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@ unsteady nonlinear degenerate systems of PDEs
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Discretization: system of nonlinear algebraic eqs
Find P € RN such that

U (P)=F
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nonlin. op.
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@ valid at each step: time n, linearization k, linear solver |

@ distinguishing different error components, all estimators with the same (flux)
physical units

@ easy to code, fast to evaluate, cosy to use in practice

o full adaptivity (stopping criteria for linear and nonlinear solvers, mesh
refinement, time step adjustment)

Construction of the estimates interconnected with
recovering mass balance at each step n, k, .

[n 7l = F
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Linear Darcy flow

Steady linear Darcy flow

—V-(KVp) =f in Q,
p=0 on 012

@ Q CRY d>1,polytope
@ f € L2(Q) source term, pw constant for simplicity
@ K ¢ [L=(Q)]9*? symmetric elliptic diffusion-dispersion tensor (pw constant)

Unknowns
@ p pressure head
@ u:= —KVp Darcy velocity (flux)

-
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@ The flux balance is satisfied, with (F)x := (f,1)k:
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° (U)y~(un,1),=[ un
@ any (lowest-order) locally conservative method

@ the link between (U), and (P)k is not important for
the a posteriori error estimate upper bound
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@ finite element stiffness matrix

(SK)a,a' = (KVar, Viba)k a,a c VK h
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@ finite element stiffness matrix

(SK)a,a' = (KVar, Viba)k a,a c VK h

Q finite element mass matrix

(My)aa == (Ya,va)k  a,@ € Vkp
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h‘K & Vy; (Vpn,1)o=(U)o V-Vh:constantui hH K’

where up|k extends the boundary fluxes (U), into the interior of K
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Three element matrices easily computable from the geometry of K

(U)o

© mixed finite element local static condensation matrix

’
A & Uplk i=ar min K 2v
K h‘K & Vh; (Vpn,1)o=(U)o V-Vh:constantui hH K

where up|k extends the boundary fluxes (U), into the interior of K

[ one can also use the scheme element matrix A x }
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@ cell pressure (P)x
@ S face pressures, local averages of neighbor (P)k-




Element pressure and flux vectors

sip
Sk

@ cell pressure (P)yx
@ S face pressures, local averages of neighbor (P)x:
@ Sk: vertex pressures, constructed from S
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Element pressure and flux vectors

sip
Sk

@ cell pressure (P)yx
@ S face pressures, local averages of neighbor (P)x:
@ Sk: vertex pressures, constructed from S, also contains (P)x

za—



Element pressure and flux vectors

(U)o (U)o

)., Sox
Sk
Uy

(U)o

@ cell pressure (P)yx

@ S face pressures, local averages of neighbor (P)x:

@ Sk: vertex pressures, constructed from S

@ U face fluxes B ;o
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A posteriori error estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

(K2 u—un)][ < > ke

KeTy

nl=

where

—(UeXt)tA Uext + StKSKSK
+2(URY)'SR — 2(F)k|K| 11" MikSk.
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A posteriori error estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

1
2
K u—u)] < { > na} |
KeTy
where
—(UeXt)tA UeXt“FStKSKSK
+2(URY)'SR — 2(F)k|K| 1Mk Sk.
Comments

@ guaranteed upper bound on the Darcy velocity error
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A posteriori error estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

1
2

K4 u—un)| < {z m2<} |

KeTy
where
—(UeXt)tA Uext + StKSKSK
+2(URY)'SR — 2(F)k|K| 1Mk Sk.
Comments

@ guaranteed upper bound on the Darcy velocity error

@ price: matrix-vector multiplication on each element (no (local) linear

system, no (potential or flux) reconstruction) . o
h},’ ,,,,, +Fmotremaics €
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@ Prager-Synge equality:

A=) e (K]




@ Prager-Synge equality:

K 2(u—up)| = inf [[K 2up+K2VV|
veH}(Q)

@ consequently, for an arbitrary s, € H}(Q):

K3 wp)] < [K~bup + KEVs)|




Proof (1)

@ Prager-Synge equality:

K 2(u—up)| = inf [[K 2up+K2VV|
veH}(Q)

@ consequently, for an arbitrary s, € H}(Q):
K5 = up)| < [[KEup + Kivsy|

@ choose sy, continuous and piecewise affine wrt simplicial suomesh 7y, given
by the nodal values of the vector S
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Proof (1)

@ Prager-Synge equality:

K 2(u—up)|| = inf [[K 2up+KzVV||
veH}(Q)

@ consequently, for an arbitrary s, € H}(Q):
HK (u—up)|| < ||K™ 2up + K2VshH

@ choose sy, continuous and piecewise affine wrt simplicial suomesh 7y, given
by the nodal values of the vector S

@ developing for each K € Ty

Kb+ K3vs, 2 = K2 + 2(un, Tsii + [KET

Martin Vohralik A posteriori error estimates and mass balance 11/32



@ for the MFE element matrix A, there holds (vorai e worimun 2012):

K~ 2up||% = (U AU




@ for the MFE element matrix A, there holds (vorai e worimun 2012):
IK=2up [, = (UR) AkUR

@ finite elements assembly:

K2 Vsh||% = (Sk)'SkSk




Proof (2)

@ for the MFE element matrix Ak, there holds (vorai s wonmun 2019):
K- 2un? = (Ugty AUz

@ finite elements assembly:
1K= si|[% = (Sk)'SkSk

@ Green theorem:

(Up, Vsp)k = (UpN, Sp)ok — (V-Up, Sp)k
= (USY)'SR — (F)k|K|~"1'MkSk
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Setting
@ —Ap=f
e Q=(0,1)>2

@ analytic solution 24*x*(1 — x)*y*(1 — y)*, a = 200
@ hybrid finite volume (HFV) discretization (oroniou, Eymard, Galloust, Herbin (2010))
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Energy error & reference estimate (triangular submesh)

Energy error Reference estimate ( )
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Simple polygonal estimates

Using the MFE element matrix A Using the scheme element matrix Ak

vd
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Uniform mesh refinement

Error

0.4
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—e—  energy error
—— reference estimate ||
—— Ay estimate

—=— Ay estimate

104

10°
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[ Lol L1
104 10°
Number of unknowns

M. Vohralik, S. Yousef, Computer Methods in Applied Mechanics and Engineering (2020)
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Adaptive mesh refinement

Discretization

Estimate  Numerics

Error

410-2
16 10
—e— energy error
1.4 ——reference estimate ||
1ol —4— Ay estimate
’ —— A, estimate
1k |
0.8 g
0.6 g
0.4 .
0.2 8
| | | |
0.5 1 1.5 2 2.5
Number of unknowns 104
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@ Discretization
@ A posteriori estimate
@ Numerical experiments

Q Steady nonlinear Darcy flow
@ Discretization, linearization, and algebraic resolution
@ A posteriori estimate
@ Recovering mass balance

@ A posteriori estimate
@ Numerical experiments
@ Recovering mass balance




Steady nonlinear Darcy flow

-V(K(Vp)Vp)=f  inQ,
p=0 on 09Q.




Steady nonlinear Darcy flow
-V(K(Vp)Vp)=f  inQ,

p=0 on 09Q.
Assumptions
@ invertible nonlinearity

v=—-Kww — w=-KWv)yv, vweR?
@ strong monotonicity
cxlv—w? < (v—w)-(K(v)v - Kw)w),  vv,weR?
° Lipschitz-cor?tinuity
K(v)v —KW)w| < Cglv—w|,  vv,weR?
@ for simple matrix-vector multiplication:

cglv? <vK(w)v,  [K(w)v| < Cglv|, Wv,we RZL”"’"’“" INE




Steady nonlinear Darcy flow
-V(K(Vp)Vp)=f  inQ,

p=0 on 09Q.
Weak solution

p € H}(Q) such that
(K(VP)Vp,Vv) = (f.v) Vv e Hi(Q)
Darcy velocity
u:=—-K(Vp)Vp < H(div,Q)
Inverse relation

Vp = —K(u)u
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Discretization, linearization, and algebraic resolution

Discretization
> (U(P)onk oo = (Flk VK € Th UP)=F

oelk
@ system of | 7Ty| nonlinear algebraic equations
Linearization (step kK > 1)

Z (Uk 1(Pk))can,o'ncr =(F)k VKeTy

ok
@ linearized face normal fluxes U¥—'(P¥): affine functions of P¥

@ system of | 74| linear algebraic equations

-
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Discretization, linearization, and algebraic resolution

Discretization
> (U(P)onk oo = (Flk VK € Th UP)=F
@ system of | 74| noﬁigr;l{ear algebraic equations
Linearization (step k > 1) [qu Pk — ,:kq]
Z (Uk 1(Pk))onK,o'ncr =(F)xk YKeTy
ok

@ linearized face normal fluxes U¥—'(P¥): affine functions of P¥
@ system of | 74| linear algebraic equations
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Discretization, linearization, and algebraic resolution

Discretization
ST (UP))onkoo = (F)x VK € Ty UP)=F
oelk
@ system of | 7Ty| nonlinear algebraic equations
Linearization (step k > 1) [qu Pk — ,:kq]
Z (Uk 1(F)k))anK,o‘ncr = (F)K VK € Ty

ok
@ linearized face normal fluxes U¥—'(P¥): affine functions of P¥

@ system of | 74| linear algebraic equations
Algebraic resolution (step / > 1)

> (U Pk s = () — (R VK € Ty

) o€k
@ (R)*': algebraic residual vector
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Discretization, linearization, and algebraic resolution

Discretization
ST (UP))onkoo = (F)x VK € Ty UP)=F
oelk
@ system of | 7Ty| nonlinear algebraic equations
Linearization (step k > 1) [qu Pk — ,:kq]
Z (Uk 1(F)k))anK,o‘ncr = (F)K VK € Ty

ok
@ linearized face normal fluxes U¥—'(P¥): affine functions of P¥

@ system of | 74| linear algebraic equations

Algebraic resolution (step / > 1) (Uk—1Pki — Fk—1 _ Rk
> (U (P )on ong = (F)k — (R VK € Ty
o€k

@ (R)*': algebraic residual vector
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_ Discretization, linearization, algebra Estimate Mass balance
Estimating the algebraic error via additional solver steps

Perform / > 1 additional algebraic solver steps

> (UK PR ))onk ony = (F)k — (RN )k VK € Ty

oelk
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Discretization face normal flux

(U)o 1= (U(PKD),

Linearization error face normal flux

(U)o = (U T(PR7)), — (U(PKY)),
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Face fluxes

Discretization face normal flux

(U)o 1= (U(PKD),

Linearization error face normal flux

(U)o = (U T(PR7)), — (U(PKY)),

lin

Algebraic error face normal flux

(Ugip)o = (U1 (PRH)), — (UK (P,

LR o



Introduction Linear Darcy Nonlinear Darcy Multi-phase-compositional Darcy Conclusions Discretization, linearization, algebra Estimate Mass balance

Face fluxes

Discretization face normal flux

(U = (U(PH),

Linearization error face normal flux

(U)o = (U1 (PR, — (U(P*)),
Algebraic error face normal flux
(U'I(A/')J - (Uk71 (Pk,iJrj))U _ (ka‘I(Pk,i))J

alg

One number per face immediately available from the scheme
oneachstepk > 1,/ > 1.

-
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A posteriori error estimate

Theorem (Nonlinear Darcy flow)

Under Assumption A, there holds
K,i

alg

1 g .
5 K,i k. i K,i K,
CéHU o uh || < Msp + Min A Wil T e
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A posteriori error estimate

Theorem (Nonlinear Darcy flow)

Under Assumption A, there holds
K,i

alg

1 . . .
CéHu — UZ’/” < l]f};’ + ’71}1(1}, +n

1

ki
+77rem

, \2)2
with &' = {ZKGTH (77:(;() } , ® = {sp, lin, alg, rem}
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A posteriori error estimate

Theorem (Nonlinear Darcy flow)
Under Assumption A, there holds

1
CéHU H < ’]\P + 7]lm + 77(1lu+7716m

1
. \2) 2
with &' = {EKGTH (ﬁf;() } , = {sp, lin, alg, rem}, and
. 2 g . g .
(1) += (U s + (Sl
_{_20}21 CK [(Ul}?i,ext)tsl}((,i,ext . (F)K|K|—1 1tMKSl,?i ,
ki ) = (UR )akUE
nlmK : ( lin, K) K 11n K>
i V® o (U AU
nalg,K : ( alg K) K a]g K>

ol — chhQ\K\ B|(RFH) .
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_ Discretization, linearization, algebra Estimate Mass balance
Nonlinear Darcy flow estimate

Comments
@ guaranteed upper bound on the Darcy velocity error

@ same element matrices Sy, My, and Ak or Ax
@ price: matrix-vector multiplication on each element
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_ Discretization, linearization, algebra Estimate Mass balance
Nonlinear Darcy flow estimate

Comments
@ guaranteed upper bound on the Darcy velocity error

@ same element matrices Sy, My, and Ak or Ax
@ price: matrix-vector multiplication on each element
@ error components distinction
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_ Discretization, linearization, algebra Estimate Mass balance
Recovering mass balance: up to working precision

Algebraic error (face normal) flux reconstruction
Backward problem: for a given residual vector R*”, find a (face normal) flux s.t.
> (Usiohkono = (RE) VK € Ty

o€k
or

V-(upye) = KT R VK € Ty
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Recovering mass balance: up to working precision

Backward problem: for a given residual vector R*, find a (face normal) flux s.t.

Y (UgpoNk oy = (RM) VK € Ty
o€k
or

V-(ufy,) = IKIT'(R) VK € Ty

On each mesh 7, linearization step k, and algebraic step /, there holds

> (UFNenk o0y = (F)k—(RE* )i VK € Ty

o€k
or

V- (a5 = Al KSR VK € T
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Recovering mass balance: up to working precision

Backward problem: for a given residual vector R*”, find a (face normal) flux s.t.

Z (Uglé)JnK,o”nU = (Rk’i)K VK € Th
o€k
or

V-(ulse) = KR VK e Ty

On each mesh 7, linearization step k, and algebraic step /, there holds

> (UF)onk oy = (F)k VK € Ty
el
or

V.U =flk VK € Th
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Recovering mass balance: up to working precision

Domain decomposition solver
@ exact coarse solve
@ backward residual problem on each subdomain

@ S. Hassan, C. Japhet, M. Kern, M. Vohralik, Comput. Methods Appl. Math.
(2018)
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Recovering mass balance: up to working precision

Domain decomposition solver
@ exact coarse solve
@ backward residual problem on each subdomain

@ S. Hassan, C. Japhet, M. Kern, M. Vohralik, Comput. Methods Appl. Math.
(2018)

Multilevel solver
@ exact coarse solve
@ backward residual problem on each parent element (patch) on each level
@ J. Papez, U. Rude, M. Vohralik, B. Wohimuth, HAL Preprint 01662944 (2020)
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Recovering mass balance: up to working precision

Domain decomposition solver
@ exact coarse solve
@ backward residual problem on each subdomain

@ S. Hassan, C. Japhet, M. Kern, M. Vohralik, Comput. Methods Appl. Math.
(2018)

Multilevel solver
@ exact coarse solve
@ backward residual problem on each parent element (patch) on each level
@ J. Papez, U. Rude, M. Vohralik, B. Wohimuth, HAL Preprint 01662944 (2020)

[ Removes the term 1, from the a posteriori error estimate. j
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Recovering mass balance in a 2-phase Darcy porous media flow

original mass balance misfit (m?s~1) corrected mass balance misfit (m?s~1)
Setting

@ iterative coupling/IMPES discretization of a two-phase flow

@ vertex-centered finite volumes on a square mesh

@ time step 260, 1st iterative coupling linearization, CG iteration 171

Martin Vohralik A posteriori error estimates and mass balance 24 /32



Discretization, linearization, algebra Estimate Mass balance
media flow

0
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Domain decomposition for a 1-phase Darc

104
s

Energy error
s
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A posteriori error estimates and mass balance
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Discretization
A posteriori estimate
Numerical experiments
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@ Discretization, linearization, and algebraic resolution
@ A posteriori estimate
@ Recovering mass balance

e Unsteady multi-phase multi-compositional Darcy flow
@ A posteriori estimate
@ Numerical experiments
@ Recovering mass balance




Multi-phase multi-compositional flows

Unknowns
@ reference pressure P
@ phase saturations S := (Sp)pep
@ component molar fractions Cp := (Cp c)cec, 0f phase p € P
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Multi-phase multi-compositional flows

Unknowns
@ reference pressure P
@ phase saturations S := (Sp)pep
@ component molar fractions Cp := (Cp.c)cec, Of phase p € P
Constitutive laws
@ phase pressure = reference pressure + capillary pressure
@ Darcy’s law
Up(Pp) := —K(V Py + ppgV2)
@ component fluxes
Hc = Z GP,C7 Hp’c = I/pCp7Cup(Pp)
pEPe
@ amount of moles of component ¢ per unit volume

le=¢ Z CpSpCp,c )

pepc h},’ ,,,,, e —

‘erc
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Multi-phase multi-compositional flows

Governing PDEs
@ conservation of mass for components

8tlc + V'ec = qc \V/C S C
@ + boundary & initial conditions
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Multi-phase multi-compositional flows

Governing PDEs
@ conservation of mass for components

@ + boundary & initial conditions
Closure algebraic equations

@ conservation of pore volume: >_, » Sp =

@ conservation of the quantity of the matter: Zcec Cpc=1forallpeP
@ thermodynamic equilibrium

-

s -
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Multi-phase multi-compositional flows

Governing PDEs
@ conservation of mass for components
Otle + V-0c = qc YecelC
@ + boundary & initial conditions
Closure algebraic equations

@ conservation of pore volume: >_, » Sp =

@ conservation of the quantity of the matter: Zcec Cpc=1forallpeP
@ thermodynamic equilibrium

Mathematical issues
@ coupled system PDE — algebraic constraints
@ unsteady, nonlinear
@ elliptic—degenerate parabolic type

@ dominant advection &'M ,,,,, e
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A posteriori error estimate

Theorem (Multi-phase multi-compositional Darcy flow)

Under Assumption A, there holds )
2
. n,k,i n,k,i n,k,i nk,i k2
dual residual norm < Z (sp.d + e + M + Nty +hemic)
ceC
1
. . 2 2
with nf}’g" = / Z (nf’;"c) dt ; , e =sp,tm,lin, alg, rem.
fn KeTy
&’1,;; ,,,,,,,,,,,,,,,, erc
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A posteriori error estimate

Theorem (Multi-phase multi-compositional Darcy flow)
Under Assumption A, there holds

1
2
: n,K,i n,K,i n,K,i nk,i | nkiy2
dual residual norm < < > (s’ + nimg + Mins + atgothem.c)

ceC
1

with nnk' = / Z nf;'c , ® = sp, tm, lin, alg, rem.
fn KeTy

Comments
@ immediate extension of the results of the steady case

o still matrix-vector multiplication on each element
@ same element matrices Si, M, and Ak or Ak

@ input: available normal face fluxes, reference pressure, phase saturations,
and component molar fractions

same physical units of estimators of all error components Crsva
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3 phases, 3 components (black-oil) problem: permeability

Permeability X,Y Permeability 2z

4.910e-12 Je-11 2e-11 4.9106-11 2.450e-12 4e-12 5.5e-12 7e-12  8.580e-12
[RENEREE

HHHIHHH\ _ “\mm\m—mm\HIH,H
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3 phases, 3 components (black-oil) problem: gas saturation and a
posteriori estimate

Gas saturation AMRError

1.209e-01 0.31 0.5 0.68 8.709e-01

H\H‘HHHH\|HH\HH‘HHH

0.000e+00 0.25 0.5 0.75 1.000e+00,

o R LR P e

R .;o.o,,’.’
“:0:0:%:.‘0;0:

b i
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3 phases, 3 components (black-oil): alg. solver & mesh adaptivity

100F @ 800 | ]
0 - enee 1 S —e— standard resolution
1L | ® —+— adaptive resolution
" 10 ‘\"‘K“x\w ‘ standard stopping criterionE g piv uti
€ F * £ 600 i
o102 4 o
g ’ L
F 179]
[eX -3 L N
107 3 400 | 1
8 1074 L i m
o F adaptive stopping criterio El 5
W 10-5] e total estimator 4 g 200 - .
5 | ——algebraic estimator E b stgpadtat ‘pasieadupbit,
107° | —— rel. alg. residual E z L | | |
T T T T | | L 1 = |
0 10 20 30 40 50 60 0 0.5 1 1.5
BiCGStab iteration Time (seconds) 108
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Estimate Numerics Mass balance

sh adaptivity

3 phases, 3 components (black-oil): alg. solver & me

100

_k_k
T 9
LoL

10~4

Error components
-
o
b

10-5
10-6

E E o 800 [ —
| e s —e—standard resolution
R R kS —+— adaptive resolution
o 3t standard stopping criterion 5
FoL W ‘ pping E 2 600 i
E E Ke}
F 1 I
N ] n
\ 8 400} f
F adaptive stopping criterio Y Bl S
—e— total estimator g 3 200
—— algebraic estimator E
—— rel. alg. residual E z ol ‘ ‘ ‘

T T T T 1 1 I = =

0 10 20 30 40 50 60 0 0.5 1 1.5

BiCGStab iteration Time (seconds) 108
Linear solver |Resolution| AMR | Estimators| Gain
steps time time | evaluation |factor
Standard resolution 66386 1023s - - -
Adaptive resolution 20184 201s 42s 26s 3.8
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2 phases: recovering water mass balance

x10™

original mass balance misfit (m3s~") corrected mass balance misfit (m?s—1)
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2 phases: recovering oil mass balance

original mass balance misfit (m3s~") corrected mass balance misfit (m?s—1)
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2 phases: recovering oil mass balance

original mass balance misfit (m?s~1) corrected mass balance misfit (m?s~1)
Setting

@ fully implicit discretization

@ cell-centered finite volumes on a square mesh

@ time step 260 (60 days), 1st Newton linearization, GMRes iteration 195
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Conclusions

Conclusions
@ a posteriori error control
@ simple estimates on polygonal/polyhedral meshes
o full adaptivity: linear solver, nonlinear solver, time step, space mesh
@ recovering mass balance in any situation

@ VOHRALIK M., YOUSEF S., A simple a posteriori estimate on general polytopal meshes with applications to
complex porous media flows, Comput. Methods Appl. Mech. Engrg. 331 (2018), 728—760.

@ HASSAN S., JAPHET C., KERN M., VOHRALIK M., A posteriori stopping criteria for optimized Schwarz
domain decomposition algorithms in mixed formulations, Comput. Methods Appl. Math. 18 (2018),
495-519.

@ PaPEZ J., RUDE U., VOHRALIK M., WOHLMUTH B., Sharp algebraic and total a posteriori error bounds for h
and p finite elements via a multilevel approach. Recovering mass balance in any situation, HAL
Preprint 01662944 (2020).

4 [P — erc
Y2577, 3
Martin Vohralik A posteriori error estimates and mass balance 32 /32



Introduction Linear Darcy Nonlinear Darcy Multi-phase-compositional Darcy Conclusions

Conclusions

Conclusions
@ a posteriori error control
@ simple estimates on polygonal/polyhedral meshes
o full adaptivity: linear solver, nonlinear solver, time step, space mesh
@ recovering mass balance in any situation

@ VOHRALIK M., YOUSEF S., A simple a posteriori estimate on general polytopal meshes with applications to
complex porous media flows, Comput. Methods Appl. Mech. Engrg. 331 (2018), 728—760.

@ HASSAN S., JAPHET C., KERN M., VOHRALIK M., A posteriori stopping criteria for optimized Schwarz
domain decomposition algorithms in mixed formulations, Comput. Methods Appl. Math. 18 (2018),
495-519.

@ PaPEZ J., RUDE U., VOHRALIK M., WOHLMUTH B., Sharp algebraic and total a posteriori error bounds for h
and p finite elements via a multilevel approach. Recovering mass balance in any situation, HAL
Preprint 01662944 (2020).

Thank you for your attention! .
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