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Example: steady nonlinear Darcy flow ∇·(−K(∇p)∇p) = f

Discretization: system of nonlinear algebraic eqs
Find P ∈ RN such that

U︸︷︷︸
nonlin. op.

(P) = F

Linearization: system of linear algebraic eqs
Find Pk ∈ RN such that

Uk−1︸ ︷︷ ︸
matrix

Pk = Fk−1

Algebraic solver:
On step i , one has Pk ,i ∈ RN such that

Uk−1Pk ,i = Fk−1 − Rk ,i︸︷︷︸
algebraic residual vector

Common situation
linearization stopping crit.:
‖Pk − Pk−1‖∞ small
algebraic stopping crit.:
‖Rk ,i‖2/‖Rk ,0‖2 small
comparing apples and
oranges, not comparing in
the right norm, no overall
error control
locally conservative scheme

↓
early stopping criteria

↓
mass balance lost
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Goals
Goals

guaranteed a posteriori error estimate∣∣∣∣u|In − un,k ,i
h

∣∣∣∣ ≤ ηn,k ,i
sp + ηn,k ,i

tm + ηn,k ,i
lin + ηn,k ,i

alg

valid at each step: time n, linearization k , linear solver i
distinguishing different error components, all estimators with the same (flux)
physical units
easy to code, fast to evaluate, cosy to use in practice
full adaptivity (stopping criteria for linear and nonlinear solvers, mesh
refinement, time step adjustment)�
�

�

Construction of the estimates interconnected with

recovering mass balance at each step n, k , i .
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Linear Darcy flow

Steady linear Darcy flow

−∇·(K∇p) = f in Ω,

p = 0 on ∂Ω

Ω ⊂ Rd , d ≥ 1, polytope
f ∈ L2(Ω) source term, pw constant for simplicity
K ∈ [L∞(Ω)]d×d symmetric elliptic diffusion-dispersion tensor (pw constant)

Unknowns
p pressure head
u := −K∇p Darcy velocity (flux)
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Locally conservative discretization

Assumption A (Locally conservative discretization)
1 There is one pressure (P)K ∈ R per element K ∈ TH and one face normal flux

(U)σ ∈ R per face σ ∈ EH .
2 The flux balance is satisfied, with (F)K := (f ,1)K :∑

σ∈EK

(U)σnK ,σ·nσ = (F)K ∀K ∈ TH .

(P)K

(U)σ1

(U)σ2
(U)σ3

(U)σ4

(U)σ5

(U)σ6

(U)σ7

(U)σ ≈ 〈u·n,1〉σ =
∫
σ u·n

any (lowest-order) locally conservative method
the link between (U)σ and (P)K is not important for
the a posteriori error estimate upper bound

Martin Vohralík A posteriori error estimates and mass balance 6 / 32
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Three element matrices easily computable from the geometry of K

a a′

K

1 finite element stiffness matrix

(SK )a,a′ := (K∇ψa′ ,∇ψa)K a,a′ ∈ VK ,h

2 finite element mass matrix

(MK )a,a′ := (ψa′ , ψa)K a,a′ ∈ VK ,h

Martin Vohralík A posteriori error estimates and mass balance 7 / 32



Introduction Linear Darcy Nonlinear Darcy Multi-phase-compositional Darcy Conclusions Discretization Estimate Numerics

Three element matrices easily computable from the geometry of K

a a′

K

1 finite element stiffness matrix

(SK )a,a′ := (K∇ψa′ ,∇ψa)K a,a′ ∈ VK ,h

2 finite element mass matrix

(MK )a,a′ := (ψa′ , ψa)K a,a′ ∈ VK ,h

Martin Vohralík A posteriori error estimates and mass balance 7 / 32



Introduction Linear Darcy Nonlinear Darcy Multi-phase-compositional Darcy Conclusions Discretization Estimate Numerics

Three element matrices easily computable from the geometry of K

a a′

K

1 finite element stiffness matrix

(SK )a,a′ := (K∇ψa′ ,∇ψa)K a,a′ ∈ VK ,h

2 finite element mass matrix

(MK )a,a′ := (ψa′ , ψa)K a,a′ ∈ VK ,h

Martin Vohralík A posteriori error estimates and mass balance 7 / 32



Introduction Linear Darcy Nonlinear Darcy Multi-phase-compositional Darcy Conclusions Discretization Estimate Numerics

Three element matrices easily computable from the geometry of K

(U)σ1

(U)σ2
(U)σ3

(U)σ4

(U)σ5

(U)σ6

(U)σ7

3 mixed finite element local static condensation matrix

AK ⇔ uh|K := arg min
vh; 〈vh·n,1〉σ=(U)σ ∇·vh=constant

∥∥K−
1
2 vh
∥∥

K ,

where uh|K extends the boundary fluxes (U)σ into the interior of K�� ��one can also use the scheme element matrix ÃK
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Element pressure and flux vectors

•

cell pressure (P)K

Sext
K : face pressures, local averages of neighbor (P)K ′

SK : vertex pressures, constructed from Sext
K

Uext
K : face fluxes
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A posteriori error estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds∥∥K−

1
2 (u− uh)

∥∥ ≤ {∑
K∈TH

η2
K

} 1
2

,

where

η2
K :=(Uext

K )tAK Uext
K + St

KSK SK

+ 2(Uext
K )tSext

K − 2(F)K |K |−11tMK SK .

Comments
guaranteed upper bound on the Darcy velocity error
price: matrix-vector multiplication on each element (no (local) linear
system, no (potential or flux) reconstruction)
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Proof (1)

Prager–Synge equality:∥∥K−
1
2 (u− uh)

∥∥ = inf
v∈H1

0 (Ω)

∥∥K−
1
2 uh + K

1
2∇v

∥∥
consequently, for an arbitrary sh ∈ H1

0 (Ω):∥∥K−
1
2 (u− uh)

∥∥ ≤ ∥∥K−
1
2 uh + K

1
2∇sh

∥∥
choose sh continuous and piecewise affine wrt simplicial submesh Th, given
by the nodal values of the vector S
developing for each K ∈ TH∥∥K−

1
2 uh + K

1
2∇sh

∥∥2
K =

∥∥K−
1
2 uh
∥∥2

K + 2(uh,∇sh)K +
∥∥K

1
2∇sh

∥∥2
K
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Proof (2)

for the MFE element matrix AK , there holds (Vohralík & Wohlmuth (2013)):∥∥K−
1
2 uh
∥∥2

K = (Uext
K )tAK Uext

K

finite elements assembly: ∥∥K
1
2∇sh

∥∥2
K = (SK )tSK SK

Green theorem:

(uh,∇sh)K = 〈uh·n, sh〉∂K − (∇·uh, sh)K

= (Uext
K )tSext

K − (F)K |K |−11tMK SK
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Outline

1 Introduction: context, motivation, and goals
2 Steady linear Darcy flow

Discretization
A posteriori estimate
Numerical experiments
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Numerical experiment

Setting
−∆p = f
Ω = (0,1)2

analytic solution 24αxα(1− x)αyα(1− y)α, α = 200
hybrid finite volume (HFV) discretization (Droniou, Eymard, Gallouët, Herbin (2010))
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Energy error & reference estimate (triangular submesh)

Energy error Reference estimate (Vohralík (2008))
M. Vohralík, S. Yousef, Computer Methods in Applied Mechanics and Engineering (2020)
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Simple polygonal estimates

Using the MFE element matrix AK Using the scheme element matrix ÃK
M. Vohralík, S. Yousef, Computer Methods in Applied Mechanics and Engineering (2020)
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Uniform mesh refinement
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Adaptive mesh refinement
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ÃK estimate

0.5 1 1.5 2 2.5
·104

1

1.2

1.4

1.6

1.8

2

Number of unknowns

E
ffe

ct
iv

ity
in

de
x

reference estimate
AK estimate
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Nonlinear Darcy flow
Steady nonlinear Darcy flow

−∇·(K(∇p)∇p) = f in Ω,

p = 0 on ∂Ω.
Weak solution
p ∈ H1

0 (Ω) such that

(K(∇p)∇p,∇v) = (f , v) ∀v ∈ H1
0 (Ω)

Darcy velocity
u := −K(∇p)∇p ∈ H(div,Ω)

Inverse relation
∇p = −K̃(u)u
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Discretization, linearization, and algebraic resolution
Discretization ∑

σ∈EK

(U(P))σnK ,σ·nσ = (F)K ∀K ∈ TH

system of |TH | nonlinear algebraic equations

Linearization (step k ≥ 1)∑
σ∈EK

(Uk−1(Pk ))σnK ,σ·nσ = (F)K ∀K ∈ TH

linearized face normal fluxes Uk−1(Pk ): affine functions of Pk

system of |TH | linear algebraic equations

Algebraic resolution (step i ≥ 1)∑
σ∈EK

(Uk−1(Pk ,i))σnK ,σ·nσ = (F)K − (Rk ,i)K ∀K ∈ TH

(R)k ,i : algebraic residual vector

�� ��U(P) = F

�� ��Uk−1Pk = Fk−1

�� ��Uk−1Pk ,i = Fk−1 − Rk ,i
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Estimating the algebraic error via additional solver steps

Perform j ≥ 1 additional algebraic solver steps∑
σ∈EK

(Uk−1(Pk ,i+j))σnK ,σ·nσ = (F)K − (Rk ,i+j)K ∀K ∈ TH
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Face fluxes

Discretization face normal flux

(Uk ,i)σ := (U(Pk ,i))σ

Linearization error face normal flux

(Uk ,i
lin )σ := (Uk−1(Pk ,i))σ − (U(Pk ,i))σ

Algebraic error face normal flux

(Uk ,i
alg)σ := (Uk−1(Pk ,i+j))σ − (Uk−1(Pk ,i))σ�

�
�

One number per face immediately available from the scheme

on each step k ≥ 1, i ≥ 1.
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A posteriori error estimate
Theorem (Nonlinear Darcy flow)
Under Assumption A, there holds

c
1
2

K̃

∥∥u− uk ,i
h

∥∥ ≤ ηk ,i
sp + ηk ,i

lin + ηk ,i
alg+ηk ,i

rem

with ηk ,i
• =

{∑
K∈TH

(
ηk ,i
•,K

)2
} 1

2

, • = {sp, lin, alg, rem}, and(
ηk ,i

sp,K

)2
:=
(
Uk ,i

K

)tAK Uk ,i
K + (Sk ,i

K )tSK Sk ,i
K

+2c−1
K̃

CK̃

[
(Uk ,i,ext

K )tSk ,i,ext
K − (F)K |K |−11tMK Sk ,i

K

]
,(

ηk ,i
lin,K

)2
:= (Uk ,i

lin,K )tAK Uk ,i
lin,K ,(

ηk ,i
alg,K

)2
:= (Uk ,i

alg,K )tAK Uk ,i
alg,K ,

ηk ,i
rem,K :=c

− 1
2

K̃
CK̃CFhΩ|K |−

1
2 |(Rk ,i+j)K |.
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Nonlinear Darcy flow estimate

Comments
guaranteed upper bound on the Darcy velocity error
same element matrices SK , MK , and AK or ÃK

price: matrix-vector multiplication on each element
error components distinction
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Outline

1 Introduction: context, motivation, and goals
2 Steady linear Darcy flow

Discretization
A posteriori estimate
Numerical experiments

3 Steady nonlinear Darcy flow
Discretization, linearization, and algebraic resolution
A posteriori estimate
Recovering mass balance

4 Unsteady multi-phase multi-compositional Darcy flow
A posteriori estimate
Numerical experiments
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Recovering mass balance: up to working precision
Algebraic error (face normal) flux reconstruction

Backward problem: for a given residual vector Rk ,i , find a (face normal) flux s.t.∑
σ∈EK

(Uk ,i
alg)σnK ,σ·nσ = (Rk ,i)K ∀K ∈ TH

or
∇·
(
uk ,i

h,alg

)
= |K |−1(R)k ,i

K ∀K ∈ TH

=⇒ Mass balance
On each mesh TH , linearization step k , and algebraic step i , there holds∑

σ∈EK

(Ũk ,i)σnK ,σ·nσ(F)K ∀K ∈ TH

or
∇·
(
ũk ,i

h

)
f |K ∀K ∈ TH
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ũk ,i

h

)
= f |K ∀K ∈ TH

Martin Vohralík A posteriori error estimates and mass balance 22 / 32



Introduction Linear Darcy Nonlinear Darcy Multi-phase-compositional Darcy Conclusions Discretization, linearization, algebra Estimate Mass balance

Recovering mass balance: up to working precision

Domain decomposition solver
exact coarse solve
backward residual problem on each subdomain
S. Hassan, C. Japhet, M. Kern, M. Vohralík, Comput. Methods Appl. Math.
(2018)

Multilevel solver
exact coarse solve
backward residual problem on each parent element (patch) on each level
J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, HAL Preprint 01662944 (2020)�� ��Removes the term ηk ,i

rem from the a posteriori error estimate.
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Recovering mass balance in a 2-phase Darcy porous media flow
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Setting
iterative coupling/IMPES discretization of a two-phase flow
vertex-centered finite volumes on a square mesh
time step 260, 1st iterative coupling linearization, CG iteration 171

J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, HAL Preprint 01662944 (2020)
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Domain decomposition for a 1-phase Darcy porous media flow
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Finite elements & 4-Laplacian (FreeFem++ implementation Z. Tang)
E

st
im

at
e

IsoValue
-0.000379298
0.000207802
0.000599202
0.000990603
0.001382
0.0017734
0.0021648
0.0025562
0.0029476
0.003339
0.0037304
0.0041218
0.00451321
0.00490461
0.00529601
0.00568741
0.00607881
0.00647021
0.00686161
0.00784011

DiscretizationEstimator IsoValue
-9.46925e-06
4.79467e-06
1.43039e-05
2.38132e-05
3.33225e-05
4.28318e-05
5.23411e-05
6.18503e-05
7.13596e-05
8.08689e-05
9.03782e-05
9.98875e-05
0.000109397
0.000118906
0.000128415
0.000137925
0.000147434
0.000156943
0.000166452
0.000190226

LinearizationEstimator

IsoValue
-2.20335e-06
1.4176e-06
3.83156e-06
6.24553e-06
8.65949e-06
1.10735e-05
1.34874e-05
1.59014e-05
1.83154e-05
2.07293e-05
2.31433e-05
2.55572e-05
2.79712e-05
3.03852e-05
3.27991e-05
3.52131e-05
3.76271e-05
4.0041e-05
4.2455e-05
4.84899e-05

AlgebraicEstimator

E
rr

or

IsoValue
-0.000256178
0.000153422
0.000426489
0.000699556
0.000972623
0.00124569
0.00151876
0.00179182
0.00206489
0.00233796
0.00261103
0.00288409
0.00315716
0.00343023
0.00370329
0.00397636
0.00424943
0.00452249
0.00479556
0.00547823

DiscretisationError
IsoValue
-1.51625e-05
7.58125e-06
2.27438e-05
3.79063e-05
5.30688e-05
6.82313e-05
8.33938e-05
9.85563e-05
0.000113719
0.000128881
0.000144044
0.000159206
0.000174369
0.000189531
0.000204694
0.000219856
0.000235019
0.000250181
0.000265344
0.00030325

LinearizationError
IsoValue
-2.01804e-06
1.00902e-06
3.02707e-06
5.04511e-06
7.06315e-06
9.0812e-06
1.10992e-05
1.31173e-05
1.51353e-05
1.71534e-05
1.91714e-05
2.11895e-05
2.32075e-05
2.52255e-05
2.72436e-05
2.92616e-05
3.12797e-05
3.32977e-05
3.53158e-05
4.03609e-05

AlgebraicError

Discretization Linearization Algebraic
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Outline
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2 Steady linear Darcy flow

Discretization
A posteriori estimate
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Multi-phase multi-compositional flows
Unknowns

reference pressure P
phase saturations S := (Sp)p∈P
component molar fractions Cp := (Cp,c)c∈Cp of phase p ∈ P

Constitutive laws
phase pressure = reference pressure + capillary pressure

Pp := P + Pcp (S)

Darcy’s law
up(Pp) := −K (∇Pp + ρpg∇z)

component fluxes

θc :=
∑
p∈Pc

θp,c , θp,c := νpCp,cup(Pp)

amount of moles of component c per unit volume

lc = φ
∑
p∈Pc

ζpSpCp,c

Governing PDEs
conservation of mass for components

∂t lc +∇·θc = qc ∀c ∈ C
+ boundary & initial conditions

Closure algebraic equations
conservation of pore volume:

∑
p∈P Sp = 1

conservation of the quantity of the matter:
∑

c∈Cp
Cp,c = 1 for all p ∈ P

thermodynamic equilibrium'

&

$

%

Mathematical issues
coupled system PDE – algebraic constraints
unsteady, nonlinear
elliptic–degenerate parabolic type
dominant advection
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A posteriori error estimate

Theorem (Multi-phase multi-compositional Darcy flow)
Under Assumption A, there holds

dual residual norm ≤

{∑
c∈C

(
ηn,k ,i

sp,c + ηn,k ,i
tm,c + ηn,k ,i

lin,c + ηn,k ,i
alg,c +ηn,k ,i

rem,c
)2

} 1
2

with ηn,k ,i
•,c :=

{∫
In

∑
K∈T n

H

(
ηn,k ,i
•,K ,c

)2 dt

} 1
2

, • = sp, tm, lin, alg, rem.

Comments
immediate extension of the results of the steady case
still matrix-vector multiplication on each element
same element matrices SK , MK , and AK or ÃK
input: available normal face fluxes, reference pressure, phase saturations,
and component molar fractions
same physical units of estimators of all error components
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input: available normal face fluxes, reference pressure, phase saturations,
and component molar fractions
same physical units of estimators of all error components
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3 phases, 3 components (black-oil): alg. solver & mesh adaptivity
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2 phases: recovering water mass balance
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2 phases: recovering oil mass balance
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fully implicit discretization
cell-centered finite volumes on a square mesh
time step 260 (60 days), 1st Newton linearization, GMRes iteration 195
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