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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

The curl—curl problem

Find the magnetic vector potential A : Q c R® — R3 such that
Vx(VxA) =j, VA=0 inQ,
Axng =0, onlp,
(VxA)xng =0, Ang=0 only.
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv e Hyp(curl,Q)
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv e Hyp(curl,Q)

Property of the weak solution
A € Hyp(curl, Q) (primal variable)
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv e Hyp(curl,Q)

Property of the weak solution Consequence of the weak formulation
A € Hyp(curl, Q) (primal variable) h:=VxA e Hyn(curl,Q), Vxh=j
(dual variable)
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv e Hyp(curl,Q)

Property of the weak solution Consequence of the weak formulation
A € Hyp(curl, Q) (primal variable) h:=VxA e Hyn(curl,Q), Vxh=j
(dual variable)

Primal Nédélec approximation

Vi := Np(Th) N Hop(curl,Q), p > 0;
Ay, € Vy such that

(VXAh,VX Vh) = (], Vh) Yvp e Vy
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv e Hyp(curl,Q)

Property of the weak solution Consequence of the weak formulation
A € Hyp(curl, Q) (primal variable) h:=VxA e Hyn(curl,Q), Vxh=j
(dual variable)

Primal Nédélec approximation

Dual Nédélec approximation

V= ./\/,3(7;7) n HO’D(CUI’L Q),p>0; hy, := arg min ||Vh||2
Aj, € Vy, such that vheNpéTh)mH%[ n(eurl,Q)

x Vp=IIpj
(VXA VxVvy) = (j,vy)  VYvye V e
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv e Hyp(curl,Q)

Property of the weak solution Consequence of the weak formulation
A € Hyp(curl, Q) (primal variable) h:=VxA e Hyn(curl,Q), Vxh=j
(dual variable)

Primal Nédélec approximation

Dual Nédélec approximation

Vi == Np(Tn) N Hop(curl, ), p > 0; hy := arg min vall?
Aj, € Vy, such that vheNpéTh)mH%[ n(eurl,Q)
X Vp=II,j

(VXA VxVy) = (j,vy) Yvhe Vol = —

gives

|h — hp|| = min [h— vy

VheNL(Th)NHo n(curl ) .
Vxvp=Tlpj leeia L2
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A few central reflections (H(curl)-setting)

@ a priori & a posteriori analysis @ one tool makes it all (equilibration)
disconnected (different tools)
@ projectors

o keep conformity by
construction: work on each mesh
element and glue face by face
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A few central reflections (H(curl)-setting)

@ a priori & a posteriori analysis
disconnected (different tools)

@ projectors
o keep conformity by
construction: work on each mesh
element and glue face by face
(impedes minimal regularity)
e work on the continuous level
(mollification)
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@ one tool makes it all (equilibration)

@ projectors
o first elementwise L2 orthogonal
projection (nonconformity) and then
equilibrate (go back conforming)
(allows for minimal regularity)
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A few central reflections (H(curl)-setting)

@ a priori & a posteriori analysis @ one tool makes it all (equilibration)
disconnected (different tools) e projectors
@ projectors o first elementwise L? orthogonal
o keep conformity by projection (nonconformity) and then
construction: work on each mesh equilibrate (go back conforming)
element and glue face by face (allows for minimal regularity)
(impedes minimal regularity) e go discrete straight-away and then
e work on the continuous level use a posteriori tools in a priori
(mollification) analysis (equilibration)
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Equilibration in H(curl)

Previous contributions
@ Braess & Schéberl (2008): lowest-order case p = 0
@ Licht (2019): a conceptual discussion
@ Gedicke, Geevers, & Perugia (2020): equilibrated-residual-style construction
@ Gedicke, Geevers, Perugia, & Schdberl (2021): p-robust modification

M. Vohralik A priori and a posteriori error analysis in H(curl) 5/23



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Equilibration in H(curl)

Previous contributions
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Lh GN,O(,Th)ij Rn(,ﬁ‘l)mHO,N(diva Q)
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Our construction

LhEN(TH) JERTH(Th)NHon(div,Q)  h2 =777

777=0 Vv?7?

M. Vohralik A priori and a posteriori error analysis in H(curl) 5/23



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Equilibration in H(curl)

Previous contributions
@ Braess & Schéberl (2008): lowest-order case p = 0
@ Licht (2019): a conceptual discussion
@ Gedicke, Geevers, & Perugia (2020): equilibrated-residual-style construction
@ Gedicke, Geevers, Perugia, & Schdberl (2021): p-robust modification

Our construction

Lh GNp(ﬁ,),jER%(ﬁ)ﬂHo7N(diV, Q) — hh::Z thJ\fp+1(777)ﬂHo_N(CUI‘L Q), Vxhh :j

acyy

~
?777=0 Vv?7?
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H(div)-case
@ When there exists v, € RT, 1(Ta)
NHo(div,w,) such that Vv, = j&
(= Y2 +1p-Vpa)?
@ When j# € Py,1(7a) and
(j&1)., —0ifagTp.
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H(div)-case

@ When there exists v, € RT, 1(Ta)
NHo(div,w,) such that Vv, = j&
(= Y2 + 1p-Vp?)?

@ When j# € Py,1(7a) and
(i), =0ifagTp.

one condition

h'ua,— et
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Equilibration — the bottom line

H(div)-case H(curl)-case
@ When there exists vy, € RT,.1(7Ta) @ When there exists v, € NV, 1(Ta)
NHy(div.wa) such that V-v, = j2 NHoy(curl,ws) such that Vx vy, = j2

(= fY2 + 1y Vp®)?
@ When j& € Pp,1(7a) and
(jf1)., = 0ifadTp.

one condition
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Equilibration — the bottom line

H(div)-case H(curl)-case
@ When there exists vy, € RT,.1(7Ta) @ When there exists v, € NV, 1(Ta)
NHy(div.wa) such that V-v, = j2 NHoy(curl,ws) such that Vx vy, = j2
(= 8 + 1pVyp9)? (= 8 + Vaxup)?

@ When j& € Pp,1(7a) and
(jf1)., = 0ifadTp.

one condition
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Equilibration — the bottom line

H(div)-case

@ When there exists vi, € RT, 1(7a)
NHy(div,ws) such that V-vy, = j8
(= fp? + 1p-V3)?

@ When j& € Pp,1(7a) and
(3, 1)., — OifagTp.

one condition

M. Vohralik

H(curl)-case

@ When there exists v, € NV, 1(Ta)
NHy(curl,wz) such that Vx vy, = ja
(= 8 + Vaxup)?

@ When ji € R7,.1(7a) N Ho(div,wa)
with V-7 = 0.

SR\
leia L2
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Equilibration — the bottom line

H(div)-case H(curl)-case
@ When there exists vy, € RT,.1(7Ta) @ When there exists v, € NV, 1(Ta)
NHy(div.wa) such that V-v, = j2 NHy(curl,wz) such that Vx vy, = ja
(= 8 + 1pVyp9)? (= 8 + Vaxup)?
@ When j& € Pp.1(Ta) and @ When ji € R7,.1(7a) N Ho(div,wa)
(ja,1)., = 0ifa ¢ Tp. with V.j7 = 0.
one condition many conditions

leeia L2
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Equilibration — the bottom line

H(div)-case

@ When there exists v, € RT, . 1(Ta)
NHy(div,w,) such that V-vy, = j2
(= F? + V)2

@ When j8 € Ppy1(7a) and
(j2,1)., = 0ifa ¢ Tp.

one condition

M. Vohralik

H(curl)-case

@ When there exists v, € N, 1(7a)
NHy(curl,ws) such that Vx vy, = ja
(= 8 + Vaxup)?

@ When jg € R7;)+1 (7—3) N Ho(div,wa)
with v.j@ = 0.

many conditions
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Continuous level
@ A € Hp(curl, Q) satisfies
(VxA,VxV) = (j,v)VveHyp(curl,Q).
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Continuous level
@ A € Hp(curl, Q) satisfies
(VxA,VxV) = (j,v)VveHyp(curl,Q).

@ Thus VxA € Hyn(curl, Q) with
Vx(VxA)=j.
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Patchwise equilibrated fluxes

Continuous level
@ A € Hp(curl, Q) satisfies
(VxA,Vxv) = (j,v)VveHyp(curl, Q).

@ Thus VxA € Hyn(curl, Q) with
Vx(VxA)=].

@ Take h? := ¢3(V x A) € Hy(curl,w,)
and note that 3 .., h* = VxA.
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Patchwise equilibrated fluxes

Continuous level
@ A € Hp(curl, Q) satisfies
(VxA,Vxv) = (j,v)VveHyp(curl, Q).

@ Thus VxA € Hyn(curl, Q) with
Vx(VxA)=].

@ Take h? := ¢3(V x A) € Hy(curl,w,)
and note that 3 .., h* = VxA.

@ Rewritten implicitly,

h? = ar min A7 xA)—v|?
gveHo(curIMa)W ( )=VI5a
Vxv=j2

with
j2 = % + Vyx(VxA).
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Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, vohraiik (2022))
@ A< Hyp(curl, Q) satisfies For each vertex a € V, solve the local
(VxA,VxVv) = (j,v)VveHyp(curl,Q). constrained minimization pb
h? .= arg min [V?(VxAy)— V|2,
@ Thus VxA € Hyn(curl, Q) with V"QGVh: /

Vx(VxA)=].
@ Take h? := ¢3(V x A) € Hy(curl,w,)
and note that 3 .., h* = VxA.

and combine

@ Rewritten implicitly,
h=arg  min  [Y3(VxA)—Vv|2,

veHy(curl,wa)
Vxv=j2

with
j2 = % + Vyx(VxA).
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Patchwise equilibrated fluxes

Continuous level
@ A € Hp(curl, Q) satisfies

(VxA,VxVv) = (j,v)VveHyp(curl,Q). constrained minimization pb

@ Thus VxA € Hyn(curl, Q) with
Vx(VxA)=].

@ Take h? := ¢3(V x A) € Hy(curl,w,)

and note that 3 .., h* = VxA.
@ Rewritten implicitly,
h? =arg  min

veHy(curl,wa)
Vxv=j2

with
j? = 0 + Vyax(V xA).
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and combine

[ (V < A)—VIEZ,

Definition (chaumont-Frelet, Vohralik (2022))

For each vertex a € Vy, solve the local

h? .= ar min AV xA,)—Vp|?
L V%e./\/;q(’/’a)m"’o(curlvwa)”qp ( h) hHwa
V % Vh= /

A priori and a posteriori error analysis in H(curl) 7/23



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, Voralik (2022))
@ A € Hpp(curl, Q) satisfies For each vertex a € V, solve the local
(VxA,VxVv) = (j,v)VveHyp(curl,Q). constrained minimization pb
hf .= arg min [42(V x Ay)—Vv4l[2,
@ Thus VxA € Hyn(curl, Q) with VREND ;F)mzo(cuvrl,wj) , “
Vx(VxA)=]. VxVp=y2j+ V2 x(VxAy)

o Take h? := 3(VxA) € Ho(curl,ws) and combine

and note that 3 .., h* = VxA.
@ Rewritten implicitly,

h? = ar min A7 xA)—v|?
gveHO(curWa)W ( )=VI5a
Vxv=j2

with
j2 = % + Vyx(VxA).
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Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, Voralik (2022))
@ A € Hpp(curl, Q) satisfies For each vertex a € V, solve the local
(VxA,VxVv) = (j,v)VveHyp(curl,Q). constrained minimization pb
hf .= arg min [42(V x Ay)—Vv4l[2,
@ Thus VxA € Hyn(curl, Q) with VREND ;F)mzo(cuvrl,wj) , “
Vx(VxA)=]. VxVp=y2j+ V2 x(VxAy)

and combine
@ Take h? := ¢3(V x A) € Hy(curl,w,) hy, = Z ha. Vs

and note that 3 .., h* = VxA.
@ Rewritten implicitly,
h=arg  min  [Y3(VxA)—Vv|2,

veHy(curl,wa)
Vxv=j2

acVy

with
j2 = % + Vyx(VxA).
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Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, vohraiik (2022))
@ A c Hyp(curl, Q) satisfies For each vertex a € V,, solve the local
(VxA,VxVv) = (j,v)VveHyp(curl,Q). constrained minimization pb
h? .= arg min [43(Vx Ap)—vpl?
@ Thus VxA € Hyn(curl, Q) with ! VhEN, 1 (Ta)NHo(curlwa) ) e
Vx(VxA) = ]. VIR .
o Take h? = 3(VxA) € Ho(curl,ws) 210 COMPING )
and note that 3 .., h* = VxA. acv,
@ Rewritten implicitly, Key points \_‘
h?=arg  min  [[0?(VxA)—v|]? @ homogeneous tangential BC on/ow;:
vegggu:r'jga) ! hn € Npy1(Th) N H(curl, Q)
with @ global equilibrium Vxh, = )~ Vxhj
. . acVy
J? =) + VY (V < A). =" (W + Ve (VxAp) =]
acVy leeia L2
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Patchwise equilibrated fluxes

Continuous level
@ A € Hp(curl, Q) satisfies
(VxA,Vxv) =

@ Thus VxA € Hyn(curl, Q) with
Vx(VxA)=].

@ Take h? := ¢3(V x A) € Hy(curl,w,)
and note that 3 .., h* = VxA.

@ Rewritten implicitly,

h=arg  min  [Y3(VxA)—Vv|2,
veHy(curlwa)
Vxv=j2

with

j? = 2 + VX (VX A).

M. Vohralik

Deﬁnition (Chaumont-FreIet, Vohralik (2022))
For each vertex a € V;, solve the local

(j, v)VveH, p(curl, Q). constrained minimization pb
18(VxAp)—

h? = arg
VHEN, 1(7'3)0H0(curl wa)
VxVp=yp@j+ V@ x (V xAp) /
VX (V xAp) &
— a ‘
hy, = Z ha.

acVy

2
VhHUJa

Key points
@ homogeneous tangential BC on

By € Nps (T5) 1 Hicurl, Q)

Owa:

@ global equilibrium Vxh, = )~ Vxhj

Vh
= ST (0% VO (VxA) = ]
aGVh &ZW

A priori and a posteriori error analysis in H(curl) 7

/23
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Patchwise equilibrated fluxes

Continuous level
@ A € Hp(curl, Q) satisfies

(VxA,VxVv) = (j,v)VveH,p(curl, Q). constrained

@ Thus VxA € Hyn(curl, Q) with
Vx(VxA)=].

@ Take h? := ¢3(V x A) € Hy(curl,w,)
and note that 3 .., h* = VxA.

@ Rewritten implicitly,

h=arg  min  [Y3(VxA)—Vv|2,

veHy(curl,wa)
Vxv=j2

with
j? = 0 + Vyax(V xA).

M. Vohralik

D9f| n ition (Chaumont-FreIet, Vohralik (2022))

For eaChwertex a € Vy, solve the local

i n|m|zat|on pb
h? .= ar A(VxAp)—vpl?

vgheN; 1(7'a)ﬁHo(C W ( h) hlla
VX Vp=13j+Vpa x (Vxh /
V@ x(V xAp

hy, = Z ha.

acVy

Key points

@ homogeneous tangential BC on
hy, € Npi1(Th) N H(curl. Q)

@ global equilibrium Vxh, = )~ Vxhj

Owa:

Vh
= ST (0% VO (VxA) = ]
aGVh &ZW
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Stage 1: Raviart—-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vj, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Viax(VxAp) — vpl? .
g & VAERT, (Ta)Ho(dV.wa) IVe5x( n) = Vallu
V. vp=—Via.j

-
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Stage 1: Raviart—-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vj, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Viax(VxAp) — vpl? .
g & VAERT, (Ta)Ho(dV.wa) IVe5x( n) = Vallu
V-Vh:—V’l,Z)a-j
Comments

0 Vax(VxAp) ¢ RTy(Ta) N Ho(div, w,)
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Stage 1: Raviart—-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vj, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Viax(VxAp) — vpl? .
g & VAERT, (Ta)Ho(dV.wa) IVe5x( n) = Vallu
V-Vh:—V’l,Z)a-j
Comments

() VwaX(VXAh) 4 R%/('Ta) N Ho(diV, wa)

@ remainder 6, == >, 0f
e should be zero (~ partition of unity >_,.,, {V¢@x(VxA)} = 0), but is not
@ 0pc 'Rﬂ;;/('ﬁ,) N Ho}N(diV, Q) and V-6, =0
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Stage 1: overconstrained Raviart—-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vj, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Viax(VxAp) — vpll2 .
4 : VAERT, (Ta)Ho(dV.wa) IVx( n) = Valle,
V-Vh:—V’l,Z)a-j
(Vhrn)k=(VYaX(V X Ap),Fp)k  Vrae[Po(K)]°,VKETa

Comments

() VwaX(VXAh) 4 R%/('Ta) N Ho(diV, wa)

@ remainder 6, == >, 0f
e should be zero (~ partition of unity >_,.,, {V¢@x(VxA)} = 0), but is not
@ 0pc 'Rﬂ;;/('ﬁ,) N Ho}N(diV, Q) and V-6, =0

@ additional orthogonality constraint
e crucial for stage 2 below
e only possible thanks to the lowest-order Galerkin orthogonality of Ay,
e requests min{p,1} (and not simply p) &'zzéz/— A
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart—Thomas piecewise polynomial dp

For all tetrahedra K € Ty, consider (p + 1)-degree elementwise minimizations:

82|k = arg min Vi — ¥20,||% Vae Vx whenp > 1.
VhERTp+1(K)
V-vyp=0
Vh-Ng=138p-nk on OK
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart—Thomas piecewise polynomial dp

For all tetrahedra K € Ty, consider (p + 1)-degree elementwise minimizations:
08|k = ar min v,— I a5)l% Vae Vg whenp =0,
hlKk R 1 (17 Vi — IR (¥%dn) Ik K p
V-vp,=0
Vh-Ng=l - (438h)-nKk on oK
68|k = ar min v, — 035, Vac Vx whenp > 1.
hlk g v ) [vh —9%n[lk K p=
V-vyp=0
Vh-Ng=136p-ng on OK

Comments
@ patchwise contributions

05 € RTp11(Ta) N Ho(div,wa) and V-05=0 Vae,
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart—Thomas piecewise polynomial dp

For all tetrahedra K € Ty, consider (p + 1)-degree elementwise minimizations:
08|k = ar min v,— I a5)l% Vae Vg whenp =0,
hlKk R 1 (17 Vi — IR (¥%dn) Ik K p
V-vp,=0
Vh-Ng=l - (438h)-nKk on oK
68|k = ar min v, — 035, Vac Vx whenp > 1.
hlk g v ) [vh —9%n[lk K p=
V-vyp=0
Vh-Ng=136p-ng on OK

Comments
@ patchwise contributions

05 € RTp11(Ta) N Ho(div,wa) and V-05=0 Vae,
@ 47 form a divergence-free decomposition of 5, , = Z 68

acvy Ceeia ~£2
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Stage 2: divergence-free decomposition of the given divergence-free
current density j

Divergence-free decomposition of the current density

Set
J =% + 02 — 52
Then
J2 € RTp41(Ta) N Ho(div, wa),
S it=i.
acVy
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Stage 3: discrete patchwise equilibrated fluxes

Def| n ition (Chaumont-FreIet, Vohralik (2021 ))

For each vertex a € Vy, solve the local constrained minimization problem

h2 = arg min HI/Ja(VXAh) - Vh”czua
vhe

VXVp=

and combine

e mmmmmmm e

- 8
_.______________/%____

-
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Stage 3: discrete patchwise equilibrated fluxes

Def| n ition (Chaumont-FreIet, Vohralik (2021 ))

For each vertex a € Vy, solve the local constrained minimization problem

hf .= ar min AV AL — vill?
gVhEAqu(%)ﬂHo(curl.wa)”l/) ( h) hllea
VXxvp=

and combine

e mmmmmmm e

- 8
_.______________/%____

-
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Stage 3: discrete patchwise equilibrated fluxes

Def| n ition (Chaumont-FreIet, Vohralik (2021 ))

For each vertex a € Vy, solve the local constrained minimization problem

hf .= ar min AV AL — vill?
gVhE-/\/pq(’Ta)ﬁHo(curl.wa)”q/) ( h) hHWa
VXVthz

and combine

e mmmmmmm e

- 8
_.______________/%____

-
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Stage 3: discrete patchwise equilibrated fluxes

Def| n ition (Chaumont-FreIet, Vohralik (2021 ))

For each vertex a € Vy, solve the local constrained minimization problem

hf .= ar min AV AL — vill?
gVhE-/\/pq(’Ta)ﬁHo(curI.wa)”q[) ( h) hHWa
VXVthz

hy:=>" hj.

acyVy

and combine

e mmmmmmm e

-
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Stage 3: discrete patchwise equilibrated fluxes

Def| n ition (Chaumont-FreIet, Vohralik (2021 ))

For each vertex a € Vy, solve the local constrained minimization problem

hf = ar min AV AL — vl .
§ & VhEML1(Ta)mHO(CUT|.wa)”¢ ( h) hHwa ;
V x Vh:jz E
and combine
hy:=>" hj. :
acyVy Foclbooccoo=ad
Key points

@ homogeneous tangential BC on dwj: h, € ./\/p+1(”ﬁ,) NH
@ global equilibrium Vxh, = Y Vxhi=> ji=]

acVy acVy

-
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Q The curl—curl problem and its Nédélec approximation
© Equilibration in H(curl)

e A posteriori error estimates in H(curl)

o A stable local commuting projector in H(curl)

o Local-best—global-best equivalence in H(curl)

Q Approximation error estimates in H(curl)

Q Conclusions
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A posteriori error estimates

Weak formulation (consequence)

A € Hyp(curl, Q) satisfies
(VxA,Vxv)=(j,v) VveHyp(curl Q)
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A posteriori error estimates

Weak formulation (consequence)
A € Hyp(curl, Q) satisfies
(VXA VxV) = (j,v) Vv € Hyp(curl,Q)

.

Primal Nédélec approximation

Vi = Np(Th) N Hyp(curl,Q), p > 0; A, € Vj, such that
(VXAn, Vxvp)=(j,vn)  Vvhe Vp

A
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.

Primal Nédélec approximation

Vi = Np(Th) N Hyp(curl,Q), p > 0; A, € Vj, such that
(VXAn, Vxvp)=(j,vn)  Vvhe Vp

V.

[hh € Npii1(Th) N Hon(curl, Q) s.t. Vi hy, = j: local equilibrated flux reconstruction}
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A posteriori error estimates

Weak formulation (consequence)
A € Hyp(curl, Q) satisfies
(VXA VxV) = (j,v) Vv € Hyp(curl,Q)

Primal Nédélec approximation

Vi = Np(Th) N Hyp(curl,Q), p > 0; A, € Vj, such that
(VXAn, Vxvp)=(j,vn)  Vvhe Vp

[hh € Npii1(Th) N Hon(curl, Q) s.t. Vi hy, = j: local equilibrated flux reconstruction}

Theorem (Guaranteed upper bound,

[Vx(A—Ap)|| = [VxAp—hyl| = |[Vx(A—Ap)|

TV
unknown error computable estimator unknown error
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A posteriori error estimates

Weak formulation (consequence)
A € Hyp(curl, Q) satisfies
(VXA VxV) = (j,v) Vv € Hyp(curl,Q)

Primal Nédélec approximation

Vi = Np(Th) N Hyp(curl,Q), p > 0; A, € Vj, such that
(VXAn, Vxvp)=(j,vn)  Vvhe Vp

[hh € Npii1(Th) N Hon(curl, Q) s.t. Vi hy, = j: local equilibrated flux reconstruction}

Theorem (Guaranteed upper bound,

[Vx(A—Ap)|| = [VxAp—hyl| = |[Vx(A—Ap)|

unknown error computable estimator unkno% error
@ <:only depends on the shape-regularity r7; lonate
M. Vohralik
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H? solution, uniform h-refinement

IV (A — Ap)|

N

\\\%

L

100 101
h

—e— error --E£-- estimate, p = 1

—e— error estimate, p =2
M. Vohralik

1.08

1.07

1.06

1.05

1.04

Effectivity index n/||Vx(A — Ap)||

100

101
h

—m— effectivity index, p = 1
—m— effectivity index, p £R2zca 42
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H?® solution, uniform p-refinement

V(A — Ap)|

—e— error --E-- estimate, struct. mesh

—e— error estimate, unstruct. mesh

M. Vohralik

1.05

Effectivity index n/||Vx (A — Ap)|

—m— effectivity index, struct. mesh

—a— effectivity index, unstryc}, meshi
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| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Singular solution, adaptive mesh refinement (p = 2)

IVx(A— A Effectivity index n/||Vx(A — Ap)||
T T T 1] T T 1] T T T T
1071 o E
L il 3 -
2 | .
ot ]
: : . E/E/E/E’H—E_H—E_E‘ |
| I | I I [ = | | | | | |
Nyofs Adaptive refinement iteration
—e— error --E-- estimate --©--- est.+d. osc. —H&— no d. osc. —&— d. osc.
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Singular solution, adaptive mesh refinement (p = 2)

0.007

0.000

Estimators (left) and actual error (right), adaptive mesh refinement iteration #10.
Top view (top) and side view (bottom) lreia—
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Commuting de Rham diagram

Commuting de Rham diagram

HIn () v, Hon(cur, Q) 2% Hon(div, Q) ~,

[2(Q
lpﬁ—H ,grad lp;fyl,curl lpg,div Jng
Por1(Th) H N (Q) ~ Np(Th)NHo(curl, Q) > RT,(Th) NHon(div, Q) ~ Po(Th)NLA(Q)

)
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Commuting de Rham diagram with operator Pﬁ’cu”

Commuting de Rham diagram
Hon(cur, Q) % Hon(div, Q)
curl i
lpg cur lpg iv
Ny (Th)NHon(curl, Q) V5 RT5(Th)NHo n(div, Q)

. o,curl
Properties of P,

@ is defined over the entire Hy n(curl, Q) (minimal regularity)

@ is defined locally (in neighborhood of mesh elements)

@ is defined simply (starting from the elementwise L? orthogonal projection)

© has optimal approximation properties, that of elementwise
curl-unconstrained L2-orthogonal projector (local-global equivalence)

© is stable in L2(Q) (up to data oscillation)

© satisfies the commuting properties expressed by the arrows

@ is projector, i.e., leaves intact piecewise polynomials /AP

M. Vohralik A priori and a posteriori error analysis in H(curl) 15/23
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Stable local commuting projectors defined on H(div)/H(curl)

@ Schoberl (2001, 2005): not local

@ Christiansen and Winther (2008): not local

@ Bespalov and Heuer (2011): low regularity but still not H(div)/H(curl)

@ Falk and Winther (2014): local and H(div)/H(curl)-stable but not L-stable
@ Ern and Guermond (2016): not local

@ Ern and Guermond (2017): H(div)/H(curl) regularity but not commuting

@ Licht (2019): essential boundary conditions on part of 9Q

@ Arnold and Guzman (2021): L?-stable

@ Ern, Gudi, Smears, and Vohralik (2022): all the above properties in H(div)

M. Vohralik A priori and a posteriori error analysis in H(curl) 16/23
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A stable local commuting projector P‘,ﬂ’

curl

Definition (A stable local commuting projector PP")

Let v € Hyn(curl, Q) be given (minimal regularity). ‘ >
@ For each K < 7, prepare the datum 7|« A\
T = ar min Vxv—w
nlk gwheka)H hllk
V-wp=0

and define ¢p|k by the elementwise (constrained) projection

‘= a i V-V
Lhlk = arg Vhemw(K)H nllk
VXVp=Th
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A stable local commuting projector P2" e

Definition (A stable local commuting projector PP")
Let v € Hyn(curl, Q) be given (minimal regularity). V
@ For each K < 7, prepare the datum 7|k

T ‘= ar min Vxv—w
hlk gwheka)H nllk
V-wp=0

and define ¢p|k by the elementwise (constrained) projection

‘= a i V-V
Lhlk rg vhemx\lﬁ?(K)” nllk
VXVp=Th

(discrete but nonconforming (tangential-trace discontinuous)).
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A stable local commuting projector P‘,ﬂ’

curl

Definition (A stable local commuting projector PP")

Let v € Hyn(curl, Q) be given (minimal regularity). ‘ >
@ For each K < 7, prepare the datum 7|« A\
T = ar min Vxv—w
nlk gwheka)H hllk

V-wp=0
and define ¢p|k by the elementwise (constrained) projection

‘= a i V-V
Lhlk rg Vhern./\l/,{)1(K)” nllk

VXVp=Th
(discrete but nonconforming (tangential-trace discontinuous)).

@ Obtain PP (v) € Ny(75) 1 Ho(curl, Q) by applying the flux equilibr' l!n

procedure to ¢p; in particular, PR (v) := hy, := 3" ,.,, hZ, where h are
obtained by local energy minimizations on the patch subdomains w;.
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A stable local commuting projector P2"

Theorem (A stable local commuting projector P’f;cu”)

P> js a commuting projector since
VP (v) = PR (Vxv) v € Hon(curl, ),
PPy — v Vv € Np(Th) N Hon(curl, Q).
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A stable local commuting projector P‘,ﬂ’

curl

Theorem (A stable local commuting projector P’f;"“”)

P> js a commuting projector since
VP (v) = PR (Vxv) v € Hon(curl, ),
PPy — v Vv € Np(Th) N Hon(curl, Q).

Moreover, it has local-best approximation properties and is L? stable up to data
oscillation, since, for all v € Hyn(curl, Q) and K € Tp,

" 2
lv— PR ()i + (prWX (v~ PE™(v) HK)

hy 2
Sp D in_||v—vp|% Vxv— T8 (VxV)|lx |
~ {Vhenfvp?K’)H allie <p+ TV (VX )HK) }

K'eTk
2
K/) }.

M. Vohralik A priori and a posteriori error analysis in H(curl) 18/23
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HPﬁ,CUFl(V)HZK SP Z {Hv“%{/ + (p—f‘I HVXV— H%T(VX V)‘
K'eTk
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Global-best approximation =~ local-best approximation

Previous contributions
@ Carstensen, Peterseim, Schedensack (2012): H'! (lowest-order case p = 1)

@ Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013): H' (boundary
approximation context)

@ Veeser (2016): H' (any p)

@ Canuto, Nochetto, Stevenson, and Verani (2017): H' (improvement of the
dependence of the equivalence constant in 2D)

@ Ern, Gudi, Smears, and Vohralik (2022): H(div)
@ Chaumont-Frelet & Vohralik (2021): H(curl) without data oscillation
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))

bigger ~, smaller
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Theorem (Constrained equivalence in H(curl))

min = min
smaller space with curl constraints > bigger space without curl constraints

lreeia— QA
M. Vohralik A priori and a posteriori error analysis in H(curl) 20/23



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))

min = min
conforming Nédélec space with curl constraints 2 broken Nédélec space without curl constraints

lreeia— QA
M. Vohralik A priori and a posteriori error analysis in H(curl) 20/23



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyn(curl,Q2) and p > 0 be arbitrary. Then,

M. Vohralik A priori and a posteriori error analysis in H(curl) 20/23



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyn(curl,Q2) and p > 0 be arbitrary. Then,

h 2
. 2 K p
min V — Vy||°+ Vxv —1II Vxv
et amal? S (5251 2 (V0] )

Vxvy=P> W (Vxv)

/

global-best on Q
tangential-trace-continuity constraint
curl constraint
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyn(curl,Q2) and p > 0 be arbitrary. Then,

. 2
min V- +
Vx Vh:Pﬁ’dw(VX V)

(va)HK)Z

/

global-best on Q
tangential-trace-continuity constraint
curl constraint

h 2
L2 K P
~ Z,[mw v = valfe (5 2 (T30l ) |

local-best on each K < T,
no tangential-trace-continuity constraint
no curl constraint
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyn(curl,Q) and p > 0 be arbitrary. Then,

2
: 2
min Vv — + VXV
e ey ] KZT( 2 (V0] )
Vxvy=P> W (Vxv)
global-best on Q

tangential-trace-continuity constraint
curl constraint

h 2
L2 K P
N Zrh [Vhé“A'f,Z‘(K Iv Vh”ﬁ(pﬂ RT(WVHK) ]

local-best on each K < T,
no tangential-trace-continuity constraint
no curl constraint

@ ~,: only depends on the shape-regularity ~7;, and the polynomial degreZ
zéa—
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Approximation error estimates: context

h approximation estimate

Letv € H(curl, Q)

min [V — vl
VhENR(Th)NH(curl,Q)
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Approximation error estimates: context

h approximation estimate

Letv € H(curl,Q) N H®(Q2), s > 1/2. Then

. V— vl < hmin{p+1,s} Vllws/on.
VhEM;(TerH(curI,Q)H h” - C(ﬁﬁ” 5, ,0) H HH ()

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(Q), s > 1/2. Then

hmin{p+1,s}

WHVHHS(Q)-

min v— vy < C(kT, S,
vhe.i\/;g(ﬂ,)ﬂH(curl,Q)H hH o ( Th ﬂ)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangular meshes)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(Q), s > 1/2. Then
pmin{p+1,s}

W”VHHS(Q)'

' vV — vy < C(k7, S, p)!
VhGJ\/p(TrBIF?H(curI,Q)” nll < C(kT;, 8, p)In(p)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangutar meshes)

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)
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hp approximation estimate

Let v € H(curl,Q) N H%(Q), s > 1. Then

hmin{p+1,s}

lv — vl < C(k7,, 5, p)In(p) (

W”VHHS(Q)'

min
VhENR(Th)NH(curl, Q)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangutar meshes)

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)

@ Melenk and Rojik (2020)
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Approximation error estimates: context

h approximation estimate

Let v € H(curl,Q) N H%(Q2), s >1/2. Then

. v—-v < C 787 hmin{p+1,s} v S .
VhGNL(7r7?):WnH(curI,Q)“ nll < C(kT;, 8, P) [VI|g Q)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangular meshes)

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)

@ Melenk and Rojik (2020)
@ Ciarlet Jr. (2016)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(), s >-1/2. Then

hmin{p+1,s}
HV_ Vh” < C(KTh,S,ﬂ)WWHVHHSLQ)'

min
VhENR(Th)NH(curl, Q)

Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
Monk (1994, rectangular-meshes)

Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)

Melenk and Rojik (2020)
Ciarlet Jr. (2016)
Ern, Gudi, Smears, Vohralik (2022, H(div) setting)
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Approximation error estimates

Theorem ( hp-optimal approximation under )
Let v € Hyn(curl,Q) with

Vi € HS(K), (VxV)|x € Hi(K) VK c T,

fors > 0ands>t>max{0,s—1}.
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Approximation error estimates

Theorem (Local approximation under minimal Sobolev regularity)

Let v € Hyn(curl,Q) with

fors > 0ands>t>max{0,s—1}. Then

Vlk € HS(K), (VxV)x e H(K) VKeT,
- 2
lv—v
vhej\/p(ﬂ,;pwll-rllo,N(curIQ [‘ hH * Z <

by i) 2]

Z hmm{p+1 s} 2 hk h’ngin{p+1,f} 2
<Crp, 5. 1) [( Ve ) ( : IIVXVHHw) ]
ker L\ (p+1)¢ p+1 (p+1)
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Approximation error estimates

Theorem (Local hp-optimal approximation under minimal Sobolev regularity)
Let v € Hyn(curl,Q) with

Vlk € HS(K), (VxV)x e H(K) VKeT,

fors > 0ands>t>max{0,s—1}. Then

by v vl ) 2]

Z hmm{p+1 s} 2 hk h[n;in{p%»‘l,f} 2
<Crp, 5. 1) [( Ve ) ( : IIVXVHHm) ]
ker L\ (p+1)¢ p+1 (p+1)

i 2
min V—vVv 4+
VhG-MJ(Wv)ﬁHo,N(CurI Q) |:H hH Z <P 41

Comments

@ hpcase: I'p = () and convex patch subdomains w, for all vertices Y/~
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Conclusions

Equilibration in H(curl):
@ guaranteed, locally efficient, and p-robust a posteriori error estimates

@ a stable local commuting projector, local-best—global-best equivalence, and
local hp approximation (a priori) error estimates under min. Sobolev regularity
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Conclusions
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@ guaranteed, locally efficient, and p-robust a posteriori error estimates
@ a stable local commuting projector, local-best—global-best equivalence, and
local hp approximation (a priori) error estimates under min. Sobolev regularity
@ a posteriori tools in a priori analysis (equilibration)
@ CHAUMONT-FRELET T., VOHRALIK M. Equivalence of local-best and global-best approximations in H(curl).
Calcolo 58 (2021), 53.

@ CHAUMONT-FRELET T., VOHRALIK M. p-robust equilibrated flux reconstruction in H(curl) based on local
minimizations. Application to a posteriori analysis of the curl—curl problem. SIAM Journal on Numerical
Analysis (2023), DOI 10.1137/21M141909X.

@ CHAUMONT-FRELET T., VOHRALIK M. Constrained and unconstrained stable discrete minimizations for
p-robust local reconstructions in vertex patches in the de Rham complex. HAL Preprint 03749682,
submitted for publication, 2022.
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Equilibration in H(curl):
@ guaranteed, locally efficient, and p-robust a posteriori error estimates
@ a stable local commuting projector, local-best—global-best equivalence, and
local hp approximation (a priori) error estimates under min. Sobolev regularity
@ a posteriori tools in a priori analysis (equilibration)
CHAUMONT-FRELET T., VOHRALIK M. Equivalence of local-best and global-best approximations in H(curl).
Calcolo 58 (2021), 53.
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Thank you for your attention! Lovada
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@ Main tool: stable (broken) H(curl) polynomial extensions

© Local-best—global-best equivalence in H' in 1D
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Polynomial extensions Local—global equiv.

H(curl) polynomial extensions on a tetrahedron

Theorem (H(curl) polynomial extension on a single tetrahedron costavel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Braess, Pillwein, & Schéberl (2009); Chaumont-Frelet, Ern, & Vohralik (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx =0, and for all
rr € Nj(TF) such that ri-ng = curlg(rg) for all F € F, there holds

min ||v <C min V| k.
vpe./\/;(K)H pllx < Cst veH(curI.K)” I

V X Vp=rg VXxv=rg

K Vp|}=f_7: V|}-_—:l']:
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Polynomial extensions Local—global equiv.

H(curl) polynomial extensions on a tetrahedron

Theorem (H(curl) polynomial extension on a single tetrahedron costavel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Braess, Pillwein, & Schéberl (2009); Chaumont-Frelet, Ern, & Vohralik (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx =0, and for all
rr € Nj(TF) such that ri-ng = curlg(rg) for all F € F, there holds

min ||v <C min V| k.
vpe./\/;;(K)H pllx < Cst veH(curI.K)” I
V X Vp=rg VXxv=rg

K Vp|}=f_7: V|}-_—:l']:

~~

Comments
@ Cg; only depends on the shape-regularity of K
@ p-robustness: for (pw) p-polynomial data rg, rz, minimization over Np(K) is
up to Cst as good as minimization over the entire H(curl, K)
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Polynomial extensions Local—global equiv.

H(curl) polynomial extensions on a tetrahedron and on paiches

Theorem (H(curl) polynomial extension on a single tetrahedron costavel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Braess, Pillwein, & Schéberl (2009); Chaumont-Frelet, Ern, & Vohralik (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx =0, and for all
rr € Nj(TF) such that ri-ng = curlg(rg) for all F € F, there holds

min ||v <C min V| k.
v,,e/\/p(K)H pllx < Cst veH(curI.K)” I

VX vVp=rg Vxv=rg f

K VplF=rr V|E=rr A( 777777777777 -

~~

Comments
@ Cg; only depends on the shape-regularity of K
@ p-robustness: for (pw) p-polynomial data rg, rz, minimization over Np(K) is
up to Cst as good as minimization over the entire H(curl, K)
@ extension to an edge patch: Chaumont-Frelet, Ern, & Vohralik (2021)
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H(curl) polynomial extensions on a tetrahedron and on paiches

Theorem (H(curl) polynomial extension on a single tetrahedron costavel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Braess, Pillwein, & Schéberl (2009); Chaumont-Frelet, Ern, & Vohralik (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx =0, and for all
rr € Nj(TF) such that ri-ng = curlg(rg) for all F € F, there holds

min |[Vpllk < Cst  min |[V|k.

VpeN,(K) o veH(curl,K)
VX Vp=rg Vxv=rg
K Vp|}:l’_7: V|}-_—:l']:

~~

Comments
@ Cg; only depends on the shape-regularity of K :
@ p-robustness: for (pw) p-polynomial data rg, rr, minimization "veer(K is
up to Cst as good as minimization over the entire H(curl, K)
@ extension to an edge patch: Chaumont-Frelet, Ern, & Vohralik (2021)
@ extension to a vertex patch: Chaumont-Frelet & Vohralik (2022) Y/ N
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Q Main tool: stable (broken) H(curl) polynomial extensions

@ Local-best—global-best equivalence in H' in 1D
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Polynomial extensions Local—global equiv.

Equivalence of local- and global-best approximations in Hj(2): 1D
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