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Stability of the potential reconstruction

Theorem (Local stability ev (2015, 2016), using *> Tools )

There holds
- min([Va(ly (Yaln)—Ve)llwa = Min - [[Vi(lp (1a&h)=V)lwa-
Vh€P, (Ta)NH (wa) veH] (wa)

- '/_\\
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Equilibrated flux reconstruction

Equivalent form: mixed FEs
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Stability of the flux reconstruction

Theorem (Local stability Braess, Pillwein, Schaberl (2009; 2D), EV (2016; 3D), using ’TOO'S)
There holds

min 1, v m|n I, v||,..
e, T Ml o) =Villaw < min s (Ga€) =
V~v,,:|'|p,(f¢a+§h Vq/)a) V-v=Il /(f’ll)a‘i’ﬁh Vwa)

M. Vohralik Reconstructions for optimal a priori & a posteriori estimates  12/30



| Potential rec. Flux rec. A priori A posteriori Tools C

Stability of the flux reconstruction

Theorem (Local stability Braess, Pillwein, Schaberl (2009; 2D), EV (2016; 3D), using ’TOO'S)
There holds

min 1, v min ||/, v|,..
VAERTN  (Ta)Ho(div, JLP (Valh)—=Villwa = veHo (div WU o (Vath)= Ve
V-vp=M p/(f’lj}a—‘rgh V¢a) V-v=Il /(fwa+§h Vl/)a)

Corollary (Global stability; o’ = p + 1)
For any o « H(div,2) such thatV-o = f,

1/2
h2
1€n — onll = 1€n— |l + {Z ﬁ\\f— ”pflli} :

KeT

‘erc

M. Vohralik Reconstructions for optimal a priori & a posteriori estimates  12/30



| Potential rec. Flux rec. A priori A posteriori Tools C

Stability of the flux reconstruction

Theorem (Local stability Braess, Pillwein, Schaberl (2009; 2D), EV (2016; 3D), using ’TOO'S)
There holds

min 1, v min ||/, v|,..
VAERTN  (Ta)Ho(div, JLP (Valh)—=Villwa = veHo (div WU o (Vath)= Ve
V-vp=M p/(f’d)a—‘rgh V¢a) V-v=Il /(fwa+§h Vl/)a)

Corollary (Global stability; o’ = p + 1)
For any o « H(div,2) such thatV-o = f,

1/2
h2
1€n —onll = [1€n— ol + {Z ﬁ\lf— np"”%} :

KeT

Corollary (Global stability; p’ = 1)
For any o < H(div,2) such thatV-o = f,

1/2
1€n — nll Sp € — ol + { > Hf—whHK} :

KeT

‘erc

M. Vohralik Reconstructions for optimal a priori & a posteriori estimates  12/30



| Potential rec. Flux rec. A priori A posteriori Tools C H!

Outline

H(div) Stable commuting local projector in H(div)

e A priori estimates
@ Global-best — local-best equivalence in H'

@ Constrained global-best — local-best equivalence in H(div)
@ Stable commuting local projector in H(div)

M. Vohralik




O Introduction
O Potential reconstruction
O Flux reconstruction

e A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — local-best equivalence in H(div)
@ Stable commuting local projector in H(div)

O A posteriori estimates
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications and numerical results

O Tools

O Conclusions and outlook




| Potential rec. Fluxrec. Apriori A posteriori Tools C H' H(div) Stable commuting local projector in H(div)

Global-best — local-best equivalence in H'

Theorem (Equivalence in H', p > 1 veeser (2016)

Let u € H}(Q) be arbitrary. Then,

min IIV(U — )P < mln IIV(U — vp)lI%
VREP, (T)NHJ () = KZ;' K
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Proof via potential reconstruction.

@ define discontinuous &, € P,(7) by
Enlk = arg m m|n ||V(U vi)llk, (n Dk =(u, )k VKT
(IS

Pp(K
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Theorem (Equivalence in H', p > 1 veeser (2016))
Let u € HI(RQ) be arbitrary. Then

min V(u— vyl min ||V(u— v,
vhe?p(T)mHg(Q)H ( Sp KZ;F vhePo(K) IV ( k-

Proof via potential reconstruction.

@ define discontinuous &, € P,(7) by
Enlk = arg m m|n ||V(U vi)llk, (n Dk =(u, )k VKT
(IS

Pp(K

@ {p: sh € Pp(T) N Hy(Q)
@ global (P’ = p), jump term efficiency + mean &,
1/2
IV h(En—sn)l Sp IV A(En— u)||+{Zh Ing [[5h]”|F} SIVA(u—=&n)ll
FeFr
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Theorem (Equivalence in H', p > 1 veeser (2016))
Let u € HI(RQ) be arbitrary. Then

min V(u— vl min |V(u-—v,
Vhe?p(T)mHg(Q)H ( Sp KZ;' Fo(K) IV( h)”K

Proof via potential reconstruction.

@ define discontinuous &, € P,(7) by
Enlk = arg m m|n ||V(U v)llk,  (€n k= (u, )k YK T
(IS

p
@ {p: sh € Pp(T) N Hy(Q)
@ global (P’ = p), jump term efficiency + mean &,
1/2
IV h(En—sn)l Sp IV A(En— u)||+{Zh Ing [[5h]”|F} SIVA(u—=&n)ll
FeFr

@ bound on minimum, triangle inequality

min  [|V(u—vp)|| <||V(u—sp)| <||Vr(u—Ep||+IIV r(€En—Sh ;
VhGPP(T)OHJ(IQ)( < IV (u=sp)ll < IV a(u=En)I+1V n(En—sn)
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Global-best — local-best equivalence in H(div)

Theorem (Constrained equivalence in H(div), p > 0 easv (018))

Let o € H(div, Q) with f := V.o be arbitrary. Then,

v v Rz || f—Npf||%].
vheRTN, hH dl“g hll* e Z VeRTN K)”U wll e 1£ = Mof

V-vp= I'Ipf V-vp= I'Ipf
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Global-best — local-best equivalence in H(div)

Theorem (Constrained equivalence in H(div), p > 0 easv (018))
Let o € H(div, Q) with f := V.o be arbitrary. Then,

VheRTN,(T)NH(div,Q)
V- v,,:l'lpf

VheRTN,
V- v,,:l'lpf

min o —val® 5o 30|, min llo = vl hElf -
KeT

Mpf%|.

Proof.
@ define discontinuous &, € RTN,(T) by

: 2 2 2
= ar min -V +h||V-(oc—v
&nlk gvhemNp(K) [HU nllk +hicl| V-( h)”K]

VK e T

‘erc
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Global-best — local-best equivalence in H(div)

Theorem (Constrained equivalence in H(div), p > 0 easv (018))
Let o € H(div, Q) with f := V.o be arbitrary. Then,

min v Z min v 2 f— N, f|2].
VhERTN,(T)NH( an|g) h” aa VheRTN,( |a h”K+ kl p li
V'Vh I'Ipf VVh I'If

Proof
@ define discontinuous &, € RTN,(T) by

; 2 42 2
= ar m — +he||V-(o — VK € 7
&nlk gvheRTlnp(K) [HO' Vallk+ bl V-( Vh)”K] S

@ since Vi, € RTN,(K), a € Vx, 0

(o — &p Viba)k + hg(V(0 — &€p), V-(Vba) )k = VKeT:

‘erc

M. Vohralik Reconstructions for optimal a priori & a posteriori estimates 14 /30



| Potential rec. Fluxrec. Apriori A posteriori Tools C H! H(div) Stable commuting local projector in H(div)

Global-best — local-best equivalence in H(div)

Theorem (Constrained equivalence in H(div), p > 0 easv (018))
Let o € H(div, Q) with f := V.o be arbitrary. Then,

min v Z min v 2 f— N, f|2].
VhERTN,(T)NH( an|g) h” aa VheRTN,( |a h”K+ kl p li
V'Vh I'Ipf VVh I'If

Proof
@ define discontinuous &, € RTN,(T) by

; 2 42 2
= ar m — +he||V-(o — VK € 7
&nlk gvheRTlnp(K) [HO' Vallk+ bl V-( Vh)”K] S

@ since Via € RTN,(K), a € Vk, 0
5 ,—/H
(0 = &n, Va)k + M (V(o = &), Vi(Vba) )k = VKeT,
@ as o € H(div,w,) and ¢z € H}(wa)
(0’, vwa)wa = —(V'O', Q/Ja)wa ‘erc
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Global-best — local-best equivalence in H(div)

Theorem (Constrained equivalence in H(div), p > 0 easv (018))
Let o € H(div, Q) with f := V.o be arbitrary. Then,

min v Z min v 2 f— N, f|2].
VhERTN,(T)NH( au|g) h” aa VheRTN,( |a h”K+ kl p li
V'Vh I'Ipf VVh I'If

Proof
@ define discontinuous &, € RTN,(T) by

; 2 42 2
= ar m — +he||V-(o — VK € 7
&nlk gvheRTlnp(K) [HO' Vallk+ bl V-( Vh)”K] S

@ since Via € RTN,(K), a € Vk, 0
2
(o = &h, Vba)k + hi(Vi(a = &p), Vi(V¥a) )k = VKeT,
@ as o € H(div,w,) and ¢z € H}(wa) = 12-orthogonality
(0, Va)ua=—(V-0,Va)u, = |(f,Va)ws + (€ Va)we =0 Vae V"™ || 4o
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Global-best — local-best equivalence in H(div)

Proof continuation.

) erc
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Global-best — local-best equivalence in H(div)

Proof continuation.

@ global (P =p)
1/2
€n — anll Sp 1€n — ol + { > gl - V’&h”%(}
KeT
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Global-best — local-best equivalence in H(div)

@ global (P =p)
1/2
1€n = onll Sp 1€n — ol + { > hgIf - V-ﬁhllf(}
KeT

@ bound on minimum, triangle inequality
min — vyl < - < = =
eI = Vol < Dl =l < o= &l + 1€ — ol
V‘vh:I'Ipf

1/2
e { > [lo — &l + hxlIf — V&%) }

KeT

erc
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Global-best — local-best equivalence in H(div)

@ global (P =p)
1/2
€n — anll Sp 1€n — ol + { > gl - V-ﬁhllf(}
KeT

@ bound on minimum, triangle inequality
min — vyl < - < = =
eI = Vol < Dl =l < o= &l + 1€ — ol
V‘vh:I'Ipf

1/2
S mi —v R2IIf — Vv |2
~° { KEZ'TVhERTNp(K) [”U h”K + e V””K]}

erc
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Global-best — local-best equivalence in H(div)

Proof continuation.

Q@ &, f: on € RTN,(T) N H(div, Q)
@ global (' =p)

1/2
€n — anll Sp 1€n — ol + { > gl - V’ﬁh”%(}

KeT

@ bound on minimum, triangle inequality

min — vyl < = < = —
emrn e =Vl < llo =l <l = &l + 1€ —
V‘v,,:l'lpf 1/2
< mi o — Vpl|% + 2 ||f — Vovp|2
< { 3 et Ll = vl -+ ) hM}

@ introducing the constraint

min [IIG VallR+HHEN = Vval[] < min LU VIR +HR I =M1l

vheRTN,(K)
V Vh I'Ipf

erc
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Stable commuting local projector in H(div)

Theorem (Stable commuting local projector, p > 0 easv (2018))
Let o € H(div, Q) be arbitrary. Then, Pyo = o, € RTNp(T)
NH(div, Q) is locally constructed, such that

MNp(V-o) = V-(Ppo) commuting,

Pyo =0 ifo € RTNy(T) N H(div,Q) projector,

1Poll Sp lloll + (V.o stable.

-

&Z’h7 ..... A
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Stable commuting local projector in H(div)

Theorem (Stable commuting local projector, p > 0 easv (2018))
Let o € H(div, Q) be arbitrary. Then, Pyo = o, € RTNp(T)
NH(div, Q) is locally constructed, such that

MNp(V-o) = V-(Ppo) commuting,

Pyo =0 ifo € RTNy(T) N H(div,Q) projector,

1Poor|| Sp lloll + [[AV-a|  stable.

Proof
@ V.o =Mp(V-0) by construction
Q ¢, = o from , global (P = p)

1/2
1€n—onll Sp 1€n— U”JF{Zh If— VEhHK} =0 = op=0

KeT
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Stable commuting local projector in H(div)

Theorem (Stable commuting local projector, p > 0 easv (2018))
Let o € H(div, Q) be arbitrary. Then, Pyo = o, € RTNp(T)
NH(div, Q) is locally constructed, such that

MNp(V-o) = V-(Ppo) commuting,

Pyo =0 ifo € RTNy(T) N H(div,Q) projector,

1Poor|| Sp lloll + [[AV-a|  stable.

@ V.o, =Tp(V-o) by construction
Q ¢, = o from , global P =p)
1/2
1€n—onll Sp 1€n— UH+{ > hllf- VEhHK} =0 = op=0
KeT
© usingv,=0in 1/2
lonll < llo— ol + llo|| Sp llo| +{ > IV GHK} |
KET erc
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Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

J erc
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(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;
@ uy e Py(T), p>1, be arbitrary subject to

(Vhtn, Via)os = (f,a)es  Va e V™,
@ &y = Up: Sp € Ppit(T) N H(Q) p
@ &= —Vpup, f:op € RTN,(T) N H(div, Q)
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Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;
@ uy e Py(T), p>1, be arbitrary subject to
(vhuhu V¢a)wa — (f7 wa)wa va € th;

@ &y = Up: Sp € Ppit(T) N H(Q) p
@ &= —Vpup, f:op € RTN,(T) N H(div, Q)
Then . )
I¥(u—un)l? < 7 (IVatn + anll + =<1 = Mofllic )
N —
KeT

constitutive relation equilibrium/data osc.

+ ) [ Va(un— sp)l% -
KeT

. g .
primal constraint

“r e
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency; f € P,_1(7) for

simplicity Braess, Pillwein, and Schéberl (2009), EV (2015, 2016))

Let u € H1(Q) be the weak solution. Then

1/2
IVa(un = sp)l| = [[Va(u — up)|| + { > he'Ing I[Uh]]HF} :

FeF

IVhtup 4+ opll = (IVa(u — up)ll.

-

&z:’ ..... P— )\ erc
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency; f € P,_1(7) for

simplicity Braess, Pillwein, and Schéberl (2009), EV (2015, 2016))

Let u € H1(Q) be the weak solution. Then

1/2
IVa(un = sp)l| = [[Va(u — up)|| + { > he'Ing I[Uh]]HF} :

FeF
Vhun + onll = [Va(u — un)|.
Remarks
@ immediate consequence of and

@ p-robustness
@ local efficiency on patches

@ maximal overestimation guaranteed (computable bounds
on the constants)

-
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Applications

Discretization methods

v conforming finite elements

v~ nonconforming finite elements
v discontinuous Galerkin

v/ mixed finite elements

-

,,,,,,,,,, e O\ EEC
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Model problem

—Au=f inQ:=(0,1)3
u=0 on 990




_ Reliability Efficiency Applications and numerics
Numerics: smooth case

Model problem

~Au=f inQ:=(0,1)
u=0 on 9Q

Exact solution

u(x, y) = sin(2rx) sin(2ry)
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Numerics: smooth case

Model problem

—~Au=f in Q:=(0,1)?
u=0 on oQ

Exact solution
u(x, y) = sin(2rx) sin(2ry)

Discretization

@ symmetric interior penalty discontinuous Galerkin method
@ unstructured triangular grids
@ uniform h refinement

-

,,,,,,,,,,, S ‘erc
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Uniform refinement: asymptotic exactness

~ho/2

~hy/8

~hy/2
~ho/4
~hy/8

~hy/2
~hy/4
~hy/8

~hy/2

~hy/8

~hy/2
~hy/4
~hy/8

~hy/2
~hy/4

lozia—t
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Uniform refinement: asymptotic exactness

h p[IVa(u—up)ll n 1

hy 1 1.07E-00 1.25E-00 117
~hy/2 5.56E-01 6.07E-01 1.09
~hy/4 2.92E-01 3.10E-01 1.06
~hy/8 1.39E-01 1.45E-01 1.04

hy 2 1.54E-01 1.63E-01 1.06
~hy/2 4.07E-02 4.23E-02 1.04
~hy/4 1.10E-02 1.14E-02 1.03
~hy/8 2.50E-03 2.57E-03 1.03

hy 3 1.37E-02 1.41E-02 1.03
~hy/2 1.85E-03 1.88E-03 1.01
~hy/4 2.60E-04 2.62E-04 1.01
~hy/8 2.75E-05 2.76E-05 1.01

hy 4 9.87E-04 1.01E-03 1.02
~hy/2 6.92E-05 7.00E-05 1.01
~hy/4 5.04E-06 5.07E-06 1.01
~hy/8 2.58E-07 2.60E-07 1.01

hy 5 5.64E-05 5.75E-05 1.02
~hy/2 2.01E-06 2.03E-06 1.01
~hy/4 7.74E-08 7.76E-08 1.00
~hy/8 1.86E-09 1.86E-09 1.00

hy 6 2.85E-06 2.90E-06 1.02
~hy/2 5.42E-08 5.46E-08 1.01
~hy/4 1.07E-09 1.08E-09 1.01

b
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Uniform refinement: asymptotic exactness

h_ p||[Va(u—un)] IVatp+onll IV a(un—sn)ll i [

hy 1 1.07E-00 1.12E-00 4.16E-01 1.25E-00 1.17
~hy/2 5.56E-01 5.71E-01 1.82E-01 6.07E-01 1.09
~hy/4 2.92E-01 2.96E-01 8.77E-02 | 3.10E-01 1.06
~hy/8 1.39E-01 1.40E-01 3.85E-02 1.45E-01 1.04

hy 2| 1.54E-01 1.55E-01 3.05E-02 1.63E-01 1.06
~hy/2 4.07E-02 4.13E-02 7.55E-03 4.23E-02 1.04
~hy/4 1.10E-02 1.12E-02 1.97E-03 1.14E-02 1.03
~hy/8 2.50E-03 2.54E-03 4.21E-04 | 2.57E-03 1.03

hy 3| 1.37E-02 1.37E-02 1.74E-03 1.41E-02 1.03
~hy/2 1.85E-03 1.85E-03 2.10E-04 1.88E-03 1.01
~hy/4 2.60E-04 2.60E-04 2.54E-05 | 2.62E-04 1.01
~hy/8 2.75E-05 2.75E-05 2.55E-06 | 2.76E-05 1.01

ho 4| 9.87E-04 9.84E-04 1.11E-04 1.01E-03 1.02
~hy/2 6.92E-05 6.92E-05 7.44E-06 | 7.00E-05 1.01
~hy/4 5.04E-06 5.04E-06 4.98E-07 | 5.07E-06 1.01
~hy/8 2.58E-07 2.58E-07 2.47E-08 | 2.60E-07 1.01

hy 5| 5.64E-05 5.63E-05 4.50E-06 | 5.75E-05 1.02
~hy/2 2.01E-06 2.01E-06 1.46E-07 | 2.03E-06 1.01
~hy/4 7.74E-08 7.73E-08 4.35E-09 | 7.76E-08 1.00
~hy/8 1.86E-09 1.86E-09 1.00E-10 1.86E-09 1.00

hy 6| 2.85E-06 2.85E-06 2.18E-07 | 2.90E-06 1.02
~hy/2 5.42E-08 5.42E-08 4.02E-09 | 5.46E-08 1.01
~hy/4 1.07E-09 1.07E-09 6.90E-11 1.08E-09 1.01

b
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Uniform refinement: asymptotic exactness

h p| [[Va(u—up)| IVaunt+onll — mose  [[Valun—sn)ll n (il

ho 1 1.07E-00 1.12E-00 5.55E-02 4.16E-01 1.25E-00 117
~hy/2 5.56E-01 5.71E-01 7.42E-03 1.82E-01 6.07E-01 1.09
~hy/4 2.92E-01 2.96E-01 1.04E-03 8.77E-02 3.10E-01 1.06
~hy/8 1.39E-01 1.40E-01 1.10E-04 3.85E-02 1.45E-01 1.04

hy 2 1.54E-01 1.55E-01 5.10E-03  3.05E-02 1.63E-01 1.06
~hy/2 4.07E-02 413E-02 3.53E-04 7.55E-03 4.23E-02 1.04
~hy/4 1.10E-02 1.12E-02 2.51E-05 1.97E-03 1.14E-02 1.03
~hy/8 2.50E-03 2.54E-03 1.30E-06 4.21E-04 2.57E-03 1.03

ho 3 1.37E-02 1.37E-02 3.58E-04 1.74E-03 1.41E-02 1.03
~hy/2 1.85E-03 1.85E-03 1.26E-05 2.10E-04 1.88E-03 1.01
~hy/4 2.60E-04 2.60E-04 4.73E-07 2.54E-05 2.62E-04 1.01
~hy/8 2.75E-05 2.75E-05 1.15E-08 2.55E-06 2.76E-05 1.01

hy 4 9.87E-04 9.84E-04 2.12E-05 1.11E-04 1.01E-03 1.02
~hy/2 6.92E-05 6.92E-05 3.96E-07 7.44E-06 7.00E-05 1.01
~hy/4 5.04E-06 5.04E-06 7.58E-09 4.98E-07 5.07E-06 1.01
~hy/8 2.58E-07 2.58E-07 8.96E-11 2.47E-08 2.60E-07 1.01

hy 5 5.64E-05 5.63E-05 1.06E-06 4.50E-06 5.75E-05 1.02
~hy/2 2.01E-06 2.01E-06 9.88E-09 1.46E-07 2.03E-06 1.01
~hy/4 7.74E-08 7.73E-08 1.01E-10  4.35E-09 7.76E-08 1.00
~hy/8 1.86E-09 1.86E-09 1.70E-12  1.00E-10 1.86E-09 1.00

hy 6 2.85E-06 2.85E-06 4.70E-08 2.18E-07 2.90E-06 1.02
~hy/2 5.42E-08 5.42E-08 2.40E-10 4.02E-09 5.46E-08 1.01
~hy/4 1.07E-09 1.07E-09 1.03E-11 6.90E-11 1.08E-09 1.01
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Uniform refinement: asymptotic exactness

h p llu—unllpc DG It

ho 1 1.09E-00 1.26E-00 1.16
~hy/2 5.61E-01 6.11E-01 1.09
~hy/4 2.93E-01 3.11E-01 1.06
~hy/8 1.39E-01 1.45E-01 1.04

hy 2 1.55E-01 1.64E-01 1.06
~hy/2 4.09E-02 4.26E-02 1.04
~hy/4 1.11E-02 1.15E-02 1.03
~hy/8 2.52E-03 2.59E-03 1.03

ho 3 1.37E-02 1.41E-02 1.03
~hy/2 1.85E-03 1.88E-03 1.01
~hy/4 2.60E-04 2.62E-04 1.01
~hy/8 2.75E-05 2.76E-05 1.01

hy 4 9.87E-04 1.01E-03 1.02
~hy/2 6.93E-05 7.00E-05 1.01
~hy/4 5.04E-06 5.07E-06 1.01
~hy/8 2.59E-07 2.60E-07 1.01

hy 5 5.64E-05 5.75E-05 1.02
~hy/2 2.01E-06 2.03E-06 1.01
~hy/4 7.74E-08 7.76E-08 1.00
~hy/8 1.86E-09 1.86E-09 1.00

hy 6 2.85E-06 2.90E-06 1.02
~hy/2 5.42E-08 5.46E-08 1.01
~hy/4 1.07E-09 1.08E-09 1.01
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Model problem

—Au = 0 inQ:=(1,1)2\]0,1],
u = up onoN




_ Reliability Efficiency Applications and numerics
Numerics: singular case

Model problem

AU = 0 in Q:=(1,1)2\[0,1]2,
u = up onoN

Exact solution

u(r, ¢) = r¥/3sin(2¢/3)

Losra o
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Numerics: singular case

Model problem

~Au = 0 inQ:=(1,1)2\]0,1]?
u = up on o
Exact solution
u(r, ¢) = r¥3sin(2¢4/3)
Discretization
@ incomplete interior penalty discontinuous Galerkin method

@ unstructured non-nested triangular grids
@ hp-adaptive refinement

-
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M. Vohralik Reconstructions for optimal a priori & a posteriori estimates 22/ 30



| Potential rec. Flux rec. A priori A posteriori Tools C Reliability Efficiency Applications and numerics

hp-adaptive refinement: exponential convergence
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Numerics: example of hp-approximation

P5
P4
VNS
N VN

([

> P3

4

4
P2
P1

4 A\
Inermatcs JFmotnematics /m
V1277 2
M. Vohralik Reconstructions for optimal a priori & a posteriori estimates 24 / 30




Q Introduction
Q Potential reconstruction
Q Flux reconstruction

0 A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — local-best equivalence in H(div)
@ Stable commuting local projector in H(div)

0 A posteriori estimates
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications and numerical results

Q@ Tools

Q Conclusions and outlook
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Potentials

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:
y

2D), Mufioz-Sola (1997), Demkowicz, Gopalakrishnan, Schéberl (2009))

Letp>1,K e T,and 7). C Fk. Letr € P,(F}}) be continuous

on FR. Then
min _[[Vvax = min [|Vv|k
Vh€Pp(K) veH'(K)
vp=rr on all FEFR v=rg on all FEFR

il 1 /2(aK)

-
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Potentials

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:
y

2D), Mufioz-Sola (1997), Demkowicz, Gopalakrishnan, Schéberl (2009))

Letp>1,K e T,and 7). C Fk. Letr € P,(F}}) be continuous

on FR. Then

min, IVVallx <

VhE€Pp(K)
vp=rr on all FEFR

min IIVVIIK
H (K

v=rg on all Fe]-‘D

il 1 /2(aK)

in K,
onall Fe FR,
on all FEFK\.FK

,,,,,,,,,,,,,,,,,,,,, ‘erc

Context
~ACk =0
Ck =TF
—Vik-ngk =0
M. Vohralik
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Potentials

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:

2D), Mufioz-Sola (1997), Demkowicz, Gopalakrishnan, Schéberl (2009))

Letp>1,K e T, and
on FR. Then

min, IVVallx <

VhE€Pp(K)
vp=rr on all FEFR

F) C Fk. Letr € Pp(F)) be continuous

m|n ||VV||K = [[V¢kllk-

v=rg on all Fe]-‘D

il 1 /2(aK)

in K,
onall Fe FR,
on all FEFK\.FK

Context
~ACk =0
Ck =TF
—Vik-ngk =0
M. Vohralik
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Potentials

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:

2D), Mufioz-Sola (1997), Demkowicz, Gopalakrishnan, Schéberl (2009))

Letp>1,K e T, and
on FR. Then

FE.
Vil = mln
€Py(K)

Vh= r,: on all Fe]-'D

IVVallk =

F) C Fk. Letr € Pp(F)) be continuous

m|n ||VV||K = [[V¢kllk-

v=rg on all Fe]-‘D

il 1 /2(aK)

in K,
onall Fe FR,
on all FEFK\.FK

Context
~ACk =0
Ck =TF
—Vik-ngk =0
M. Vohralik
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Potentials

Theorem (Broken H' polynomial extension on a patch ev o1,

201 6))

Forp>1andaec V™, letr < P,(F). Suppose the
compatibility

rF’Fﬂ@wa =0 VF € ]_-iam’

> tFefFle=0  Vecéa

FeFe
Then
min_ [[Vavhllwa = min [[VaV|l,.
VhE€Pp(Ta) veH' (Ta)
vh=0 VFEFg" v=0 VFEFZ"
|IV[-,]]=I'F VFE]'—;"[ |[V]]:f/: VFG]'—iam
,,,,,,,,,,, v ‘erc
Ceia -t
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Fluxes

Lemma (H(div) polynomial extension on a tetrahedron costave,

Mclntosh (2010); Ainsworth, Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, Schéberl (2012); EV (2016))

Letp>0,K e T, 7y C Fk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:N = .FK. Then

min [vallk = min vk
VLRERTNp(K) veH(div,K)
Vh-NK=IF VFE}—E V-Nng=rg VFE}—}}I
V.vp=rg V.v=rg

-
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Fluxes

A priori A posteriori Tools C

Lemma (H(div) polynomial extension on a tetrahedron costave,

Mclntosh (2010); Ainsworth, Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, Schéberl (2012); EV (2016))

Letp>0,K e T, 7y C Fk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:N = .FK. Then

min |[vpllk = min - v]k
VLRERTNp(K) veH(div,K)
Vh-Ng=IF VFE}—% V-Ng=IF VFE}—}}I
V-vp=rg V.v=rg
Context
—Alk = rx in K,
—Vik-Nk = rr onall F € F},
(k=0 onall F € Fix \ Fx.
Set pk = —V(k. &’2’7 ..... — :

M. Vohralik
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Fluxes

A priori A posteriori Tools C

Lemma (H(div) polynomial extension on a tetrahedron costave,

Mclntosh (2010); Ainsworth, Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, Schéberl (2012); EV (2016))

Letp>0,K e T, 7y C Fk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:N = .FK. Then

min v < min V| = .
vheRTN,(K) IVl = veH(div.K) Vil = llexllc
Vh-Ng=IF VFE}—% V-Ng=IF VFE}—}}I
V.vp=rg V.v=rg
Context
—Alk = rx in K,
—Vik-Nk = rr onall F € F},
(k=0 onall F e Fx\ Fg.
Set pk = —V(k. &’2’7 ..... — :
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Fluxes

Lemma (H(div) polynomial extension on a tetrahedron costave,

Mclntosh (2010); Ainsworth, Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, Schéberl (2012); EV (2016))

Letp>0,K e T, 7y C Fk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:',l}I = Fk. Then
MFEs . .
= min v < min V| = :
lenwlhe "= min vallk < min vik = el
Vh-Ng=IF VFE}—% V-Ng=IF VFE}—}}I
V-vp=rg V-v=rk
Context
—Alk = rx in K,
—Vik-Nk = rr onall F € F},
(k=0 onall F € Fix \ Fx.
Set YK = —V(k. &’2’7 ..... — 52 "iarc
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Fluxes

Theorem (Broken H(div) polynomial extension on a patch eraess,

Pillwein, & Schéberl (2009; 2D), EV (2016; 3D))

Forp>0andac V™, letr c Py(Fa) x Pp(7a). Suppose the
compatibility

Z(rKJ)K— Z(r,:,1),_-:0.

KeTa FeFa
Then
min [Vhllwa = min [V |g-
VhE€RTNp(7a) veH(div,7a)
Vh-Ne=rg VFEFG" v-ng=rg YFEFG"
[vh-nel=rF VFEFS! [v-ne]=rr VFeFM
Vh-Vhlk=rk YK€ETa Vh-V|k=rx YKETa

-
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Q Introduction
Q Potential reconstruction
Q Flux reconstruction

0 A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — local-best equivalence in H(div)
@ Stable commuting local projector in H(div)

0 A posteriori estimates
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications and numerical results

o Tools

@ Conclusions and outlook
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Conclusions and outlook

Conclusions

@ simple proof of global-best — local-best equivalence in H'
constrained global-best — local-best equivalence in H(div)
incidentally leads to stable commuting local projectors
optimal a priori error estimates

p-robust a posteriori error estimates (unified framework for
all classical numerical schemes)

@ extensions to nonmatching meshes (robust wrt number of
hanging nodes), mixed parallelepipedal-simplicial meshes,
varying polynomial degree, general BCs, H~' source
terms, and others carried out

-
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Conclusions and outlook

Conclusions

@ simple proof of global-best — local-best equivalence in H'
constrained global-best — local-best equivalence in H(div)
incidentally leads to stable commuting local projectors
optimal a priori error estimates

p-robust a posteriori error estimates (unified framework for
all classical numerical schemes)

@ extensions to nonmatching meshes (robust wrt number of
hanging nodes), mixed parallelepipedal-simplicial meshes,
varying polynomial degree, general BCs, H~' source
terms, and others carried out

Ongoing work

@ p-robust global-best — local-best equivalence ‘
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Thank you for your attention!
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