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The Poisson model problem and its Galerkin approximation

The Poisson problem

Findu:Q —R,Qc R 1<d <83, such that
—Au=f inQ,
u=0 onoQ.
v
v

M. Vohralik Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 2/25



| Inexpensive equilibration in IGA Theoretical results Numerical experiments C Setting SA & Goals Equilibration in FEs A first equilibration in IGA

The Poisson model problem and its Galerkin approximation

The Poisson problem

Findu:Q —R,Qc R 1<d <83, such that
—Au=f inQ,
u=0 onof.

V.
Weak formulation

Find u € H} () such that
(Vu,Vv)q = (f,v)q forallv e H}(Q).

.
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The Poisson model problem and its Galerkin approximation

The Poisson problem

Findu:Q —R,Qc R 1<d <83, such that
—Au=f inQ,
u=0 onof.

Weak formulation
Find u € H} () such that
(Vu,Vv)q = (f,v)q forallv e H}(Q).

| \.

.

Galerkin approximation

Find uy, € Vi, C H{(Q) such that

(Vup,Vvp)a = (f,vp)q forall vy € V.
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The Poisson model problem and its Galerkin approximation

The Poisson problem

Findu:Q —R,Qc R 1<d <83, such that
—Au=f inQ,
u=0 onof.

Weak formulation
Find u € H} () such that
(Vu,Vv)q = (f,v)q forallv e H}(Q).

Galerkin approximation

Find uy € Vi, C H{(Q) such that Vi, = QP(75) N CP~(R)

(Vup,Vvp)a = (f,vp)q forall vy € V.
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Guaranteed a posteriori estimates efficient and robust wrt /7 and p:
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State of the art & goals

A posteriori error estimates
Guaranteed a posteriori estimates locally efficient and robust wrt /» and p:

Nk (up) < Cext|IV(U — up)|l..,  Cesr Only depends on d, r7, .
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State of the art & goals

Guaranteed a posteriori estimates locally efficient and robust wrt /» and p:
ni(Un) < CertlIV(U = up)ll..s  Cesr ONly depends on d, ri7; .

Available results
mathematical foundations BabusSka & Rheinboldt (1978)
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Partition of unity, Vi, = Q°(75) N C°(Q)
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Partition of unity, Vi, = Q°(75) N C°(Q)
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Eq uilibrated flux reconstruction Destuynder & Métivet (1998), Braess & Schaberl (2008), Er & Vohralik (2013)
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How large is the error? (effectivity indices)
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Where is the error localized?
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Partition of unity, Vi, = Q°(75) N C” (Q)
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Equilibrated flux reconstruction in IGA (a first idea)
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Equilibrated flux reconstruction in IGA (a first idea)

-
| [N s
| ey e
g \ Lyl | =
%\\\\\\ H//////Xi
08 SNV i r7syss
— N [ P
/
/

P S
oo b
/<~
~

h
/
/
7
7
~
——

27 TANN

JONE D B NN
i s o A i
=T ~YaVUn
N =2 A7
e 7T
02 o7
SNd o
o7 M’H{i |
NE st % M1 y
0 0.1 0.2 0.3 0. 0 0.6 0.7 0.8 09 1
Flux —Vup € H(div), —=V-(Vup) # f
Vup € RTp(Th), f € Q°1(Th)
Y . /
breeca — -

M. Vohralik Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 9/25



| Inexpensive equilibration in IGA

Theoretical results Numerical experiments C Setting SA & Goals Equilibration in FEs A first equilibration in IGA

Equilibrated flux reconstruction in IGA (a first idea)

1
N R R N IR R A R K
P N N R RN N A VA
- ~ AT N N N -
R R RN RN N A e s
08F "N SNN NN\ N ULy s T T
e NN Ll PR 3
[k Rk N T I 22 o e ]
I B SNN[NNVA s et —
I e NN\ Vo / — :
06f ——— —— ~=~[ N\ ]/ -
1 "1 — NNV
05 [ —————————~ v
— ] - A - f— u
= == e P $aVUn
p———— R 1A A B RN N
e b oA s 7 TVVN NN s
03F Y A/ T TIV VN AN R e [
— 7 T NN —— {77
02F .~ A7 TV V[V VN NN - - -
sl 2 B A1 IR R ERRE DN NN B e
= 7 T T T < = IRt NN
S I RN I ER IR R IR IR NN 2RI AN
A I AR A R A AN PRI
0 0.2 0.3 04 .0.5 0.6 0.7 0.8 09 1 T
Flux ~Vup, € H(diV), =V (Vus) # f o2
—1q .
Vup € RTp(Th), f € Q°P"(Th) o2 :=arg min [YaVun + V|2,
~ VhE€RTzp(Ta)Ho(div,wa)

V-Vp=Ffpa—Vup-Vipa

4

M. Vohralik Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 9/25



Setting SA & Goals Equilibration in FEs A first equilibration in IGA

Equilibrated flux reconstruction in IGA (a first idea)
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Equilibrated flux reconstruction in IGA (a first idea)
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Equilibrated flux reconstruction in IGA (a first idea)

Observations

v/ works in principle

X requests an increase of the equilibration polynomial degree from p + 1
(Ya Vup) to 2p (a Vup)
"~ ~—

TP p P

X requests an increase of the size of the equilibration patches from 2
(elements neighboring a vertex) to (p + 1)? (span of 1D CP~'(Q) spline is
p+1)

X p-robustness possibly upon extension of available tools to the large patches

lezia —~ £
M. Vohralik Inexpensive p-robust equilibrated flux a posteriori estimates for IGA  10/25



| Inexpensive equilibration in IGA Theoretical results Numerical experiments C Setting SA & Goals Equilibration in FEs A first equilibration in IGA

Equilibration patches and partition of unity functions v,

1 0.6
-
n 5
0.7
0.4
0.6
0.5 0.3
0.4
03 0.2
B |
0.1
|| 6 — 0
va € Q'(Th) N CO(Q), p arbitrary Ya € Q(Tp) N CP1(Q),p=5

M. Vohralik Inexpensive p-robust equilibrated flux a posteriori estimates for IGA  11/25



_ Main idea Hierarchical mesh Hierarchical B-splines Bi-Lipschitz map
Outline

e Inexpensive equilibration in IGA
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Breaking the large patch problems
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5) perform equilibration on w,,
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3) solve the

V2 .= Q'(72) N C%wa) | problem:
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3) solve the

V2 .= Q'(T2) N C%(wa)

such that, for all v, € V2,

problem: find r# € V72
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3) solve the

V2 .= Q'(T2) N C%(wa)

such that, for all v, € V2,

problem: find r# € V72

(V2 Y Vh)wa = (f, Vita)wa — (VUn, V(Vhia) s

5) perform equilibration on wp:

ab . _
O'h = ar

min .
VhERT2p11(Ta)NHo(div,wa)

[06(aVup + V1E) + val2,

Vvh=T jab(fbat o=V up-V(datp)=Vri-Vip)
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3) solve the

V2 .= Q'(T2) N C%(wa)

problem: find r# € V72

such that, for all v, € V2,

(V2 Y Vh)wa = (f, Vita)wa — (VUn, V(Vhia) s

5) perform equilibration on wp:

ab . _
O'h = ar

min .
VhERT2p11(Ta)NHo(div,wa)

[06(aVup + V1E) + val2,

Vvh=T jab(fbat o=V up-V(datp)=Vri-Vip)
h

6) combine:
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Breaking the large patch problems

Same building principles

Additive Schwarz smoother/preconditiner Schéberl, Melenk, Pechstein, &
Zaglmayr (2008): only Py global problem, then high-order patch
remainders

H~" problems and parabolic time stepping Ern, Smears, & Vohralik (2017):
arbitrary coarsening
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Hierarchical mesh

Hierarchical mesh 7, with levels 0 to 3 highlighted in white, light gray, gray, apd
dark gray lrneia—:
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Hierarchical B-splines

[ 1 HH

[T FHH

— 0

Hierarchical B-splines of level 0 (left and
bottom) and hierarchical B-spline of level

1 (right) B A
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Hierarchical B-splines

[ 1 HH

[T FHH

_ 0

T

(Sub)meshes of hierarchical B-splines of

Hierarchical B—Spllne§ of IeveI_O (left and level 0 (left and bottom) and hierarchical
bottom) and hierarchical B-spline of level : .
B-spline of level 1 (right)

1 (right) B
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Bi-Lipschitz mapping F

Assumption (Parametrization)

Q can be parametrized over Q := (0,1)¢ via a bi-Lipschitz mapping F : Q — Q with
positive Jacobian determinant.

>

-
A

lreia L2
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Bi-Lipschitz mapping F

Assumption (Parametrization)

Q can be parametrized over Q := (0,1)¢ via a bi-Lipschitz mapping F : Q — Q with
positive Jacobian determinant.

BORURURY

Physical domain Q and physical hierarchical mesh 7,
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Theoretical results

Theorem (Guaranteed upper bound)

There holds
IV(u—un)lla < |lon+ Vup|lo + osc.
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Theoretical results

Theorem (Guaranteed upper bound)
There holds
IV(u—up)|a < |lon+ Vup|lq + osc.

Theorem (Local efficiency)
There holds
lon+ Vup|lk < Cest|| V(U — Up)llw, + OSC.

Here Cet only depends on space dimension d, the mapping F via

max{[|DF|| , &, I(DF)~"ll, &}
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Theoretical results

Theorem (Guaranteed upper bound)
There holds
IV(u—up)|a < |lon+ Vup|lq + osc.

Theorem (Local efficiency)
There holds
lon+ Vup|lk < Cest|| V(U — Up)llw, + OSC.

Here Cet only depends on space dimension d, the mapping F via
max{||DF|| _ &, |(DF)~1 |..a}s and the smoothness p — m.

.
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Summary

Obtained theoretical results
v/ guaranteed a posteriori error estimates via inexpensive flux equilibration
v locally efficient and robust wrt mesh size /1 and polynomial degree p
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Summary

Obtained theoretical results
v/ guaranteed a posteriori error estimates via inexpensive flux equilibration
v locally efficient and robust wrt mesh size /1 and polynomial degree p

v FE theory extended to IGA with hierarchical B-splines and arbitrary
bi-Lipschitz mappings

X not robust wrt smoothness p — m
v robust wrt number of hanging nodes
X not robust wrt number of overlapping patches (supports of 13)
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Numerical experiments

Setting
@ (: quarter ring Q := {r(cos(y¢),sin(y)) : re(1/2,1)and ¢ € (0,7/2)}
@ NURBS parametrization F
@ exact solution u(x, y) = xy sin(4r(x% + y?))
@ polynomial degrees p € {1,...,5}, multiplicities m € {1, p}
@ V, =QP(Tp) N CP~™M(Q) on the parameter domain
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Numerical experiments

Setting
@ (: quarter ring Q := {r(cos(y¢),sin(y)) : re(1/2,1)and ¢ € (0,7/2)}
@ NURBS parametrization F
@ exact solution u(x, y) = xy sin(4r(x% + y?))
@ polynomial degrees p € {1,...,5}, multiplicities m € {1, p}
@ V, =QP(Tp) N CP~™M(Q) on the parameter domain

@ four different mesh refinements

e uniform refinement

e adaptive refinement with Dérfler marking

e artificial refinement enforcing an arbitrary number of hanging nodes

e artificial refinement enforcing an arbitrary number of overlapping patches
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How large is the error? (effectivity indices)

7
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o
T

o
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effectivity index for estimator+oscillations
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-~ op=1
—p=2
—p=4
—p=5
—m=1
——m=p
+ p=p+1

o p=p+2

effectivity index for estimator+oscillations

o
T

o
T

IS
T

w
T

number of elements

(IVup + oplla+0sc.)/||[V(u — up)|la
(uniform mesh refinement)
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How large is the error? (effectivity indices)

7 T

p=
- p=
6 p=
— p=4
— p=5
m=1
5r ——m=p
+ p=p+1
o p=p+2

effectivity index for estimator+oscillations
© =~
P S

number of elements

(IVun + onlla+osc.)/ IV (u — up)lla

(arbitrary number of hanging n%es,)

M. Vohralik Inexpensive p-robust equilibrated flux a posteriori estimates for IGA 22 /25



| Inexpensive equilibration in IGA Theoretical results Numerical experiments C

How large is the error? (effectivity indices)

7 T

p=1
— p=

6 —p=3 |
—p=4
—p=
—m=1

sl |
——m=p

+ p=p+1

o p=p+2

~
T
L

effectivity index for estimator+oscillations
2
/

(IVun + onlla+osc.)/|[V(u — un)la
(arbitrary number of overlapping %ch,es) A
A —
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Where is the error localized?

%10 4107
1 1
09 e 09 10
9 9
08 08
8 8
07 . 07
7 7
06 | 06 |
6 6
05 05
5 5
0.4 04
4 4
03 03
- s s
02 02
2 2
0.1
o1 1 1
0 0
0 02 0.4 06 08 1 0 02 0.4 06 0.8 1

Estimator distribution 1, (up) = ||[Vup + opl Error distribution | V(v — Uh}ﬁjgz A
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Conclusions

Inexpensive equilibration in IGA:
v/ guaranteed a posteriori error estimates

v locally efficient and robust wrt mesh size /1 and polynomial degree p, as
well as the number of hanging nodes

-

M. Vohralik Inexpensive p-robust equilibrated flux a posteriori estimates for IGA  25/25



| Inexpensive equilibration in IGA Theoretical results Numerical experiments C

Conclusions

Inexpensive equilibration in IGA:
v/ guaranteed a posteriori error estimates

v locally efficient and robust wrt mesh size /1 and polynomial degree p, as
well as the number of hanging nodes

v/ numerically robust wrt smoothness p — m and the number of overlapping
patches

-

M. Vohralik Inexpensive p-robust equilibrated flux a posteriori estimates for IGA  25/25



| Inexpensive equilibration in IGA  Theoretical results Numerical experiments C

Conclusions

Inexpensive equilibration in IGA:
v/ guaranteed a posteriori error estimates
v locally efficient and robust wrt mesh size /1 and polynomial degree p, as
well as the number of hanging nodes
v/ numerically robust wrt smoothness p — m and the number of overlapping
patches

[§ GANTNER G., VOHRALIK M. Inexpensive polynomial-degree- and
number-of-hanging-nodes-robust equilibrated flux a posteriori estimates for
isogeometric analysis. HAL Preprint 03819048, submitted for publication, 2022.
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Conclusions

Inexpensive equilibration in IGA:
v/ guaranteed a posteriori error estimates
v locally efficient and robust wrt mesh size /1 and polynomial degree p, as
well as the number of hanging nodes
v/ numerically robust wrt smoothness p — m and the number of overlapping
patches
[§ GANTNER G., VOHRALIK M. Inexpensive polynomial-degree- and

number-of-hanging-nodes-robust equilibrated flux a posteriori estimates for
isogeometric analysis. HAL Preprint 03819048, submitted for publication, 2022.

Thank you for your attention!
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