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I Equivalences Proofs and constants C

Setting

Domain
ω: three-dimensional, open, bounded, connected, Lipschitz, polyhedral (diameter hω)

Spaces

V 0(ω) :=

H(grad, ω): scalar-valued functions from L2(ω) with weak gradient in L2(ω)

V 1(ω) :=

H(curl, ω): vector-valued functions from L2(ω) with weak curl in L2(ω)

V 2(ω) :=

H(div, ω): vector-valued functions from L2(ω) with weak divergence in L2(ω)

V 3(ω) :=

L2(ω)

de Rham sequence

R
⊂

−−→ V 0(ω)

d0︷︸︸︷
grad
−−→ V 1(ω)

d1︷︸︸︷
curl
−−→ V 2(ω)

d2︷︸︸︷
div
−−→ V 3(ω) −−→ 0

Versions with homogeneous boundary conditions available

M. Vohralík p-uniform discrete Poincaré inequalities 2 / 16



I Equivalences Proofs and constants C

Setting

Domain
ω: three-dimensional, open, bounded, connected, Lipschitz, polyhedral (diameter hω)

Spaces

V 0(ω) :=

H(grad, ω): scalar-valued functions from L2(ω) with weak gradient in L2(ω)

V 1(ω) :=

H(curl, ω): vector-valued functions from L2(ω) with weak curl in L2(ω)

V 2(ω) :=

H(div, ω): vector-valued functions from L2(ω) with weak divergence in L2(ω)

V 3(ω) :=

L2(ω)

de Rham sequence

R
⊂

−−→ V 0(ω)

d0︷︸︸︷
grad
−−→ V 1(ω)

d1︷︸︸︷
curl
−−→ V 2(ω)

d2︷︸︸︷
div
−−→ V 3(ω) −−→ 0

Versions with homogeneous boundary conditions available

M. Vohralík p-uniform discrete Poincaré inequalities 2 / 16



I Equivalences Proofs and constants C

Setting

Domain
ω: three-dimensional, open, bounded, connected, Lipschitz, polyhedral (diameter hω)

Spaces

V 0(ω) :=

H(grad, ω): scalar-valued functions from L2(ω) with weak gradient in L2(ω)

V 1(ω) :=

H(curl, ω): vector-valued functions from L2(ω) with weak curl in L2(ω)

V 2(ω) :=

H(div, ω): vector-valued functions from L2(ω) with weak divergence in L2(ω)

V 3(ω) :=

L2(ω)

de Rham sequence

R
⊂

−−→ H(grad, ω)
grad
−−→ H(curl, ω)

curl
−−→ H(div, ω)

div
−−→ L2(ω) −−→ 0

Versions with homogeneous boundary conditions available

M. Vohralík p-uniform discrete Poincaré inequalities 2 / 16



I Equivalences Proofs and constants C

Setting

Domain
ω: three-dimensional, open, bounded, connected, Lipschitz, polyhedral (diameter hω)

Spaces
V 0(ω) := H(grad, ω): scalar-valued functions from L2(ω) with weak gradient in L2(ω)

V 1(ω) := H(curl, ω): vector-valued functions from L2(ω) with weak curl in L2(ω)

V 2(ω) := H(div, ω): vector-valued functions from L2(ω) with weak divergence in L2(ω)

V 3(ω) := L2(ω)

de Rham sequence

R
⊂

−−→ H(grad, ω)
grad
−−→ H(curl, ω)

curl
−−→ H(div, ω)

div
−−→ L2(ω) −−→ 0

Versions with homogeneous boundary conditions available

M. Vohralík p-uniform discrete Poincaré inequalities 2 / 16



I Equivalences Proofs and constants C

Setting

Domain
ω: three-dimensional, open, bounded, connected, Lipschitz, polyhedral (diameter hω)

Spaces
V 0(ω) := H(grad, ω): scalar-valued functions from L2(ω) with weak gradient in L2(ω)

V 1(ω) := H(curl, ω): vector-valued functions from L2(ω) with weak curl in L2(ω)

V 2(ω) := H(div, ω): vector-valued functions from L2(ω) with weak divergence in L2(ω)

V 3(ω) := L2(ω)

de Rham sequence

R
⊂

−−→ V 0(ω)

d0︷︸︸︷
grad
−−→ V 1(ω)

d1︷︸︸︷
curl
−−→ V 2(ω)

d2︷︸︸︷
div
−−→ V 3(ω) −−→ 0

Versions with homogeneous boundary conditions available

M. Vohralík p-uniform discrete Poincaré inequalities 2 / 16



I Equivalences Proofs and constants C

Setting

Domain
ω: three-dimensional, open, bounded, connected, Lipschitz, polyhedral (diameter hω)

Spaces
V 0(ω) := H(grad, ω): scalar-valued functions from L2(ω) with weak gradient in L2(ω)

V 1(ω) := H(curl, ω): vector-valued functions from L2(ω) with weak curl in L2(ω)

V 2(ω) := H(div, ω): vector-valued functions from L2(ω) with weak divergence in L2(ω)

V 3(ω) := L2(ω)

de Rham sequence

R
⊂

−−→ V 0(ω)

d0︷︸︸︷
grad
−−→ V 1(ω)

d1︷︸︸︷
curl
−−→ V 2(ω)

d2︷︸︸︷
div
−−→ V 3(ω) −−→ 0

Versions with homogeneous boundary conditions available

M. Vohralík p-uniform discrete Poincaré inequalities 2 / 16



I Equivalences Proofs and constants C

Poincaré inequalities
Easy case

∥u∥ ≤ C0
Phω∥grad u∥ ∀u ∈ H(grad, ω) s.t.

〈
u,1

〉
= 0

∀v ∈ H(grad, ω) with grad v = 0

grad has a one-dimensional kernel

Harder cases

∥u∥ ≤ C1
Phω∥curl u∥ ∀u ∈ H(curl, ω) s.t.

〈
u,v

〉
= 0

∀v ∈ H(curl, ω) with curl v = 0,

∥u∥ ≤ C2
Phω∥div u∥ ∀u ∈ H(div, ω) s.t.

〈
u,v

〉
= 0

∀v ∈ H(div, ω) with div v = 0

curl and div have infinite-dimensional kernels
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I Equivalences Proofs and constants C

Discrete Poincaré inequalities
Setting

Tω: tetrahedral mesh
p ≥ 0: polynomial degree

Super easy case

∥uT ∥ ≤ Cd,0
P hω∥grad uT ∥ ∀uT ∈ Pp+1(Tω) ∩ H(grad, ω) s.t.

〈
uT , 1

〉
= 0

the discrete space is a subspace of the continuous one

: Cd,0
P ≤ C0

P

Super hard cases

∥uT ∥ ≤ Cd,1
P hω∥curl uT ∥ ∀uT ∈ Np(Tω) ∩ H(curl, ω) s.t.

〈
uT , vT

〉
= 0

∀vT ∈ Np(Tω) ∩ H(curl, ω) with curl vT = 0,

∥uT ∥ ≤ Cd,2
P hω∥div uT ∥ ∀uT ∈ RTp(Tω) ∩ H(div, ω) s.t.

〈
uT , vT

〉
= 0

∀vT ∈ RTp(Tω) ∩ H(div, ω) with div vT = 0

the discrete spaces are not subspaces of the continuous ones

: Cd,l
P ̸≤ C l

P, l ∈ {1:2}
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I Equivalences Proofs and constants C

This talk

Unified writing – Poincaré inequalities – PI
∥u∥ ≤ C l

Phω∥d lu∥ ∀u ∈ V l(ω) such that
〈
u, v

〉
= 0

∀v ∈ V l(ω) with d lv = 0, l ∈ {1:2}

Unified writing – discrete Poincaré inequalities – DPI
∥uT ∥ ≤ Cd,l

P hω∥d luT ∥ ∀uT ∈ V l
p(Tω) such that

〈
uT , vT

〉
= 0

∀vT ∈ V l
p(Tω) with d lvT = 0, l ∈ {1:2}

This talk
values of Cd,l

P , l ∈ {1:2}

their dependence on
C l

P
|Tω| – the number of tetrahedra in Tω
p – the polynomial degree
ρTω – the shape regularity of Tω

optimal answer: Cd,l
P = Cd,l

P (C l
P, ρTω) = Cd,l

P (ρTω)
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I Equivalences Proofs and constants C

Available results
Discrete Poincaré inequalities

Girault and Raviart (1986), Monk and Demkowicz (2001), Arnold, Falk, and
Winther (2006), Ern and Guermond (2021), . . .

Stability of discrete constrained minimizations/discrete inf-sup conditions
Raviart and Thomas (1977), Fortin (1977), . . .

Operator norms of a piecewise polynomial vector potential operators
p-version: Demkowicz and Babuška (2003), Gopalakrishnan and Demkowicz
(2004), Demkowicz and Buffa (2005), Costabel and McIntosh (2010), Boffi,
Costabel, Dauge, Demkowicz, and Hiptmair (2011) . . .
hp-version: Gopalakrishnan, Pasciak, and Demkowicz (2004), Braess,
Pillwein, and Schöberl (2009), Ern, and Vohralík (2020), Chaumont-Frelet and
Vohralík (2026), Demkowicz and Vohralík (2026)

Stable commuting projectors
h-stable: Schöberl, Christiansen and Winther, Falk and Winther, Ern and
Guermond, Licht, Arnold and Guzmán, Ern, Gudi, Smears, and Vohralík,
Chaumont-Frelet and Vohralík, . . .
hp-stable: Demkowicz and Vohralík (2026)
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I Equivalences Proofs and constants C Stability of discrete minimizations Discrete inf-sup conditions Operator norms Stable commuting projectors

Discrete constrained minimizations
For rT ∈ d l(V l

p(Tω)): Find
u∗
T := argmin

vT ∈V l
p(Tω)

d l vT =rT

∥vT ∥2. (1)

Theorem (Equivalence: DPI – stability of discrete constrained minimization)
The DPI are equivalent to the stability of (1) in the sense

∥u∗
T ∥ ≤ Cd,l

P hω∥rT ∥.

Proof.
DPI

∥uT ∥ ≤ Cd,l
P hω∥d luT ∥ ∀uT ∈ V l

p(Tω) such that
〈
uT , vT

〉
= 0

∀vT ∈ V l
p(Tω) with d lvT = 0

Euler optimality conditions of (1):{
Find u∗

T ∈ V l
p(Tω) with d lu∗

T = rT such that〈
u∗
T , vT

〉
= 0 ∀vT ∈ V l

p(Tω) with d lvT = 0
(2)
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I Equivalences Proofs and constants C Stability of discrete minimizations Discrete inf-sup conditions Operator norms Stable commuting projectors

Discrete inf-sup conditions
For rT ∈ d l(V l

p(Tω)), consider
Find u∗

T ∈ V l
p(Tω) and s∗

T ∈ d l(V l
p(Tω)) such that〈

u∗
T , vT

〉
−

〈
s∗
T , d

lvT
〉

= 0 ∀vT ∈ V l
p(Tω),〈

d lu∗
T , tT

〉
=

〈
rT , tT

〉
∀tT ∈ d l(V l

p(Tω)).

(3)

Theorem (Equivalence: DPI – discrete inf-sup conditions)
The DPI are equivalent to the discrete inf-sup conditions of (3):

inf
tT ∈d l (V l

p(Tω))
sup

vT ∈V l
p(Tω)

〈
tT , d lvT

〉
∥tT ∥∥vT ∥

≥ 1

Cd,l
P hω

.

Proof.
(3) is equivalent to (2)
discrete inf-sup conditions ⇔ stability of discrete constrained minimization
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I Equivalences Proofs and constants C Stability of discrete minimizations Discrete inf-sup conditions Operator norms Stable commuting projectors

Piecewise polynomial vector potential operators (Poincaré maps)
Piecewise polynomial vector potential operators:

Φl
T : d l(V l

p(Tω)) → V l
p(Tω), rT → Φl

T (rT ) s.t. d l(Φl
T (rT )) = rT .

L2(ω)-norm minimizing operators:

Φl,∗
T (rT ) := argmin

vT ∈V l
p(Tω)

d l vT =rT

∥vT ∥2. (4)

Operator norm: ∣∣∣∣∣∣Φl,∗
T
∣∣∣∣∣∣ := max

vT ∈V l
p(Tω)

∥Φl,∗
T (d lvT )∥
∥d lvT ∥

.

Theorem (Equivalence: DPI – bounds of operator norms)

Best discrete Poincaré inequality constant Cd,l
P hω = the operator norm

∣∣∣∣∣∣Φl,∗
T
∣∣∣∣∣∣.

Proof.

the L2(ω)-norm minimizing operator is the minimizer from (1)
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I Equivalences Proofs and constants C Stability of discrete minimizations Discrete inf-sup conditions Operator norms Stable commuting projectors

Graph-stable commuting projectors

Theorem (Equivalence: DPI – graph-stable commuting projectors)

The DPI are equivalent to the existence of projectors Πm
p : V m(ω) → V m

p (Tω),
m ∈ {1:3}, satisfying for all l ∈ {1:2} the commuting

d l(Πl
p(u)) = Πl+1

p (d lu) ∀u ∈ V l(ω)

and the graph-stability
∥Πl

p(u)∥V l (ω) ≤ Cst∥u∥V l (ω) ∀u ∈ V l(ω).

Proof.
stable projectors =⇒ DPI: shown later
DPI =⇒ stable projectors:

define the (global) projector
Πl

p(u) := argmin
vT ∈V l

p(Tω)

d l vT =Πl+1
p (d l u)

∥u − vT ∥2

show it is stable in the graph norm
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I Equivalences Proofs and constants C Broken polynomial extensions Stable commuting projectors Piecewise Piola transformations

Setting and notation

PI

∥u∥ ≤ C l
Phω∥d lu∥ ∀u ∈ V l(ω) such that

〈
u, v

〉
= 0

∀v ∈ V l(ω) with d lv = 0, l ∈ {1:2}

DPI

∥uT ∥ ≤ Cd,l
P hω∥d luT ∥ ∀uT ∈ V l

p(Tω) such that
〈
uT , vT

〉
= 0

∀vT ∈ V l
p(Tω) with d lvT = 0, l ∈ {1:2}

Discrete kernel
ZV l

p(Tω) := {vT ∈ V l
p(Tω) : d lvT = 0}

Discrete kernel orthogonal complement
Z⊥V l

p(Tω) := {uT ∈ V l
p(Tω) :

〈
uT , vT

〉
= 0 ∀vT ∈ ZV l

p(Tω)}
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Discrete kernel orthogonal complement
Z⊥V l

p(Tω) := {uT ∈ V l
p(Tω) :

〈
uT , vT

〉
= 0 ∀vT ∈ ZV l

p(Tω)}
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Broken polynomial extension operators =⇒ DPI

Theorem (Broken polynomial extension operators =⇒ DPI)

Assume that there is C l
min such that, for all rT ∈ d l(V l

p(Tω)), there holds

min
vT ∈V l

p(Tω)
d l vT =rT

∥vT ∥

︸ ︷︷ ︸
u∗
T :=arg

≤ C l
min min

v∈V l (ω)

d l v=rT

∥v∥

︸ ︷︷ ︸
u∗:=arg

.

Then the DPI hold with constants Cd,l
P ≤ C l

minC l
P.

rT are piecewise polynomials: broken polynomial extension operators by
Braess, Pillwein, and Schöberl (2009), Ern and Vohralík (2020),
Chaumont-Frelet, Ern, and Vohralík (2022), Chaumont-Frelet and Vohralík
(2026), Demkowicz and Vohralík (2026) if ω is contractible
C l

min only depend on the number of tetrahedra |Tω| and the shape-regularity
ρTω (only on ρTω for patches tetrahedra)
C l

min, and consequently Cd,l
P , is independent of the polynomial degree p
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Stable commuting projectors =⇒ DPI
Theorem (Stable commuting projectors =⇒ DPI)
Assume that there are projectors Πm

p : V m(ω) → V m
p (Tω), m ∈ {1:3}, satisfying, for

all l ∈ {1:2}, commuting
d l(Πl

p(u)) = Πl+1
p (d lu) ∀u ∈ V l(ω),

and L2-stability on functions whose image by d l is piecewise polynomial
∥Πl

p(u)∥ ≤ Cst∥u∥ ∀u ∈ V l(ω) such that d lu ∈ V l+1
p (Tω).

Then DPI hold with constants Cd,l
P ≤ CstC l

P.

L2- (piecewise polynomial data) stable commuting projectors by Arnold,
and Guzmán (2021), Ern, Gudi, Smears, and Vohralík (2022),
Chaumont-Frelet and Vohralík (2024), Ern, Guzmán, Potu, and Vohralík
(2026): C l

st only depend on the polynomial degree p and the shape-regularity
ρTω but are independent of the number of tetrahedra |Tω|

Demkowicz and Vohralík (2026): C2
st, and consequently Cd,2

P , (H(div, ω) case),
only depend on ρTω and are thus independent of p and |Tω|
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Piecewise Piola transformations =⇒ DPI

Theorem (Piecewise Piola transformations =⇒ DPI)
DPI hold with constants that only depend on the shape-regularity parameter ρTω ,
the number of tetrahedra |Tω|, and the polynomial degree p, but do not need to
invoke the constants C l

P.

Proof.
collection of reference patches
piecewise Piola transformations
equivalence of norms in finite dimension
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