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Setting
@ u: unknown exact PDE solution
@ u, : known numerical approximation on mesh 7,
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Numerical approximations of PDEs: 3 crucial questions

Setting
@ u: unknown exact PDE solution

° ug’k”: known numerical approximation on mesh 7;, time step 1, linearization
step k, and linear solver step /

@ How large is the overall error
between u and u]’"'?
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Numerical approximations of PDEs: 3 crucial questions &
suggested answers

Setting
@ u: unknown exact PDE solution

° ug’k”: known numerical approximation on mesh 7;, time step 1, linearization
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@ How large is the overall error @ Computable error
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Numerical approximations of PDEs: 3 crucial questions &
suggested answers

Setting
@ u: unknown exact PDE solution

° ug’k”: known numerical approximation on mesh 7;, time step 1, linearization
step k, and linear solver step /

@ How large is the overall error @ Computable error
between u and u/"'? :

© Where (model/space/time/lineariza- @ Identification of
tion/algebra) is it localized? o error components,

© Can we decrease it efficiently? (working where needed).
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e Laplace equation: error control and mesh adaptivity
@ A posteriori error estimates: error control
@ Potential reconstruction
@ Flux reconstruction
@ A posteriori error estimates: mesh adaptivity
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Laplace equation in Q c RY, d = 2,3, f € L?(Q)
—Au=f in Q,
u=0 on 00
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A posteriori error estimates: error control

Laplace equation in Q c RY, d = 2,3, f € [2(Q)
—Au=f in Q,
u=0 on 90Q
error upper bound (reliability) (u, € P,(Th) N HI(R), p > 1, FEs)
[V(u—un)| < n(Un)
— ~~—

unknown error computable estimator
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A posteriori error estimates: error control

Laplace equation in Q c RY, d = 2,3, f € [2(Q)
—Au=f in Q,
u=0 on 00
Guaranteed error upper bound (reliability) (u, € P,(7n) N HJ(Q), p > 1, FEs)
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u=0 on 0Q
Guaranteed error upper bound (reliability) (u, € P,(7n) N HJ(Q), p > 1, FEs)
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unknown error computable estimator

Local error lower bound (efficiency, f € P,_1(7h))
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A posteriori error estimates: error control

Laplace equation in Q c RY, d = 2,3, f € [2(Q)
—Au=f in Q,
u=0 on 00
Guaranteed error upper bound (reliability) (u, € P,(7n) N HJ(Q), p > 1, FEs)

IV(u—up)l <= nun)
~—— ~——
unknown error computable estimator

Local error lower bound (efficiency, f € P,_1(7h))
nk(Un) < Cen| V(U —tp)llw, VK € Th

@ C. a generic constant only dependent on shape regularity of 7, and thus
independent of Q, u, up, h, p

@ computable bound on C available, Ceg ~

@ Prager and Synge (1947), Ladeveze (1975), Babuska & Rheinboldt (1987),
Verfirth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),
Veichodsky (2006), Braess, Pillwein, & Schéberl (2009), Ern & Vohralik (2015)
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h p n(Un)
ho 1 1.25




h  p|  n(us)  rel. error estimate X
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_ Estimates Potential reconstruction Flux reconstruction Mesh adaptivity
How large is the overall error? (model pb, known smooth solution)

h  p|  n(un)  rel error estimate 7Kk | [|V(u — up)

hy 1 1.25 28% 1.07




_ Estimates Potential reconstruction Flux reconstruction Mesh adaptivity
How large is the overall error? (model pb, known smooth solution)

. D) INCET)
h »p n(un) rel. error estimate ”"W’;“ IV(u — un)|| rel. error =5t

hy 1 1.25 28% 1.07 24%




_ Estimates Potential reconstruction Flux reconstruction Mesh adaptivity
How large is the overall error? (model pb, known smooth solution)

h  p|  n(un)  rel error estimate ;X | [|V(u — up)]| rel. error INEZGl [ o — i)
ho 1 1.25 28% 1.07 24% 1.17
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_ Estimates Potential reconstruction Flux reconstruction Mesh adaptivity
How large is the overall error? (model pb, known smooth solution)

h  p|  n(un)  rel error estimate ;X | [|V(u — up)]| rel. error INEZGl [ o — i)

ho 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07x 107" 14% 5.56 x 10~ 13% 1.00
~hy/4 |3.10x10"" 7.0% 2.92 x 107" 6.6% 1.06




_ Estimates Potential reconstruction Flux reconstruction Mesh adaptivity
How large is the overall error? (model pb, known smooth solution)

h p n(un)  rel. error estimate K% | [|[V(u — up)]| rel. error Izt o — i)
h 1 1.25 28% 1.07 24% 1.17
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_ Estimates Potential reconstruction Flux reconstruction Mesh adaptivity
How large is the overall error? (model pb, known smooth solution)

h p n(un)  rel. error estimate K% | [|[V(u — up)]| rel. error Izt o — i)

ho 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07x107" 14% 5.56 x 107" 13% 1.09
~hy/4 |3.10x10"" 7.0% 2.92 x 107" 6.6% 1.06
~hy/8 |1.45x107" 3.3% 1.39 x 107" 3.1% 1.04
~ho/2 2| 423 x 1072 9.5x10 "% 407 x107%  92x10"'% 1.04
~ho/4 3| 262x107* 5.9 x 10 %% 260 x107%*  59x10%% 1.01
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How large is the overall error? (model pb, known smooth solution)

h p|  n(u) el error estimate 7 | ||V (u— up)| rel. error INEZBILT o — ali)

ho 1 1.25 28% 1.07 24% 117
~hy/2 |6.07x107" 14% 5.56 x 10" 13% 1.09
~hy/4 |3.10x10"" 7.0% 2.92 x 107" 6.6% 1.06
~hy/8 |1.45x107" 3.3% 1.39 x 107" 3.1% 1.04
~hy/2 2] 423 x 1072 9.5x 10 % 407 x102  92x10" "% 1.04
~hy/4 3] 262x10°* 5.9 x 10 °% 260 x10°*  59x10°% 1.01
~hy/8 41260 x 1077 5.9 x 10 %% 258 x 107 58x10"%% 1.01
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Where (in space) is the error localized? (known smooth solution)

%10 <10

Estimated error distribution 7 () Exact error distribution || V(v — up) |«
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Error characterization

Theorem (Error characterization)
Let u € H}(2) be the weak solution and let u, = H'(7}) be arbitrary. Then

V(u—up)|? = min Vup+olP + min [|[V(up— 8)|
Il =g [V ol® o+ i 19—l
V-o=
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Error characterization

Theorem (Error characterization)
Let u € H}(2) be the weak solution and let u, = H'(7}) be arbitrary. Then
IV(u—up)|® = min _|[Vup+ o> + m

Se

ocH(div,Q)
V.o=f

in [[V(un— 5%
Hy (£2)

J/

=max 1 () [(0) (Vi T )P
IVll=1
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Error characterization

Theorem (Error characterization)
Let u € H}(2) be the weak solution and let u, = H'(7}) be arbitrary. Then

IV (U — un)l? = min _[|Vup+o|®  + min |[V(up— s)|%.
UEH(dl\}Q) seH} ()
V.o=

=max 1 () [(0) (Vi T )P
IVll=1

Comments

@ |t is enough to choose suitable (discrete, piecewise polynomial)
on € H(div,Q) with V-0, = f and s, € H}(Q) to get a guaranteed upper
bound.
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Error characterization

Theorem (Error characterization)
Let u € H}(2) be the weak solution and let u, = H'(7}) be arbitrary. Then

V(u-—up)|? = min Vup + ol|? + min [|V(up — 9)|2
Il = i o [V +ol® i IV =9l
V.o=

=max 1 () [(0) (Vi T )P
IVll=1

Comments

@ |t is enough to choose suitable (discrete, piecewise polynomial)
on € H(div,Q) with V-0, = f and s, € H}(Q) to get a guaranteed upper
bound.

@ Local construction of o, and s,?
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Potential reconstruction
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Potential up Potential reconstruction s,

Un € Pp(Th) = sn € Ppr1(Th) 1 Hy ()
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Potential reconstruction: datum v, € Pp(7Th), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

Sp = arg min |V (Yatn — Vh)|lw.
VhE V:
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For each vertex a € Vy, solve the local minimization problem

Sp = arg min |V (Yatn — Vh)lw.
VhGVﬁ
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Potential reconstruction: datum v, € Pp(7Th), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

Sp = arg min |V (Vatp — Vh)llwa
VhE Va::Pp_H (Ta)ﬂHg (w'a)

= interior patch w,
=== () condition
Ya(a) =1, ¥a(a,) =0
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Potential reconstruction: datum v, € Pp(7Th), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

Sp = arg min |V (Vatp — Vh)llwa
VhE Va::Pp_H (TE)OHS (w'a)

. S a
and combine Sh 1= Z Sh-

= interior patch w,
=== () condition
Ya(a) =1, ¥Ya(a,) =0
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Potential reconstruction: datum v, € Pp(7Th), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

Sp = arg min |V (Vatp — Vh)llwa
VhE Va::Pp+1(Ta)ﬂH8 (w'a)

. ,_ a
and combine Sh 1= Z Sh-
acyy
Equivalent form: conforming FEs
Find s2 € V2 such that et patch v
a == 0 condition
(VSE, VVh)ws = (V(¥aln), VVh)wa  Vvp€ VA ala) = 1 vula) =0
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Potential reconstruction: datum v, € Pp(7Th), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

sﬁ ‘= arg min |V (Vatp — Vh)llwa
VhE Va::Pp+1(Ta)ﬂH8 ('w'a)

. ,_ a
and combine Sh 1= Z Sh-
acyy
Equivalent form: conforming FEs
Find s € V£ such that —reron patch
a == 0 condition
(VSE, VVh)ws = (V(¥aln), VVh)wa  Vvp€ VA ala) = 1 vula) =0

Key points
@ localization to patches 74
@ cut-off by hat basis functions v,
@ projection of the discontinuous vy aup, to a conforming space
@ homogeneous Dirichlet BC on dwa: Sp € Pp11(Th) 11 Hy (Q)
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction

1 1
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Flux —Vup Equilibrated flux reconstruction op,

—Vup € RT, 1(Th), f € LB(Q) — on € RTp(Tp) N H(div, Q), V-ap = Mpf

(f¥a)wa—(VUun,Viba)wa=0 VaGV},‘“
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Flux reconstruction: —Vu, € RTp-1(Th), p > 1, f € L2(Q)

Assumption (Orthogonality wrt hat functions)

There holds (f, %)y — (VUp, Viba)u, =0 Vae VM.
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Flux reconstruction: —Vu, € RTp-1(Th), p > 1, f € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws — (VUp, Viba)y, =0 Vae V™.

Definition (ConStrUCtion of O h, Destuynder and Métivet (1999) & Braess and Schéberl (2008))
For each a € Vy, solve the local constrained minimization pb A

o= arg min |0aVup + V|,
'S Vz
V‘Vh:

interior patch w,
no-flow condition

Ya(a) = 1, Yala,) =0
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Flux reconstruction: —Vu, € RTp-1(Th), p > 1, f € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws — (VUp, Viba)y, =0 Vae V™.

Definition (ConStrUCtion of O h, Destuynder and Métivet (1999) & Braess and Schéberl (2008))
For each a € Vy, solve the local constrained minimization pb A

o= arg , min ~ |[waVun+ vallw.
VheVE:=RTp(T¥)NHy(div,wa)
V‘Vh:

interior patch w,
no-flow condition
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Flux reconstruction: —Vu, € RTp-1(Th), p > 1, f € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws — (VUp, Viba)y, =0 Vae V™.

Definition (ConStrUCtion of O h, Destuynder and Métivet (1999) & Braess and Schéberl (2008))
For each a € V), solve the local constrained minimization pb A

o= arg , min -~ |[waVun+ valle.
VheVE:=RTp(T¥)NHy(div,wa)
V-vp=Mp(fpa—VUp-Vipa)

interior patch wy
no-flow condition

Ya(a) = 1, Yala,) =0
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| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Flux reconstruction: —Vu, € RTp-1(Th), p > 1, f € L2(Q)

Assumption (Orthogonality wrt hat functions)

Hhize Eles (f.¥a)ws — (VUn, Viba)w, =0 Va e Vi
Definition (ConStrUCtion of O h, Destuynder and Métivet (1999) & Braess and Schéberl (2008))
For each a € V), solve the local constrained minimization pb A

o= arg min -~ |[waVun+ valle.

VhEVE:=RTp(T#)NHo(div.wa)
V-vp=Mp(fpa—VUp-Vipa)
. . a acyn
and combine Oh:= Z Oh-
acVy

interior patch wy
no-flow condition

Ya(a) = 1, Yala,) =0
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| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C

Flux reconstruction: —Vu, € RTp-1(Th), p > 1, f € L2(Q)

Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Assumption (Orthogonality wrt hat functions)

Hhize Eles (f,Ya)va — (VU Via)y =0 Vac V.

Definition (ConStrUCtion of O h, Destuynder and Métivet (1999) & Braess and Schéberl (2008))
For each a € Vy, solve the local constrained minimization pb A
[4aVUp + Vhl|w,

min
VheVE:=RTp(T3)NHo(div.wa)
V-vp=Mp(fpa—VUp-Vipa)

o= arg

and combine

Key points

@ homogeneous Neumann BC on dwa: op € RTp(Th) N H(div, Q)

interior patch wy

a -
! no-flow condition

Ya(a) = 1, Yala,) =0

o equilibrium V.o, = > V.of = Y Mp(fva — Vup-Vipa) = M,/

acyy acyVy

M. Vohralik
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_ Estimates Potential reconstruction Flux reconstruction Mesh adaptivity
Equilibrated flux reconstruction

1
TN
06 \ N /

- i \\ \\ \\' 'f/ '/ f/ B —
e ~ N \Y /S - =
02l NN\ Y # T 74—
e e S
027 — /,v//7 AN “\\\‘\\ -
4 /r’lf / VAN \ N T S
osl - AT TR TR

. 1// tHt \\t -
-0.8

EUAOE ) N
-1-1 -0.5 0 0.5 1
Flux —Vup

~Vup € RT,1(Th), f € L3(Q)
(fﬂ/«'a)wa*(vuh,g’l/)a)wa:o VaGV,i.,m
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction
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O Introduction: numerical approximation of partial differential equations

@ Laplace equation: error control and mesh adaptivity
@ A posteriori error estimates: error control
@ Potential reconstruction
@ Flux reconstruction
@ A posteriori error estimates: mesh adaptivity
O Nonlinear Laplace equation: error control and solver adaptivity
@ A posteriori error estimates: error control
@ A posteriori error estimates: solver adaptivity
O Reaction—diffusion equation: robustness wrt parameters
O Heat equation: robustness wrt final time and space—time localization
O Eigenvalue problems

O Conclusions




| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Can we decrease the error efficiently? (adaptive mesh refinement)

N

_J

Estimated error Actual error Effectivity index

M. Vohralik, SIAM Journal on Numerical Analysis (2007) Sic
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Estimates Potential reconstruction Flux reconstruction Mesh adaptivity

Estimated and actual error against the number of elements in
uniformly/adaptively refined meshes (singular solutions)

2

e e e 10 T

—e— error uniform
—=— estimate uniform
-4 - error adapt.

-A - estimate adapt.

—e— error uniform
—=— estimate uniform
-4 - error adapt.

-A - estimate adapt.
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Number of triangles

H'-5* singularity

M. Vohralik

Number of triangles
H'-13 singularity
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Adaptive mesh refinement < Talk by Dirk Praetorius




Adaptive mesh refinement < Talk by Dirk Praetorius

> nk(ue)? = n(u)?

KeT,




_ Estimates Potential reconstruction Flux reconstruction Mesh adaptivity
Adaptive mesh refinement

Adaptive mesh refinement — Talk by Dirk Praetorius
@ Dorfler marking: subset /M, containing 0-fraction of the estimates

> k() = 02>k (ug)? = 0Pn(up)?

KEM( K€72
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Adaptive mesh refinement

Adaptive mesh refinement — Talk by Dirk Praetorius
@ Dorfler marking: subset M, containing ¢-fraction of the estimates

D mk(ue)? =07 k(ug)? = 0Pn(ug)?

KeM, KeT,

Convergence on a sequence of adaptively refined meshes
° IV(u—ue)|| =0
@ some mesh elements may not be refined at all: #0
@ Babuska & Miller (1987), Dorfler (1996)

-
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Adaptive mesh refinement

Adaptive mesh refinement — Talk by Dirk Praetorius
@ Dorfler marking: subset /M, containing 0-fraction of the estimates

> k() = 02>k (ug)? = 0Pn(up)?

KeM, KeTy

Optimal error decay rate wrt degrees of freedom
° |V(u— )| < |DoF,| P9  (replaces hP)
@ same for smooth & singular solutions: kighererderontypay-ofi-forsm—sek
@ decays to zero as fast as on a best-possible sequence of meshes

@ Morin, Nochetto, Siebert (2000), Stevenson (2005, 2007), Cascédn, Kreuzer,
Nochetto, Siebert (2008), Canuto, Nochetto, Stevenson, Verani (2017)
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@ A posteriori error estimates: error control

@ Potential reconstruction

@ Flux reconstruction

@ A posteriori error estimates: mesh adaptivity

Nonlinear Laplace equation: error control and solver adaptivity

@ A posteriori error estimates: error control
@ A posteriori error estimates: solver adaptivity

o
Q
Q
o
Q
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Including algebraic error: AU, * F,

x1077 x107
10
10
8
8
6 6
4 4
2 2
Estimated algebraic errors 1, «(u}) Exact algebraic errors |V (u, — uy)|
J. Papez, U. Rude, M. Vohralik, B. WohImuth, Computer Methods in Applied Mechanics and Engineering (2020)
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| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C Estimates Solver adaptivity

Including algebraic error: A,U,  F,

x1078 x107°

35

2.5
3

2
25
2 1.5
15

]
]

0.5
0.5

Estimated total errors 7c(u}) Exact total errors | V(u — u})| x

LA
lezia L
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Including algebraic error: A,U, # F,

Total error and its bounds Discretization and algebraic errors and their bounds
' ' ' ' ' dis. error
o alg.error (1 ol S dis. error UB
107 ¢ total error = = dis. error LB
§ ++++- total error UB
— = total error LB alg. error
-------- alg. error UB
— = alg. error LB
102k e —
; 4L — ]
10 F 3 10 adaptive stopping criterion
1 2 3 4 5 1 2 3 4 5
MG iteration MG iteration
Total error Error components and adaptive st. crit.

J. Papez, U. Ride, M. Vohralik, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering (2020)
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Including algebraic error: A,U,  F,

Total error and its bounds Discretization and algebraic errors and their bounds
' ' ' S ' ' m— dis. error
o alg. error 100 L dis. error UB
10" F total error 3 = = dis. error LB
total error UB
— = total error LB ——alg. crror
-------- alg. error UB
alg. error LB
N
N
102 ¢ SN— 102 ———
-4 | 5 . 4
107§ E 10 adaptive stopping criterion N
1 2 3 4 5 1 2 3 4 5
MG iteration MG iteration
Total error Error components and adaptive st. crit.

— Talk by Ani Mirag& .
LA —

LA
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| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C Estimates Solver adaptivity
Nonlinear pb —V-o(Vu) = f: including linearization and algebraic
error: Ag(Uk") £ Fy, AKTUS £ PR

N, Ny
i?b{k\‘ <>
NA\NP {

5 e\

W

4»\\,,
A\

2

Estimated errors 1 (1)) Exact errors ||o(Vu) — o (Vul) |4k
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| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C Estimates Solver adaptivity

Nonlinear pb —V-o(Vu) = f: including linearization and algebraic
error: A, (U,") + F,, Ak-Tu, '+ Fi

10 \ [ \ [ 10 \ \ \ \ \ \

107 = -

|

|

Dual error

10 — — 5
3 10_1? a A A A4 B
cg rC e A—b—A——A A A4 A .
10° — o T ]
[ | —e—error up ]
| | —=—estimate i
10 - ] —A—disc. est.
L| —#—lin. est. N
alg. est.
alg. rem. est.
107 ! \ ! ! ! ! 107 9 ‘ ! ! ! !
0 100 200 300 400 500 600 700 0 5 10 15 20 25 30 35
Algebraic iteration Algebraic iteration
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Nonlinear pb —V-o(Vu) = f: including linearization and algebraic
error: A, (U,") + F,, Ak-Tu, '+ Fi

10 WeTt 717 17 1T T T T T =——-—"1—73

[ —e—error up |3

—=—estimate |

10° 10° A —A— disc. est. o

E ——lin. est. |3
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5 5 L i
@ 44 @ 10

s - 510 = E
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a a F 3
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Newton iteration Newton iteration
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Fully adaptive algorithm
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Solver adaptivity (nonlinear problem, inexact solvers)

Fully adaptive algorithm
o total error estimate on mesh 7, linearization step k, algebraic solver step /

K,i Kk, i ki k,i
HU —u H* < Mo disc + e lin + Mg alg
N—— ~—— ~— N~
total error discretization estimate  linearization estimate  algebraic estimate

M. Vohralik Error control and adaptivity in numerical simulations 20 /28



| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C Estimates  Solver adaptivity

Solver adaptivity (nonlinear problem, inexact solvers)

Fully adaptive algorithm
@ total error estlmate on mesh 7., linearization step k, algebraic solver step /

K,i K,i
HU - U ’ < '/( d1\g + Mg lin + '/I.zllg
~—— ~—~ N~
total error discretization estimate  linearization estimate  algebraic estimate

@ balancing error components: work where needed

?75 alg <7 11077,2 lm stopping criterion linear solver,
77@ lm < l‘”ndlsc stopping criterion nonlinear solver,

an tise < <kl M,  adaptive mesh refinement

breeca—=:
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Solver adaptivity (nonlinear problem, inexact solvers)

@ balancing error components: work where needed

ki ki : dorian [
Nowtg < ValeMp Jin stopping criterion linear solver

@ link —inexact Newton method: Bank & Rose (1982), Hackbusch & Reusken
(1989), Deuflhard (1991), Eisenstat & Walker (1994)

breeca =
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Solver adaptivity (nonlinear problem, inexact solvers)

(adaptive inexact Newton method)

@ balancing error components: work where needed

?75 alg <7 11077,2 lm stopping criterion linear solver,
77@ lm < /l‘”ndlsc stopping criterion nonlinear solver,

an tise < Udm M, adaptive mesh refinement

breeca =
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| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C Estimates  Solver adaptivity

Solver adaptivity (nonlinear problem, inexact solvers)

Fully adaptive algorithm (adaptive inexact Newton method)
@ total error estlmate on mesh 7., linearization step k, algebraic solver step /

K,i K,i
HU - U ’ < '/( d1\g + Mg lin + '/I.zllg
~—— ~—~ N~
total error discretization estimate  linearization estimate  algebraic estimate

@ balancing error components: work where needed

nZ alg — /4 l]“nﬂ lm

776 lm — lln77d1sc

Hnﬁ disc = 77d15c My

stopping criterion linear solver,
stopping criterion nonlinear solver,
adaptive mesh refinement

Convergence, optimal error decay rate wrt DoFs
@ Gantner, Haberl, Praetorius, & Stiftner (2018), Heid & Wihler (2019)

M. Vohralik

brezia =
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Solver adaptivity (nonlinear problem, inexact solvers)

Fully adaptive algorithm (adaptive inexact Newton method)
o total error estimate on mesh 7, linearization step k, algebraic solver step /

K,i K,i K,i K,i
HU -y ’ x < "¢ disc + "¢ lin + Mg ,alg
~—— ~—~ N~
total error discretization estimate  linearization estimate  algebraic estimate

@ balancing error components: work where needed

n?,glg < unsy,  stopping criterion linear solver,
i < Mg, stopping criterion nonlinear solver,

ki ki . :
ONpise < Maiser,  @daptive mesh refinement

Convergence, optimal error decay rate wrt DoFs

@ Gantner, Haberl, Praetorius, & Stiftner (2018), Heid & Wihler (2019)
Optimal error decay rate wrt overall computational cost

@ Haberl, Praetorius, Schimanko, & Vohralik (2021) < Talk by Dirk Pragtorius e
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The reaction—diffusion equation: f € L2(Q), e > 0, x > 0 parameters

Find u : Q2 — R such that (¢ < « singular perturbation)

—2Au+rPu="f inQ,
u=0 onoQ
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The reaction—diffusion equation: f € L2(Q), e > 0, x > 0 parameters

Find u : Q2 — R such that (¢ < « singular perturbation)

—2Au+rPu="f inQ,
u=0 onoQ
error upper bound (reliability) (u, € P,(Th) N HI(R), p > 1, FEs)
llu—unll < n(un)
—— ——

unknown error computable estimator

Creia—*-
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The reaction—diffusion equation: f € L2(Q), e > 0, x > 0 parameters

Find u : Q2 — R such that (¢ < « singular perturbation)

—2Au+rPu="f inQ,
u=0 onoQ
Guaranteed error upper bound (reliability) (u, € P,(7n) N H{(Q), p > 1, FEs)

llu=unll = nlun)
—— ——

unknown error computable estimator

Y/ -
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The reaction—diffusion equation: f € L2(Q), e > 0, x > 0 parameters

Find u : Q2 — R such that (¢ < « singular perturbation)

—2Au+rPu="f inQ,
u=0 onoQ
Guaranteed error upper bound (reliability) (u, € P,(7n) N H{(Q), p > 1, FEs)

llu—unll < n(un)
S——— S—~—
unknown error computable estimator

error lower bound (efficiency, f € Pyp_1(7h))

n (un) < Cerlllu — upll

Y/ -
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The reaction—diffusion equation: f € L2(Q), e > 0, x > 0 parameters

Find u : Q2 — R such that (¢ < « singular perturbation)

—2Au+rPu="f inQ,
u=0 onoQ
Guaranteed error upper bound (reliability) (u, € P,(7n) N H{(Q), p > 1, FEs)

llu—unll < n(un)
N——— ——
unknown error computable estimator
error lower bound (efficiency, f € Pyp_1(7h))
n (Un) < Ceitll|u — unl|

@ C.r a generic constant independent of Q, u, up, h,

Y/ -
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The reaction—diffusion equation: f € L2(Q), e > 0, x > 0 parameters

Find u : Q2 — R such that (¢ < « singular perturbation)

—2Au+rPu="f inQ,
u=0 onoQ
Guaranteed error upper bound (reliability) (u, € P,(7n) N H{(Q), p > 1, FEs)

llu—unll| < n(un)
N——— ——
unknown error computable estimator
local error lower bound (efficiency, f € Py_1(7h))
i (Un) < Cesilllu = Uplllo, VK €Th

@ C.r a generic constant independent of Q, u, up, h,

Y/ -
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The reaction—diffusion equation: f € L2(Q), e > 0, x > 0 parameters

Find u : Q2 — R such that (¢ < « singular perturbation)

—2Au+rPu="f inQ,
u=0 onoQ
Guaranteed error upper bound (reliability) (u, € P,(7n) N H{(Q), p > 1, FEs)

llu—unll = n(un)
N—— N——
unknown error computable estimator
Robust local error lower bound (efficiency, f € Pp_1(7h))
nk(Un) < Cellu — tplll,. VK €Th

@ C.r a generic constant independent of Q, u, up, h, ~, ¢

Y/ -

M. Vohralik Error control and adaptivity in numerical simulations 21 /28



| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C

The reaction—diffusion equation: f € L2(Q), e > 0, x > 0 parameters

Find u : Q2 — R such that (¢ < « singular perturbation)

—2Au+rPu="f inQ,
u=0 onoQ
Guaranteed error upper bound (reliability) (u, € P,(7n) N H{(Q), p > 1, FEs)
llu—unll| < n(un)
N—— N——

unknown error computable estimator
Robust local error lower bound (efficiency, f € Pp_1(7h))
77K(Uh) < CC[T”‘U - Uhmw';( VK € 777

@ C.r a generic constant independent of Q, u, up, h, ~, ¢

@ Verflrth (1998), Ainsworth and Babuska (1999), Grosman (2006), Cheddadi,
Fucik, Prieto, Vohralik (2009), Ainsworth and Vejchodsky (2011, 2014, 2019),
Kopteva (2017), Smears & Vohralik (2020) Loveta erc
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢,)
For each vertex a € V, let

(U?, d)g)

Comments
@ local discrete constrained minimization problems
o
] 2 . ¢ ‘erc
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢,)
For each vertex a € V, let

(U?, d)g)

Comments
@ local
o
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢,)
For each vertex a € V, let

(0h ) =318 (v, qn)eRTS(T2)xP5(T2)CHo(div,wa)xL2(a)

Comments
@ local discrete
o
Qo 2 L £ erc
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢,)
For each vertex a € V, let

a a
(Oh @R) = a8 (v, G)eRT(T?) xPo(T?)CHo(div,wa) x L2(wa)
V-Vh+r2qn=Tp(fba) = VUp-Vioa

Comments
@ local discrete constrained
(*}
o 2 L . erc
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢,)
For each vertex a € V, let

a ay .__ H a
(h, ) 1= Arg MiN (v, g)eRT5(72)x Pp(T2) CHo(div,wa)x L2(wa) Jun (V) Gh)
V- Vh+r2qn=p(fba) —e2Vup-Viia

Comments
@ local discrete constrained minimization problems
o
] 2 . - ‘erc
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| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢,)
For each vertex a € V, let
(oh, d5) = arg min (Vh,qh)eRR(Ta)X/Pp(’Ta)CHO(div,wa)xL2(wa)"l5h(Vh’ Gh)
V- Vh+r2qn=p(fba) —e2Vup-Viia
J2 (Vh, Gn) := W5 llevaVup +e ' val2, + |15 [Ma(atn) — gnll12,

Comments
@ local discrete constrained minimization problems
o
] 2 . - ‘erc
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢,)
For each vertex a € V, let
(oh, d5) = arg min (Vh,qh)eRR(Ta)X/Pp(‘Ta)CHO(div,wa)><L2(wa)"l5h(Vh’ Gh)
V- Vh+r2qn=p(fba) —e2Vup-Viia
J& (Vh, Gn) = Wj[evaVun+e V|2, + |5 [Mn(vatn) — gr]l2,

with the weight w := min {1, C. hhw}

a

Comments
@ local discrete constrained minimization problems

° -
Creia—*-
M. Vohralik Error control and adaptivity in numerical simulations 22 /28



| Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C

Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢,)
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V- Vh+r2qn=p(fba) —e2Vup-Viia

J& (Vh, Gn) = Wj[evaVun+e V|2, + |5 [Mn(vatn) — gr]l2,

with the weight wy := min {1, C. %} Combine

op = Zaﬂ € RTpNH(div,Q), ¢p:= Z #7 € Pp(Th)-

acy acy )
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Equilibrated flux and potential reconstructions

Definition (Flux o, and potential ¢,)
For each vertex a € V, let

a ay .__ H a
(h, ) 1= Arg MiN (v, g)eRT5(72)x Pp(T2) CHo(div,wa)x L2(wa) Jun (V) Gh)
V- Vh+r2qn=p(fba) —e2Vup-Viia

J& (Vh, Gn) = Wj[evaVun+e V|2, + |5 [Mn(vatn) — gr]l2,
with the weight wy := min {1, C. %} Combine

op = Zaﬂ € RTpNH(div,Q), ¢p:= Z #7 € Pp(Th)-

acy acy

Comments
@ local discrete constrained minimization problems

@ choose the locally best-possible estimators
@ yields V-op, + k2¢p = Mpf V.
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Laplace Nonlinear Laplace Reaction—diffusion Heat Eigenvalues C

Boundary layer, solution u(x,y) =e =¥ + e =/, p=2

Relative errors and estimators

—@—energy error
. —&—energy est.
* == error
=k |2 error
. s flux est.

& | | | | | | | potential est.
1015 , [ I I
10

10t 102 10° 10* 10° 10° 107 108

Parameter

Relative energy errors and estimates

M. Vohralik

Effectivity index

i

=
)
|

=
3
I
|

=
I
I
|

=
w
I
|

=
N
I
|

11— —

" | | | L
102 10" 10° 10 10° 10° 10* 10° 10° 107 108
Parameter

Effectivity indices n(up)/|||u — unl||
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Boundary layer, solution u(x,y) =e =X +e <Y, p=2

estimators energy errors
IsoValue
0

5.
61514 W0.652809
0999974 W0 678921

4
4
4
4
7
4
7
4
4
4
4
4
4
4
4
4
7
4
4

Estimated error distribution 7 (up) Exact error distribution ||| — up |||«
zia—
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation
9 oou—Au=1Ff inQx(0,T),

u=0 ondQx(0,T),
u(0)=up iInQ
Spaces

.
X = L%(0, T: H3 (Q)). lIvI% ::/O IV v dt,

)
Y = 20, T; Hy(Q)) N H'(0, T: (@), | vI} = /0 10VI2 0 + VIR dt + V(T)2
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation
9 oou—Au=1Ff inQx(0,T),

u=0 ondQx(0,T),
u(0)=up iInQ
Spaces

.
X = L%(0, T: H3 (Q)). lIvI% ::/O IV v dt,

)
Y = 20, T; Hy(Q)) N H'(0, T: (@), | vI} = /0 10VI2 0 + VIR dt + V(T)2

Y norm error is the dual X norm of the residual + initial condition error

2

| 2

+ || uo — Uk, (0)

;
lu—up |5 = sup [/o (f,v) — (Otunr, v) — (Vup,, Vv)dt

veX,|lvilx=1
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0)=up iInQ
error upper bound (reliability) (un, FE in space, DG in time approx.)

llu —unlll < n(unr)
N—— N——

unknown error computable estimator
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0)=up iInQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)

llu —unlll < n(unr)
N—— N——

unknown error computable estimator
error lower bound (efficiency)

n - (Unr) < Cerrlllu = tne|l
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0)=up iInQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)

llu —unlll < n(unr)
N—— N——

unknown error computable estimator
error lower bound (efficiency)
n (Upr) < Cerrll|u — tne |l

@ Cr a generic constant independent of Q, u, un., h, p, 7, g,
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0)=up iInQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)

llu —unlll < n(unr)
N—— N——

unknown error computable estimator
local in space and in time error lower bound (efficiency)
UK.ln(UhT) < Ccff|||u - UhT|||uquln

@ C.r a generic constant independent of Q, u, ux., h, p, 7, g,
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0)=up iInQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)

llu —unlll < n(unr)
N—— N——

unknown error computable estimator
Robust local in space and in time error lower bound (efficiency)
UK.ln(UhT) < Ccff|||u - UhT|||uquln

@ C.r a generic constant independent of Q, u, up,, h, p, 7, q, T
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The heat equation (f € L2(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0)=up iInQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)
lu—uplll < 5(Us)
S———— SN——
unknown error computable estimator
Robust local in space and in time error lower bound (efficiency)
77K.ln(UhT) < Ccﬁ'|||u - UhT|||wK></n
@ C.r a generic constant independent of Q, u, up,, h, p, 7, q, T

@ Verfiirth (2003), Bergam, Bernardi, and Mghazli (2005), Makridakis and
Nochetto (2006), Ern and Vohralik (2010), Ern, Smears, and Vohralik (2017)
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval /, and for each vertex a < V", let

opl = arg min // IVh + ¢aV U |2, dt.
n

vhEVE
YV -Vp=va(f—0tTup, )=Vpa-Vup,
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval /, and for each vertex a < V", let

opl = arg min // IVh + ¢aV U |2, dt.
n

vhEVE
YV -Vp=va(f—0tTup, )=Vpa-Vup,

Then set

N
P a$n
o= Y b

n=1aey"

Creda L2 F
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)
For each time-step interval /, and for each vertex a < V", let

opl = arg min / |V + aVup, ||, dt.
a,n
vheVy, In
V-Vp=va(f—0¢Zup, )—Vpa-Vup,
Then set N
. a,n
o= >3 ot
n=1acyn
Comments

e satisfies op, € L2(0, T; H(div, Q)) with V-ap,, = f — 0;Zup,
@ a priori a local space-time problem, V2" := Q,(,; V5")
@ uncouples to g elliptic problems posed in V2"

-

Ceeia -t
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Conclusions

Conclusions
@ a posteriori error control
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Conclusions

Conclusions
@ a posteriori error control
@ full adaptivity: space mesh, time step, linear solver, nonlinear solver,
polynomial degree
@ recovering mass balance in any situation
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CDG Terminal 2E collapse in 2004 (opened in 2003)
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@ no earthquake, flooding, tsunaml heavy rain, extreme temperature
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@ deterministic, steady problem, PDE known, data known, implementation OK
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CDG Terminal 2E collapse in 2004 (opened in 2003)

@ no earthquake, roodmg teenaml heavy rain, extreme temperature
@ deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,

M. Vohralik

| believe without error control

Contentslsts vailab et
Case Studies in Engineering Failure Analysis
fournal homepage: www.elsevier.comlocate/csefa

ility study and si ion of the ive collapse of @W\\,M
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Best-possible error decrease: /1p adaptivity, (smooth solution)
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Mesh 7, and polynomial degrees px

I

P s
oha i L




Motivation Pol.-deg. adaptivity

Best-possible error decrease: /p adaptivity, (singular solution)

Zoom [—1073,1073]2

Mesh 7, and polynomial degrees px
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