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Laplace eigenvalue problem

Setting
@ Q CRY d=2,3, polygon/polyhedron
Strong formulation
Find eigenvector & eigenvalue pair (v, \) such that
—Au=\u in Q,
u=20 on 09.
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Laplace eigenvalue problem

Setting
@ Q CRY d=2,3, polygon/polyhedron
Strong formulation
Find eigenvector & eigenvalue pair (v, \) such that
—Au=\u in Q,
u=20 on 09.
Weak formulation
Find (u;, A/) € V := H{(Q) x R*, / > 1, with ||u;|| = 1, such that

(Vu;, Vv) = X\(uj, v) Vv e V.
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Laplace eigenvalue problem

Setting
@ Q CRY d=2,3, polygon/polyhedron
Strong formulation
Find eigenvector & eigenvalue pair (v, \) such that
—Au=\u in Q,
u=20 on 09.
Weak formulation
Find (u;, A/) € V := H{(Q) x R*, / > 1, with ||u;|| = 1, such that
(Vu;, Vv) = X\(uj, v) Vv e V.
Comments

@ we suppose here that all the eigenvalues are simple
@ sign characterization (uj, x;) > 0 with y; € L2(Q) for the

uniqueness of the eigenvectors PR erc
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Previous results, eigenvalue bounds

@ Armentano and Duran (2004), Plum (1997), Goerisch and
He (1989), Still (1988), Kuttler and Sigillito (1978), Moler
and Payne (1968), Fox and Rheinboldt (1966), Bazley and
Fox (1961), Weinberger (1956), Forsythe (1955), Kato
(1949)
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Previous results, guaranteed eigenvalue lower bounds

@ Carstensen and Gedicke (2014) & Liu (2015): &
guaranteed bound, arbitrarily coarse mesh; < a priori
arguments (largest mesh element diameter), only
lowest-order nonconforming FEs
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Previous results, guaranteed eigenvalue lower bounds

@ Carstensen and Gedicke (2014) & Liu (2015): &
guaranteed bound, arbitrarily coarse mesh; < a priori
arguments (largest mesh element diameter), only
lowest-order nonconforming FEs

@ Sebestova and Vejchodsky (2014), Kuznetsov and Repin
(2013): @ general guaranteed bounds;

@ Liu and Qishi (2013): ¢ guaranteed bound; < only
lowest-order conforming FEs,

-

erc

E. Cances, G. Dusson, Y. Maday, B. Stamm, M. Vohralik Guaranteed bounds for eigenvalues & eigenvectors 4 /40



| Equivalences Estimates Application Extension Numerics C

Previous results, eigenvector bounds

@ Rannacher, Westenberger, Wollner (2010), Grubisi¢ and
Ovall (2009), Duran, Padra, Rodriguez (2003), Heuveline
and Rannacher (2002), Larson (2000), Maday and Patera
(2000), Verfiirth (1994) ...

@ ...typically contain , higher-order on
fine enough meshes
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Previous results, eigenvector bounds

@ Rannacher, Westenberger, Wollner (2010), Grubisi¢ and
Ovall (2009), Duran, Padra, Rodriguez (2003), Heuveline
and Rannacher (2002), Larson (2000), Maday and Patera
(2000), Verflirth (1994) ...

@ ...typically contain , higher-order on
fine enough meshes

@ Wang, Chamoin, Ladeveze, Zhong (2016): bounds via the
constitutive relation error framework (almost guaranteed)
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Main results (conforming setting)

Assumption A (Conforming variational solution)
There holds

o (U,'h, )\ih) eV x Rt

© [lupnll =1

® [[Vunl® = Ain
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds
1 (U,'h, )\ih) € VxRt
® ||uipll =1
® [|Vuinl® = Ain (= AMn > A1)
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds

(*] (U,'h,)\,'h) € VxRt

® ||uipll =1

® [|Vuinl® = Ain (= Mhr = \p)
We bound

@ /-th eigenvalue error

Xin — Ai < 0i(Uin, Ain)?
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds

o (U,'h,)\,'h) eV x Rt

© [|upll =1

(*] HVU,‘/,HZ = \in (:> AMp > >\1)
We bound

@ /-th eigenvalue error
Ain — Ai < 1i(Uih, Ain)?
© i-th eigenvector energy error

IV (ui — uin)|| < 7i(Uin, Ain)
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds

(*] (U,'h,)\,'h) € VxRt

® ||uipll =1

® [|Vuinl® = Ain (= Mhr = \p)
We bound

@ i-th eigenvalue error
Ain — Ai < 1i(Uih, Ain)?
© i-th eigenvector energy error

IV (Ui — )|l < 7i(Uins Ain) < Cetril| V(Ui — Uin)||
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds
(*] (Uihy)\ih) € VxRt
© [lupnll =1
o HVU,'hH2 = /\ih

(= Mh > M)

We bound
@ i-th eigenvalue error

Ain — Ai < 1i(Uih, Ain)?
© i-th eigenvector energy error

IV (ui — uin)|| < ni(Uin, Ain) < Cegr,il| V(Ui — Uin)]|

v Ce,j only depends on mesh shape regularity and on

Cini=1ifi=1,

v/ we give computable upper bounds on C ;
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds

o (U,'h,)\,'h) eV x Rt

© [|upll =1

(*] HVU,‘/,HZ = \in (:> AMp > >\1)
We bound

i-th eigenvalue upper and lower bounds

Ain — 11Uy Ain)% < Ai < Ain — 771(Uiny Ain)?
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@ estimate the L?(Q) error:

lui — upnl| < ain
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The pathway (conforming setting)

@ estimate the L?(Q) error:
Ui — Uin|| < cvin
@ prove equivalence of the eigenvalue & eigenvector errors:
IV (U = um)l® = Xin = N < |V (4 — um)|[?

e | AN
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The pathway (conforming setting)

@ estimate the L?(Q) error:
Ui — Uinll < cuin
© prove equivalence of the eigenvalue & eigenvector errors:
IV (Ui = )P = Ain = Ai < IV (u; — uin) |2

© prove equivalence of the eigenvector error & of the dual
norm of the residual:

[Res(Uin, Ain)ll=1 = IV (Ui — upn)|| = IRes(Uin, Ain) || -1,
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The pathway (conforming setting)

@ estimate the L?(Q) error:
Ui — Uinll < cuin
© prove equivalence of the eigenvalue & eigenvector errors:
IV (i = um)l? < Ain = Ni < [V (U — up)||?

© prove equivalence of the eigenvector error & of the dual
norm of the residual:

[Res(Uin, Ain)ll=1 = IV (Ui — upn)|| = IRes(Uin, Ain) || -1,
where
(Res(Ujn, Ain), V) vr v := Ain(Uin, V) — (Vup, Vv)  veV
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The pathway (conforming setting)

@ estimate the L?(Q) error:
Ui — Uinll < cuin
© prove equivalence of the eigenvalue & eigenvector errors:
IV (i = um)l? < Ain = Ni < [V (U — up)||?

© prove equivalence of the eigenvector error & of the dual
norm of the residual:

[Res(Uin, Ain)ll=1 = IV (Ui — upn)|| = IRes(Uin, Ain) || -1,

where
(Res(Ujn, Ain), V) vr v := Ain(Uin, V) — (Vup, Vv)  veV
[Res(Ujn, Ain)l|—1 == sup  (Res(Ujn, Ain), V) v',v

veV,||Vyv|=1
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The pathway (conforming setting)

@ estimate the L?(Q) error:
Ui — Uinll < cuin
© prove equivalence of the eigenvalue & eigenvector errors:
IV (i = um)l? < Ain = Ni < [V (U — up)||?

© prove equivalence of the eigenvector error & of the dual
norm of the residual:

[Res(Uin, Ain)ll=1 = IV (Ui — upn)|| = IRes(Uin, Ain) || -1,

where
(Res(Ujn, Ain), V) vr v := Ain(Uin, V) — (Vup, Vv)  veV
[Res(Ujn, Ain)l|—1 == sup  (Res(Ujn, Ain), V) v',v

veV, [Vv|=1
© prove equivalence of the dual residual norm & its estimate:
IRes(Uin, Ain)ll -1 = 1i(Uin: Ain) = [[Res(Uin, Ain)ll -1
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_ Generic Residual Residual and eigenvalue bounds
Ouitline

e Laplace eigenvalue problem equivalences
@ Generic equivalences
@ Dual norm of the residual equivalences
@ Representation of the residual and eigenvalue bounds
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L2(Q) bound

Lemma (L2(Q2) bound via a quadratic residual inequality)

Let Assumption A hold, let (uj, up) > 0, and let

ANi_1 < A\jp when i > 1 , Ajp < )\/+1.
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L2(Q) bound

Lemma (L2(Q2) bound via a quadratic residual inequality)

Let Assumption A hold, let (u;, ujn) > 0, and let
Aic1 < Ainwheni>1 \p < A\jyq.
Then
lui = uinll < ain = V2Cp | oy

. Aih 2 Aih 2
Cp:=min{ (1 -2 ) ,(1— ! )
" ( i1 Ait1

-

,,,,,,,,,,, p— ‘erc
E. Cances, G. Dusson, Y. Maday, B. Stamm, M. Vohralik Guaranteed bounds for eigenvalues & eigenvectors  9/40



| Equivalences Estimates Application Extension Numerics C Generic Residual Residual and eigenvalue bounds

L2(Q) bound

Lemma (L2(Q2) bound via a quadratic residual inequality)

Let Assumption A hold, let (u;, ujn) > 0, and let
Aic1 < Ainwheni>1 \p < A\jyq.
Then
lui = uinll < ain = V2Cp | oy

. Aih 2 Aih g
Cp:=min{ (1 -2 ) ,(1— ! )
" ( i1 Ait1

Riesz representation of the residual ¢, € V
(Viny, VV) = (Res(Uin, Ain), V) vr v
= )\,'h(U,'h, V) — (VU,'h, VV) YveV

IV 2(iny|l = [[Res(Uin, Ain) | -1 ; -
,,,,,,,,,,, —
l;zotczf— 2 e
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L2(Q) bound

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

1 1
(iny, Uk) = YK(VUK,VZ(#;)) = (Ain(Uin, t) — (VUin, VUk))

= (;\’: - ) (Uin, Uk)

v
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L2(Q) bound

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

1 1
(iny, Uk) = YK(VUK,VZ(#;)) = (Ain(Uin, t) — (VUin, VUk))

= (;\’: - > (Uin, Uk)

Parseval equality for zp):

l2imll? =D~ (2iny» tk)?

k>1

v
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weak solution, residual, and Riesz representation definitions:

1 1
(iny, Uk) = YK(VUK,VZ(#;)) = (Ain(Uin, t) — (VUin, VUk))

= (;\’: - > (Uin, Uk)

Parseval equality for zp):

2 _ Mn\? 2
| 2in —Z 1—>\*k (Uin, Uk)

k>1

<
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L2(Q) bound

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

1 1
(iny, Uk) = YK(VUK,VZ(#;)) = (Ain(Uin, t) — (VUin, VUk))

= (;\’: - > (Uin, Uk)

Parseval equality for zp):

2 Aih 2 2 A\ 2
loml®= (5= 1) (inu)*+ > =5 ) (U o)
1

k>1, ki

<
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L2(Q) bound

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

1 1
(iny, Uk) = YK(VUK,VZ(#;)) = (Ain(Uin, t) — (VUin, VUk))

= (;\’: - > (Uin, Uk)

Parseval equality for ¢, ux orthonormal basis:

2 Ain 2 2 Ain\? 2
lem ==\ < = 1) (uin, ui)™+ > b (Uin— Ui, Uk)
1

k>1, ki
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L2(Q) bound

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

1 1
(iny, Uk) = YK(VUK,VZ(#;)) = (Ain(Uin, t) — (VUin, VUk))

= (;\’: - ) (Uin, Uk)

Parseval equality for ¢, ux orthonormal basis:

Ain 2 Ain\ 2
lemll® = (5= = 1) (Un u)®+> (1=52) (Ui — Ui, uk)?
)\/ )\k
k>2
ZO Zc/h
by assumption A\;_1 < Ay when i > 1, Ay < Ajy1 and definition
of C,'h
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof 1.

Parseval equality for uin, — u;, (Uin — U, U7) = — 5 || Ui — Upn|%:

Cin
2y I” > Cinlluj — uinl|* — =7 [|uj — ujn||*
4
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof 1.

Parseval equality for uin, — u;, (Uin — U, U7) = — 5 || Ui — Upn|%:

Cin
2y I” > Cinlluj — uinl|* — =7 [|uj — ujn||*
4

taking e, := ||u; — up||:

C.
Tlheﬁ — Cinein + |l 4in)|IZ > 0
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof 1.

Parseval equality for uin, — u;, (Uin — U, U7) = — 5 || Ui — Upn|%:
Cin
I 2iml1Z = Cinllu; — uinll® — T’HUI — up|*

taking e, := ||u; — up||:

C.
Tlhei — Cinein + |l 4in)|IZ > 0

assumption (u;, tjn) > 0, employing [|u;|| = [|uj|| = 1:

ein = ||lu; — upn||® = 2 — 2(uj, upp) < 2,
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof 1.

Parseval equality for uin, — u;, (Uin — U, U7) = — 5 || Ui — Upn|%:
Cin
2y I” > Cinlluj — uinl|* — =7 [|uj — ujn||*
) 4

taking e, := ||u; — up||:

C.
Tlhei — Cinein + |l 4in)|IZ > 0

assumption (uj, uj) > 0, employing ||uj|| = ||uil|| = 1:
ein = ||uj — up||? = 2 — 2(uj, ujp) < 2,
conclusion:

Ci

1
5 6in < laml® & lluj— uinll < V2C;2 || ¢yl
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Eigenvalue error equivalences

Theorem (Eigenvalue error — eigenvector error equivalence)
Under the above assumptions, there holds
IV (Ui — uin) P = Aied, < Ain— A < [V (u; — up)lI%.
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Eigenvalue error equivalences

Theorem (Eigenvalue error — eigenvector error equivalence)
Under the above assumptions, there holds
IV (Ui — uin) P = Aied, < Ain— A < [V (u; — up)lI%.

Simple (known) proof

@ there holds
Aib — A = |V (Ui — up)[1? — Nillup — upm 2
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Eigenvalue error equivalences

Theorem (Eigenvalue error — eigenvector error equivalence)
Under the above assumptions, there holds
IV (Ui — uin) P = Aied, < Ain— A < [V (u; — up)lI%.

Simple (known) proof

@ there holds
Aib — A = |V (Ui — up)[1? — Nillup — upm 2

@ drop the second rhs term to obtain the upper bound
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Eigenvalue error equivalences

Theorem (Eigenvalue error — eigenvector error equivalence)
Under the above assumptions, there holds
IV (Ui — un)lI? = Aied, < Aip — A < |V (u; — up) |12

Simple (known) proof

@ there holds
Aib — A = |V (Ui — up)[1? — Nillup — upm 2

@ drop the second rhs term to obtain the upper bound
@ estimate it with ||u; — ujp|| < ajn to obtain the lower bound
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Eigenvector error equivalences

Theorem (Eigenvector error — dual norm of the residual

equivalence)
Under the above assumptions and if A\j < \j,, there holds

1
V(u—un)l® =
(H(')\’h)” + Cih> |[Res(uin, Ain)12 1
]

< |V (uj — un)|® < |[Res(Uin, Ain) 121 + 2Aina,,

where

. 2
Eih::1ifi:1, E,-h::max (i\\lh— > , 1 ifi>1.
1

-
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_ Generic Residual Residual and eigenvalue bounds
How to bound the dual residual norm?

Dual norm of the residual

[Res(Uin, Ain)ll-1 = sup  {Ain(Uin, V) — (VUin, VV)}
veV, || Vv|=1
Lo
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How to bound the dual residual norm?

Dual norm of the residual

|Res(Ujn, Ain)||—1 = sup  {Ain(Uin, v) — (Vuip, Vv)}
veV, || Vv|=1

Guaranteed upper bound: o, ¢ H(div, Q) with V.o, = \ju,

HRCS(U,‘h, )\,‘h)H_1 = sup {(V'O’,’h, V) — (VU,'h, VV)}
veV,||Vv|=1
= sup  {—(Vup+oin Vv)}
veV,||Vv|=1
< [|[VUin + op|
&7 ..... P— S 5.éri:
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patch w,
a dala) = 1, da(a) = 0
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Equilibrated flux reconstruction

ay

pateh w,
a ta(a) = 1, ¢n(a,) =0

Equilibrated flux reconstruction (partition of unity cut-off)

hat function

v i H H
=ar min ba VUip + V.
/h thE 2 Vv, Ya ih hllwa

Destuynder & Métivet (1999), Braess & Schoberl (2008) &1/7 "" 7 > 3 ere
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Equilibrated flux reconstruction

pateh w,
Ua(@) = 1, ¥ala) = 0

Equilibrated flux reconstruction (partition of unity cut-off)

a

hat function

i | Vuin + Val|
= ar min ) uj Vallw
’h 9 VheVE, Vovp=7 ba h hlleca

® ojp:= » o, local minimizations

acVy
@ oy is a H(div, Q)-conforming lifting of the residual
o
Destuynder & Métivet (1999), Braess & Schoberl (2008) &,zq " Z 7 a e
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Equilibrated flux reconstruction

pateh w,
Ua(@) = 1, ¥ala) = 0

Equilibrated flux reconstruction (partition of unity cut-off)

a

hat function

. =
of = arg min | va  Vuip+Vp|..
Vhev?ﬂ VVp=AipUjppa—V Ujp-Vipa

® ojp:= » o, local minimizations

acVy
@ oy is a H(div, Q)-conforming lifting of the residual
o
Destuynder & Métivet (1999), Braess & Schoberl (2008) &’Lq " Z 7 a e
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Equilibrated flux reconstruction

pateh w,
Ua(@) = 1, ¥ala) = 0

Equilibrated flux reconstruction (partition of unity cut-off)

a

hat function

. =
of = arg min | va  Vuip+Vp|..
Vhev?ﬂ VVp=AipUjppa—V Ujp-Vipa

® ojp:= » o, local minimizations

acVy
@ oy is a H(div, Q)-conforming lifting of the residual
o — V~0’,‘h = /\ihUih

-

Destuynder & Métivet (1999), Braess & Schaberl (2008) (2506 e
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Assumptions

Assumption B (Galerkin orthogonality of the residual to 3)
There holds, for alla < V)",

Ain(Uins Ya)wa — (VUin, Viba)w, = (Res(Uin, Ain), Va)vr v = 0.

-

&Z ,,,,,,,,,,, — erc
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Assumptions

Assumption B (Galerkin orthogonality of the residual to 3)
There holds, for alla < V",

Ain(Uins Ya)wa — (VUin, Viba)w, = (Res(Uin, Ain), Va)vr v = 0.

Assumption C (Shape regularity & piecewise polynomial form)
The meshes Ty, are shape regular. There holds

uin € Po(Tp), p > 1, and spaces V, x Qy, are of degree p + 1.

-

,,,,,,,,,,, p— ‘erc
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Dual norm of the residual equivalences

Theorem (Dual norm of the residual equivalences)

Let (ujn, Ain) € V x R verifying Assumptions B and C be
arbitrary. Then

[Res(Uins Ain)ll-1 < [[VUin + oinll,

-

,,,,,,,,,,, i S— aérc
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Dual norm of the residual equivalences

Theorem (Dual norm of the residual equivalences)

Let (ujn, Ain) € V x R verifying Assumptions B and C be
arbitrary. Then

IRes(uin, Ain)ll -1 < IVUin + oinll,
as well as

IV uin + oinll < (d+ 1) Cs Ceontpr||Res(Uin, Ain)||—1-

@ C, and Ccon pr independent of the polynomial degree p
@ we can compute upper bounds on Cy and Ceont pr

Ern & Vohralik (2015) 7 e e erc
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Bounds on the Riesz representation of the residual

Lemma (Poincaré—Friedrichs bound on || () ||)

Let (ujn, Ain) € V x R be arbitrary. There holds

1
wimll < —— IV z0imll.
qu)” = \/x“ Z(Ih)”

‘erc
[ ——
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Bounds on the Riesz representation of the residual

Lemma (Poincaré—Friedrichs bound on || () ||)

Let (ujn, Ain) € V x R be arbitrary. There holds

1
[ Z(ih) | < ﬁHReS(Uiha Ain)ll -1

‘erc
[ ——
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Bounds on the Riesz representation of the residual

Lemma (Poincaré—Friedrichs bound on || () ||)

Let (ujn, Ain) € V x R be arbitrary. There holds

:
2y |l < ﬁHReS(Uiha)‘ih)”—*

Lemma (Elliptic regularity bound on || () ||)

Let (uin, \in) € V x R satisfy Assumption B and let the solution
C(iny Of

(Vi VV) = (yiny,v) YveV
belong to H'+°(Q), 0 < § < 1, with
VJQ{/JW(C(m) — Vi)l < Cih ity s )

|yl s (@) < Csll2(inll-

Then 2|l < CiCsh’||Res(uin, An)[|—1-

erc

- ee—
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How to guarantee \j 1 < Apwhen i > 1 & A\jp < A\j1?

Option 1: estimates of eigenvalues via domain inclusion

Q- Q

Q

948 Qr

QcQt Ak > M(QF
- - = k = k( 7)7 Wk > 1
Qo0 = A < M (27),
Option 2: computational estimates on a rough mesh

@ Carstensen and Gedicke (2014)
@ Liu (2015) Lovsri erc

zla— R
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Sign condition and practical L2(Q2) bound

Lemma (Sign condition and practical L2(Q) bound)
Let0 < ﬁ <A, A < X/,1 < Ajp, Ajp < A,-JH < \i11, and set

i —1 (A N A\
Cip := max /\I-_21 ()\.’h1 = 1) ’*i+21 (1 = /\;I+1>
11— 2,

&27 ..... P— erc
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Sign condition and practical L2(Q2) bound

Lemma (Sign condition and practical L2(Q) bound)
Let0 < ﬁ <A, A < X/,1 < Ajp, Ajp < A,-JH < \i11, and set

) —1 (N R p )
Cip := max {/\i—21 ()\.Ih1 — 1) ’Ai+21 (1 - /\,'f1> } :
I_ 2,

Let (uj, xi) > 0 and request

1
. . 21 2 _
Qi = V2Cn||Vuin + onl < min { < )\'/7) il 1(UihaXi)} :

/]

Then
(uj, upp) > 0, Ui — Uil < @jp.

&27 ,,,,, P—
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Sign condition and practical L2(Q2) bound

Lemma (Sign condition and practical L2(Q) bound)
Let0 < ﬁ <A, A < X/,1 < Ajp, Ajp < A,-JH < \i11, and set

) —1 (N R p )
Cip := max {/\i—21 ()\.Ih1 — 1) ’Ai+21 (1 - /\,'f1> } :
I_ 2,

Let (uj, xi) > 0 and request

1
. . 21 2 _
Qi = V2Cn||Vuin + onl < min { < )\'/7) il 1(UihaXi)} :

/]

Then

(uj, upp) > 0, |Uj — Uipl| < @ip. )
1 N
Cin := max <)\’h—1> ,<1—)\’h> .
Aj-1 Aiyi

,,,,,,,,,,, p— ‘erc
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Guaranteed bounds for the i-th eigenvalue

Theorem (Eigenvalue bounds)
Under the above assumptions, there holds

Ain — Ai < 12,

4 erc

ececd— it
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Guaranteed bounds for the i-th eigenvalue

Theorem (Eigenvalue bounds)

Under the above assumptions, there holds
Ain — Ai <,
where
2 =2 2
case A: 17 == (1+ 4 \in) IVUin + il
_ -1
\ a3
case B:1? := ¢c2, S B 1 IV Ui + onl?,
A 4
case C:1? := (1 + 4¢3 \in(CiCsh’)?)||Vuin + on|?.

erc
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Guaranteed bounds for the i-th eigenvalue

Theorem (Eigenvalue bounds)
Under the above assumptions, there holds

Ain — Ai <,
where
any smallness assumption can be avoided
——
L2 ~2 2
case A: ) = (1 +4CpAin) |Vuin + oinll%,
_ —1
N a3
2. 2 I “ih 2
case B: 17 :=cj, — /\—T’ |V uin + o<,
M

case C: 17 .= (1 4+ 4c2 \in(CiCsh°)?)||Vui + o2

erc
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Guaranteed bounds for the i-th eigenvalue

Theorem (Eigenvalue bounds)
Under the above assumptions, there holds

Aib — N < 12,

where

any smallness assumption can be avoided
——

2. 2 2
case A: )i == (1 +4cH i) \Vuin + ol
verifiable smallness condition, 1
—1

2 2 A ag, 2
case B: 17 == c2, N4 IV Uin + oinll%

case C: 17 := (1 + 4cA\in(CiCsh°)?)||V tin + o 12.

erc
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Guaranteed bounds for the i-th eigenvalue

Theorem (Eigenvalue bounds)
Under the above assumptions, there holds

Aib — N < 12,

where

any smallness assumption can be avoided
——

2. 2 2
case A: )i == (1 +4cH i) \Vuin + ol
verifiable smallness condition, 1
—1

2. 2 \; o5, 2
case B:1? := ¢c2, 5 IVuin + ol
M
under elliptic regularity, \ 1

case C: 17 .= (1 4+ 4c2 \in(CiCsh°)?) | Vuin + ojn||2.
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Guaranteed bounds for the i-th eigenvector

Theorem (Eigenvector bounds)
Under the assumptions of the eigenvalue theorem,

IV (ui — uin)|l < ni.

-

&1/7 ..... — ‘erc
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Guaranteed bounds for the i-th eigenvector

Theorem (Eigenvector bounds)
Under the assumptions of the eigenvalue theorem,

IV (ui — uin)|l < ni.
Moreover,

V(ui—un)l? = \?2
HVUih = 0'/'hH S (d+ 1)Csthont,PF (H ( I)\_ L)H + Cih)
i

|V (ui — upn)|-

&1/7 ..... — ‘erc
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Eigenvalue bounds

@ guaranteed
@ optimally convergent
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Comments

Eigenvalue bounds
@ guaranteed
@ optimally convergent
Eigenvector bounds
@ efficient and polynomial-degree robust
o |Vun+opl?= Z IVuip + oinl|> = adaptivity-ready

KeTh
@ maximal overestimation guaranteed

&L’? 0 ‘erc
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Comments

Eigenvalue bounds
@ guaranteed
@ optimally convergent
Eigenvector bounds
@ efficient and polynomial-degree robust
° ||Vup+onl® = Z IVuip + oinl|> = adaptivity-ready

KeTh
@ maximal overestimation guaranteed

Three settings

A no applicability condition (fine mesh, approximate solution)
B improvements for explicit, a posteriori verifiable conditions
C multiplicative factor goes to one under elliptic regularity

DALINC erc
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Comments

Eigenvalue bounds

@ guaranteed
@ optimally convergent

Eigenvector bounds
@ efficient and polynomial-degree robust
o ||Vun+oinll® = ) IVun+ onlls = adaptivity-ready

KeTh
@ maximal overestimation guaranteed

Three settings

A no applicability condition (fine mesh, approximate solution)
B improvements for explicit, a posteriori verifiable conditions
C multiplicative factor goes to one under elliptic regularity

Inexact eigenvalue algebraic solvers

@ discretization and algebraic error flux reconstruction
@ adaptive stopping criteria via error components&ﬁl,ance N
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Application to conforming finite elements

Finite element method
Find (uin, Ain) € Vi = Pp(Th) NV x R* with (ujn, Ujh) = 0jj,
1 <i,j<dimVp, and (up, x;) > 0, p > 1, such that,

(VU,'h, VVh) = )\ih(uih, Vh) VVh S Vh.

-
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Application to conforming finite elements

Finite element method
Find (uin, Ain) € Vi = Pp(Th) NV x R* with (ujn, Ujh) = 0jj,
1 <i,j<dimVp, and (up, x;) > 0, p > 1, such that,

(VU,'h, VVh) = )\ih(uih, Vh) VVh S Vh.

Assumptions verification
v VpCcV
v |ui|l = 1 and (ujn, x;) > 0 by definition
v || Vupl||? = \ip follows by taking v, = uj (= Assumption A)
v/ Assumption B follows upon taking v, = 15 € V},
v~ Assumption C satisfied

-
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Nonconforming setting

@ up ¢V, |lup|l # 1
o |[Vunl? # Ain
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Nonconforming discretizations

Nonconforming setting
® ujp ¢ V, |upl| # 1
 [[Vunl® # Xin
Main tool
@ conforming eigenvector reconstruction

s2 :=arg min  [|[V(Yalih — Vh)||wa Sip = Z s2
VhEWAC H] (wa) ot
&,2’7 ..... P— A" erc
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Nonconforming discretizations

Nonconforming setting
® ujp ¢ V, |upl| # 1
 [[Vunl® # Xin
Main tool
@ conforming eigenvector reconstruction

s3 = arg min IV (Yatin — Vh)llwas Sin := Z sh
VhGWﬁQHg (wa) acVy

Unified framework

v conforming finite elements
v/ nonconforming finite elements
v discontinuous Galerkin elements

v mixed finite elements - e
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Unit square

Setting
° Q=(0,1)?
@ )\ =272, \p = 572 known explicitly
@ uy(x,y) = sin(mx) sin(mwy) known explicitly
Parameters
@ convex domain: Cs =1,6=1,Ci~1/V/8
@ auxiliary bounds Ay = 1.572, \p = 4.572
Effectivity indices
@ recall ﬁ,z <Ap— A < 7],-2
Roetr 1= An_ A ; )\iv T 777'2
’ i; ’ Aih — A
o recall |[V(ui — upp)|| < nj
b . Ni
e e R

,,,,,,,,,,, p— ‘erc
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Conforming finite elements

0.001

—
{\%h - A1

——

e m
[ ——— IV (u1 — u1n)ll

Structured meshes

0.001

_—u—{\%h—)\l

2
—_— T

—— 1

1
IV (u1 = wan)l

0.01 0.1

h
Unstructured meshes

- VA

Y - \
"~ E.Cances, G. Dusson, Y. Maday, B. Stamm, M. Vohralik  Guaranteed bounds for eigenvalues & eigenvectors
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Conforming finite elements

N h ndof A Moo M= 1F Mr— 5 R Ber Exca Ml

160 0.0088 25,921 19.7392 19.7411 19.7390 19.7392 1.02 1.10 1.01E-05 1.05

Structured meshes
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Conforming finite elements

N h ndof A Moo M= 1F Mr— 5 R Ber Exca Ml

160 0.0088 25,921 19.7392 19.7411 19.7390 19.7392 1.02 1.10 1.01E-05 1.05

Structured meshes

N h ndof A Mo Ma—1F M= R B Exca [

160 0.0126 30,666 19.7392 19.7403 19.7391 19.7393 1.06 1.10 1.01E-05 1.05

-

Unstructured meshes Lsia A" e
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Conforming finite elements

N h ndof A M Mn—15 Ma— T Rer B Exvel [l
10 0.1414 121 19.7392 20.2284 19.5054 19.8667 1.35 1.48 1.84E-02 1.21
20 0.0707 441 19.7392 19.8611 19.7164 19.7486 1.08 1.19 1.63E-03 1.09
40 0.0354 1,681 19.7392 19.7696 19.7356 19.7401 1.03 1.12 2.28E-04 1.06
80 0.0177 6,561 19.7392 19.7468 19.7384 19.7393 1.02 1.10 4.56E-05 1.05
160 0.0088 25,921 19.7392 19.7411 19.7390 19.7392 1.02 1.10 1.01E-05 1.05
Structured meshes
N h ndof A A Mp— 7712 Ah — 7712 /gj,erf /K}ferf E e IE],]eff
10 0.1698 143 19.7392 20.0336 18.8265 - 4.10 - 2.02

20 0.0776 523 19.7392 19.8139 19.6820 19.7682 1.63 1.77 4.37E-03 1.33
40 0.0413 1,975 19.7392 19.7573 19.7342 19.7416 1.15 1.28 3.75E-04 1.13
80 0.0230 7,704 19.7392 19.7436 19.7386 19.7395 1.07 1.14 4.56E-05 1.07
160 0.0126 30,666 19.7392 19.7403 19.7391 19.7393 1.06 1.10 1.01E-05 1.05

Unstructured meshes &’1/’1’ : erc
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Nonconforming finite elements & DG’s

0.1

0.01

m + [Ve(uin — 515)| (case C)
m + [Ve(uin — 514)|| (case B)
Vo (ur —uin)ll

0.01 0.1

h

Nonconforming finite elements

E. Cancés, G. Dusson, Y. Maday, B. Stamm, M. Vohralik

n1 + ||Ve(uin — 311)| (case C)
m + |Ve(uin — 311)] (case B)
[ —o— [[Vo(u1 —uin)ll

01

0.01 0.1

h
Discontinuous Galerkin

- i
‘erc

(/277
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Nonconforming finite elements & DG’s

Vsl 2 || Vsull? b
N h ndof M Mh IVsinll — IVsinll Ex IE,eff

lIs1nll2 lIs1nl12

320 0.0044 307840 19.7392 19.7392  19.7390 19.7393 1.37e-05 1.83
Nonconforming finite elements

-

P
bozia— = _
_ Guaranteed bounds for eigenvalues & eigenvectors 30 / 40
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Nonconforming finite elements & DG’s

(e 2 || Vsip|? ub
N h  ndof M Mh sz — M ez Brel lur

320 0.0044 307840 19.7392 19.7392  19.7390 19.7393 1.37e-05 1.83
Nonconforming finite elements

2 2
N h  ndof X\ M Lol g LTS En g

160 0.0126 182070 19.7392 19.7400 19.7390 19.7401 5.35e-05 1.28
SIP discontinuous Galerkin

-

,,,,,,,,,,, p— ‘erc
E. Cances, G. Dusson, Y. Maday, B. Stamm, M. Vohralik Guaranteed bounds for eigenvalues & eigenvectors 30/ 40



| Equivalences Estimates Application Extension Numerics C

Nonconforming finite elements & DG’s

2 2
N h  ndof X M ol g LTS Ena [
10 0.1414 320 19.7392 19.6850  18.8966 19.8262 4.80e-02 2.68
20 0.0707 1240 19.7392 19.7257  19.6495 19.7616 5.69e-03 2.11
40 0.0354 4880 19.7392 19.7358  19.7246 19.7448 1.02e-03 1.91
80 0.0177 19360 19.7392 19.7384  19.7361 19.7406 2.29e-04 1.85
160 0.0088 77120 19.7392 19.7390  19.7385 19.7396 5.53e-05 1.83
320 0.0044 307840 19.7392 19.7392  19.7390 19.7393 1.37e-05 1.83

Nonconforming finite elements

2 2
N h  ndof X M Lol g LTS En g
10 0.1698 732 19.7392 19.9432  17.8788 19.9501 1.10e-01 3.26
20 0.0776 2892 19.7392 19.7928  19.6264 19.7939 8.50e-03 1.91
40 0.0413 11364 19.7392 19.7526  19.7295 19.7529 1.18e-03 1.47
80 0.0230 45258 19.7392 19.7425  19.7381 19.7426 2.28e-04 1.31
160 0.0126 182070 19.7392 19.7400  19.7390 19.7401 5.35e-05 1.28

SIP discontinuous Galerkin

E. Cances, G. Dusson, Y. Maday, B. Stamm, M. Vohralik
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L-shaped domain

Setting
@ Q:=(-1,1)2\[0,1] x [-1,0]
@ )\ ~ 9.6397238440
Parameters

@ auxiliary bounds \{ = 72/2 and )\, = 572/4 by inclusion
into the square (—1,1)?

-
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Conforming finite elements

10000

0.00001

Adaptively refined mesh

1000 |

100 -

0.001 |

0.0001 |

—_— n%

—— 7
1
v

Case A Case

——XA1p — A1

(ug = uyp)|

&“\:f\\\gw

B

100 1000

ndof

Errors and estimators

10000

lAA—
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Conforming finite elements

N h ndof A Moo Aa—1F M= Rar B Exca [

400 0.0094 136062 9.6397 9.6416 9.6226 9.6413 6.68 9.96 1.94e-03 3.33

Unstructured meshes

informatics JFmotremetics AR
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Conforming finite elements

N h ndof A Mo Mn—1% Mn— 7 R B Exca [

400 0.0094 9.6397 9.6416 9.6226 9.6413 1.94e-03 3.33

Unstructured meshes

Level ndof A Moo Ain =15 Mn— 7 Reg Ber B e
30 24925 9.6397 9.6415 9.6266 9.6412 1.51e-03 2.51
Adaptively refined meshes P erc
&7/740/~
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Conforming finite elements

N h ndof /\1 A1h A1h — 7]12 )\1h — ﬁ12 /l)l\)’eff /f\l?eff Ex,rc]

ub
Iu,eff

25 0.1263 556 9.6397 9.7637 8.3825 9.7473 7.57 11.14 1.51e-01 3.35
50 0.0634 2286 9.6397 9.6783 9.2904 9.6726 6.77 10.06 4.03e-02 3.19
100 0.0397 8691 9.6397 9.6536 9.5173 9.6515 6.61 9.84 1.40e-02 3.17
200 0.0185 34206 9.6397 9.6448 9.5946 9.6440 6.59 9.85 5.14e-03 3.20
400 0.0094 9.6397 9.6416 9.6226 9.6413 1.94e-03 3.33

Unstructured meshes

Level ndof A\ Mh o AMp— 7]12 AMp— ﬁ12 /l\bﬁﬁc /;t:cff E)\,rel IEI.,)eff
10 140 9.6397 9.9700 6.3175 9.9260 7.50 11.06 4.44e-01 3.31
15 561 9.6397 9.7207 9.0035 9.7075 6.17 8.86 7.53e-02 2.98
20 2188 9.6397 9.6601 9.4887 9.6566 5.88 8.43 1.75e-02 2.88
25 8513 9.6397 9.6449 9.6019 9.6440 5.77 8.31 4.37e-03 2.75
30 24925 9.6397 9.6415 9.6266 9.6412 1.51e-03 2.51

Adaptively refined meshes P
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Nonconforming finite elements & DG’s

10 100
F M+ Ve(uin—31n)|l

M +[Ve(uin—31n)|l
IV (u1 —win)ll

Vo (ur = uin)ll E

Case A Case B Case A Case B
0.01 1 1 1 1 0.01 1 1 1 1
100 1000 10000 100000 100 1000 10000 100000
ndof ndof
Nonconforming finite elements Discontinuous Galerkin
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Nonconforming finite elements & DG’s

Level ndof Ay Muo V&P =75 V3P Exea [

30 83472 9.6397 9.6390 9.6284 9.6401 1.21e-03 3.18
Nonconforming finite elements
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Nonconforming finite elements & DG’s

Level ndof M AMh ||V§1h||2 — 7712 HV.§1hH2 E)\,rel Iz?eff

30 83472 9.6397 9.6390 9.6284 9.6401 1.21e-03 3.18
Nonconforming finite elements

2 2
Level ndof A Ah “”st;‘h‘! —n? ””st;‘h‘! Eva I

25 61137 9.6397 9.6425 9.6144 9.6426 2.93e-03 3.00
SIP discontinuous Galerkin
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Nonconforming finite elements & DG’s

Level ndof A Mh ||V§1h||2 — 7712 HV.§1hH2 E)\,rel Iz?eff
5 98 9.6397 8.9699 -29.6187 9.9072 — 6.36

10 296 9.6397 9.4403 4.8193 9.7445 6.76e-01 4.32
15 1161 9.6397 9.5868 8.6628 9.6646 1.09e-01 3.99
20 4860 9.6397 9.6275 9.4310 9.6457 2.25e-02 3.81
25 20429 9.6397 9.6369 9.5925 9.6411 5.06e-03 3.62
30 83472 9.6397 9.6390 9.6284 9.6401 1.21e-03 3.18

Nonconforming finite elements

2 2
Level ndof A Ah ”Hvsf,‘,ﬂ! - ””st;‘h‘! Eva I

5 186 9.6397 10.2136 -30.6026 10.3629 - 719
10 777 9.6397 9.8154 7.2388 9.8388 3.04e-01 3.75
15 3453 9.6397 9.6865 9.1572 9.6902 5.66e-02 3.38
20 14706 9.6397 9.6509 9.5335 9.6517 1.23e-02 3.23
25 61137 9.6397 9.6425 9.6144 9.6426 2.93e-03 3.00

SIP discontinuous Galerkin

erc
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Higher eigenvalues: unit triangle & L-shaped domain

Setting — unit triangle
@ Q: triangle with vertices (0, 0), (1,0),(0,1)
@ nonconforming finite elements, coarse mesh (2145 triang.):

Ay =49.2883, A\, =98.4296, \3=127.937, \,=166.975, A\ =196.439

@ convex domain: Cs=1,6=1,C~1/V8
@ case C
Setting — L shaped domain
@ Q:=(-1,1)2\[0,1] x [-1,0]
@ nonconforming finite elements, coarse mesh (3201 triang.):

A1 =9.60692, \, =15.1695, \3=19.6932, \,=29.4166, \s=31.7363

@ case A/B

4 wermatcs J manematics erc
Y2577, 5
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Unit triangle & conforming finite elements

— 7} — 3
—e—— A1p — M1 ——o—— Ao — A2
— 7 — 75

100 sy 100 a2

10 —=— IV (u1 —ugp)l 10 | —=—— IV (ug — ugp)ll

o1 E 01 E
001 E 001 F
0001 0001
0.0001 L L 0.0001 L L
0.001 oot 0.1 0.001 oot 0.1
2 2
—_— 73 —t— Ty
—o—— A3p — A3 ——— Mgy — Mg
— 3 — i
100 b s n3 100 | s g

1ok ——— 1V (g — ugp)ll

10 | —=— IV (ug — uzp)l

01| 01 |
001 / 0ot |
0001 0001 v/\,
0.0001 L L 0.0001 L L
0.001 oot 01 0.001 oot 0.1

A —
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L-shaped domain & conforming finite elements

R —_—— 3
—o— A1p M1 ——— A3 — A2
—_— ﬁf R DY
1000 | 1000
———— e [V (ug — uap)l
100 100 £
—— [V (uy —ugp)l
10E 10E
1E 1E
o1 01 F
001 0.01 |
0.001 | 0.001 E
0.0001 1 L 0.0001 1 L
0.01 h 0.1 0.01 L 0.1
2 2
—_— 3 —_—
——o—— A3 — A3 —o—— Mhp — M
e n3 Tt 4
1000 1000
——— |V (ug — ugp)l —— IV (ug — ugp)ll
100 100
10F 10E
1F 1E
o1 01
001 E 0.01
0.001 | 0.001 F
0.0001 k, 0.0001 L L
001

First four eigenvalues .
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Conclusions and future directions

Conclusions

@ guaranteed upper and lower bounds for the i-th eigenvalue

@ guaranteed and polynomial-degree robust bounds for the
associated eigenvector

@ general framework

-
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Conclusions and future directions

Conclusions

@ guaranteed upper and lower bounds for the i-th eigenvalue

@ guaranteed and polynomial-degree robust bounds for the
associated eigenvector

@ general framework
Ongoing work

@ extension to nonlinear eigenvalue problems
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