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I Equilibration Domain decomposition Properties Numerics C Darcy problem and MFE approximation (DD) solvers for mixed finite elements

The model problem

The Darcy porous media flow problem

Find the pressure head p : Q — R and the Darcy velocity u : Q — R9 such that
u=-Svp in €,

V-u=f inQ,
p = 0 on rD?
u-n—= gn only.
4
&,zfuzz/_
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@ O CRY 1< d < 3: interval/polygon/polyhedron
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The model problem

The Darcy porous media flow problem

Find the pressure head p : Q — R and the Darcy velocity u : Q — R9 such that
u=-Svp in €,

V-u=f inQ,
p:O on rD?
un=gn only.

Setting
@ O CRY 1< d < 3: interval/polygon/polyhedron
@ S: symmetric and positive definite diffusion tensor, piecewise constant for
simplicity
@ f: source term, piecewise constant for simplicity
@ gn: inflow/outflow, piecewise constant for simplicity
@ ||v||p:= HS_%VHDZ energy norm &'zw
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Mixed finite element approximation

Dual finite element approximation

Uy i=arg min [ vall[?
V- Vh;g[;
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Mixed finite element approximation

Dual finite element approximation
Find up € Vp g, with V- uy = f such that

up = arg min AR
(S 'up,vp) =0  Yvp e Vyo withV-up = 0. Vovy

\

Mixed finite element approximation
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o Vi := RTN.(Tp): elementwise (discontinuous) Raviart-Thomas spaces
° \Il‘,i,": facewise (discontinuous) polynomials on F, of degree «
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Setting

Broken spaces
@ Vi := RTN.(Tp): elementwise (discontinuous) Raviart-Thomas spaces
@ Wi°: facewise (discontinuous) polynomials on F of degree

Meshes

Coarse mesh Ty: subdomains €; Fine meshes 7; , forming 7y,

-
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@ Wi°: facewise (discontinuous) polynomials on F of degree
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Domain decomposition solvers for mixed finite elements

Saddle-point solvers
@ after a choice of basis: find algebraic vectors U and P such that

(= ) ()= (&)

L, A\
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Domain decomposition solvers for mixed finite elements

Saddle-point solvers
@ after a choice of basis: find algebraic vectors U and P such that

A BY /U\ [0
B 0 P/ \F
@ saddle-point: indefinite system matrix (Benzi, Golub, Liesen (2005), ...)
@ domain decomposition: Glowinski,theeIer (1988), Ewing, Wang (1992),
Cowsar, Mandel, Wheeler (1995), Sistek, Brezina, Sousedik (2015), ...

SPD reformulations and solvers
@ equivalent reformulation via hybridization: find algebraic vector A such that

SA=G
@ symmetric and positive definite system matrix
@ preconditioned conjugate gradients possible, DD possible but A (face
pressure heads) are nonconforming and in non-nested spaces (in the
multigrid setting cf. Brenner (1992), Chen (1996), Wheeler, Yotov (2000)/,)z, -
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Equilibration: the principle

Equilibration

Let (U, p) € Vi x Wy, V- u’,'7 # f be arbitrary.

lreeia— QA
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Equilibration: the principle

Equilibration

Let (U}, pl,) € Vi< x W, V- ul, # f be arbitrary. Construct

Re(Uh, Ph) € Vhge, V- Re(U, o)) = .
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1
SN LZ
061 — \\ :‘ \NAY // // - =
0.4—\\\“ \\r/r e
02} =X TN Y Z T F -

e e S
027 — /:'//7 N ‘(\\‘\\ -
V4~ F 4//\\ NG > S

—— 7 7 TV AN - —

T I VN —
Ul W

-1 0.5 0 0.5 1

u,e Ve, VU, # f . "

ps

_ A posteriori algebraic error estimates and nonoverlapping DD in MFEs 8 /39



| Equilbration Domain decomposition Properties Numerics C -
Equilibration: example

1 1

RPN A ol NN VN DAY A
NN RN A e I RN AN 2/
P ~ N \VY /) H = 0.4—\"\\\“[///‘/
02 =T Y LT - RS N 2
=K< < e s - ——
02f — /:/// A ‘(\\:\ - o2t —A L 7NN
-0.4—:: 7 // A \\ N = -0.4—:/ /// ,,f ‘*\ \\‘\\ =X
A PN - j’:///f/fﬂ\\\\\\
NI IR [ o AT IN A N
-1 0.5 0 0.5 1 -0.5 0 0.5 1

Re(Us, p) € Vhgo V-Re(W, pl)=F
F( h h) h,gn F( h ,Zz !

‘‘‘‘‘‘‘‘‘‘

. de .
_ A posteriori algebraic error estimates and nonoverlapping DD in MFEs 8 /39



| Equilibration Domain decomposition Properties Numerics C

Equilibration: details 1/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Let (i), p,) € Vi x Wh, V- U, # f, be arbitrary.

v
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Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Let (i), p) € Vi< x Wh, V- U, # f, be arbitrary. Proceed in four steps.
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Equilibration: details 1/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Let (i), p) € Vi< x Wh, V- U, # f, be arbitrary. Proceed in four steps.
Averaging on mesh faces

v
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Equilibration: details 1/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Let (i), p) € Vi< x Wh, V- U, # f, be arbitrary. Proceed in four steps.
Averag/ng on mesh faces
Create u’ € Vp gy such that

fu.-ne} Ferm

u,'-ng = w,-ng FeFp,
oN F e F},

v
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Equilibration: details 1/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Let (i), p) € Vi< x Wh, V- U, # f, be arbitrary. Proceed in four steps.
Averagmg on mesh faces
Create u’ € Vp gy such that

fu.-ne} Ferm
U’};1-nF = u’,}nF F e FP,
N FeFN,
(ST vk = (87U, vk Wk € [Pro1(K)9, K € Thy k > 1.

v

M. Vohralik A posteriori algebraic error estimates and nonoverlapping DD in MFEs 9/ 39



| Equilibration Domain decomposition Properties Numerics C

Equilibration: details 1/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Let (i), p) € Vi< x Wh, V- U, # f, be arbitrary. Proceed in four steps.
Averagmg on mesh faces
Create u’ € Vp gy such that

{ul/'—)'nF} Fef'fi'lma
u’,f-n,: = u/,'7.n,__ F c ‘7:/17)’
N F e 7Y,
(ST vk = (STUL, vk Vv € [Pr_1(K)I9, K € Thy k> 1.
Setp}! .= pl, orp}' == pl, — (P, 1)/|Q] if Ty = 89.

v
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Equilibration: details 1/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Let (i), p) € Vi< x Wh, V- U, # f, be arbitrary. Proceed in four steps.
Averagmg on mesh faces
Create u’ € Vp gy such that

fu.-ne} Ferm
U’};1-nF = u’,}nF F e FP,
N FeFN
(ST vk = (STUL, vk Vv € [Pr_1(K)I9, K € Thy k> 1.

Setpl;' = p}, orp’h. Pl — (P, 1)/19] if Tx = 09.
There holds u};' € Vj, g but V- u};' # f.

v
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Equilibration: details 2/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Coarse grid solver
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Equilibration: details 2/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Coarse grid solver - ; -
g 5/,42 = arg min vy + u’,f II?
NS VH,O

V- vu=Ny(f-V-u}")

v
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Equilibration: details 2/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Coarse grid solver

Find (6’;,2, rﬁ,z) € Vo x Wy such that

(S7'02, vin) = (V- vir) = (B, V- viy) — (87"t vi)

(V-82 wy) = (f— V-ul' wp)

o7 = ar min v +Ll/’1 2
Fmagmin v
V-vp=Ny(f-v-u")
VVH € VH,Oa
residue;lr
Ywy € WH.
W
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Equilibration: details 2/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Coarse grid solver

Find (6’;,2, rﬁ,z) € Vo x Wy such that

(S7'02, vin) = (V- vir) = (B, V- viy) — (87"t vi)

(V 6/.’27 WH) = (f -V l’j71) WH)
Denote

2 _ il a2 2 _ il 2 .
e = 87 € Vg, pT = b 4 e Wiy

o7 = ar min v +Ll/’1 2
Fmagmin v
V-vp=Ny(f-v-u")
VVH € VH,Oa
residue;lr
Ywy € WH.
W
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Equilibration: details 2/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Coarse grid solver

Find (6&,2, rﬂ,z) € Vo x Wy such that

(S7'02, vin) = (V- vir) = (B, V- viy) — (87"t vi)

(V 6/.’27 WH) = (f -V l’j71) WH)
Denote

u’,;2 satisfies the weak divergence constraint

,2 Al 2 2 1 ,2 .
= ul 5 € Vhg, P =) i € Wy

(V' UI,.;Q, WH) = (f, WH) Ywy € Wy.

o7 = ar min v +Ll/’1 2
Fmagmin v
V-vp=Ny(f-v-u")
VVH € VH,Oa
residuz;lr
Ywy € WH.
W
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Equilibration: details 2/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Coarse grid solver io ; i1
g & = arg min v+ ui ||
NS VH,O

H ‘72 ‘72 i
Find (8%, rl;%) € Vo x Wy such that V(- )

(87002, vi) — (rF,V-vi) = (B, V-v) — (87Ul vl) Yy € Vi,
residue;lr
(V-(sj’27WH):(f—V-UI’1,WH) Ywy € Wy.

o ujh2 = u/,;1 + 6/I:I2 € VhAQ.\w p£;2 = pﬁf aF r{_;z € Wh;
u’,; satisfies the weak divergence constraint
(V- uI,;Q’ WH) = (f, WH) Vwy € Wy.

Denote

v o' =1,
j,2 1 ,2
llun — w11 = lun — up (12— (1181112

4
M. Vohralik A posteriori algebraic error estimates and nonoverlapping DD in MFEs 10/ 39
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Equilibration: details 3/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Subdomain Neumann solver
On all subdomains <, find (65, /%) |q, € Vino x Wi such that

(8782, vh)g, — (2, V = (02, V- Vi), — (ST U2 vh)a,  WVhE Vipg,
(V- & aWh)Q, = (f - V- U2, wp)g, Ywp € Wip.
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Equilibration: details 3/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Subdomain Neumann solver
On all subdomains <, find (65, /%) |q, € Vino x Wi such that

(8782, vh)g, — (2, V = (02, V- Vi), — (ST U2 vh)a,  WVhE Vipg,
(V- & aWh)Q, = (f - V- U2, wp)g, Ywp € Wip.

Update
WP =R+ 88 e Vg, VUl =

p’,';S = p{v’z e r{,’3 € W
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Equilibration: details 3/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Subdomain Neumann solver
On all subdomains ©;, find(é’,;s, ®)q, € Vino x W, such that

(871613, vp)o, — (r2, ¥ = (P2 V- Vi), — (STt vh)a, YV € Vino,
(V (Sh ,Wh) (f — V. UI,; . Wh)Q’. Ywy € VV,',h.
Update

uf,'f = u/f + 6’,‘;3 € Voo V- u/f -
3 2, 3
pr” =P+ kY € W

IfV- uff — f, there holds

2
I

1,312 21112 ,3
lun — 21 = [lun — w211 - 16
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Equilibration: details 4/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Coarse grid correction
Compute (éj’4, r{’,“) € Vho x Wy such that
(87160 vn) — (r Y v) = (012, V- ve) — (ST vy) Vvl € Vi,
(V-8 wy) =0 YWy € Vio.
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Equilibration: details 4/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Coarse g_rid c_orrection
Compute (6/;,4, r/;,“) € Vo x Wy such that
(S7'04 ve) = (Ve vi) = (0%, Vo vw) = (ST, v) vy € Vi,

(V-8 wy) =0 YWy € Vio.
Define

Re(U), P}) = th + 8} € Vig, V- Re(t, pp) = 1,
'RP(UIh,,D;’) = p¢7’3 aF f;_’,4 € Ws.
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Equilibration: details 4/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Coarse g_rid c_orrection
Compute (6/;,4, r/;,“) € Vo x Wy such that
(S7'04 ve) = (Ve vi) = (0%, Vo vw) = (ST, v) vy € Vi,

(V-8 wy) =0 YWy € Vio.
Define - ; 4 o
RF(ujh-Plh) = u//;S + 51/-71 € Voo V- RF(ujhfplh) =1
'RP(UIh,,D;’) = p¢7’3 aF f;_’,4 € Ws.
There holds P - i
llun — Re(uh, oI = lllun — 21112 — 111651112
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Domain decomposition 0/3

Nonoverlapping domain decomposition

Let (U9, pP) € Vi x Wy, V- Ul # f, be an arbitrary initial guess.

-
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Domain decomposition 0/3

Nonoverlapping domain decomposition

Let (U9, pP) € Vi x Wy, V- Ul # f, be an arbitrary initial guess.

Equilibration
Set (uy, pp) := Rep(Uj, pp)-

-
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Domain decomposition 0/3

Nonoverlapping domain decomposition

Let (U9, pP) € Vi x Wy, V- Ul # f, be an arbitrary initial guess.

Equilibration
Set (u},, ) := Rip(Ud, p2). This gives u}, € Vi 4, with V- u), = f. All subsequent
iterates will retain u, € V}, . with V- u), = f.
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Domain decomposition 0/3

Nonoverlapping domain decomposition

Let (U9, pP) € Vi x Wy, V- Ul # f, be an arbitrary initial guess.

Equilibration
Set (u},, ) := Rip(Ud, p2). This gives u}, € Vi 4, with V- u), = f. All subsequent
iterates will retain u, € V}, . with V- u), = f.

Setj =1 and on each iteration j, proceed in three steps.

M. Vohralik A posteriori algebraic error estimates and nonoverlapping DD in MFEs 13/ 39
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Domain decomposition 1/3

Nonoverlapping domain decomposition

Elementwise trace reconstruction
Compute the associated Lagrange multiplier )\fh € wie:

N, vienk)E = (Ph, V- Vi) — (ST, vk Yvh € V(K. F), K € Th, F € Fk.
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Domain decomposition 2/3

Nonoverlapping domain decomposition

Subdomain Dirichlet solver
On all subdomains <;, construct (8, )|, € Vin x W, such that

— e testonts
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Domain decomposition 2/3

Nonoverlapping domain decomposition

Subdomain Dirichlet solver
On all subdomains $;, construct (6/,,, rh)|Q € Vipx W, n such that
(S~ 6’,7, Vh)a, (rh,v Vh)a p@,v Vh)a, — (S~ ufh, Vh)a
— ({1 vien)on, VVh € Vip,
(V- 6/,'7, Wh)Qi =0 Ywy € VV,',h.

— e testonts
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Domain decomposition 2/3

Nonoverlapping domain decomposition

Subdomain Dirichlet solver
On all subdomains ©;, construct (6’,,, r,,)IQ € Vipx W, h such that (6 Z Vho):
(S~ 6’,7, Vh)a, (rh,v Vh)a p@,v Vh)a, — (S~ u’h, Vh)a
— ({1 vien)on, VVh € Vip,
(V- 6/,'7, Wh)Qi =0 Ywy € VV,',h.

— e testonts
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Domain decomposition 3/3

Nonoverlapping domain decomposition

Equilibration and line search o ' _
Equilibration: (&¥,, pl) := Rep(W, + &, Pl + 1) € Vi g x Wy, V- U, = 1.

s
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Domain decomposition 3/3

Nonoverlapping domain decomposition

Equilibration and line search o ' _
Equilibration: (&¥,, pl) := Rep(W, + &, Pl + 1) € Vi g x Wy, V- U, = 1.
Line search

of == arg meiﬂg llup — (&, + (@, — u}))]|2

s

M. Vohralik A posteriori algebraic error estimates and nonoverlapping DD in MFEs 16 /39

777, BN



| Equilibration Domain decomposition Properties Numerics C

Domain decomposition 3/3

Nonoverlapping domain decomposition

Equilibration and line search o ' _
Equilibration: (&¥,, pl) := Rep(W, + &, Pl + 1) € Vi g x Wy, V- U, = 1.

Line search . .
- . SN - (8T, W, - )
o = argm|n|||uh—(ll’,7+oz(u’h—u’h))m2 — o) = — — , )

ack 12, — uII?

s
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Domain decomposition 3/3

Nonoverlapping domain decomposition

Equilibration and line search‘ o ' _
Equilibration: (&¥,, pl) := Rep(W, + &, Pl + 1) € Vi g x Wy, V- U, = 1.
Line search o :

. S | s, i,
o/ := argmin ||lup — (U, + (i, — U))||IP = o/ = _ b _h h).
ack &, — ulI2
Update . , o . , h— %h
u = u,+ o/ (@, —up) € Vi, V- u =1,

b+1 = p% + ('xj(ﬁf; - p%) € Wp.

s
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Computable error decrease formula

Theorem (Error decrease formula)

There holds

1 - 2
llup — &P = lllup — W lIP = ()
~
Oéj|||i\’lh_ulh|||

Creia— A
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A posteriori estimates on the algebraic error

Theorem (Guaranteed a posteriori algebraic error estimates)

Let . o _
7,// = O‘jmt’}h - uth|

and
o= ||, + TRMSVEE I, B = Re (o M.
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A posteriori estimates on the algebraic error

Theorem (Guaranteed a posteriori algebraic error estimates)

Let . o _
i = o], — wl
and " e
= [l + TETMSVE I, B = Re (e M),
Then there holds
W< llun— dylll <.
v
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Setting (k = 0)
e Q=(0,1) x(0,1)
eS=1d
° f(x,y) = -2(x* +y?) +2(x +y)
o I'D = 0N
e zero initial guess (u?, p?) = (0,0)
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Uniform diffusion

Setting (k = 0)
e Q=(0,1) x(0,1)

eS=1d

o f(x,y) = —2(x* +y?) +2(x +y)
@ p= o0

e zero initial guess (9, p%) = (0,0)

Meshes

Coarse mesh Ty: subdomains Q;
M. Vohralik

Fine meshes 7; forming 7y, .., /4»
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Initialization (equilibration): lifted residuals

50:2 504
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Initialization (equilibration): intermediate potentials

03 02, 03 1 03, .04
Py =Py + 1 Ph—RP(UO,P?,)—Ph +ry

&’zu&/—&
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Error decrease and contraction factor

0.6
S
g 104 3
o c
= ke
- 102 §
<
(@]
0 O

0 5 10 15
Iteration |
Error |||up, — ||| and contraction factor |||y — & |||/]llup — |
i AN
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A posteriori estimates of the algebraic error

0 5 10 15
Iteration |

Error |||up — U} ||| (blue), upper bound 7/ (red), and lower bound 7/ (green)

g
ps

_ A posteriori algebraic error estimates and nonoverlapping DD in MFEs 24 / 39



| Equilibration Domain decomposition Properties Numerics C

Scalability
0 0.8
506
Q
R
= 0.4 |
Ll 3]
o
50.2 ¢
@)
-15 : : 0 : :
0 5 10 15 0 5 10 15
Iteration j Iteration j

Errors |||lup, — t} ||| and contraction factors |||up — th[||/|l|un — W] 648
subdomains & 209952 triangles (green), 5832 subdomains & 472392 triangles
(blue), and 10368 subdomains & 839808 triangles (red) (respectively 525528,

1181952, and 2100816 unknowns)
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Elementwise errors and a posteriori error estimators, iteration 1

Errors Lower ?stimators Upper estimators
[lup — ujlllk a'[||ay, — uplllk lluj, + TIEFTMVBR) Ik
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Elementwise errors and a posteriori error estimators, iteration 14

Errors Lower estimators Upper estimators
~14 ~
[lup — u a'lay" — uptlllk llupt + MVl
lrzia A
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Setting (k = 0)
e Q=(0,1)x(0,1)
@ S=c(x,y)ld
e f(x,y)=1
@ [p=0Q
@ zero initial guess (u?, p?) = (0,0)




| Equilibration Domain decomposition Properties Numerics C

Jumping diffusion

Setting (k = 0)

e Q=(0,1) x(0,1)

@ S=c(x,y)ld

@ f(x,y)=1

@ p= oQ

@ zero initial guess (u?, p?) = (0,0)
Coarse mesh and diffusion coefficient

Coarse mesh Ty and variations of the coefficient c(x, y) VP~
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Initialization (equilibration): lifted residuals

Vec Value e Vae Vec Value

=0 00288131
B0 00876282
i3

50:2 504
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Initialization (equilibration): intermediate fluxes

foc Value

=o: 90415
032608

i

.

N

03 _ ,.02 , <03 1 0 0y _ .03 , <04
ut =upy + 96, u;, = Re(Up,pp) = U, + 6

_ A posteriori algebraic error estimates and nonoverlapping DD in MFEs 30/ 39




| Equiibration Domain decomposition ~ Properties Numerics C
Initialization (equilibration): intermediate potentials

0,3 0,2 0,3 s
Py =p, +1 ph_RP(uo,ph) Py 1y
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Error decrease and contraction factor

1.5
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Iteration j
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A posteriori estimates of the algebraic error

Error
»

0 5 10 15
Iteration j
Error |||lup, — t} || (blue), upper bound 7/ (red), and lower bound 7/ (green), o
B lreia—
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Robustness

Diffusion contrast

10!

10°

10°

104

10°

106

107

108

Number of iterations

19

16

15

15

15

15

15

15

Number of iterations needed to reduce the initial algebraic error estimator n' by

M. Vohralik

the factor 10°
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Elementwise errors and a posteriori error estimators, iteration 1

Errors Lower $stimators Upper estimators
[lup — ujlllk a'[||ay, — uplllk lluj, + TIEFTMVBR) Ik
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Elementwise errors and a posteriori error estimators, iteration 14

Errors Lower estimators Upper estimators
~14 ~
[lup — u o'l — uptllk llupt + MVl
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Discontinuities not corresponding to the coarse mesh

08 2
06 & 4
04 52 -6
| . £a
4 02 2 -8
[e}
O
l‘ 0 5 10 15 10, 5 10 15
000500 Iteration j Iteration j
B Error [||lup — u} || and Error |||, — || (olue),
Coefficient contra1ction factor upper bound 7/ (red), and
+ A )
c(x,y) lun —uy™ I/ llun — ]l lower bound 7/ (green)
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Discontinuities crossing the interfaces of the coarse mesh

0.8 2
06 & 4
8,
S 04 SE -6
I} s
g
02 £ 8
[e]
O
0 ' 5 10 150 '100 5 10 15
Iteration j Iteration j
Error [||up — || and Error |||u, — || (blue),
Coefficient contri1ct|on factor upper bound 7/ (red), and
c(x,y) lup — &7 (11/[|up — w] lower bound 7/ (green)
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Conclusions

Taylored domain decomposition method for saddle-point mixed finite
elements

v flux equilibration (balancing) by coarse mesh constrained energy
minimization

-
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Conclusions

Taylored domain decomposition method for saddle-point mixed finite
elements
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