs Numerics C

Conclusions

Conclusions

@ inexpensive (explicit) estimators of the global error

@ same methodology for both parabolic & hyperbolic problems

@ localization of global space-time norms with an orthogonality property

@ covers implicit & explicit time-stepping as well as time-evolving meshes
Outlook

@ local space-time efficiency =—> use local-space-time mesh refinement?
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@ Localization of dual norms
O Units consistency, space-time anisotropy, time-evolving meshes

Q Some more numerical experiments

Y Ecuniaue
7 Ris




Localization of dual norms Extensions Numerical experiments

Localization of dual norms

Theorem (Localization of dual norms)
Let R(up,) € (HfT(Q))’ be arbitrary. Let, for an index setV,

have local space—time supports, wp

b 1,00 il
e Wh>(Q) c HY(Q
v (@ (@ {form a partition of unity ., PP =1.

~ A
.
7 A0 | @k woue
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Localization of dual norms Extensions Numerical experiments

Localization of dual norms

Theorem (Localization of dual norms)
Let R(up,) € (HfT(Q))’ be arbitrary. Let, for an index setV,

have local space—time supports, wp

b 1,00 il
e Wh>(Q) c HY(Q
v (@ (@ {form a partition of unity ., PP =1.

Let R(up,) have the local space—time orthogonality property
(R(up, ), %) =0  V¥beVnotondQ x (0,T)andQ x 0.

~ A
.
7 AL | e
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Localization of dual norms Extensions Numerical experiments

Localization of dual norms

Theorem (Localization of dual norms)
Let R(up,) € (HfT(Q))’ be arbitrary. Let, for an index setV,

have local space—time supports, wp
U WI(Q) C Hi(Q) | v 1008 spacs line Supports, K
’ form a partition of unity 3., ¥° = 1.

Let R(up,) have the local space—time orthogonality property
(R(up, ), %) =0  V¥beVnotondQ x (0,T)andQ x 0.
Then

IR Gy = 2MRAUIE sy = IR I, iy
’ beVy ’

~
/</\ W BolvTeduniaue
7 - Ui
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Localization of dual norms Extensions Numerical experiments

Localization of dual norms

Theorem (Localization of dual norms)
Let R(up,) € (HfT(Q))’ be arbitrary. Let, for an index setV,

Wb e WI=(Q) ¢ H'(Q) have local s.;?ace—timfe supports,b@
’ form a partition of unity 3., ¥° = 1.

Let R(up,) have the local space—time orthogonality property
(R(up, ), %) =0  V¥beVnotondQ x (0,T)andQ x 0.
Then

IRy = D IRWAIE 0y = IR(WARIEr oy
bey

@ known from eIIiptic a posteriori error analysis
@ generalizes to (W “(@Q)), 1 < a < oo, see Blechta, Malek, & Vohralik (2020)
and the references therein lreda L2 | @
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O Localization of dual norms

@ Units consistency, space-time anisotropy, time-evolving meshes

Q Some more numerical experiments




@ Vi = (f— Onlpr + Aupr) ki,




@ Vi = (f— Onlpr + Aupr) ki,
@ space-time bubble 1k




~Localizationof dualnorms  Extensions - Numerical experiments
Inspection of the local efficiency proof (element residual)

@ Vi = (f— Onlpr + Aupr) ki,
@ space-time bubble v
@ norm equivalence in finite-dimensional spaces:

(VK,ns Vim) Kkl S (VKns YKo VKK x Iy




Localization of dual norms Extensions Numerical experiments

Inspection of the local efficiency proof (element residual)

@ Vk = (f— Onln: + AUp:)|kx,
@ space-time bubble v
@ norm equivalence in finite-dimensional spaces:

(Vik,ns VK,n)Kxtn S (Vions VKo VK ) K x Iy

@ inverse inequality separately in space and in time:
hKHv(wK’nVK7n)HK></n S H’l’Z)Kva’nHKX/n’
Tn“f)t(wK,nVK,n)“KX/n S HwK,nVK,nHKX/n

4 &
W PoLEduNiaue
Z, AA | W3
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Localization of dual norms Extensions Numerical experiments

Inspection of the local efficiency proof (element residual)

@ Vk = (f— Onln: + AUp:)|kx,
@ space-time bubble v
@ norm equivalence in finite-dimensional spaces:

(Vik,ns VK,n)Kxtn S (Vions VKo VK ) K x Iy

@ inverse inequality separately in space and in time:
hKHv(wK’nVK7n)HK></n S H’l’Z)Kva’nHKX/n’
Tn“f)t(l/’K,nVK,n)“KX/n S HwK,nVK,nHKX/n

@ congruently, in ‘V‘IZ—N(O) = [|0:v||4 + ||V V|3, the physical units are different

M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 36 / 34



Localization of dual norms Extensions Numerical experiments

Inspection of the local efficiency proof (element residual)

@ Vk = (f— Onln: + AUp:)|kx,
@ space-time bubble v
@ norm equivalence in finite-dimensional spaces:

(Vik,ns VK,n)Kxtn S (Vions VKo VK ) K x Iy

@ inverse inequality separately in space and in time:
hKHv(wK’nVK7n)HK></n S HT’Z)KWVK’nHKX/n’
Tn“()t(l/’K,nVK,n)“KX/n N HwK,nVK,nHKX/n

@ congruently, in ‘V‘IZ—N(O) = [|0:v||4 + ||V V|3, the physical units are different
@ — space-time weighted mesh-dependent norm imposed on the test space

V20 fZ ST AP0V, + PRIV VIR, )

n=1KeTy"
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Localization of dual norms Extensions Numerical experiments

Inspection of the local efficiency proof (element residual)

@ Vk = (f— Onln: + AUp:)|kx,
@ space-time bubble v
@ norm equivalence in finite-dimensional spaces:

(Vik,ns VK,n)Kxtn S (Vions VKo VK ) K x Iy

inverse inequality separately in space and in time:
hKHv(wK’nVK7n)HK></n S HT’Z)KWVK’nHKX/n’
Tn“()t(l/’K,nVK,n)“KX/n N HwK,nVK,nHKX/n

congruently, in ‘V‘iﬂ(o) = [|0:v||4 + ||V V|3, the physical units are different
= space-time weighted mesh-dependent norm imposed on the test space

V20 fZ ST AP0V, + PRIV VIR, )

n=1KeTy"

@ — units v/, space-time anisotropy v/, time-evolving meshes v / _ - A | @ st
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O Localization of dual norms

O Units consistency, space-time anisotropy, time-evolving meshes

@ Some more numerical experiments




~Localization of dual norms Extensions - Numerical experiments
Degenerate advection-diffusion equation

Degenerate advection-diffusion problem (Kacur 2001)

otu —V-(2euVu — ¢(u)) =0 inQ

@ =102

@ ¢(u) =0.5(u?0)"
@ Q=(0,1)x (0,1)
e 7T =1




Localization of dual norms Extensions Numerical experiments

Degenerate advection-diffusion equation

Degenerate advection-diffusion problem (Kacur 2001)

oty —V-(2euVu — ¢(u)) =0 inQ
@ =102
® ¢(u)=0.5(u?0)"
@ Q=(0,1) x(0,1)

e 7T =1
Exact solution
°

. v(x—vi—Xp)
u(x, y, 1) = { 1 —exp (728 ) for x < vt + xo,

0 for x > vt + xp

@ xo = 1/4 is the initial position of the front

-

s
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M. Vohralik Local space-time efficiency: inexpensive heat & wave equations 37 / 34



~Localization of dualnorms  Extensions - Numerical experiments
Exact and approximate solutions

0.8

0.6

0.4

0.2

0

h=1/8, taU=1.00E:02, PL ~——
\

0.5 0.6 0.7 0.8

Py approximation on

{h1, 7}

0.8

0.6

0.4

0.2

0

h=1/16, tau=5.00E-03, P2 ——
exact

0.4 0.7 0.8

{h2, 72}

h=1/32, tau=1.25E-03, P3 ——

0.5 .
P> apprOX|mat|on on

0.5 0.7 0.8

Py apprOX|mat|on on

{h3, 3}

V. Dolejsi, A. Ern, M. Vohralik, SIAM Journal on Numerical Analysis (2013)
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Localization of dual norms Extensions Numerical experiments

Errors, estimators, and effectivity indices, (ho, 70) = (1/8,0.05)

m p TR (apy | 7 R NG nc Tlqd n le I pt

11 9.91 E-dS 1.00E-02 6.02E-03 2.77E-02 2.31E-02 2.17E-03 6.62E-02|1.76 0.97

2 1 7.39E-03 7.71E-03 5.68E-03 1.62E-02 7.71E-03 1.23E-03 3.66E-02|1.55 1.02
(0.42) (0.37) (008 (0.78) (159) (0.82) (0.86)

3 1 4.58E-03 4.52E-03 4.95E-03 8.33E-03 1.86E-03 5.22E-04 1.89E-02|1.47 1.16
(0.69) (0.77)  (020) (0.96) (205) (1.23) (0.95)

12 2.62E-03 3.30E-03 5.40E-03 9.33E-03 6.27E-03 6.74E-04 2.35E-02|1.97 0.73
2 2 1.11E-03 1.43E-03 1.93E-03 4.22E-03 1.09E-03 2.67E-04 8.34E-03|1.56 0.62

(1.23) (1.21)  (1.48) (1.14) (252) (1.34) (1.50)
32 4.26E-04 5.63E-04 6.13E-04 1.84E-03 1.51E-04 1.00E-04 3.06E-03[1.35 0.57
(1.38) (1.34) (165) (1.20) (285 (1.42) (1.45)

13 6.48E-04 8.83E-04 1.03E-03 3.57E-03 1.19E-03 2.31E-04 6.47E-03|1.53 0.36
2 3 1.94E-04 2.63E-04 1.45E-04 1.21E-03 1.07E-04 6.39E-05 1.69E-03|1.21 0.25

(1.74) (1.74) (2.84) (156) (3.48) (1.85 (1.93)
33 4.42E-05 7.58E-05 2.58E-05 4.04E-04 7.47E-06 1.67E-05 5.07E-04|1.13 0.21
(2.13) (1.80) (2.49) (158) (3.84) (1.94) (1.74)

- A
leeia—
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