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Introduction
Potential reconstruction
Flux reconstruction

00

A priori estimates

@ Global-best — local-best equivalence in H'

@ Constrained global-best — unconstrained local-best equivalence in H(div)
@ p-stable local commuting projector in H(div)

© A posteriori estimates
@ Guaranteed upper bound and polynomial-degree-robust local efficiency
@ Numerical illustration
Q Tools (hp-optimality, p-robustness)
@ Polynomial extension operators
@ p-stable decompositions

Conclusions and outlook .
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Poisson equation
Findu:Q —R
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A model partial differential equation

Poisson equation

Findu:Q—R
—Au=f in Q,
u=0 on 0Q
Setting
@ Q CRY d=1,2,3, line segment, Lipschitz polygon, or Lipschitz polyhedron
e fel?Q)
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A model partial differential equation

Poisson equation

Findu:Q—R
—Au=f in Q,
u=0 on 0Q
Setting
@ Q CRY d=1,2,3, line segment, Lipschitz polygon, or Lipschitz polyhedron
e fel?Q)
Weak formulation

Find v € H}(Q) such that
(Vu,Vv) = (f,v)  VYve HI(Q)

M. Vohralik Reconstructions for a priori & a posteriori estimates 2/ 41



| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C

A model partial differential equation

Poisson equation

Findu:Q—R
—Au=f in Q,
u=0 on 0Q
Setting
@ Q CRY d=1,2,3, line segment, Lipschitz polygon, or Lipschitz polyhedron
e fel?Q)
Weak formulation

Find v € H}(Q) such that
(Vu,Vv) = (f,v)  VYve HI(Q)

ue H(Q), -VueH(div,Q), V-(-Vu)=f o
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@ 7, a simplicial mesh of Q with characteristic mesh size h := ,r(n€a7>g hk
h
@ 7p(7h): piecewise polynomials of total degree p > 0

@ numerical approximation v, of u

Creia -2



Up € Py (771)




Up € P1(Tn) N HY(Q)

Up € Py (771)




Numerical approximation: H] (), example in 2D

up € Po(Th) N HA(Q)
luni
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Numerical approximation: H(div,2), example in 2D
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Numerical approximation: H(div,2), example in 2D
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Error characterization

Theorem (Error equality)
Let u € H}(S) be the weak solution and let uj, € Pp(Th), p > 0, be arbitrary. Then

IV h(u — up)|2

-
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Error characterization

Theorem (Error equality)
Let u € H}(S) be the weak solution and let uj, € Pp(Th), p > 0, be arbitrary. Then

Vi(u — up)|? Vi(up — v)|2 in ||Vaup+ v|?
IVi(u = up)l|® = T/H(] IVr(up = V)l Veméinvmﬂ hUp+ V|
V.v=f

-
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Error characterization

Theorem (Error equality)
Let u € H}(S) be the weak solution and let uj, € Pp(Th), p > 0, be arbitrary. Then

Vh(u— up)|? min [|Vh(up — v)||? min  ||Vaup + v|?
IVi(u = up)l|® = Hl( IVr(up = V)l VeH(clliv,Q)H hUp+ V|
V-v=f

distance to the correct space

-
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Error characterization

Theorem (Error equality)
Let u € H}(S) be the weak solution and let uj, € Pp(Th), p > 0, be arbitrary. Then

IVh(u—up)|? = min [[Va(us— v)|[® + min _|[Vaup + v|?
VEH(;(Q) Veg(dlv}ﬂ)
V=

CIEENED (D 7 EOTEE! GeaeD distance to the correct space & divergence constraint
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Error characterization

Theorem (Error equality)
Let u € H}(S) be the weak solution and let uj, € Pp(Th), p > 0, be arbitrary. Then

IVh(u—up)|? = min [[Va(us— v)|[® + min _|[Vaup + v|?
VEH(;(Q) Veg(dlv}ﬂ)
V=

CIEENED (D 7 EOTEE! GeaeD distance to the correct space & divergence constraint

= max {(f, V) — (VhUh, VV)}
veH}(Q), |V v||=1

-
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Error characterization

Theorem (Error equality)
Let u € H}(S) be the weak solution and let uj, € Pp(Th), p > 0, be arbitrary. Then

IVh(u—up)|? = min [[Va(us— v)|[® + min _|[Vaup + v|?
VEH(;(Q) Veg(dlv}ﬂ)
V=

CIEMEIND I C S 2D distance to the correct space & divergence constraint

= max {(f, V) — (VhUh, VV)}
veH}(Q), |V v||=1

dual norm of the residual

-
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Error characterization

Theorem (Error equality)
Let u € H}(S) be the weak solution and let uj, € Pp(Th), p > 0, be arbitrary. Then
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a posteriori error estimate, reliability

bound)

Theorem (Optimal a posteriori error estimate)

For any s, < H}(Q)and o, € H(div. Q) such that V-0, = f, there holds

IVn(u = un)? <|IVa(un = n)lI* + [Vt + on|?
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a posteriori error estimate, reliability (guaranteed upper
bound)

For any s, € H}(Q) and o, € H(div, Q) such that V.o, = f, there holds

I?

IVa(u — un)|? < + | Vatn + onl?

unknown error

|Vh(un — sh)

computable estimator 7)(up,)
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a posteriori error estimate, reliability (guaranteed upper

bound)

For any s, € H}(Q) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u—up)l? <

IV (un = sn)lI* + [V ntn + op®

unknown error

Comments

computable estimator 7)(up,)

@ local construction of piecewise polynomial s, and o, from up,
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a posteriori error estimate, reliability (guaranteed upper

bound)

For any s, € H}(Q) and o, € H(div, Q) such that V.o, = f, there holds
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@ local construction of piecewise polynomial s, and o, from up,
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a posteriori error estimate, reliability (guaranteed upper
bound)

For good s, € H}(2) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u — un)|? <|IVa(un — Su)|I? + |V htn + onl?

unknown error computable estimator n(up)
< min ||Vp(up—v 24+ min YV hup + V|2
L IVi(up = V)l VeH(div’Q)H hUn + V||

V-v=f

Comments
@ local construction of piecewise polynomial s, and o, from up,
@ sp, 50 good that no v € H](©2) can do better (up to a constant)

@ o, s0 good that no v € H(div, Q) with V-v = f can do better (up to a
constant) Ceeia L
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a posteriori error estimate, reliability (guaranteed upper
bound)

For good s, € H}(2) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u — un)|? <|IVa(un — Sp)|I? + |V htn + onl?
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Comments
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Optimal a posteriori error estimate, reliability (guaranteed upper
bound), efficiency (p-robust)

For good s, € H}(2) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u — un)|? <|IVa(un — Su)|I? + |V htn + onl?

unknown error computable estimator ()
< min [[Va(un = V)| 4+ min _[[Vaup+ V[® = [ Va(u - up)||?
veH; () veg(dlv}ﬂ)
V=
Comments

@ local construction of piecewise polynomial s, and o, from up,
@ sp, 50 good that no v € H](©2) can do better (up to a constant)

@ o, s0 good that no v € H(div, Q) with V-v = f can do better (up to a
constant) Ceeia L
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Potential reconstruction
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flux reconstruction
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Equilibrated flux reconstruction
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Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(Vup, Vvp) = (f,vh) Yk € Pp(Th) N HI(RQ)
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a priori error estimate

Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(Vun, Vvi) = (f,vh)  Yvh € Pp(Th) N HI(Q)

There holds
[V(u— un)ll
N

min [|V(u — va)]|
VhEPp(Th)NHY (Q)
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a priori error estimate

Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(Vun, Vvi) = (f,vh)  Yvh € Pp(Th) N HI(Q)

There holds

IV (U — up)]|
N————

min [|V(u — va)]|
VhEPp(Th)NHY (Q)

@ {plk = argminy, e k) IV (U — vi)llk
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a priori error estimate

Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(Vun, Vvi) = (f,vh)  Yvh € Pp(Th) N HI(Q)

There holds

IV (U — up)]|
N————

min ||V (u — vp)||
VhE/Pp('Th)\"WHO(Q)

@ {plk = argminy, cp, (k) IV (U — Vi)llk: &n € Pp(Th) but &n & HY ()
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a priori error estimate

Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(Vun, Vvi) = (f,vh)  Yvh € Pp(Th) N HI(Q)

There holds
[V(u— un)ll
N

min [|V(u — va)]|
VhEPp(Th)NHY (Q)

@ {plk = argminy, cp, (k) IV (U — Vi)llk: &n € Pp(Th) but &n & HY ()
@ s,: potential reconstruction of &: s, € Pp(Th) N HY ()
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a priori error estimate

Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(Vun, Vvi) = (f,vh)  Yvh € Pp(Th) N HI(Q)

There holds
[V(u—up)ll <[V(u—sh)
N

min \V(u — )l
VhEPH(Th)NH] ()

@ {plk = argminy, cp, (k) IV (U — Vi)llk: &n € Pp(Th) but &n & HY ()
@ s,: potential reconstruction of &: s, € Pp(Th) N HY ()
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a priori error estimate

Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(Vun, Vvi) = (f,vh)  Yvh € Pp(Th) N HI(Q)

There holds
[V(u—=un)ll <I[IV(u=sn)ll <IVa(u—~En)ll +[IVn(€n — Sh)ll
N

min \V(U— vh)||
VhE€Po(Th)NH (Q)

@ {plk = argminy, cp, (k) IV (U — Vi)llk: &n € Pp(Th) but &n & HY ()
@ s,: potential reconstruction of &: s, € Pp(Th) N HY ()
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a priori error estimate

Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(Vun, Vvi) = (f,vh)  Yvh € Pp(Th) N HI(Q)

There holds
[V(u—un)ll <I[IV(u=sn)ll <IVa(u—~En)ll +[IVn(€n—sn)ll = [IVa(u —En)ll
N

min \V(U— vh)||
VhE€Po(Th)NH (Q)

@ {plk = argminy, cp, (k) IV (U — Vi)llk: &n € Pp(Th) but &n & HY ()
@ s,: potential reconstruction of &,: s, € Pp(Th) N HY ()
@ s, so good that no v € H] (%) can do better (up to a constant)
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a priori error estimate, elementwise

Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(Vun, Vi) = (f,vh)  Yvh € Pp(Th) N HI(Q)

There holds
[V(u—un)l| <I[IV(u=sn)ll <IVa(u—~En)ll +[IVn(€n—sn)ll = [IVa(u —En)ll
P

min ||V (1~ vy)|
VhEPp(Th)NHY () {
KeT;

1/2
min [V (u - va)|% }

VhePp(K)

local-best approximation of u on each K

no interface constraints
regularity only in K counts

@ {plk = argminy, cp, (k) IV (U — Vi)llk: &n € Pp(Th) but &n & HY ()
@ s,: potential reconstruction of &,: s, € Pp(Th) N HY ()
@ s, so good that no v € H] (%) can do better (up to a constant)
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Optimal a priori error estimate, elementwise, both /7 and p

Conforming finite element approximation
Find up, € P,(T5) N HY (), p > 1, such that
(VUn, Vi) = (f,vh)  Yvh € Pp(Th) N HI(Q)

There holds
[V(u—un)ll <I[IV(u=sn)ll <IVa(u—~En)ll +[IVn(€n—sn)ll = [IVa(u —En)ll
N

min \LV(U— Vh)|| 1/2
{ min_[IV( - vk } < (2
KeTh _

VhEPp(Th)NHy (2)
Vr€Pp(K P

local-best approximation of u on each K

no interface constraints
regularity only in K counts

@ {plk = argminy, cp, (k) IV (U — Vi)llk: &n € Pp(Th) but &n & HY ()
@ s,: potential reconstruction of &,: s, € Pp(Th) N HY ()
@ s, so good that no v € H] (%) can do better (up to a constant)
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Equivalence of global- and local-best approximations in Hj(2): 1D
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Equivalence of global- and local-best approximations in Hj(2): 1D
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Equivalence of global- and local-best approximations in Hj(2): 1D
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Equivalence of global- and local-best approximations in Hj(2): 1D
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Equivalence of global- and local-best approximations in Hj(2): 1D
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Equivalence of global- and local-best approximations in Hj(2): 1D
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (ConStrUCtion of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))

For each vertex a € Vy, solve the local minimization problem

S == arg min IVa( taén — Vh)ll.
VhGVﬁ
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Definition (ConStrUCtion of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
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Sp = arg min IVa( aén — Va)llws
VhGVﬁ

— interior patch w,

== 0 condition
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Definition (ConStrUCtion of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

sa . — arg min Vh . £h — vl
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

Sp = arg min AV Vath — Vb)llw
h vaVa::Pp,(ﬁ)nHa(,,a) “ ( zl )H a

: n— a
and combine Sp = Z Sh-

—  interior patch w,

=== () condition
a(a) =1, ¥a(a,) =0
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

s = ar min \/ batn — V)|l
h gvaVa::Pp,(ﬁ)m/—/a(wa) “ ( & )H a

q . a
and combine Sh = Z Sh-
acVy
Equivalent form: conforming FEs
Find s € V7 such that
al 0 condition
(VSE, VVh)ws = (Vi (¥aéh), VVh)w, Vvp € VA Vala) =1, tala) = 0
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Potential reconstruction: datum ¢, € Pp(Tn), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

s? -— ar min \/ Vakh) — Vi)llw
h gvaV"’::Pp,(ﬁ)m/—/a(wa) “ ( & )H a

. n— a
and combine Sp = Z Sh-
acVy

Equivalent form: conforming FEs
Find sf € V£ such that
=== () condition

(VS VVh)ws = (Vh  (Vaéhn); VVh)ws  VYVh € VE. ele) = vl =0

—
>

_——
interior patch w,

Key points
@ localization to patches 73
@ cut-off by hat basis functions v/,
@ projection of the discontinuous 3¢, to conforming space
@ homogeneous Dirichlet BC on dwa: sp € Py (Th) N HY (Q)
o p=p+1
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Potential reconstruction: datum ¢, € Pp(Tn), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

Sa = ar min Vh I () fh — Vi) lwa
hiT R e (Tt e IV n(lo (a€n) = va)l

. R a
and combine Sp = E Sh-
acVy

Equivalent form: conforming FEs
Find sf € V£ such that
=== () condition

(VSh, VVh)wa = (Valy (Vaéh), VVh)wa  Yvn e VE. (e = tala) =0

—
>

Key points
@ localization to patches 73
@ cut-off by hat basis functions v/,
@ projection of the discontinuous 3¢, to conforming space
@ homogeneous Dirichlet BC on dwa: sp € Py (Th) N HY(Q)
ep=p+lorp=p
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Stability of the potential reconstruction

Theorem (Local stability em & v. 2015, 2020, using @HIGSED)

There holds

min  [Va(lpy (Yaén) = Vi)llwa = min || Va(ly (vaén) = V)llwa-
VhG’Pp/(ﬁ)ﬁHA(wa) VGH&(wa)
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Stability of the potential reconstruction

Corollary (Global stability; o’ = p + 1)

Up to a jump term, sy, is closer to &, than any u ¢ Hg (Q):

1/2
IVh(&n = sn)ll = [[Va(&n — v)]] +{ > hg'ing [[fh]]”F} :

FeFy

sn so good that no u € H}(2) can do better
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Stability of the potential reconstruction

Corollary (Global stability; p’ = p after a p-robust correction)

Up to a jump term, sy, is closer to &, than any u € H1 (Q):

1/2
IVa(&n— sn)l < IVA(En— )l +14 D he'lIMg [[£h]]HF} :

FE}—h

sn so good that no u € H}(2) can do better
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Flux reconstruction: ¢, € RT,(7h), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (fv wa)UJa + (£h7 V¢a)wa =0 Va e V;’Int‘

M. Vohralik Reconstructions for a priori & a posteriori estimates 21 /41



| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C

Flux reconstruction: ¢, € RT,(7h), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)wa + (€n, V¥a)wy =0 Vae Vit

Definition (COHStI’. of O h, Destuynder & Métivet (1999) & Braess & Schéberl (2008), Ern & V. (2013))
For each a € Vy, solve the local constrained minimization pb

of = ar min W — Vhllw
=, | vagn =Vl

V~Vh:

interior patch w,

a o
1 === no-flow condition

c
Ua(a) = 1, va(a) = 0
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Flux reconstruction: ¢, € RT,(7h), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)wa + (€n, V¥a)wy =0 Vae Vit

Definition (COHStI’. of O h, Destuynder & Métivet (1999) & Braess & Schéberl (2008), Ern&\/.(2013))
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o = arg min Va€p — Vallw
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Flux reconstruction: ¢, € RT,(7h), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,Ya)wa + (§ny Va)ws, = 0 Vac V.
Definition (COHStI’. of O h, Destuynder & Métivet (1999) & Braess & Schéberl (2008), Ern & V. (2013))
For each a € Vy, solve the local constrained minimization pb
oj = arg min |/ (Vakp) — VhHvaa

VhE Vz::’Rﬂ;/ (Ta)NHp(div,wa)
V‘Vh:np/(f¢a+§h'vwa)

0 . a
and combine Ohp'= Z o

acVy

Key points
@ homogeneous Neumann BC on dwa: o € RTy(Tn) N H(div, Q)
@ divergence-constrained projection of the discontinuous 3, to conf. space
o equilibrium V.o, = > " V.08 = Y My (fvoa+ £pVipa) =My f

Y pl — p+ 1 acVy acyVy
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Flux reconstruction: ¢, € RT,(7h), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)

There holds (f.Va)wa + (€p, Va)wa =0 Vae Vi
Definition (COHStI’. of O h, Destuynder & Métivet (1999) & Braess & Schéberl (2008), Ern&\/.(2013))
For each a € Vy, solve the local constrained minimization pb
a .
opi=ar min Iy (Va€p) — Va|w
h J vhe Vg::’li’ﬂ;/(ﬁ)mHo(div.wa)H p(Vakh) ” o/
V‘Vh:np/(f¢a+§h'vwa)

. - a
and combine Oh'= Z o
acVy

Key points
@ homogeneous Neumann BC on dwa: o € RTy(Tn) N H(div, Q)
@ divergence-constrained projection of the discontinuous 3, to conf. space

o equilibrium V.o = 3 Viof = > Ny (fia+ &y Via) =yf
/ / acVy acVy
e p=p+iorp =p
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction
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Stability of the flux reconstruction

Theorem (Local stability Braess, Pillwein, Schaberl (2009; 2D), Ern & V. (2020; 3D), using-)

There holds

min Iy -V min ||/ V..
vheRT/(Ta)lmHo(dlv w|L) (Wakh) = Vil = veHo(div, ” (Vakh) = Vlwa
V-vp=My (fhat&y Viba) Vov= np/(f¢a+5h V#’a)
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Stability of the flux reconstruction

Corollary (Global stability; o’ = p + 1)

o Is closer to &y, than any o < H(div,2) such thatV-o = f:

1/2
h2
€hah|§£ha+{z(p+1)gf ”pf%} :

o so good that no o € H(div, Q) with V-0 = f can do better
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Stability of the flux reconstruction

Corollary (Global stability; p’ = p after a p-robust correction)

o Is closer to &y, than any o < H(div,2) such thatV-o = f:

h2
—onll < ll€s — L S [T
1€n —oanll = 1€p— ol + PIRTEE) | pfllik
€Th

1/2

o so good that no o € H(div, Q) with V-0 = f can do better
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H' H(div) p-stable local commuting projector in H(div)
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Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in H-I , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (2016))

bigger ~, smaller

Creia—
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Equivalence of local- and global-best approximations in H} ()

Theorem (EqUivalence in H1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (201 6))

min ~Xp . min
smaller space bigger space
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Let u € H}(Q) and p > 1 be arbitrary. Then,

-
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Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in H1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (2016) )
Let u € H}(Q) and p > 1 be arbitrary. Then,

min |V (u— Vh)H2
VhEPp(Th)NHY ()

global-best on
trace-continuity constraint
CG space (much smaller)

-
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Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in H1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (2016) )
Let u € H}(Q) and p > 1 be arbitrary. Then,
i 2 ~ : 2
min HV(U— vh)|I© ~p min |[V(u— vp)|l% -
Vh€Pp(Tn)Hy (2 K, VrEPR(K)
g/oba/-best onQ local-best orT eachK € Ty
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger) )
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H' H(div) p-stable local commuting projector in H(div)

Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in H1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (2016) )
Let u € H}(Q) and p > 1 be arbitrary. Then,
i 2 o : 2
min HV(U— vh)|I© ~p min |[V(u— vp)|l% -
Vh€Pp(Tn)Hy (2 K, VrEPR(K)
g/oba/-best onQ local-best orT eachK € Ty
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger)

@ =, up to a generic constant that only depends on space dimension d and
shape-regularity of the mesh 7,, and polynomial degree p

-
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H' H(div) p-stable local commuting projector in H(div)

Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in H1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (2016), V. (2024))

Let u € H)(Q) and p > 1 be arbitrary. Then,
: 2 : 2
min  [[V(u—-w)|? = Y min [[V(u-vi)lk-
VAEPp(Th)H; (S2) KeT VREPp(K)
global-best on local-best orT eachK € Ty
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger) )
@ = up to a generic constant that only depends on space dimension d and
shape regularity of the mesh 7, and polynomial- degree p
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H' H(div) p-stable local commuting projector in H(div)

Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in H1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (2016), V. (2024))

Let u € H)(Q) and p > 1 be arbitrary. Then,
. 2 — . 2
min IV(u—wvp)||© = Z m|n IV(u—vp)lk -
VAEPp(Th)H; (S2) Ke77, EPp(K)
global-best on local-best on each K e Th
trace—continuity constraint no trace- contmu:ty cqnstramt
CG space (much smaller) DG space (much bigger)
@ = up to a generic constant that only depends on space dimension d and

shape regularity of the mesh 7, andpolynomial-degree p
@ proof taking &p|x := argminy, cp, k) |V (U — Vi)[|k With (4, 1)k = (u, 1)k for all
K € Tn, applying with p’ = p, and using its

-
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Optimal a priori error estimate

Theorem (Local hp-optimal approximation under minimal Sobolev regularity)
Letv € H} () with

vik € H%(K) VK eTh

for s > 1.

lezia ~* e
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Optimal a priori error estimate

Theorem (Local hp-optimal approximation under minimal Sobolev regularity)
Let v € H}(Q) with

vk € H(K) VK € Th
for s > 1. Then

min(BK,SL—1) 2
IV(v = PEV)I% < Clizy. i dvs) 3 <LPSL1HVHHSL(L)> VK € Th.
L€7~'K Ek
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Optimal a priori error estimate

Theorem (Local hp-optimal approximation under minimal Sobolev regularity)
Let v € H}(Q) with

vk € H(K) VK € Th
for s > 1. Then

min(BK,sL—1)

2
IV(v = PEV)IZ < Clrrp iy d8) 3 (pruqusL(L)) VK € Th.

L€7~'K Ek
@ PP H(Q) — Po(Th) N HY(Q): alocally defined projector
°p, = mi“Le%K{PL}: smallest polynomial degree over the extended element
patch Tk .
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H! H(div) p-stable local commuting projector in H(div)

Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021))

bigger ~, smaller
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Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cudi smears, & v. (2021))

min Rp min
smaller space with constraints bigger space without constraints
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Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cudi, smears, & v. (2021))

min R min
MFE space with constraints broken MFE space without constraints
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H! H(div) p-stable local commuting projector in H(div)

Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021)

Let v € H(div,Q2) and p > 0 be arbitrary. Then,
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H! H(div) p-stable local commuting projector in H(div)

Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021)

Let v € H(div,Q2) and p > 0 be arbitrary. Then,

2
min V—Vu|“+ V-v—I1,V-v
VhERTp(Th)NH(div,Q2) | hll KZ 2 | o HK
V-vp=Mp(V-v) eTh
global-best on 2

normal trace-continuity constraint
divergence constraint
MFE space (much smaller)
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H! H(div) p-stable local commuting projector in H(div)

Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021)

Let v € H(div,Q2) and p > 0 be arbitrary. Then,

2
min —Vp||“+ IV-v—T,V-v
VheRTp(Th)NH(div,Q) lv=Val Z \ p HK
Vv =Mp(V-v) KeT,,

global-best on 2
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)
2

: 2 Nk 2
~ min V-V 4 074
P E [Vhe’RI’I;;(K)H hHK+(p 1)2\\9 bV-vik

local-best on each K )
no normal trace-continuity constraint

no divergence constraint
broken MFE space (much bigger)
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H! H(div) p-stable local commuting projector in H(div)

Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021)

Let v € H(div,Q2) and p > 0 be arbitrary. Then,

2
min V—Vu|“+ V-v—I1,V-v
VhERTH(Th) 1 H(div Q) | ol KZ (p+1)2 I oV-V|%
V-Vp=T,(V-V) ETh

global-best on 2
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)
2

: 2 Nk 2
~ min V-V 4 074
P E [vhe’R’lﬁ,(K)H hHK+(p 1)2\\9 bV-vik

local-best on each K )
no normal trace-continuity constraint

no divergence constraint
broken MFE space (much bigger)

@ =,: only depends on d, shape-regularity of 7,, and p
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H! H(div) p-stable local commuting projector in H(div)

Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(diV), Ern, Gudi, Smears, & V. (2021), Demkowicz & V. (2024))
Let v € H(div,Q) and p > 0 be arbitrary. Then,

2
min V—Vp| + V-v—I1,V-v
VhERTp(Th)H(div, Q) ‘ h” Z 2 H p HK
V-vp=Mp(V-v) KGTh
global—l;gst on )

normal trace-continuity constraint
divergence constraint
MFE space (much smaller)

2
S min V= Vil Ve - Vv
VhERTp(K) (p+1)2

K€ETh

local-best on each K )
no normal trace-continuity constraint

no divergence constraint
broken MFE space (much bigger)

o~y only depends on d, shape-regularity of 7,, andp
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Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(diV), Ern, Gudi, Smears, & V. (2021), Demkowicz & V. (2024))
Let v € H(div,Q) and p > 0 be arbitrary. Then,

2
min V—Vp| + V-v—I1,V-v
VhERTp(Th)H(div, Q) ‘ h” Z 2 H p HK
V-vp=Mp(V-v) KGTh
global—l;gst on )

normal trace-continuity constraint
divergence constraint
MFE space (much smaller)

2
S min V= Vil Ve - Vv
VhERTp(K) (p+1)2

K€ETh

local-best on each K )
no normal trace-continuity constraint

no divergence constraint
broken MFE space (much bigger)

o~y only depends on d, shape-regularity of 7,, andp
@ proof using withp =p &
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_ H! H(di.v) p-stable local commuting projector in H(div)
Commuting de Rham diagram =~

Commuting de Rham diagram

H} Q) v, Hon(cur, Q) 25 Hox(div, Q) Y 12(Q)

J{ P,;73+1 ,grad l Pﬁ,curl l P;g,div J{I—I g
Pot (Th) TH Q) = Np(Th) N Ho x(curl, )~ RTp(Th)NHon(div, Q) ~Po(Th)NL2(R)

el B
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H! H(div) p-stable local commuting projector in H(div)

) . c ,div
Commuting de Rham diagram with operator P}

Commuting de Rham diagram
Hon(div,Q) 5 L3(9)
lpg.dl\' lng
RTp(Th)NHon(div, Q) 25 Pp(Th)NLE(Q)

i p,di
Properties of P,

@ is defined over the entire Hy (div, 2) (minimal regularity)
© is defined locally (in neighborhood of mesh elements)
@ is defined simply (starting from the elementwise L? orthogonal projection)
© has optimal hp approximation properties, that of elementwise
div-unconstrained L2-orthogonal projector (global-local equivalence)
© is stable in L2(Q) (up to data oscillation)
© satisfies the commuting properties expressed by the arrows
@ is projector, i.e., leaves intact piecewise polynomials /AP A
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H! H(div) p-stable local commuting projector in H(div)

p-table local commuting projectors defined on H(div)/H(curl)

@ Schéberl (2001, 2005): not local

Christiansen and Winther (2008): not local

Bespalov and Heuer (2011): low regularity but still not H(div)/H(curl)

Falk and Winther (2014): local and H(div)/H(curl)-stable but not L?-stable
Ern and Guermond (2016): not local

Ern and Guermond (2017): H(div)/H(curl) regularity but not commuting

Licht (2019): essential boundary conditions on part of 9Q2

Arnold and Guzman (2021): L2-stable

Ern, Gudi, Smears, and V. (2022): all the properties in H(div) but not p-robust
@ Chaumont-Frelet and V. (2024): all the properties in H(curl) but not p-robust
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p-table local commuting projectors defined on H(div)/H(curl)

@ Schéberl (2001, 2005): not local

@ Christiansen and Winther (2008): not local

@ Bespalov and Heuer (2011): low regularity but still not H(div)/H(curl)
@ Falk and Winther (2014): local and H(div)/H(curl)-stable but not L?-stable

@ Ern and Guermond (2016): not local

@ Ern and Guermond (2017): H(div)/H(curl) regularity but not commuting

@ Licht (2019): essential boundary conditions on part of 02

@ Arnold and Guzman (2021): L?-stable

Ern, Gudi, Smears, and V. (2022): all the properties in H(div) but not p-robust
@ Chaumont-Frelet and V. (2024): all the properties in H(curl) but not p-robust
@ Demkowicz, V. (2024): all the properties in H(div) and p-robust

@ V. (2024, in preparation): all the properties in H(curl) and p-robust

-
s
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@ Global-best — local-best equivalence in H'
@ Constrained global-best — unconstrained local-best equivalence in H(div)
@ p-stable local commuting projector in H(div)

© A posteriori estimates
@ Guaranteed upper bound and polynomial-degree-robust local efficiency
@ Numerical illustration

o

@ Polynomial extension operators
@ p-stable decompositions

o L



Introduction

O Potential reconstruction
O Flux reconstruction
O A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — unconstrained local-best equivalence in H(div)
@ p-stable local commuting projector in H(div)
© A posteriori estimates
@ Guaranteed upper bound and polynomial-degree-robust local efficiency
@ Numerical illustration
O Tools (hp-optimality, p-robustness)
@ Polynomial extension operators
@ p-stable decompositions

Conclusions and outlook .
" "M\Vohrak " Reconstructions for a priori & a posteriori estimates 29/41



| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Reliability and efficiency Numerical illustration

Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge (1947), Ladeveze (1975), Dari, Duran,

Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), V. (2007), )

o Letu € H}(Q) be the weak solution;

M. Vohralik Reconstructions for a priori & a posteriori estimates 30/ 41



| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Reliability and efficiency Numerical illustration

Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge (1947), Ladeveze (1975), Dari, Duran,

Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), V. (2007), )

o Letu € H}(Q) be the weak solution;
@ Uy € Pp(Th), p > 1, be arbitrary subject to
(vhuha v¢a)wa = (f7 1/}a)wa Va e V;7m;
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Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge (1947), Ladeveze (1975), Dari, Duran,

Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), V. (2007), )

o Letu € H}(Q) be the weak solution;
@ Uy € Pp(Th), p > 1, be arbitrary subject to

(Vhuh, Via)us = (f,00a)es V@€ VY
® &p = Up: Sp € Ppr1(Th) N HY(Q) 5

et
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C

Reliability and efficiency Numerical illustration

Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge (1947), Ladeveze (1975), Dari, Duran,

Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), V. (2007), )

o Letu € H}(Q) be the weak solution;

@ Uy € Pp(Th), p > 1, be arbitrary subject to
(vhuha v¢a)wa = (f7 1/}a)wa

® &p = Up: Sp € Ppr1(Th) N HY(Q)

@ &= —Vhup, f:ope R%(’Th) N H(diVA Q)

va c yint.

M. Vohralik

et
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Reliability and efficiency Numerical illustration

Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge (1947), Ladevéze (1975), Dari, Duran,

Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), V. (2007), )

o Letu € H}(Q) be the weak solution;
@ Uy € Pp(Th), p > 1, be arbitrary subject to
(vhuha v¢a)wa = (f7 1/}a)wa Va e V;7m;

® &= Up: Sp € Ppy1(Th) N HY(Q) 5
@ &= —Vhup, f:ope R%(’Th) N H(diVA Q)
Then

h 2
I¥n(u—un)2 < 7 (I Vnth+ onllic+ —I1f = Myl )
~— —————

KeTh PP i
constitutive relation equilibrium/data osc.

+ > IValun—sn)l% -
KETh

. e .
primal constraint

et
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Reliability and efficiency Numerical illustration

Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency; f € P,_1(7h) for simplicity sraess.

Pillwein, and Schéberl (2009), Ern & V. (2015, 2020))

Let u € HI(S) be the weak solution. Then

1/2
IVh(un = sn)ll = [[Va(u — un)|| + { > hg! |||_|6:[[Uh]]||%} :
FeF,

IVhun 4ol = IVa(u — up)|l.

-
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency; f € P,_1(7h) for simplicity sraess.

Pillwein, and Schéberl (2009), Ern & V. (2015, 2020))

Let u € HI(S) be the weak solution. Then
1/2
IVa(un — sp)ll < IVa(u—un)ll+ D W INgTunllE ¢
Fth
IVatn + ol = [Va(u = up)]|.
Remarks
@ immediate consequence of and withp =p+1

@ p-robustness
@ local efficiency on patches

@ maximal overestimation guaranteed (computable bounds on the constants)
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O A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — unconstrained local-best equivalence in H(div)
@ p-stable local commuting projector in H(div)
© A posteriori estimates
@ Guaranteed upper bound and polynomial-degree-robust local efficiency
@ Numerical illustration
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h=~1/|Te|2 p| relative error estimate X2
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C | Reliability and efficiency Numerical illustration
How large is the error? (numerical simulation, known solution)

il
~ 3 i i n(Un) i IV (u—=up)]|
h~1/|T:|2 p| relative error estimate ;52 | relative error =,

ho 1 2.8 x 10™% 2.4 x10'%
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C | Reliability and efficiency Numerical illustration
How large is the error? (numerical simulation, known solution)

h~1/|T:|z p| relative error estimate - relative error I5E-t)l | effectivity index i
ho 2.8 x 10'% 2.4 x10'% 1.17
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C | Reliability and efficiency Numerical illustration
How large is the error? (numerical simulation, known solution)

1 . . . YV (u— .
h~1/|Te|? p| relative error estimate 7X). | relative error ISl | effectivity index i,
ho 1 2.8 x 10'% 2.4 x10'% 1.17
~hy/2 1.4 x10'% 1.3x10'% 1.09
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How large is the error? (numerical simulation, known solution)

1 . . . YV (u— .
h~1/|Te|? p| relative error estimate 7X). | relative error ISl | effectivity index i,
ho 1 2.8 x 10'% 2.4 x10'% 1.17
~hy/2 1.4 x10'% 1.3x10'% 1.09
~ho/4 7.0% 6.6% 1.06
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How large is the error? (numerical simulation, known solution)

h~1/|T:|z p| relative error estimate i) | relative error INe-t)l | effectivity index i,
ho 1 2.8 x 10'% 2.4 x10'% 1.17
~hy/2 1.4 x 10'% 1.3 x10'% 1.09
~ho/4 7.0% 6.6% 1.06
~hy/8 3.3% 3.1% 1.04
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How large is the error? (numerical simulation, known solution)

h~1/|T:|z p| relative error estimate i) | relative error INe-t)l | effectivity index i,
ho 1 2.8 x 10'% 2.4 x10'% 1.17
~hy/2 1.4 x 10'% 1.3 x10'% 1.09
~ho/4 7.0% 6.6% 1.06
~hy/8 3.3% 3.1% 1.04
~h/2 2 9.5x 10 % 9.2x 10 % 1.04
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How large is the error? (numerical simulation, known solution)

h~1/|T:|z p| relative error estimate i) | relative error INe-t)l | effectivity index i,
ho 1 2.8 x 10'% 2.4 x10'% 1.17
~hy/2 1.4 x 10'% 1.3 x10'% 1.09
~ho/4 7.0% 6.6% 1.06
~hy/8 3.3% 3.1% 1.04
~h/2 2 9.5x 10 % 9.2x 10 % 1.04
~h/4 3 59 x10°% 5.9 x107%% 1.01
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How large is the error? (numerical simulation, known solution)

h~1/|T:|z p| relative error estimate i) | relative error INe-t)l | effectivity index i,

ho 1 28x10'% 24x10'% 117
~hy/2 1.4 x 10'% 1.3 x10'% 1.09
~hy/4 7.0% 6.6% 1.06
~hy/8 3.3% 3.1% 1.04
~h/2 2 9.5x 10 % 9.2x 10 % 1.04
~h/4 3 59 x10°% 5.9 x107%% 1.01
~h/8 4 59 x10"%% 5.8 x 10~%% 1.01

A. Ern, M. Vohralik, SIAM Journal on Numerical Analysis (2015)
V. Dolejsi, A. Ern, M. Vohralik, SIAM Journal on Scientific Computing (2016)
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Reliability and efficiency  Numerical illustration

Where (in space) is the error localized?

%104 %10

Estimated error distribution 7 () Exact error distribution V(v — up)| «
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Reliability and efficiency  Numerical illustration

Can we decrease the error efficiently? f1p adaptivity, (smooth solution)

|
|
<]

X
<IXIX]

(1
>

7 INXIXD
INXIXIX
IXIXIXIX D

X

Mesh 7, and pol. degrees px
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Can we decrease the error efficiently? /1p adaptivity, (singular solution)
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Polynomial extension operators p-stable decompositions

Potentials: one element

Lemma (H1 polynomial extension on a tetrahedron sabuska, suri (1987; 20), Mufioz-Sola (1997),

Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1, K € Tp, and 7). C Fk. Letr < P,(F)) be continuous on F¥. Then

min  IVvillcS  min Vvl
VhEPp(K) veH!(K)
Vh=rF on all FEFR v=rg on all FEFR

||f||H1/2(3K)

-
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Polynomial extension operators p-stable decompositions

Potentials: vertex patch

Theorem (Broken H' polynomial extension on a vertex patch ema v. zo1s, 2020))

Forp>1andaec VM letr < P,(F). Suppose the compatibility

rF|Fnaw3 =0 VF € ]_-iam’
ZLF7erF’e:0 Veéga

FeFe
Then
min  [VaVpllw, = min  [[VaVe,.
VhEPp(Ta) veH! (Ta)
Vh=0 YFeFg" v=0 VFeFx
[Vh]]ZI'F VFE]'—ém |[V]|:f/: VFG]'—iam
W
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Polynomial extension operators p-stable decompositions

Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & Mc-Intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & V. (2020))

Letp>0,K € Tp, F; C Fk. Letr € Pp(F}) x Pp(K), satisfying
ZFGFK(rF7 1)/: = (I’K, 1)K If]:N = .FK. Then

min 14 < min v
VhERTH(K) IVallk < veH(div,K) Vil
Vh-NK=IF VFE./—‘% V-Ng=rg VFE]‘—;}I
V-vp=rg V.v=rk )
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Fluxes: one element

Polynomial extension operators p-stable decompositions

Lemma (H(div) polynomial extension on a tetrahedron costavel & Mc-Intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & V. (2020))

Letp>0,K € Tp, F; C Fk. Letr € Pp(F}) x Pp(K), satisfying
ZFGFK(rF7 1)/: = (I’K7 1)K If]:N = .FK. Then

min 14 < min v
el Ivhllk = v vk
Vyp-Nk=IF VFE./—'% V-Ng=rg VFE]‘—;}I
V-vp=rg V-v=rg
Context
—Alk = Ik in K,
—Vik-Nk = Ir onall F ¢ F},
(k=0 onaIIFe}‘K\}“}}’.
Set i := —Vik. .
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Lemma (H(div) polynomial extension on a tetrahedron costavel & Mc-Intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & V. (2020))

Letp>0,K € Tp, F; C Fk. Letr € Pp(F}) x Pp(K), satisfying
ZFGFK(rF7 1)/: = (I’K7 1)K If]:}}] = .FK. Then

MFEs

= min 14 < min V|k = .
lenkllik el IVl = L Iviik = lleklik
Vp-Ng=If VFE./—‘% V-Ng=rg VFE]‘—;}I
V-vp=rg V.v=rg
Context
—Alk = Ik in K,
—Vik-Nk = Ir onall F ¢ F},
(k=0 onaIIFe}‘K\}“}}’.
Set i := —Vik. .
M. Vohralik Reconstructions for a priori & a posteriori estimates 37 / 41

Polynomial extension operators p-stable decompositions




| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Polynomial extension operators p-stable decompositions

Fluxes: vertex patch

Theorem (Broken H(div) polynomial extension on a vertex patch sraess, iwein, & schaber

(2009; 2D), Ern & V. (2020; 3D) )

Forp>0andac V™ letr c Py(Fa) x Pp(Ta). Suppose the compatibility

> (e, k= > (re, 1)F=0.

KeTa FEFa
Then
min 1Vhllws = min 1V leva-
VhE€RTp(Ta) veH(div,7a)
Vp-Ng=rg VFEFF! V-ng=rg VFEFH"
[vhnel=rr VFEFS [v-nel=re VFEFY
Vh-Vhlk=rk VKETa Vh-V|k=rx YKETa
W
Creia L2

M. Vohralik Reconstructions for a priori & a posteriori estimates 38 /41



Introduction

O Potential reconstruction
O Flux reconstruction
O A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — unconstrained local-best equivalence in H(div)
@ p-stable local commuting projector in H(div)
O A posteriori estimates
@ Guaranteed upper bound and polynomial-degree-robust local efficiency
@ Numerical illustration
e Tools (hp-optimality, p-robustness)
@ Polynomial extension operators
@ p-stable decompositions

Conclusions and outlook .



| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C Polynomial extension operators p-stable decompositions

H(div) stable decomposition

Theorem (H(le) stable decompOSition in 2D, in extension of Schaberl, Melenk, Pechstein, & Zaglmayr (2008))
Letd = 2 and let Q be contractible. Let

0p € RTp(Th) N Hon(div,Q) with V-6, =0, div-free
(0p, FR)k =0 Vry e [Po(K)|9, VK € Tp.  vanishing means
Then there exists a decomposition of 6, as
Sp=>_ 83 decomposition
where acvy
5; are supported on the vertex patch subdomains wa, linearly
depend on é, on the extended vertex patch subdomains w,,

and satisfy
05 € RTp(Ta) N Ho(div,wa) with  V-65 =0, local
108]lwa S 0pllzy  Ya€Vn.  p-stable

-
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Conclusions and outlook

Conclusions
@ p-stable local commuting projectors
@ p-robust global-best — local-best equivalence in H’
@ p-robust global-best — local-best equivalence in H(div), removing constraints

@ optimal hp localized a priori error estimates under minimal elementwise
regularity

@ p-robust a posteriori error estimates (unified framework for all classical
numerical schemes)

@ extensions to nonmatching meshes (robust wrt number of hanging nodes),
mixed parallelepipedal-simplicial meshes, varying polynomial degree, general
BCs, H~' source terms, splines and IGA, and others carried out

-
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Conclusions and outlook

Conclusions

@ p-stable local commuting projectors

@ p-robust global-best — local-best equivalence in H’

@ p-robust global-best — local-best equivalence in H(div), removing constraints

@ optimal hp localized a priori error estimates under minimal elementwise
regularity

@ p-robust a posteriori error estimates (unified framework for all classical
numerical schemes)

@ extensions to nonmatching meshes (robust wrt number of hanging nodes),
mixed parallelepipedal-simplicial meshes, varying polynomial degree, general
BCs, H~' source terms, splines and IGA, and others carried out

Ongoing work

@ extensions to other settings .
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Potential reconstruction
@ discontinuous pw polynomial — continuous pw polynomial

° analysis of and FEs:
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approximation continuous pw pols ~ discontinuous pw pols
Equilibrated flux reconstruction
@ pw vector-valued polynomial with discontinuous normal trace and no

equilibrium — continuous normal trace & equilibrium

° analysis of FEs:
estimate ~ error: guaranteed & p-robust bounds eraess, Pilwein, Schaberl (2009), Ern, V. (2015, 2020)
° analysis of (and ) FEs:
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Potential & flux reconstructions  Application to IGA Setting A firstidea Breaking the large patch problems

The Poisson model problem and its Galerkin approximation

The Poisson problem

Findu:Q —R,Qc R 1<d <83, such that
—Au=f inQ,
u=0 onoQ.
v
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The Poisson model problem and its Galerkin approximation

The Poisson problem

Findu:Q —R,Qc R 1<d <83, such that
—Au=f inQ,
u=0 onof.

V.
Weak formulation

Find u € H} () such that
(Vu,Vv)q = (f,v)q forallv e H}(Q).

.

o
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The Poisson model problem and its Galerkin approximation

The Poisson problem

Findu:Q —R,Qc R 1<d <83, such that
—Au=f inQ,
u=0 onof.

Weak formulation
Find u € H} () such that
(Vu,Vv)q = (f,v)q forallv e H}(Q).

Galerkin approximation

Find uy, € Vi, C H{(Q) such that

(Vup,Vvp)a = (f,vp)q forall vy € V.
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The Poisson model problem and its Galerkin approximation

The Poisson problem

Findu:Q —R,Qc R 1<d <83, such that
—Au=f inQ,
u=0 onof.

Weak formulation
Find u € H} () such that
(Vu,Vv)q = (f,v)q forallv e H}(Q).

Galerkin approximation

Find uy € Vi, C H{(Q) such that Vi, = Q°(T})) N CP~(Q)

(Vup,Vvp)a = (f,vp)q forall vy € V.
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_ Setting A firstidea Breaking the large patch problems
Partition of unity, Vi, = 9°(75) N C” ()

0.6

Spline basis functions 1, € Q°(Tp) N C*~'(Q) C V, Lovasa i

UA— .
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Equilibrated flux reconstruction in IGA (a first idea)

Observations
v works in principle
X requests an increase of the equilibration polynomial degree from p + 1

(va Vup)
~— "~
1 1Y
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Equilibrated flux reconstruction in IGA (a first idea)

Observations

v works in principle

X requests an increase of the equilibration polynomial degree from p + 1
(Ya Vup) to 2p (a Vup)
~— ~— "~

1P p P

X requests an increase of the size of the equilibration patches from 2
(elements neighboring a vertex) to (p + 1)¢ (span of 1D CP~'(Q) spline is
p+1)

X p-robustness possibly upon extension of available tools to the large patches
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Equilibration patches and partition of unity functions v,
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3) solvethe | V2 = Q'(7,) N C%(wa) | problem: find r2 € V2
such that, for all v, € W2,
(
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Breaking the large patch problems

Same building principles

Additive Schwarz smoother/preconditiner Schéberl, Melenk, Pechstein, &
Zaglmayr (2008): only Py global problem, then high-order patch
remainders

H~" problems and parabolic time stepping Ern, Smears, & Vohralik (2017):
arbitrary coarsening
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Additive Schwarz smoother/preconditiner Schéberl, Melenk, Pechstein, &
Zaglmayr (2008): only Py global problem, then high-order patch
remainders

H~" problems and parabolic time stepping Ern, Smears, & Vohralik (2017):
arbitrary coarsening

Details

[4 GANTNER G., VOHRALIK M. Inexpensive polynomial-degree-robust

equilibrated flux a posteriori estimates for isogeometric analysis. Math. Models
Methods Appl. Sci. 34 (2024), 477-522.
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