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Mixed finite elements for the Laplace equation

Laplace model problem
Findu:Q—Rst. _\ _¢ in Q.

u=2~0 on 0N
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Mixed finite elements for the Laplace equation

Laplace model problem
Findu:Q—Rst. _\ _¢ in Q,

u=20 on 02
Dual mixed weak formulation
Find (o, u) € H(div, Q) x L?(Q) such that
(o,v)—(u,V-v) =0 Vv € H(div, Q),
(V-o,q) = (f,q) VqeL*Q)
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Dual mixed weak formulation
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Mixed finite elements for the Laplace equation

Laplace model problem
Findu:Q—Rst. _\ _¢ in Q,

u=2~0 on 9002

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L2(Q) such that (o = —Vu)

(o,v)—(u,V-v) =0 Vv € H(div, Q),

(V-o,q) = (f,q) Vqe L3Q)
Mixed finite elements
Find (o, up) € Vi := RTN(T) N H(div,Q) x Pp(T), p > 0, s.t.
(oh, Vh) — (Up, V-vp) =0 Vvp e Vp,
(V-on,an) = (f,qn) Vaqn € Pp(T)
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Mixed finite elements for the Laplace equation

Laplace model problem
Findu:Q—Rst. _\ _¢ in Q,

u=2~0 on 9002

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L2(Q) such that (o = —Vu)

(o,v)—(u,V-v) =0 Vv € H(div, Q),

(V-o,q) = (f,q) Vqe L3Q)
Mixed finite elements
Find (o, up) € Vi := RTN(T) N H(div,Q) x Pp(T), p > 0, s.t.
(oh, Vh) — (Up, V-vp) =0 Vvp e Vp,
(V-on,an) = (f,qn) Vaqn € Pp(T)

Notation

@ : computational domain (open polygon/polyhedron)
@ 7: simplicial mesh
@ p: polynomial degree s .
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Classical a priori estimate via RTN interpolant

Theorem (Classical a priori estimate)
lo — ol

N——
MFE error

s 77 il
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Classical a priori estimate via RTN interpolant

Theorem (Classical a priori estimate)

o — ol = min o — vl
N——— VhEVh
MFE error V-vp=lpf
global-t;;st on

normal trace-continuity constraint
divergence constraint
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Classical a priori estimate via RTN interpolant

Theorem (Classical a priori estimate)

lo—onl| = min fo—vs| <o~ ()]
—_———— vheVy ———
MFE error V-vp=lpf ev,
~~ V-=Ipf
global-best on

normal trace-continuity constraint
divergence constraint

Raviart-Thomas-Nédélec interpolant /5™
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Classical a priori estimate via RTN interpolant

Theorem (Classical a priori estimate)

lo—onl| = min fo—vs| <o~ ()]
—_———— vheVy ———
MFE error V-vp=lpf ev,
~~ V-=Ipf
global-best on

normal trace-continuity constraint
divergence constraint

Raviart-Thomas-Nédélec interpolant /5™
@ simple and local: forall K € T
(I5™()-nE, an)F = (o-nF,Qn)F Van € Pp(F), VF € Fk,

(1™ (o), vi)k = (o, Vh)k Vv € [Pp1(K)]?
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Classical a priori estimate via RTN interpolant

Theorem (Classical a priori estimate)

lo—onl| = min fo—vs| <o~ ()]
—_———— vheVy ———
MFE error V-vp=lpf ev,
~~ V-=Ipf
global-best on

normal trace-continuity constraint
divergence constraint

Raviart-Thomas—Nédélec interpolant
@ simple and local: forall K € T

(I5™()-nE, an)F = (o-nF,Qn)F Van € Pp(F), VF € Fk,
(IF™(o), vi)k = (0. Va)k  YVh € [Ppq(K)°

@ commuting

RTN
Ip

V-(I5™e) = Np(V-o)
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Classical a priori estimate via RTN interpolant

Theorem (Classical a priori estimate)

lo — ol = ol o= = lo — 1™ (o)l
MFE error V-vp=lpf ev,
~~ V-=Ipf
global-best on

normal trace-continuity constraint
divergence constraint

Raviart-Thomas—Nédélec interpolant

@ simple and local: forall K € T
(I5™()-nE, an)F = (o-nF,Qn)F Van € Pp(F), VF € Fk,

(1™ (o), vi)k = (o, Vh)k Vv € [Pp1(K)]?

@ commuting

RTN
Ip

V-(I5™e) = Np(V-o)
@ needs o-ng € L'(F) VF € F: undefined for o € H(div, Q)
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Classical a priori estimate via RTN interpolant

Theorem (Classical a priori estimate)

lo — ol = ol o= = lo — 1™ (o)l
MFE error V-vp=lpf ev,
~~ V-=Ipf
global-best on

normal trace-continuity constraint
divergence constraint

Raviart-Thomas—Nédélec interpolant

@ simple and local: forall K € T
(I5™()-nE, an)F = (o-nF,Qn)F Van € Pp(F), VF € Fk,

(1™ (o), vi)k = (o, Vh)k Vv € [Pp1(K)]?

@ commuting

RTN
Ip

V-(I5™e) = Np(V-o)

@ needs o-ng € L'(F) VF € F: undefined for o € H(div, Q)

@ not fully L?(Q)-stable:

15N (@) Z o] Criia—ts =
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Advanced interpolants/stable local commuting projectors

@ Buffa and Ciarlet (2001): small regularity but still not
H(div, Q)

@ Schdberl (2005): not local

@ Christiansen and Winther (2008): not local

@ Bespalov and Heuer (2011): lower regularity but still not
H(div, Q)

Falk and Winther (2014)

Christiansen (2015)

Ern and Guermond (2017, 2018)
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Equivalence of local- and global-best approximations
in H)(Q)

Theorem (EQUivalence in H1 , Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013),

Veeser (201 6))

Let u € H}(Q) and p > 1 be arbitrary. Then,
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Equivalence of local- and global-best approximations
in H)(Q)

Theorem (EQUivalence in H1 , Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013),

Veeser (201 6))
Let u € H}(Q) and p > 1 be arbitrary. Then,

min IV (u— v
VhePp(T)NH ()

global-best on )
trace-continuity constraint
CG space (much smaller)
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Equivalence of local- and global-best approximations
in H)(Q)

Theorem (EQUivalence in H1 , Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013),

Veeser (201 6))
Let u € H}(Q) and p > 1 be arbitrary. Then,
min IV (u—vi)[I? ~p Z min [|[V(u - va)|% -

Vh€P(T)NHL (Q) VhEPp(K)
global-best on local-best on e_ach KeT
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger) |
S erc
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| Projector Global-local-best Approx. A priori Tools C
Equivalence of local- and global-best approximations
in H)(Q)

Theorem (EQUivalence in H1 , Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013),

Veeser (201 6))
Let u € H}(Q) and p > 1 be arbitrary. Then,

min V(u—w)|? ~ min [|[V(u—vp)|%.
L || ( | pz 6PPKH ( )

J

global-best on local-best on e_ach KeT
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger)

@ ~,: up to a generic constant that only depends on space
dimension d, shape-regularity of the mesh 7, and
polynomial degree p
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Outline

0 Introduction: classical a priori error estimates for mixed finite
element methods

9 Simple stable local commuting projector in H(div)
e Global-best — local-best equivalence
e Elementwise localized approximation estimates

© Elementwise localized a priori error estimates
@ Mixed finite element methods
@ Least-squares mixed finite element methods

Q Tools (p-robustness)
@ Polynomial extension on a tetrahedron
@ Broken polynomial extension on a patch

0 Conclusions and outlook
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div,2) and p > 0 be arbitrary.

v
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div, Q) and p > 0 be arbitrary.
@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o

; 2
= ar min —v VK ¢ T.
Enlk gvheRTNp(K)”U nllk
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div, Q) and p > 0 be arbitrary.
@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o
R 2
o= -V VK e T.
&nlk = arg Vhagyp,pmlla nllk T

@ For each vertex a € V, solve the MFE constrained
minimization problem on the patch 7 around a
Destuynder & Métivet (1999), Braess and Schaoberl (2008)

of = arg ) min | Va€p — Vi
. !

Wa
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div, Q) and p > 0 be arbitrary.
@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o
R 2
o= -V VK e T.
&nlk = arg Vhagyp,pmlla nllk T

@ For each vertex a € V, solve the MFE constrained
minimization problem on the patch 7 around a
Destuynder & Métivet (1999), Braess and Schaoberl (2008)

5 :
o} = arg min Va€p — Vi
h vheVﬂ::RTNp(Ta)ﬁHo(di\x.ua)H |

Wa
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div, Q) and p > 0 be arbitrary.
@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o
; 2
=ar min ./ VK eT.
Enlk agvheRTNp(K)Ha nllk T
@ For each vertex a € V, solve the MFE constrained

minimization problem on the patch 7 around a
Destuynder & Métivet (1999), Braess and Schaoberl (2008)
2 :
oy = arg min Vakp — Vp
h Vhe vﬁ;:RTNp(n)mHo(diwa)H |
V.vy

Wa

indition
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div, Q) and p > 0 be arbitrary.
@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o
; 2
=ar min ./ VK eT.
Enlk agvheRTNp(K)Ha nllk T
@ For each vertex a € V, solve the MFE constrained

minimization problem on the patch 7 around a
Destuynder & Métivet (1999), Braess and Schaoberl (2008)
2 :
oy = arg min Vakp — Vp
h Vhe Vﬁ::RTNp(Ta)ﬁHo(di\x.ua)H |
V-vp=Mp(V-01pat+&p-Viba)

Wa
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div, Q) and p > 0 be arbitrary.
@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o
; 2
=ar min ./ VK eT.
Enlk agvheRTNp(K)Ha nllk T
@ For each vertex a € V, solve the MFE constrained

minimization problem on the patch 7 around a
Destuynder & Métivet (1999), Braess and Schaoberl (2008)
A RTN
o = arg min 5™ (Wakk) — v
VheVE:=RTNp(Ta)NHo(div,wa) ;
V-vp=MNp(V-0va+E&x-Vipa)

Wa

indition

M. Vohralik Local approximations & commuting projectors in H(div) 7 /23



| Projector Global-local-best Approx. A priori Tools C

Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div,2) and p > 0 be arbitrary.

@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o
i 2
=ar min ./ VK eT.
€nlk gvheRTNp(K)”U nllk T

@ For each vertex a € V, solve the MFE constrained

minimization problem on the patch 7 around a
Destuynder & Métivet (1999), Braess and Schaoberl (2008)

A RTN
opi=arg min 5™ (Wakk) — v
VhEVE=RTNp(Ta)Ho(div.cos) ;
V-vp=MNp(V-0va+E&x-Vipa)

Poo :=op = Zag.
acy

Wa

© Combine

indition
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div,2) and p > 0 be arbitrary.

@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o
go discrete — ar min _ vl VK € T.
(elementwise) Ehlic = arg vheRTNp(K)HU plli 7

@ For each vertex a € V, solve the MFE constrained

minimization problem on the patch 7 around a
Destuynder & Métivet (1999), Braess and Schaoberl (2008)

: RTN
opi=arg min 5™ (Wakk) — v
vheVR:=RTNp(Ta)NHo(div,wa) A
V-vp=MNp(V-0va+E&x-Vipa)

Poo :=op = Zag.
acy

Wa

© Combine
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div,2) and p > 0 be arbitrary.

@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o
go discrete — ar min _ vl VK € T.
(elementwise) Ehlic = arg vheRTNp(K)HU plli 7

@ For each vertex a € V, solve the MFE constrained

minimization problem on the patch 7 around a
Destuynder & Métivet (1999), Braess and Schaoberl (2008)

of = ar min IR™N (4 —v
smooth  h gvheVﬁ::RTNp(Ta)ﬁHO(dix:.ua)H p (Vakp) hlﬁwa
(patchwise) VVh=Mp(V-0vatEnVia)
© Combine
Poo :=op = Zag.
acy
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Simple map P, : H(div,Q) — RTNy(T) N H(div, Q)

Definition (Map P, by local projection and flux reconstruction)

Let o € H(div,2) and p > 0 be arbitrary.

@ Define discontinuous &, € RTN,(7) as elementwise
L?-orthogonal projection of o
go discrete — ar min _ vl VK € T.
(elementwise) Ehlic = arg vheRTNp(K)HU plli 7

@ For each vertex a € V, solve the MFE constrained

minimization problem on the patch 7 around a
Destuynder & Métivet (1999), Braess and Schaoberl (2008)

a A RTN
oh = ar min ) ) — Vpl|
smooth  h gvheVﬁ::RTNp(Ta)ﬁHO(dix:.ua)H p (Vakp) hlﬁwa
(patchwise) VVh=Mp(V-0vatEnVia)
Combine
° Poo :=op = E of.
bi
combine oy’
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Equilibrated flux reconstruction in 2D
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Equilibrated flux reconstruction in 2D
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Equilibrated flux reconstruction in 2D
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Equilibrated flux reconstruction in 2D
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))

Let o € H(div,Q2) and p > 0 be arbitrary. Then, P,o = o,
€ RTNy(T) NH(div, Q) from is locally defined,
Lot &
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))

Let o € H(div,Q2) and p > 0 be arbitrary. Then, P,o = o,
€ RTNy(T) NH(div, Q) from is locally defined,
V- (Ppo) =MNp(V-) commuting,

-
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))

Let o € H(div,Q2) and p > 0 be arbitrary. Then, P,o = o,
€ RTNy(T) NH(div, Q) from is locally defined,

V- (Ppo) =MNp(V-) commuting,
Pyo = o ifo € RTNy(T) N H(div,Q2) projector,
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))

Let o € H(div,Q2) and p > 0 be arbitrary. Then, P,o = o,
€ RTNy(T) NH(div, Q) from is locally defined,

V- (Ppo) =MNp(V-) commuting,
Pyo = o ifo € RTNy(T) N H(div,Q2) projector,

1/2
| Poor|l <p ||a||—|—{ Z h||V-o — I'Ip(V-a)||f<} Stable up to osc.
KeT

V.
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))
Let o € H(div,Q2) and p > 0 be arbitrary. Then, P,o = o,

€ RTNy(T) NH(div, Q) from is locally defined,

V- (Ppo) =MNp(V-) commuting,

Pyo = o ifo € RTNy(T) N H(div,Q2) projector,

1/2
| Poor|l <p ||a||—|—{ Z h||V-o — I'Ip(V-a)||f<} stable up to osc.
KeT

Comments

@ P, defined on H(div, Q)

@ <,: only depends on d, shape-regularity of 7, and p

@ hk||V-o — Np(V-0)| k: data oscillation term common in a
posteriori analysis, disappears when V-o is a piecewise

p-degree polynomial i i
M. Vohralik Local approximations & commuting projectors in H(div) 9 /23



@ recall £, RTN,(T) is elementwise LZorthogonal projection of &

= ar min — |3
Enlk gvheRTINp(K)“U Villk — VKeT




- | Projector Global-local-best Approx. A priori Tools C
Proof: local problems, commutativity

@ recall £, RTN,(T) is elementwise L?orthogonal projection of o

H 2
= ar min o—V KeT
Enlk gvheRTINp(K)” nllk VK €

@ since Vi, € RTN,(K), Va e Vg, p > 0,
(0 — &, VYa)k =0 VKeT

-
—
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| Projector Global-local-best Approx. A priori Tools C

Proof: local problems, commutativity

@ recall £, RTN,(T) is elementwise L?orthogonal projection of o

= i — |4 VK
Elci=arg min o= vl €T
@ since Viya € RTNy(K),Va e Vg, p> 0,
(0 —&nViYa)k=0 VKeT

@ since o|,, € H(div,w,) and ¥, € H}(wa) (a € V™), Green
theorem

(V'O', ¢a)wa+(o’a Vd’a)ua =0

-

&1/7 ..... p— f . erc
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| Projector Global-local-best Approx. A priori Tools C

Proof: local problems, commutativity

@ recall £, RTN,(T) is elementwise L%orthogonal projection of o

: 2
= ar min -V VK €7
Enlk gvheRTNp(K)HO' nllk

@ since Viya € RTNy(K),Va e Vg, p> 0,
(0 —&n Via)k =0 VKeT

@ since o|,, € H(div,w,) and ¥, € H}(wa) (a € V™), Green
theorem implies v ,-orthogonality:

(V-o,%a)wt (0, Via)w, =0 = | (V-0,Va)w, + (€n, V¥a)w, =0 Vaec V"
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| Projector Global-local-best Approx. A priori Tools C

Proof: local problems, commutativity

@ recall £, RTN,(T) is elementwise L%orthogonal projection of o

: 2
= ar min -V VK €7
Enlk gvheRTNp(K)HO' nllk

@ since Viya € RTNy(K),Va e Vg, p> 0,
(0 —&n Via)k =0 VKeT

@ since o|,, € H(div,w,) and ¥, € H}(wa) (a € V™), Green
theorem implies v ,-orthogonality:

(V-o,%a)wt (0, Via)w, =0 = | (V-0,Va)w, + (€n, V¥a)w, =0 Vaec V"

@ implies well-posedness of

a H RTN

oh=ar min ) o — Vp

h gvheV;::RTNp(Ta)ﬂHo(di\.wa)H o (Vah) H’“a
Vvp=Np(V-ota+£,-Vipa)

-
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| Projector Global-local-best Approx. A priori Tools C

Proof: local problems, commutativity

@ recall £, RTN,(T) is elementwise L?orthogonal projection of o

: 2
= ar min -V VK €7
Enlk gvheRTNp(K)HO' nllk

@ since Viya € RTNy(K),Va e Vg, p> 0,
(0 —&n Via)k =0 VKeT

@ since o|,, € H(div,w,) and ¥, € H}(wa) (a € V™), Green
theorem implies v ,-orthogonality:

(V'O', ¢a)wa+(o’a vd’a)wa :O = (VO’, wa)wa + (€h7 vﬂ}a)wa :0 va S Vim

@ implies well-posedness of

a H RTN

oh=ar min ) o — Vp

h gvheV;::RTNp(Ta)ﬂHo(di\.wa)H o (Vah) H“a
Vvp=Np(V-ota+£,-Vipa)

@ partition of unity >, ¥a = 1 implies commutativity
Veop = Z Vof = Z Mp(V-otba + &4 Viba) =[],V

,,,,,,,,,, P — ‘erc

acy acy 2R~
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| Projector Global-local-best Approx. A priori Tools C

Proof: stability of the flux reconstruction

Theorem (Local stability Braess, Pillwein, Schéberl (2009;2D), Ern, V.. (2016;3D), using 'T°°'S)

There holds

IRTN(4) Villw min [[I"™N(a€,)— V||,
emr N Viliy S | min [ (o) VL
V-vp=Mp(V-0a+E&p-Vi)a) V-v=Ip(V- U'l/a+€h Va)
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| Projector Global-local-best Approx. A priori Tools C

Proof: stability of the flux reconstruction

Theorem (Local stability eraess, pillwein, Schaberi 2009;2D), Em, . (2016;3D), using > Tools )

There holds

min N2 )=Vl min [[IR™N(ya€.)— V||,
e I et Vallos <, min 5™ (ah) V]l
V-vp=Mp(V-cpa+&,-Viba) V-v=Mp(V-o9) 3+€h V)a)

Corollary (Global stability)

Ppo = o, is closer to &y, than any o < H(div, ) up to
divergence oscillation:

1/2
1€n — ol Sp 1€n — |l + { > IV (én - U)II%} :

KeT

,,,,,,,,,, e D erC
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Projection property of P,
if o € RTN,(T)n H(div, ), then &, = o from EEIEIEED,




- | Projector Global-local-best Approx. Apriori Tools G
Proof: projection and L2 stability of the map P,

Projection property of P,
if o €« RTN,(T)n H(div, ), then &), = o from @EEEIEED, global

1/2
1€n — onll pHEh—GHJr{Zh IV-(&n — )H%} =0
KeT

Lo
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- | Projector Global-local-best Approx. Apriori Tools G
Proof: projection and L2 stability of the map P,

Projection property of P,
if o €« RTN,(T)n H(div, ), then &), = o from @EEEIEED, global

1/2
1€n — ol pHEh—UHJF{Zh IV-(&n — )H%(} =0
KeT

= op=2¢&
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- | Projector Global-local-best Approx. Apriori Tools G
Proof: projection and L2 stability of the map P,

Projection property of P,
if o €« RTN,(T)n H(div, ), then &), = o from @EEEIEED, global

1/2
1€n — onll pHEh—GHJr{Zh IV-(&n — )H%} =0
KeT

=>op=&, =>op=0
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| Projector Global-local-best Approx. A priori Tools C

Proof: projection and L? stability of the map P
Jo)

Projection property of P,
if o € RTN,(7T) N H(div,Q), then §, = o from , global

1/2
1€ — oall p|’€h—0|+{zh IV-(§h—o )Hf(} =0

KeT
=>op=&, =>op=0
L? stability of the map Py up to oscillation
triangle inequality ||op| < |lo — o4l + ||o|], triangle inequality
lo — ol < llo—&npll + [1Eh — anll,
and improved stability
1/2
1€n —onll <p [1€n — ol + { > Vo —Ny(V- U)HK}
KeT
together with ||o — &, < ||o|| Lo o B

M. Vohralik Local approximations & commuting projectors in H(div) 12 /23
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element methods

Q Simple stable local commuting projector in H(div)
e Global-best — local-best equivalence
o Elementwise localized approximation estimates

Q Elementwise localized a priori error estimates
@ Mixed finite element methods
@ Least-squares mixed finite element methods

Q Tools (p-robustness)
@ Polynomial extension on a tetrahedron
@ Broken polynomial extension on a patch
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| Projector Global-local-best Approx. A priori Tools C

Global-best approx. ~ local-best approx. in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & \. (2019))
Let o € H(div,Q2) and p > 0 be arbitrary. Then,

-
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| Projector Global-local-best Approx. A priori Tools C

Global-best approx. ~ local-best approx. in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & \. (2019))
Let o € H(div,Q2) and p > 0 be arbitrary. Then,

2
e/ +§ h Vi(r—vVv
v,,eRTNp(T)mH (div,Q) le d klV-(@ h)HK
V-vp=Mp(V-o) KeT

~=
global-best on <2
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)

-
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| Projector Global-local-best Approx. A priori Tools C

Global-best approx. ~ local-best approx. in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & \. (2019))
Let o € H(div,Q2) and p > 0 be arbitrary. Then,

2
e/ +§ h V(e —vVv
v,,eRTNp(T)mH (div,Q) le d klV-(@ h)HK
V-vp=Mp(V-o) KeT

~=
global-best on <2
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)

~ -V H 2l.
nghenmpm[”" pllk + HIV-(o = Vi) ]

local-best on each K .
no normal trace-continuity constraint

no divergence constraint
broken MFE space (much bigger)

2 [ — erc
V2577, 5
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| Projector Global-local-best Approx. A priori Tools C

Global-best approx. ~ local-best approx. in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & \. (2019))

Let o € H(div,Q2) and p > 0 be arbitrary. Then,

2 2
min — Vp|l© + E h%||V-(o — v
vheRTN(T)H(div.Q) lo d klV-(@ h)HK
V-vp=Mp(V-o) KeT

~=
global-best on <2
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)

~ -V H 2l.
ng,,enm,m[”" pllk + HIV-(o = Vi) ]

local-best on each K .
no normal trace-continuity constraint
no divergence constraint
broken MFE space (much bigger)

@ the right number (a priori) much smaller than the left one
@ ~,: only depends on d, shape-regularity of 7, and p
@ no need of interpolate for optimal error bounds £z77z—"~

erc
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@ global @ENEEIT

1/2
1€n — anll Sp 1€s — oll + { > RIV-(&n - U)II;"<}

KeT

bound on minimum, triangle inequality
min o — Vil < llo = ol < llo—=&xll + 11§n — onll

vh€RTN,(T)NH(div,Q)
Vvp=Mp(V-0o)

1/2
S, { S [lo = &0l + R0 - &) }

KeT




- | Projector Global-local-best Approx. Apriori Tools C
Proof ideas

@ global CLIEHETTD
1/2
1€n — onll Sp 1€n — ol + { AN U)||K}

KeT
@ bound on minimum, triangle inequality

min — vy < — < - _
venr T lo = Vel < llo = ol < llo = &l + 16— ol
V-v,,:I'Ip(V~o-) 1/2
Sp{Z[IIU Enllk + il V(o — £h)IIK]}
KeT

&zm.,..,m.. :
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| Projector Global-local-best Approx. A priori Tools C

Proof ideas

@ global
1/2
1€n = anll <p 1€n — ol + { AR )II%}
KeT
@ bound on minimum, triangle inequality
min —vy|| < o — <llo — —
errn e = Vol < Dl =l < o~ &l + 1€ — ol
V-Vh:I'Ip(V-o-)
1/2
<p { > lllo = &nllk + Mzl V(o - £h)IIK]}
KeT

@ [L?(K)]%-orthogonal projection consequence

o€l MV €l <p,_min  [lo—valfct iV (o vl E]

-
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| Projector Global-local-best Approx. A priori Tools C

Proof ideas

@ global
1/2
1€n = anll <p 1€n — ol + { AR )II%}
KeT
@ bound on minimum, triangle inequality
min —vy|| < o — <llo — —
errn e = Vol < Dl =l < o~ &l + 1€ — ol
V-Vh:I'Ip(V-a-)
1/2
<p { > lllo = &nllk + Mzl V(o - £h)IIK]}
KeT

@ [L?(K)]%-orthogonal projection consequence

o€l MV €l <p,_min  [lo—valfct iV (o vl E]

@ divergence constraint

S IVl < 3, min le-valfr Yo -]

KeT s o : ‘erc
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Q Introduction: classical a priori error estimates for mixed finite
element methods

Q Simple stable local commuting projector in H(div)
O Global-best — local-best equivalence
© Elementwise localized approximation estimates

Q Elementwise localized a priori error estimates
@ Mixed finite element methods
@ Least-squares mixed finite element methods

Q Tools (p-robustness)
@ Polynomial extension on a tetrahedron
@ Broken polynomial extension on a patch

Q Conclusions and outlook




| Projector Global-local-best Approx. A priori Tools C

Approximation optimal in /1 for any regularity

Corollary (Elementwise localized approximation estimate)

For any o € H(div,Q) s.t., locally onany K € T,
olk € H¥(K), s > 0,

there holds
)
2
. 2 2 2
min ./ hxl|V-(oc — v
{VhGRTNpWI—)ﬁH(diV,Q) [”0' hH - KZ: KH (U h)”K] }
V-vp=Mp(V-o) €T
)

~P
VhERTN,(K
KET h P( )

in {p-+1
<p7ahmm{p St

~

<{Z min [navh||%<+h%<uv-(avh)n%<]}

- i
‘erc
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| Projector Global-local-best Approx. A priori Tools C

Approximation optimal in /1 for any regularity

Corollary (Elementwise localized approximation estimate)

For any o € H(div,Q) s.t., locally onany K € T,
olk € H¥(K), s > 0,

there holds
)
2
; 2 2

min ./ h«||V-(o — v

{vheRTNp(T)mH(de [” ol +KZ: klIV-(o h)”K]}
V-vp=Mp(V-o) €T
)

~P
VhERTN,(K
KET h P( )

hmin {pALs}.

~Ms

@ <, only depends on d, shape-regularity of 7, p, and

< {Z min [||0' — V% + M5 V-(o — Vh)”K]}

1/2
2
{ EKET ‘U’Hmin {P+1,s}(K)} &,1/7 """ . ie
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| Projector Global-local-best Approx. A priori Tools C

Approximation optimal in /7 and p for small regularity

Corollary (Elementwise localized approximation estimate)
Letp > 1. Forany o € H(div,Q) s.t, locally on any K € T,

olk € H*(K), s € (0. p],
there holds

V-vp=Mp(V-o) KeT

1
h2 g

i _ 2 KiId.(m — 2
{vhenrupr{'f'?mﬁ(dw,m [IIU Vall +§ pZIIV(a Vh)HK]}

h2
< min —v|2 + K|Vo -, (V-0)|2
S {%v,,enmw(;()”a nllk + - V.o -, 1(V-o)lk

};

-

s s :
M. Vohralik
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| Projector Global-local-best Approx. A priori Tools C

Approximation optimal in /7 and p for small regularity

Corollary (Elementwise localized approximation estimate)

Letp > 1. Forany o € H(div,Q) s.t, locally on any K € T,
olk € H3(K), s € (0, p],

there holds

V-vp=Mp(V-o) KeT

2
g{z min h

1
2
2 K 2
-V — V.o =M, (V-
e vheRTNp—1(K)||U hllic + p? IV-o P i U)HK}

1
h2 g

i _ 2 KiId.(m — 2
{vhenmpr{'%?mﬁ(dw,m [IIU Vall +§ pZIIV(a Vh)HK]}

» 1/2
@ <,:onlyd,reg.of T, and {ZKGT IU\HS(K)}

@ p-robust (hp-optimal) estimate
M. Vohralik

o :
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© Elementwise localized a priori error estimates
@ Mixed finite element methods
@ Least-squares mixed finite element methods

@ Polynomial extension on a tetrahedron
@ Broken polynomial extension on a patch




O Introduction: classical a priori error estimates for mixed finite
element methods
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© Elementwise localized a priori error estimates
@ Mixed finite element methods
@ Least-squares mixed finite element methods
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| Projector Global-local-best Approx. A priori Tools C Mixed methods Least-squares methods

Laplace model problem: —Au = fin Q, u= 0 on 022

Corollary (Localized a priori estimate for mixed finite elements)
Let o be the weak solution and o, its MFE approximation. Then
o — ol = min )||0 — vy

VLERTN(T)NH(div,Q
V- Vh:rlp(V'O')

global-best on
normal trace-continuity constraint
divergence constraint

1
2

S min Vallk + hcl V(o = v) %
Sp 1 o = vallk + hxlIV-(o — vh)lk

KeT p -

local-best on each K .
no normal trace-continuity constraint
no divergence constraint

min {p-+1,s

<po h {p+1,s}
S erc
rezia—-~-
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| Projector Global-local-best Approx. A priori Tools C Mixed methods Least-squares methods

Laplace model problem: —Au = fin Q, u= 0 on 022

Mixed least-squares weak formulation
Find (o, u) € H(div. Q) x HJ}(©) such that

(6 +Vu,Vv)=0 Yv € H)(Q),
(V-o,V-p)+ (o +Vu,p) = (f,V-p) Vp € H(div, Q).

-
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| Projector Global-local-best Approx. A priori Tools C Mixed methods Least-squares methods

Laplace model problem: —Au = fin Q, u= 0 on 022

Mixed least-squares weak formulation
Find (o, u) € H(div. Q) x HJ}(©) such that

(0 +Vu,Vv)=0 Yv € H)(Q),
(V-o,V-p)+ (o +Vu,p) = (f,V-p) Vp € H(div, Q).
Least-squares mixed finite elements

Let Vj,:= RTN,(T) N H(div,Q), p > 0, Vi, :=Po(T) N H{(Q),
q > 1. Find (o, uy) € Vp x Vp such that

(oh+VupVvy) =0 Vv, € Vp,
(Veon, V-pp) + (on+Vup,pp) = (£,V-Py)  VPy € Vp.

-

,,,,,,,,,,, — ‘erc
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| Projector Global-local-best Approx. A priori Tools C Mixed methods Least-squares methods

Laplace model problem: —Au = fin Q, u= 0 on 022

Lemma (A priori bound for least-squares mixed finite elements)
There exists a positive constant C only depending on Q s.t.
lo = onll + IV (u—un)ll

<C min lo=vpll+  min  [[V(u—vy)| |,
v,ERTN,NH(div,Q) VP (T)NH ()
V-Vh:I'Ip(V-a)

‘erc
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Laplace model problem: —Au = fin Q, u= 0 on 022

Lemma (A priori bound for least-squares mixed finite elements)
There exists a positive constant C only depending on Q s.t.
lo = onll + IV (u—un)ll

<C min lo=vpll+  min  [[V(u—vy)| |,
v,ERTN,NH(div,Q) VP (T)NH ()
V-Vh:I'Ip(V-a)

3
V(o = an)l? < [V-o = Np(V-0)|[* + 5V (u — up)||?

= min o — vp2.
2 v,eRTNpNH(div,Q)
V-vh:I'Ip(V-a)
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Laplace model problem: —Au = fin Q, u= 0 on 022

Lemma (A priori bound for least-squares mixed finite elements)
There exists a positive constant C only depending on Q s.t.
lo = onll + IV (u—un)ll

<C min lo=vpll+  min  [[V(u—vy)| |,
v,ERTN,NH(div,Q) VP (T)NH ()
V-Vh:I'Ip(V-a)

3
V(o = an)l? < [V-o = Np(V-0)|[* + 5V (u — up)||?
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2 v,eRTNpNH(div,Q)
V-vh:I'Ip(V-a)
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erc

M. Vohralik Local approximations & commuting projectors in H(div) 19/23
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Laplace model problem: —Au = fin Q, u= 0 on 022

Lemma (A priori bound for least-squares mixed finite elements)
There exists a positive constant C only depending on Q s.t.
lo = onll + IV (u—un)ll

<C min lo=vpll+  min  [[V(u—vy)| |,
v,ERTN,NH(div,Q) VP (T)NH ()
V-Vh:I'Ip(V-a)

3
V(o = an)l? < [V-o = Np(V-0)|[* + 5V (u — up)||?

= min o — vp2.
2 v,eRTNpNH(div,Q)
V-vh:I'Ip(V-a)
combine with and

Corollary (Localized a priori estimate for least-squares MFEs)
Leto|kx € H¥(K), s>0, and u|x € H'+!(K), t>0, VK € T. Then
lo—ahll+IV (u=un)l+V-(e=an)ll Spou HM TS L AT | g
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@ Mixed finite element methods
@ Least-squares mixed finite element methods

e Tools (p-robustness)
@ Polynomial extension on a tetrahedron
@ Broken polynomial extension on a patch
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| Projector Global-local-best Approx. A priori Tools C Single tetrahedron Patch

Polynomial extension on a tetrahedron

Lemma (H(div) polynomial extension on a tetrahedron costavel & me-

Intosh (2010); Ainsworth & Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, &Schdberl (2012); Ern & V. (2016))

Letp>0,K e T, 7; C Fk. Letr € Pp(F)) x Pp(K), satisfying
the compatibility 3" . . (rF, 1)F = (rk, 1)k if F} = Fx. Then

min v < min v
vheRTNp(K) Ivallc = veH(div,K) Iviix
Vp-ng=rg VFEFY v-ng=rg YFEFY
V-vp=rg V-v=rg

-
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Broken polynomial extension on a patch

Theorem (Broken H(div) polynomial extension on a patch eress,

Pillwein, & Schéberl (2009; 2D), Ern & V. (2016; 3D))

Forp>0andac V™ letr ¢ Pp(Fa) x Pp(Ta). Suppose the
compatibility

> (e Dk — D (rr 1)e=0.

KeTa FeFa
Then
min IVallwa = min (2
vhERTNp(Ta) veH(div,7a)
Vh-Ne=rg VFEFG" v-ng=rg YFEFZ"
[vi-nel=rr VFeF" [v-ne]=rr VFeFint
Vh-Vhlk=rk VK€Ta Vh-V|xk=rx YKETa

-

42’7 ..... — : ‘erc
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Conclusions and outlook

Conclusions

@ a simple stable local commuting projector in H(div, 2)

@ global-best — local-best equivalence in H(div, )

@ optimal localized approximation estimates

@ optimal localized a priori error estimates for mixed finite
elements and least-squares mixed finite elements

@ p-robust estimates optimal for hp methods and low
regularity solutions
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Conclusions and outlook

Conclusions

@ a simple stable local commuting projector in H(div, 2)
@ global-best — local-best equivalence in H(div, )
@ optimal localized approximation estimates

@ optimal localized a priori error estimates for mixed finite
elements and least-squares mixed finite elements

@ p-robust estimates optimal for hp methods and low
regularity solutions

Ongoing work
@ extensions to other settings
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Potentials

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:

2D), Muioz-Sola (1997), Demkowicz, Gopalakrishnan, & Schdberl (2009))

Letp>1,K e T,and 7). C Fk. Letr < P,(F}}) be continuous
on FZ. Then

min _[[Vvallk = min Vv
Vh€Pp(K) veH'(K)
vp=rr on all FEFR v=rg on all FEFR

il 1 /2(5K)
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Potentials

Theorem (Broken H' polynomial extension on a patch emav. @o1s,
y

2016))

Forp>1andaec V™, letr c P,(F1"). Suppose the
compatibility

int
rF’Fﬂawazo VFEF;H,

Y trelFle=0  Vee&a

FeFe
Then
min [ Vavhlee = Min ([ VpVe,
VhEPp(Ta) veH' (Ta)
vh=0 VFeFZ" v=0 VFeFg"
|IVh]]:fF VFE]'—{,H[ |[V]]=I’F VFE]'—iam
&1/ ,,,,,,,,,,, i — ’ »érc
2LA—"
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