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Numerical approximations of PDEs:

3 crucial questions

&
suggested answers

Setting
u: unknown exact PDE solution
u

n,k ,i

h : known numerical approximation on mesh Th

, time step n, linearization
step k , and linear solver step i

Crucial questions
1 How large is the overall error

between u and un,k ,i
h ?

2 Where (model/space/time/lineariza-
tion/algebra) is it localized?

3 Can we decrease it efficiently?

Suggested answers

1 Computable a posteriori error
estimates.

2 Identification of error components.
3 Balancing error components,

adaptivity (working where needed).
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A posteriori error estimates: error control
Laplace equation in Ω ⊂ Rd , d = 2,3, f ∈ L2(Ω)

−∆u = f in Ω,
u = 0 on ∂Ω

Guaranteed error upper bound (reliability) (uh ∈ Pp(Th) ∩ H1
0 (Ω), p ≥ 1, FEs)

‖∇(u − uh)‖︸ ︷︷ ︸
unknown error

η(uh)︸ ︷︷ ︸
computable estimator

Local error lower bound (efficiency, f ∈ Pp−1(Th))

ηK (uh) ≤ Ceff‖∇(u − uh)‖ωK ∀K ∈ Th

Ceff a generic constant only dependent on shape regularity of Th and thus
independent of Ω, u, uh, h, p
computable bound on Ceff available, Ceff ≈ 5
Prager and Synge (1947), Ladevèze (1975), Babuška & Rheinboldt (1987),
Verfürth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),
Vejchodský (2006), Braess, Pillwein, & Schöberl (2009), Ern & Vohralík (2015)
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How large is the overall error? (model pb, known smooth solution)

h p η(uh) rel. error estimate η(uh)
‖∇uh‖

‖∇(u − uh)‖ rel. error ‖∇(u−uh)‖
‖∇uh‖

Ieff = η(uh)
‖∇(u−uh)‖

h0 1 1.25 28% 1.07 24% 1.17
≈h0/2 6.07× 10−1 14% 5.56× 10−1 13% 1.09
≈h0/4 3.10× 10−1 7.0% 2.92× 10−1 6.6% 1.06
≈h0/8 1.45× 10−1 3.3% 1.39× 10−1 3.1% 1.04
≈h0/2 2 4.23× 10−2 9.5× 10−1% 4.07× 10−2 9.2× 10−1% 1.04
≈h0/4 3 2.62× 10−4 5.9× 10−3% 2.60× 10−4 5.9× 10−3% 1.01
≈h0/8 4 2.60× 10−7 5.9× 10−6% 2.58× 10−7 5.8× 10−6% 1.01

A. Ern, M. Vohralík, SIAM Journal on Numerical Analysis (2015)
V. Dolejší, A. Ern, M. Vohralík, SIAM Journal on Scientific Computing (2016)
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Where (in space) is the error localized? (known smooth solution)

Estimated error distribution ηK (uh) Exact error distribution ‖∇(u − uh)‖K
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Error characterization

Theorem (Error characterization)

Let u ∈ H1
0 (Ω) be the weak solution and let uh ∈ H1(Th) be arbitrary. Then

‖∇(u − uh)‖2 = min
σ∈H(div,Ω)
∇·σ=f

‖∇uh + σ‖2

︸ ︷︷ ︸
=max

ϕ∈H1
0 (Ω)

‖∇ϕ‖=1

[(f ,ϕ)−(∇uh,∇ϕ)]2

+ min
s∈H1

0 (Ω)
‖∇(uh − s)‖2.

Comments
It is enough to choose suitable (discrete, piecewise polynomial)
σh ∈ H(div,Ω) with ∇·σh = f and sh ∈ H1

0 (Ω) to get a guaranteed upper
bound.
Local construction of σh and sh?

M. Vohralík Error control and adaptivity in numerical simulations 6 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Error characterization

Theorem (Error characterization)

Let u ∈ H1
0 (Ω) be the weak solution and let uh ∈ H1(Th) be arbitrary. Then

‖∇(u − uh)‖2 = min
σ∈H(div,Ω)
∇·σ=f

‖∇uh + σ‖2

︸ ︷︷ ︸
=max

ϕ∈H1
0 (Ω)

‖∇ϕ‖=1

[(f ,ϕ)−(∇uh,∇ϕ)]2

+ min
s∈H1

0 (Ω)
‖∇(uh − s)‖2.

Comments
It is enough to choose suitable (discrete, piecewise polynomial)
σh ∈ H(div,Ω) with ∇·σh = f and sh ∈ H1

0 (Ω) to get a guaranteed upper
bound.
Local construction of σh and sh?

M. Vohralík Error control and adaptivity in numerical simulations 6 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Error characterization

Theorem (Error characterization)

Let u ∈ H1
0 (Ω) be the weak solution and let uh ∈ H1(Th) be arbitrary. Then

‖∇(u − uh)‖2 = min
σ∈H(div,Ω)
∇·σ=f

‖∇uh + σ‖2

︸ ︷︷ ︸
=max

ϕ∈H1
0 (Ω)

‖∇ϕ‖=1

[(f ,ϕ)−(∇uh,∇ϕ)]2

+ min
s∈H1

0 (Ω)
‖∇(uh − s)‖2.

Comments
It is enough to choose suitable (discrete, piecewise polynomial)
σh ∈ H(div,Ω) with ∇·σh = f and sh ∈ H1

0 (Ω) to get a guaranteed upper
bound.
Local construction of σh and sh?

M. Vohralík Error control and adaptivity in numerical simulations 6 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Error characterization

Theorem (Error characterization)

Let u ∈ H1
0 (Ω) be the weak solution and let uh ∈ H1(Th) be arbitrary. Then

‖∇(u − uh)‖2 = min
σ∈H(div,Ω)
∇·σ=f

‖∇uh + σ‖2

︸ ︷︷ ︸
=max

ϕ∈H1
0 (Ω)

‖∇ϕ‖=1

[(f ,ϕ)−(∇uh,∇ϕ)]2

+ min
s∈H1

0 (Ω)
‖∇(uh − s)‖2.

Comments
It is enough to choose suitable (discrete, piecewise polynomial)
σh ∈ H(div,Ω) with ∇·σh = f and sh ∈ H1

0 (Ω) to get a guaranteed upper
bound.
Local construction of σh and sh?

M. Vohralík Error control and adaptivity in numerical simulations 6 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Outline

1 Introduction: numerical approximation of partial differential equations
2 Laplace equation: error control and mesh adaptivity

A posteriori error estimates: error control
Potential reconstruction
Flux reconstruction
A posteriori error estimates: mesh adaptivity

3 Nonlinear Laplace equation: error control and solver adaptivity
A posteriori error estimates: error control
A posteriori error estimates: solver adaptivity

4 Reaction–diffusion equation: robustness wrt parameters
5 Heat equation: robustness wrt final time and space–time localization
6 Eigenvalue problems
7 Conclusions

M. Vohralík Error control and adaptivity in numerical simulations 6 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Potential reconstruction

Figure 5 – Solution post-traitée unh (à gauche) et solution conforme snh (à droite)

Remarque 3.2. On observe que pour tout 0 ≤ n ≤ N , Inav(unh) ∈ H1
0 (Ω) et on observe aussi

que la partie contenant les fonctions bulles appartient également à H1
0 (Ω). On obtient alors que

snh ∈ H1
0 (Ω) pour tout 0 ≤ n ≤ N et par suite s ∈ P1

τ (H1
0 (Ω)), comme imposé par (3.10).

Une conséquence importante de (3.7) est le résultat suivant :

Lemme 3.1. On suppose que sh,τ vérifie (3.7) et (3.10). Alors, pour tout 1 ≤ n ≤ N , on a

(∂nt sh,τ , 1)K = (∂nt uh,τ , 1)K , ∀K ∈ T n. (3.11)

On présente la preuve donnée dans [10].

Démonstration. Tout d’abord, on observe que, pour tout 1 ≤ n ≤ N ,

∂nt (sh,τ − uh,τ ) = 1
τn [(snh − unh)− (sn−1

h − un−1
h )].

De plus, par (3.7), snh et unh possèdent les mêmes valeurs moyennes sur tous les éléments des
maillages T n et T n+1. De même, sn−1

h et un−1
h possèdent les mêmes valeurs moyennes sur tous les

éléments des maillages T n et T n−1. Alors, (snh − sn−1
h ) et (unh − un−1

h ) possèdent les mêmes valeurs
moyennes sur tous les éléments du maillage T n. D’où (3.11).

Remarque 3.3 (Evalution de snh). La condition (3.7) utilise le maillage T n+1 qui n’est pas encore
connu au temps discret tn. En pratique, il suffit d’ajuster les moyennes de snh uniquement sur
les éléments du maillage actuel T n (en mettant temporairement T n+1 := T n). Ensuite, au pas
de temps suivant tn+1, et uniquement s’il existe des éléments du maillage T n+1 qui sont des
rafinements des éléments de T n, des fonctions bulles supplémentaires sont ajoutées à snh, comme
décrit par (3.8) et (3.9), avant l’évaluation de l’erreur à tn+1.

La figure 5 représente la solution post-traitée (à gauche) et son interpolation H1
0 (Ω)-conforme

(à droite).

4 Borne supérieure de l’erreur

Le but de cette section est de dériver une estimation d’erreur a posteriori pour le problème (1.1a)–
(1.1c) discretisé en utilisant la méthode de volumes finis centrés par maille en espace donnée par

9
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Remarque 3.2. On observe que pour tout 0 ≤ n ≤ N , Inav(unh) ∈ H1
0 (Ω) et on observe aussi

que la partie contenant les fonctions bulles appartient également à H1
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Potential reconstruction sh

uh ∈ Pp(Th)→ sh ∈ Pp+1(Th) ∩ H1
0 (Ω)
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Potential reconstruction in 1D, p = 1

• • •
a′ a a′′ωa

uh

ψa

ψauh
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Potential reconstruction: datum uh ∈ Pp(Th), p ≥ 1
Definition (Construction of sh Ern & V. (2015),≈ Carstensen and Merdon (2013))
For each vertex a ∈ Vh, solve the local minimization problem

sa
h := arg min

vh∈V a
h :=Pp+1(T a)∩H1

0 (ωa)
‖∇(ψauh − vh)‖ωa

and combine sh :=
∑
a∈Vh

sa
h .

Equivalent form: conforming FEs
Find sa

h ∈ V a
h such that

(∇sa
h ,∇vh)ωa = (∇(ψauh),∇vh)ωa ∀vh ∈ V a

h .
Key points

localization to patches T a

cut-off by hat basis functions ψa
projection of the discontinuous ψauh to a conforming space
homogeneous Dirichlet BC on ∂ωa: sh ∈ Pp+1(Th) ∩ H1

0 (Ω)
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Potential reconstruction

Figure 5 – Solution post-traitée unh (à gauche) et solution conforme snh (à droite)

Remarque 3.2. On observe que pour tout 0 ≤ n ≤ N , Inav(unh) ∈ H1
0 (Ω) et on observe aussi

que la partie contenant les fonctions bulles appartient également à H1
0 (Ω). On obtient alors que

snh ∈ H1
0 (Ω) pour tout 0 ≤ n ≤ N et par suite s ∈ P1

τ (H1
0 (Ω)), comme imposé par (3.10).

Une conséquence importante de (3.7) est le résultat suivant :

Lemme 3.1. On suppose que sh,τ vérifie (3.7) et (3.10). Alors, pour tout 1 ≤ n ≤ N , on a

(∂nt sh,τ , 1)K = (∂nt uh,τ , 1)K , ∀K ∈ T n. (3.11)

On présente la preuve donnée dans [10].

Démonstration. Tout d’abord, on observe que, pour tout 1 ≤ n ≤ N ,

∂nt (sh,τ − uh,τ ) = 1
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moyennes sur tous les éléments du maillage T n. D’où (3.11).

Remarque 3.3 (Evalution de snh). La condition (3.7) utilise le maillage T n+1 qui n’est pas encore
connu au temps discret tn. En pratique, il suffit d’ajuster les moyennes de snh uniquement sur
les éléments du maillage actuel T n (en mettant temporairement T n+1 := T n). Ensuite, au pas
de temps suivant tn+1, et uniquement s’il existe des éléments du maillage T n+1 qui sont des
rafinements des éléments de T n, des fonctions bulles supplémentaires sont ajoutées à snh, comme
décrit par (3.8) et (3.9), avant l’évaluation de l’erreur à tn+1.

La figure 5 représente la solution post-traitée (à gauche) et son interpolation H1
0 (Ω)-conforme

(à droite).

4 Borne supérieure de l’erreur

Le but de cette section est de dériver une estimation d’erreur a posteriori pour le problème (1.1a)–
(1.1c) discretisé en utilisant la méthode de volumes finis centrés par maille en espace donnée par
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Potential reconstruction sh

uh ∈ Pp(Th)→ sh ∈ Pp+1(Th) ∩ H1
0 (Ω)
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction σh

−∇uh ∈RTp−1(Th), f ∈ L2(Ω)︸ ︷︷ ︸
(f ,ψa)ωa−(∇uh,∇ψa)ωa =0 ∀a∈V int

h

→ σh ∈RTp(Th) ∩ H(div,Ω),∇·σh = Πpf
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Flux reconstruction: −∇uh ∈RTp−1(Th), p ≥ 1, f ∈ L2(Ω)

Assumption (Orthogonality wrt hat functions)
There holds (f , ψa)ωa − (∇uh,∇ψa)ωa = 0 ∀a ∈ V int

h .

Definition (Construction of σh, Destuynder and Métivet (1999) & Braess and Schöberl (2008))
For each a ∈ Vh, solve the local constrained minimization pb

σa
h := arg min

vh∈V a
h:=RTp(T a)∩H0(div,ωa)

∇·vh=Πp(fψa−∇uh·∇ψa)

‖ψa∇uh + vh‖ωa

and combine σh :=
∑
a∈Vh

σa
h.

Key points
homogeneous Neumann BC on ∂ωa: σh ∈RTp(Th) ∩ H(div,Ω)

equilibrium ∇·σh =
∑
a∈Vh

∇·σa
h =

∑
a∈Vh

Πp(fψa −∇uh·∇ψa) = Πpf
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Equilibrated flux reconstruction
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−∇uh ∈RTp−1(Th), f ∈ L2(Ω)︸ ︷︷ ︸
(f ,ψa)ωa−(∇uh,∇ψa)ωa =0 ∀a∈V int

h

→ σh ∈RTp(Th) ∩ H(div,Ω),∇·σh = Πpf

M. Vohralík Error control and adaptivity in numerical simulations 14 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Equilibrated flux reconstruction

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Flux −∇uh

−ψa∇uh

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Equilibrated flux reconstruction σh

−∇uh ∈RTp−1(Th), f ∈ L2(Ω)︸ ︷︷ ︸
(f ,ψa)ωa−(∇uh,∇ψa)ωa =0 ∀a∈V int

h

→ σh ∈RTp(Th) ∩ H(div,Ω),∇·σh = Πpf

M. Vohralík Error control and adaptivity in numerical simulations 14 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Equilibrated flux reconstruction

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Flux −∇uh

−ψa∇uh

σa
h

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Equilibrated flux reconstruction σh

−∇uh ∈RTp−1(Th), f ∈ L2(Ω)︸ ︷︷ ︸
(f ,ψa)ωa−(∇uh,∇ψa)ωa =0 ∀a∈V int

h

→ σh ∈RTp(Th) ∩ H(div,Ω),∇·σh = Πpf

M. Vohralík Error control and adaptivity in numerical simulations 14 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Equilibrated flux reconstruction

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Flux −∇uh

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Equilibrated flux reconstruction σh

−∇uh ∈RTp−1(Th), f ∈ L2(Ω)︸ ︷︷ ︸
(f ,ψa)ωa−(∇uh,∇ψa)ωa =0 ∀a∈V int

h

→ σh ∈RTp(Th) ∩ H(div,Ω),∇·σh = Πpf

M. Vohralík Error control and adaptivity in numerical simulations 14 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Outline

1 Introduction: numerical approximation of partial differential equations
2 Laplace equation: error control and mesh adaptivity

A posteriori error estimates: error control
Potential reconstruction
Flux reconstruction
A posteriori error estimates: mesh adaptivity

3 Nonlinear Laplace equation: error control and solver adaptivity
A posteriori error estimates: error control
A posteriori error estimates: solver adaptivity

4 Reaction–diffusion equation: robustness wrt parameters
5 Heat equation: robustness wrt final time and space–time localization
6 Eigenvalue problems
7 Conclusions

M. Vohralík Error control and adaptivity in numerical simulations 14 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Can we decrease the error efficiently? (adaptive mesh refinement)

M. Vohralík, SIAM Journal on Numerical Analysis (2007)
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Estimated and actual error against the number of elements in
uniformly/adaptively refined meshes (singular solutions)
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Adaptive mesh refinement

Adaptive mesh refinement ↪→ Talk by Dirk Praetorius

Dörfler marking: subsetM` containing θ-fraction of the estimates∑
K∈M`

ηK (u`)2 ≥ θ2
∑

K∈T`
ηK (u`)2 = θ2η(u`)2

Optimal error decay rate wrt degrees of freedom
‖∇(u − u`)‖ . |DoF`|−p/d (replaces hp)

same for smooth & singular solutions: higher-order only pay-off for sm. sol.
decays to zero as fast as on a best-possible sequence of meshes
Morin, Nochetto, Siebert (2000), Stevenson (2005, 2007), Cascón, Kreuzer,
Nochetto, Siebert (2008), Canuto, Nochetto, Stevenson, Verani (2017)
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Including algebraic error: A`Ui
` 6= F`

Estimated algebraic errors ηalg,K (ui
`) Exact algebraic errors ‖∇(u` − ui

`)‖K
J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering (2020)
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Nonlinear pb −∇·σ(∇u) = f : including linearization and algebraic
error: A`(Uk ,i
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Solver adaptivity (nonlinear problem, inexact solvers)
Fully adaptive algorithm (adaptive inexact Newton method)

total error estimate on mesh T`, linearization step k , algebraic solver step i
‖u − uk ,i

` ‖∗︸ ︷︷ ︸
total error

≤ ηk ,i
`,disc︸ ︷︷ ︸

discretization estimate

+ ηk ,i
`,lin︸︷︷︸

linearization estimate

+ ηk ,i
`,alg︸︷︷︸

algebraic estimate

balancing error components: work where needed

ηk ,i
`,alg ≤ γalgη

k ,i
`,lin stopping criterion linear solver,

ηk ,i
`,lin ≤ γlinη

k ,i
disc stopping criterion nonlinear solver,

θηk ,i
`,disc ≤ η

k ,i
disc,M`

adaptive mesh refinement

link – inexact Newton method: Bank & Rose (1982), Hackbusch & Reusken
(1989), Deuflhard (1991), Eisenstat & Walker (1994)

Convergence, optimal error decay rate wrt DoFs
Gantner, Haberl, Praetorius, & Stiftner (2018), Heid & Wihler (2019)

Optimal error decay rate wrt overall computational cost
Haberl, Praetorius, Schimanko, & Vohralík (2021) ↪→ Talk by Dirk Praetorius
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I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

The reaction–diffusion equation: f ∈ L2(Ω), ε > 0, κ ≥ 0 parameters
Find u : Ω→ R such that (ε� κ singular perturbation)

−ε2∆u + κ2u = f in Ω,

u = 0 on ∂Ω

Guaranteed error upper bound (reliability) (uh ∈ Pp(Th) ∩ H1
0 (Ω), p ≥ 1, FEs)

|‖u − uh‖|︸ ︷︷ ︸
unknown error

η(uh)︸ ︷︷ ︸
computable estimator

Robust local error lower bound (efficiency, f ∈ Pp−1(Th))

ηK (uh) ≤ Ceff|‖u − uh‖|ωK ∀K ∈ Th

Ceff a generic constant independent of Ω, u, uh, h, κ, ε
Verfürth (1998), Ainsworth and Babuška (1999), Grosman (2006), Cheddadi,
Fučík, Prieto, Vohralík (2009), Ainsworth and Vejchodský (2011, 2014, 2019),
Kopteva (2017), Smears & Vohralík (2020)
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I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTp ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(Th).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf

M. Vohralík Error control and adaptivity in numerical simulations 22 / 28



I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Boundary layer, solution u(x , y) = e−
κ
ε x + e−

κ
ε y , p = 2
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Parameter 
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energy error
energy est.

H1 error

L2 error
flux est.
potential est.

Relative energy errors and estimates
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Parameter 
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effectivity ind.

Effectivity indices η(uh)/|‖u − uh‖|
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I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

Boundary layer, solution u(x , y) = e−
κ
ε x + e−

κ
ε y , p = 2

IsoValue
0
0.0384606
0.0769211
0.115382
0.153842
0.192303
0.230763
0.269224
0.307684
0.346145
0.384606
0.423066
0.461527
0.499987
0.538448
0.576908
0.615369
0.653829
0.69229
0.73075
0.769211
0.807672
0.846132
0.884593
0.923053
0.961514
0.999974

estimators

Estimated error distribution ηK (uh)

IsoValue
0
0.0261124
0.0522247
0.0783371
0.104449
0.130562
0.156674
0.182786
0.208899
0.235011
0.261124
0.287236
0.313348
0.339461
0.365573
0.391685
0.417798
0.44391
0.470022
0.496135
0.522247
0.548359
0.574472
0.600584
0.626696
0.652809
0.678921

energy errors

Exact error distribution |‖u − uh‖|K
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Outline

1 Introduction: numerical approximation of partial differential equations
2 Laplace equation: error control and mesh adaptivity

A posteriori error estimates: error control
Potential reconstruction
Flux reconstruction
A posteriori error estimates: mesh adaptivity

3 Nonlinear Laplace equation: error control and solver adaptivity
A posteriori error estimates: error control
A posteriori error estimates: solver adaptivity

4 Reaction–diffusion equation: robustness wrt parameters
5 Heat equation: robustness wrt final time and space–time localization
6 Eigenvalue problems
7 Conclusions
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I Laplace Nonlinear Laplace Reaction–diffusion Heat Eigenvalues C

The heat equation (f ∈ L2(0,T ; L2(Ω)), u0 ∈ L2(Ω))
The heat equation

∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω
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The heat equation (f ∈ L2(0,T ; L2(Ω)), u0 ∈ L2(Ω))
The heat equation

∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω

Spaces

X := L2(0,T ; H1
0 (Ω)), ‖v‖2X :=

∫ T

0
‖∇v‖2 dt ,

Y := L2(0,T ; H1
0 (Ω)) ∩ H1(0,T ; H−1(Ω)), ‖v‖2Y :=

∫ T

0
‖∂tv‖2H−1(Ω) + ‖∇v‖2 dt + ‖v(T )‖2

Y norm error is the dual X norm of the residual + initial condition error

‖u− uhτ‖2Y = sup
v∈X , ‖v‖X =1

[∫ T

0
(f , v)− 〈∂tuhτ , v〉 − (∇uhτ ,∇v) dt

]2

+ ‖u0− uhτ (0)‖2
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The heat equation (f ∈ L2(0,T ; L2(Ω)), u0 ∈ L2(Ω))
The heat equation

∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω

Guaranteed error upper bound (reliability) (uhτ FE in space, DG in time approx.)

|‖u − uhτ‖|︸ ︷︷ ︸
unknown error

≤ η(uhτ )︸ ︷︷ ︸
computable estimator

Robust local in space and in time error lower bound (efficiency)

ηK ,In (uhτ ) ≤ Ceff|‖u − uhτ‖|ωK×In

Ceff a generic constant independent of Ω, u, uhτ , h, p, τ , q, T
Verfürth (2003), Bergam, Bernardi, and Mghazli (2005), Makridakis and
Nochetto (2006), Ern and Vohralík (2010), Ern, Smears, and Vohralík (2017)
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vh∈V a,n
hτ

∇·vh=ψa(f−∂tIuhτ )−∇ψa·∇uhτ

∫
In
‖vh + ψa∇uhτ‖2ωa dt .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comments
satisfies σhτ ∈ L2(0,T ; H(div,Ω)) with ∇·σhτ = f − ∂tIuhτ

a priori a local space-time problem, V a,n
hτ := Qq(In; V a,n

h )

uncouples to q elliptic problems posed in V a,n
h
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CDG Terminal 2E collapse in 2004 (opened in 2003)

no earthquake, flooding, tsunami, heavy rain, extreme temperature
deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,
I believe without error control

Reliability study and simulation of the progressive collapse of
Roissy Charles de Gaulle Airport

Y. El Kamari a, W. Raphael a,*, A. Chateauneuf b,c

a Ecole Supérieure d’Ingénieurs de Beyrouth (ESIB), Université Saint-Joseph, CST Mar Roukos, PO Box 11-514, Riad El Solh Beirut 1107 2050,

Lebanon
b Université Blaise Pascal, Institut Pascal, BP 10448, F-63000 Clermont Ferrand, France
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1. Introduction

Terminal 2E, with a daring design and wide open spaces, was Charles de Gaulle Airport’s newest addition. Terminal 2E had
been inaugurated in 2003 after some delays in construction. On the 23rd of May 2004, not long after its inauguration, a part
of Terminal 2E’s ceiling collapsed early in the day, leaving four casualties. Some questioned the construction methods as
being the primary cause, which were rushed as the project was a month behind schedule due to technical problems, and
some have also considered the possibility of improper design as the cause of the accident. In the following, a deterministic
analysis and a mechanical reliability assessment will be elaborated. We will show the importance of reliability assessment
and long term strains of materials, especially for public constructions where the human and economic repercussions are
heavy to bear. The purpose of our research is to study the problem using the available data in order to examine the real
reasons of the incident, to see if it were possible to predict the structure’s failure from the beginning and to simulate the
progressive collapse of the structure.

2. General overview of Roissy’s Terminal 2E [1]

We will first describe the terminal, its different construction phases, the incidents that occurred before the accident and
the collapse itself. Then we will present in a general way the principle of finite element modeling, recommendations for good
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Paris Charles de Gaulle Airport also known as Roissy Airport is the world’s eighth-busiest

airport in passengers served. In May 2004, the news of collapse of a portion of Terminal 2E

leaving four casualties shook the world. Luckily, no boarding had been taking place in the

collapsed area which consisted of a boarding area and three footbridges. This part of the

terminal had an innovative design consisting of a vaulted concrete tube. We chose to

model a representative part of the terminal to observe the structure’s behavior. The

purpose of our research is to explain the structure’s collapse and to see if there were

deficiencies from the design phase. Also, our new fine-grained model using Ansys Software

makes it possible to explain the progressive collapse of the structure, which was the main

challenge of our study. Moreover, a sensitivity analysis was performed in order to study

the importance of each of the variables taken into account in the model.

� 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

* Corresponding author. Tel.: +961 1 421354; fax: +961 4 532645.

E-mail address: wassim.raphael@usj.edu.lb (W. Raphael).

Contents lists available at ScienceDirect

Case Studies in Engineering Failure Analysis

jou r nal h o mep age: w ww.els evier . co m/lo c ate /c sef a

http://dx.doi.org/10.1016/j.csefa.2015.03.003

2213-2902/� 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

M. Vohralík Error control and adaptivity in numerical simulations 29 / 28



Motivation Pol.-deg. adaptivity

CDG Terminal 2E collapse in 2004 (opened in 2003)

no earthquake, flooding, tsunami, heavy rain, extreme temperature
deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,
I believe without error control

Reliability study and simulation of the progressive collapse of
Roissy Charles de Gaulle Airport

Y. El Kamari a, W. Raphael a,*, A. Chateauneuf b,c
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Roissy Charles de Gaulle Airport

Y. El Kamari a, W. Raphael a,*, A. Chateauneuf b,c

a Ecole Supérieure d’Ingénieurs de Beyrouth (ESIB), Université Saint-Joseph, CST Mar Roukos, PO Box 11-514, Riad El Solh Beirut 1107 2050,

Lebanon
b Université Blaise Pascal, Institut Pascal, BP 10448, F-63000 Clermont Ferrand, France
c LGC/CUST – UBP, Campus des Cézeaux, 63174 Aubière, France

1. Introduction

Terminal 2E, with a daring design and wide open spaces, was Charles de Gaulle Airport’s newest addition. Terminal 2E had
been inaugurated in 2003 after some delays in construction. On the 23rd of May 2004, not long after its inauguration, a part
of Terminal 2E’s ceiling collapsed early in the day, leaving four casualties. Some questioned the construction methods as
being the primary cause, which were rushed as the project was a month behind schedule due to technical problems, and
some have also considered the possibility of improper design as the cause of the accident. In the following, a deterministic
analysis and a mechanical reliability assessment will be elaborated. We will show the importance of reliability assessment
and long term strains of materials, especially for public constructions where the human and economic repercussions are
heavy to bear. The purpose of our research is to study the problem using the available data in order to examine the real
reasons of the incident, to see if it were possible to predict the structure’s failure from the beginning and to simulate the
progressive collapse of the structure.

2. General overview of Roissy’s Terminal 2E [1]

We will first describe the terminal, its different construction phases, the incidents that occurred before the accident and
the collapse itself. Then we will present in a general way the principle of finite element modeling, recommendations for good
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A B S T R A C T

Paris Charles de Gaulle Airport also known as Roissy Airport is the world’s eighth-busiest

airport in passengers served. In May 2004, the news of collapse of a portion of Terminal 2E

leaving four casualties shook the world. Luckily, no boarding had been taking place in the

collapsed area which consisted of a boarding area and three footbridges. This part of the

terminal had an innovative design consisting of a vaulted concrete tube. We chose to

model a representative part of the terminal to observe the structure’s behavior. The

purpose of our research is to explain the structure’s collapse and to see if there were

deficiencies from the design phase. Also, our new fine-grained model using Ansys Software

makes it possible to explain the progressive collapse of the structure, which was the main

challenge of our study. Moreover, a sensitivity analysis was performed in order to study

the importance of each of the variables taken into account in the model.
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Singular solutions

H1.54 singularity H1.13 singularity
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Outline

Motivation
Polynomial-degree (p) adaptivity
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Best-possible error decrease: hp adaptivity, (smooth solution)

P1
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Mesh T` and pol. degrees pK
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (smooth solution)

P1

P2

P3

P4

P5

Mesh T` and pol. degrees pK Exact solution
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (singular solution)

Mesh T` and polynomial degrees pK
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (singular solution)

Mesh T` and polynomial degrees pK
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