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The Poisson model problem and its Galerkin approximation
The Poisson problem

Find u : Ω → R, Ω ⊂ Rd , 1 ≤ d ≤ 3, such that
−∆u = f in Ω,

u = 0 on ∂Ω.

Weak formulation

Find u ∈ H1
0 (Ω) such that

(∇u,∇v)Ω = (f , v)Ω for all v ∈ H1
0 (Ω).

Galerkin approximation

Find uh ∈ Vh ⊂ H1
0 (Ω) such that Vh = Qp(Th) ∩ Cp−m(Ω)

(∇uh,∇vh)Ω = (f , vh)Ω for all vh ∈ Vh.
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State of the art &

goals
A posteriori error estimates

Guaranteed

a posteriori estimates

locally efficient

and robust wrt h and p:

∥∇(u − uh)∥Ω ≤ η(uh)

≤ Ceff∥∇(u − uh)∥Ω,

Ceff only depends on d , κTh

.

Available results
mathematical foundations Babuška & Rheinboldt (1978)

hypercicrle Prager & Synge (1947)
equilibration Ladevèze & Leguillon (1983), Destuynder & Métivet (1998), Braess &

Schöberl (2008)
p-robustness Braess, Pillwein, & Schöberl (2009), Ern & Vohralík (2015)
p-robustness tools Costabel & McIntosh (2010), Demkowicz, Gopalakrishnan, &

Schöberl (2009–2012)

IGA Kleiss & Tomar (2015), Buffa & Giannelli (2016), Gantner, Haberlik, &
Praetorius (2017), Thai, Chamoin, & Ha-Minh (2019)
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Partition of unity, Vh = Qp(Th) ∩ C0(Ω)

Hat basis functions ψa ∈ Q1(Th) ∩ C0(Ω) ⊂ Vh

∑
a∈Vh

ψa = 1
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Equilibrated flux reconstruction Destuynder & Métivet (1998), Braess & Schöberl (2008), Ern & Vohralík (2013)
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How large is the error? (effectivity indices)
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Where is the error localized?

Estimator distribution ηK (uh) = ∥∇uh + σh∥K Error distribution ∥∇(u − uh)∥K
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Partition of unity, Vh = Qp(Th) ∩ Cp−1(Ω)

Spline basis functions ψa ∈ Qp(Th) ∩ Cp−1(Ω) ⊂ Vh

∑
a∈Vh

ψa = 1
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Equilibrated flux reconstruction in IGA (a first idea)
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Equilibrated flux reconstruction in IGA (a first idea)

Observations
✓ works in principle

✗ requests an increase of the equilibration polynomial degree from p + 1
( ψa︸︷︷︸

1

∇uh︸︷︷︸
p

)

to 2p ( ψa︸︷︷︸
p

∇uh︸︷︷︸
p

)

✗ requests an increase of the size of the equilibration patches from 2d

(elements neighboring a vertex)

to (p + 1)d (span of 1D Cp−1(Ω) spline is
p + 1)

✗ p-robustness possibly upon extension of available tools to the large patches

M. Vohralík Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 10 / 25



I Inexpensive equilibration in IGA Theoretical results Numerical experiments C Setting SA & Goals Equilibration in FEs A first equilibration in IGA

Equilibrated flux reconstruction in IGA (a first idea)

Observations
✓ works in principle
✗ requests an increase of the equilibration polynomial degree from p + 1

( ψa︸︷︷︸
1

∇uh︸︷︷︸
p

)

to 2p ( ψa︸︷︷︸
p

∇uh︸︷︷︸
p

)

✗ requests an increase of the size of the equilibration patches from 2d

(elements neighboring a vertex)

to (p + 1)d (span of 1D Cp−1(Ω) spline is
p + 1)

✗ p-robustness possibly upon extension of available tools to the large patches

M. Vohralík Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 10 / 25



I Inexpensive equilibration in IGA Theoretical results Numerical experiments C Setting SA & Goals Equilibration in FEs A first equilibration in IGA

Equilibrated flux reconstruction in IGA (a first idea)

Observations
✓ works in principle
✗ requests an increase of the equilibration polynomial degree from p + 1

( ψa︸︷︷︸
1

∇uh︸︷︷︸
p

) to 2p ( ψa︸︷︷︸
p

∇uh︸︷︷︸
p

)

✗ requests an increase of the size of the equilibration patches from 2d

(elements neighboring a vertex)

to (p + 1)d (span of 1D Cp−1(Ω) spline is
p + 1)

✗ p-robustness possibly upon extension of available tools to the large patches

M. Vohralík Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 10 / 25



I Inexpensive equilibration in IGA Theoretical results Numerical experiments C Setting SA & Goals Equilibration in FEs A first equilibration in IGA

Equilibrated flux reconstruction in IGA (a first idea)

Observations
✓ works in principle
✗ requests an increase of the equilibration polynomial degree from p + 1

( ψa︸︷︷︸
1

∇uh︸︷︷︸
p

) to 2p ( ψa︸︷︷︸
p

∇uh︸︷︷︸
p

)

✗ requests an increase of the size of the equilibration patches from 2d

(elements neighboring a vertex)

to (p + 1)d (span of 1D Cp−1(Ω) spline is
p + 1)

✗ p-robustness possibly upon extension of available tools to the large patches

M. Vohralík Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 10 / 25



I Inexpensive equilibration in IGA Theoretical results Numerical experiments C Setting SA & Goals Equilibration in FEs A first equilibration in IGA

Equilibrated flux reconstruction in IGA (a first idea)

Observations
✓ works in principle
✗ requests an increase of the equilibration polynomial degree from p + 1

( ψa︸︷︷︸
1

∇uh︸︷︷︸
p

) to 2p ( ψa︸︷︷︸
p

∇uh︸︷︷︸
p

)

✗ requests an increase of the size of the equilibration patches from 2d

(elements neighboring a vertex) to (p + 1)d (span of 1D Cp−1(Ω) spline is
p + 1)

✗ p-robustness possibly upon extension of available tools to the large patches

M. Vohralík Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 10 / 25



I Inexpensive equilibration in IGA Theoretical results Numerical experiments C Setting SA & Goals Equilibration in FEs A first equilibration in IGA

Equilibrated flux reconstruction in IGA (a first idea)

Observations
✓ works in principle
✗ requests an increase of the equilibration polynomial degree from p + 1

( ψa︸︷︷︸
1

∇uh︸︷︷︸
p

) to 2p ( ψa︸︷︷︸
p

∇uh︸︷︷︸
p

)

✗ requests an increase of the size of the equilibration patches from 2d

(elements neighboring a vertex) to (p + 1)d (span of 1D Cp−1(Ω) spline is
p + 1)

✗ p-robustness possibly upon extension of available tools to the large patches

M. Vohralík Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 10 / 25



I Inexpensive equilibration in IGA Theoretical results Numerical experiments C Setting SA & Goals Equilibration in FEs A first equilibration in IGA

Equilibration patches and partition of unity functions ψa

ψa ∈ Q1(Th) ∩ C0(Ω), p arbitrary ψa ∈ Qp(Th) ∩ Cp−1(Ω), p = 5
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Breaking the large patch problems

1) consider the large patches (supports of ψa)

2) extract the submeshes Ta

3) solve a Q1(Ta) ∩ C0(ωa) problem on Ta

4) consider the hat b.f. ψb ∈ Q1(Ta) ∩ C0(ωa)
5) perform equilibration on ωb
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Breaking the large patch problems

3) solve the V a
h := Q1(Ta) ∩ C0(ωa) problem:

find ra
h ∈ V a

h
such that, for all vh ∈ V a

h ,

(∇ra
h ,∇vh)ωa =(f , vhψa)ωa−(∇uh,∇(vhψa))ωa

5) perform equilibration on ωb:

σa,b
h := arg min

vh∈RT2p+1(Ta)∩H0(div,ωa)
∇·vh=Υ

Qa,b
h

(fψaψb−∇uh·∇(ψaψb)−∇ra
h ·∇ψb)

∥ψb(ψa∇uh +∇ra
h ) + vh∥2

ωb

6) combine:

σa
h :=

∑
b∈Va

h

σa,b
h , σh :=

∑
a∈Vh

σa
h

ωa

ωb
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h := arg min

vh∈RT2p+1(Ta)∩H0(div,ωa)
∇·vh=Υ

Qa,b
h

(fψaψb−∇uh·∇(ψaψb)−∇ra
h ·∇ψb)

∥ψb(ψa∇uh +∇ra
h ) + vh∥2

ωb

6) combine:

σa
h :=

∑
b∈Va

h

σa,b
h , σh :=

∑
a∈Vh

σa
h

ωa

ωb
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Breaking the large patch problems

Same building principles
Additive Schwarz smoother/preconditiner Schöberl, Melenk, Pechstein, &

Zaglmayr (2008): only P1 global problem, then high-order patch
remainders

H−1 problems and parabolic time stepping Ern, Smears, & Vohralík (2017):
arbitrary coarsening
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Hierarchical mesh

Hierarchical mesh Th with levels 0 to 3 highlighted in white, light gray, gray, and
dark gray
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Hierarchical B-splines

Hierarchical B-splines of level 0 (left and
bottom) and hierarchical B-spline of level

1 (right)

(Sub)meshes of hierarchical B-splines of
level 0 (left and bottom) and hierarchical

B-spline of level 1 (right)
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Bi-Lipschitz mapping F

Assumption (Parametrization)

Ω can be parametrized over Ω̂ := (0,1)d via a bi-Lipschitz mapping F : Ω̂ → Ω with
positive Jacobian determinant.

Physical domain Ω and physical hierarchical mesh Th
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Theoretical results

Theorem (Guaranteed upper bound)
There holds

∥∇(u − uh)∥Ω ≤ ∥σh +∇uh∥Ω + osc.

Theorem (Local efficiency)
There holds

∥σh +∇uh∥K ≤ Ceff∥∇(u − uh)∥ωK + osc.

Here Ceff only depends on space dimension d, the mapping F via
max{∥DF∥∞,Ω̂

, ∥(DF )−1∥∞,Ω̂
},

and the smoothness p − m

.
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Summary

Obtained theoretical results
✓ guaranteed a posteriori error estimates via inexpensive flux equilibration

✓ locally efficient and robust wrt mesh size h and polynomial degree p
✓ FE theory extended to IGA with hierarchical B-splines and arbitrary

bi-Lipschitz mappings
✗ not robust wrt smoothness p − m
✓ robust wrt number of hanging nodes
✗ not robust wrt number of overlapping patches (supports of ψa)
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Numerical experiments

Setting
Ω: quarter ring Ω := {r(cos(φ), sin(φ)) : r ∈ (1/2,1) and φ ∈ (0, π/2)}
NURBS parametrization F
exact solution u(x , y) = xy sin(4π(x2 + y2))

polynomial degrees p ∈ {1, . . . ,5}, multiplicities m ∈ {1,p}
Vh = Qp(Th) ∩ Cp−m(Ω) on the parameter domain

four different mesh refinements
uniform refinement
adaptive refinement with Dörfler marking
artificial refinement enforcing an arbitrary number of hanging nodes
artificial refinement enforcing an arbitrary number of overlapping patches
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How large is the error? (effectivity indices)
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How large is the error? (effectivity indices)
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How large is the error? (effectivity indices)
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Where is the error localized?

Estimator distribution ηK (uh) = ∥∇uh + σh∥K Error distribution ∥∇(u − uh)∥K
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Conclusions

Inexpensive equilibration in IGA:
✓ guaranteed a posteriori error estimates

✓ locally efficient and robust wrt mesh size h and polynomial degree p, as
well as the number of hanging nodes

✓ numerically robust wrt smoothness p − m and the number of overlapping
patches

GANTNER G., VOHRALÍK M. Inexpensive polynomial-degree- and
number-of-hanging-nodes-robust equilibrated flux a posteriori estimates for
isogeometric analysis. HAL Preprint 03819048, submitted for publication, 2022.

Thank you for your attention!
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