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Optimal a posteriori error estimate

Guaranteed upper bound
‖u − uh‖2?,Ω ≤

∑
K∈Th

ηK (uh)2

no undetermined constant: error control
Local efficiency

ηK (uh) ≤ Ceff‖u − uh‖?,neighbors of K
local error lower bound (optimal space mesh refinement)

Robustness
Ceff independent of data, domain Ω, meshes, solution u,
polynomial degree of uh

Asymptotic exactness∑
K∈Th

ηK (uh)2/‖u − uh‖2?,Ω ↘ 1
overestimation factor goes to one with meshes size

Small evaluation cost
estimators ηK (uh) can be evaluated cheaply (locally)

Error components identification
ηK (uh) can distinguish the different error components
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Laplace model problem

Model problem

−∆u = f in Ω,

u = 0 on ∂Ω

Ω ⊂ Rd , d = 2,3 polygon/polyhedron
f ∈ L2(Ω)

Weak formulation
Find u ∈ H1

0 (Ω) such that

(∇u,∇v) = (f , v) ∀v ∈ H1
0 (Ω)

Properties of the weak solution
u ∈ H1

0 (Ω) (primal variable constraint)
σ := −∇u (constitutive relation)
∇·σ = f (equilibrium)
σ ∈ H(div,Ω) (dual variable constraint)
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Exact solution and flux
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Approximate solution and flux
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Potential and flux reconstructions
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, Prager and Synge

(1947), Ladevèze (1975), Dari, Durán, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralík (2007), . . .)

Let u ∈ H1
0 (Ω) be the weak solution;

uh∈H1(Th) :={v ∈L2(Ω), v |K ∈H1(K ) ∀K ∈ Th} be arbitrary
sh ∈ H1

0 (Ω) and σh ∈ H(div,Ω) be such that

(∇·σh,1)K = (f ,1)K for all K ∈ Th.

Then

‖∇(u − uh)‖2 ≤
∑

K∈Th

(
‖∇uh + σh‖K︸ ︷︷ ︸
constitutive relation

+
hK

π
‖f −∇·σh‖K

︸ ︷︷ ︸
equilibrium

)2

+
∑

K∈Th

‖∇(uh − sh)‖2K︸ ︷︷ ︸
primal constraint

.
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Proof I
Proof.

define s ∈ H1
0 (Ω) by

(∇s,∇v) = (∇uh,∇v) ∀v ∈ H1
0 (Ω)

develop (Pythagoras)

‖∇(u − uh)‖2 = ‖∇(u − s)‖2 + ‖∇(s − uh)‖2

projection definition of s:

‖∇(s − uh)‖ = min
v∈H1

0 (Ω)
‖∇(v − uh)‖

︸ ︷︷ ︸
distance of uh to H1

0 (Ω)

dual norm characterization, definition of s, definition of u:

‖∇(u − s)‖ = sup
ϕ∈H1

0 (Ω); ‖∇ϕ‖=1
︸ ︷︷ ︸

dual norm of the residual
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Proof II

Proof (continuation).
nonconformity upper bound:

min
v∈H1

0 (Ω)
‖∇(v − uh)‖ ≤ ‖∇(uh − sh)‖

adding and subtracting equilibrated flux, Green theorem:

(f , ϕ)− (∇uh,∇ϕ) = (f −∇·σh, ϕ)− (∇uh + σh,∇ϕ)
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Global potential and flux reconstructions

Ideally

sh := arg min
vh∈Vh

‖∇(uh − vh)‖

σh := arg min
vh∈Vh,∇·vh=ΠQh

f
‖∇uh + vh‖

3 computable, discrete spaces Vh ⊂ H1
0 (Ω), Vh ⊂ H(div,Ω),

Qh ⊂ L2(Ω)

7 too expensive, global minimization problems (the
hypercircle method . . . )
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Local potential reconstruction
Definition (Construction of sh, ≈ Carstensen and Merdon (2013), EV (2015))
For each a ∈ Vh, solve the local conforming FE problem

sa
h := arg min

vh∈V a
h

‖∇(ψauh − vh)‖ωa .

a ∈ Vh

patch ωa

ψa(a) = 1, ψa(a∗) = 0a1

a2

a3

a4

a5

Equivalent form
Find sa

h ∈ V a
h such that

(∇sa
h,∇vh)ωa = (∇(ψauh),∇vh)ωa ∀vh ∈ V a

h

Key ideas
local minimizations
cut-off by hat basis functions ψa
V a

h ⊂ H1
0 (ωa): homogeneous Dirichlet BC on ∂ωa

sh :=
∑

a∈Vh

sa
h
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Potential reconstruction in 1D

• • •
a′ a a′′ωa

uh

ψa

ψauh
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Potential reconstruction in 2D

Figure 5 – Solution post-traitée unh (à gauche) et solution conforme snh (à droite)

Remarque 3.2. On observe que pour tout 0 ≤ n ≤ N , Inav(unh) ∈ H1
0 (Ω) et on observe aussi

que la partie contenant les fonctions bulles appartient également à H1
0 (Ω). On obtient alors que

snh ∈ H1
0 (Ω) pour tout 0 ≤ n ≤ N et par suite s ∈ P1

τ (H1
0 (Ω)), comme imposé par (3.10).

Une conséquence importante de (3.7) est le résultat suivant :

Lemme 3.1. On suppose que sh,τ vérifie (3.7) et (3.10). Alors, pour tout 1 ≤ n ≤ N , on a

(∂nt sh,τ , 1)K = (∂nt uh,τ , 1)K , ∀K ∈ T n. (3.11)

On présente la preuve donnée dans [10].

Démonstration. Tout d’abord, on observe que, pour tout 1 ≤ n ≤ N ,

∂nt (sh,τ − uh,τ ) = 1
τn [(snh − unh)− (sn−1

h − un−1
h )].

De plus, par (3.7), snh et unh possèdent les mêmes valeurs moyennes sur tous les éléments des
maillages T n et T n+1. De même, sn−1

h et un−1
h possèdent les mêmes valeurs moyennes sur tous les

éléments des maillages T n et T n−1. Alors, (snh − sn−1
h ) et (unh − un−1

h ) possèdent les mêmes valeurs
moyennes sur tous les éléments du maillage T n. D’où (3.11).

Remarque 3.3 (Evalution de snh). La condition (3.7) utilise le maillage T n+1 qui n’est pas encore
connu au temps discret tn. En pratique, il suffit d’ajuster les moyennes de snh uniquement sur
les éléments du maillage actuel T n (en mettant temporairement T n+1 := T n). Ensuite, au pas
de temps suivant tn+1, et uniquement s’il existe des éléments du maillage T n+1 qui sont des
rafinements des éléments de T n, des fonctions bulles supplémentaires sont ajoutées à snh, comme
décrit par (3.8) et (3.9), avant l’évaluation de l’erreur à tn+1.

La figure 5 représente la solution post-traitée (à gauche) et son interpolation H1
0 (Ω)-conforme

(à droite).

4 Borne supérieure de l’erreur

Le but de cette section est de dériver une estimation d’erreur a posteriori pour le problème (1.1a)–
(1.1c) discretisé en utilisant la méthode de volumes finis centrés par maille en espace donnée par

9

Potential uh
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Une conséquence importante de (3.7) est le résultat suivant :
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décrit par (3.8) et (3.9), avant l’évaluation de l’erreur à tn+1.
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Lemme 3.1. On suppose que sh,τ vérifie (3.7) et (3.10). Alors, pour tout 1 ≤ n ≤ N , on a

(∂nt sh,τ , 1)K = (∂nt uh,τ , 1)K , ∀K ∈ T n. (3.11)

On présente la preuve donnée dans [10].

Démonstration. Tout d’abord, on observe que, pour tout 1 ≤ n ≤ N ,

∂nt (sh,τ − uh,τ ) = 1
τn [(snh − unh)− (sn−1

h − un−1
h )].
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Le but de cette section est de dériver une estimation d’erreur a posteriori pour le problème (1.1a)–
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Local flux reconstructions

Assumption A (Galerkin orthogonality wrt hat functions)
There holds

(∇uh,∇ψa)ωa = (f , ψa)ωa ∀a ∈ V int
h .

Definition (Constr. of σh, Destuynder and Métivet (1999) & Braess and Schöberl (2008))
For each a ∈ Vh, solve the local mixed FE problem

σa
h := arg min

vh∈Va
h,∇·vh=ΠQa

h (ψaf−∇ψa·∇uh)

‖ψa∇uh + vh‖ωa .

Key points
Va

h ⊂ H(div, ωa): homogeneous Neumann BC on ∂ωa

σh :=
∑

a∈Vh

σa
h
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Equilibrated flux reconstruction
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Polynomial-degree-robust efficiency
Assumption B (Piecewise polynomials, data, and meshes)
The approximation uh and the datum f are piecewise
polynomial. The degrees of the MFE reconstructions σh and sh
are chosen correspondingly. The meshes Th are shape-regular.

Theorem (Polynomial-degree-robust efficiency Braess, Pillwein, and Schöberl

(2009); Costabel and McIntosh (2010); Demkowicz, Gopalakrishnan, and Schöberl (2012), EV (2015))
Let u be the weak solution and let Assumptions A and B hold.
Then there exists constants Cst,Ccont,PF,Ccont,bPF > 0 only
depending on the shape-regularity parameter κT such that

‖σa
h + ψa∇uh‖ωa ≤ CstCcont,PF‖∇(u − uh)‖ωa ,

‖∇(ψauh − sa
h)‖ωa ≤ CstCcont,bPF‖∇(u − uh)‖ωa + jumps.

Remarks
equivalence error–estimate
maximal overestimation factor guaranteed
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Potentials (Demkowicz, Gopalakrishnan, Schöberl (2009), EV 2016)

Lemma (H1 polynomial extension on a tetrahedron)

Let K ∈ Th, ED
K ⊂ EK . Let r ∈ Pp(ED

K ) be continuous on ED
K .

Then for C only depending on the shape regularity of K ,

‖∇ζh,K‖K FEs
=

min
vh∈Pp(K )

vh=re on all e∈ED
K

‖∇vh‖K ≤C min
v∈H1(K )

v=re on all e∈ED
K

‖∇v‖K

︸ ︷︷ ︸
‖r‖

H1/2(∂K )

=C‖∇ζK‖K

.

#

"

 

!

Context
−∆ζK = 0 in K ,

ζK = re on all e ∈ ED
K ,

−∇ζK ·nK = 0 on all e ∈ EK \ ED
K .
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Fluxes (Costabel, McIntosh (2010), Demkowicz, Gopalakrishnan, Schöberl (2012), EV 2016)

Lemma (H(div) polynomial extension on a tetrahedron)

Let K ∈ Th, EN
K ⊂ EK . Let r ∈ Pp(EN

K )× Pp(K ), satisfying∑
e∈EK

(re,1)e = (rK ,1)K if EN
K = EK . Then for C = C(κK ) > 0,

‖ξh,K‖K
MFEs

=

min
vh∈RTNp(K )

vh·nK =re ∀e∈EN
K

∇·vh=rK

‖vh‖K ≤ C min
v∈H(div,K )

v·nK =re ∀e∈EN
K

∇·v=rK

‖v‖K

= C‖ξK‖K

.

'

&

$

%

Context
−∆ζK = rK in K ,

−∇ζK ·nK = re on all e ∈ EN
K ,

ζK = 0 on all e ∈ EK \ EN
K .

Set ξK := −∇ζK .
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Conforming finite elements

Conforming finite elements
Find uh ∈ Vh such that

(∇uh,∇vh) = (f , vh) ∀vh ∈ Vh.

Vh := Pp(Th) ∩ H1
0 (Ω), p ≥ 1

3 Assumption A: take vh = ψa

3 Assumption B: technical, always satisfied
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Nonconforming finite elements

Nonconforming finite elements
Find uh ∈ Vh such that

(∇uh,∇vh) = (f , vh) ∀vh ∈ Vh.

Vh := Pp(Th), p ≥ 1, vh ∈ Vh satisfy

〈[[vh]],qh〉e = 0 ∀qh ∈ Pp−1(e), ∀e ∈ Eh

3 Assumption A: take vh = ψa

3 no jumps
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find uh ∈ Vh such that∑

K∈Th

(∇uh,∇vh)K−
∑

e∈Eh

{〈{{∇uh}}·ne, [[vh]]〉e +θ〈{{∇vh}}·ne, [[uh]]〉e}

+
∑

e∈Eh

〈αh−1
e [[uh]], [[vh]]〉e = (f , vh) ∀vh ∈ Vh.

Vh := Pp(Th), p ≥ 1
3 Assumption A: take vh = ψa for θ = 0, otherwise:

estimates for the discrete gradient

∇duh := ∇uh − θ
∑

e∈Eh

le([[uh]])

jumps lifting operator le : L2(e)→ [P0(Te)]2

(le([[uh]]),vh) = 〈{{vh}}·ne, [[uh]]〉e ∀vh ∈ [P0(Te)]2

⇒ modified Galerkin orthogonality

(∇duh,∇ψa)ωa = (f , ψa)ωa ∀a ∈ V int
h
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Numerics: smooth case

Model problem

−∆u = f in Ω := (0,1)2,

u = 0 on ∂Ω

Exact solution

u(x , y) = sin(2πx) sin(2πy)

Discretization

symmetric interior penalty discontinuous Galerkin method
unstructured triangular grids
uniform h refinement
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Uniform refinement: asymptotic exactness

h p ‖∇d(u−uh)‖

‖u−uh‖DG

‖∇duh +σh‖ ηosc ‖∇d(uh−sh)‖ η

ηDG

Ief f

Ieff
DG

h0 1 1.07E-00

1.09E-00

1.12E-00 5.55E-02 4.16E-01 1.25E-00

1.26E-00

1.17

1.16

≈h0/2 5.56E-01

5.61E-01

5.71E-01 7.42E-03 1.82E-01 6.07E-01

6.11E-01

1.09

1.09

≈h0/4 2.92E-01

2.93E-01

2.96E-01 1.04E-03 8.77E-02 3.10E-01

3.11E-01

1.06

1.06

≈h0/8 1.39E-01

1.39E-01

1.40E-01 1.10E-04 3.85E-02 1.45E-01

1.45E-01

1.04

1.04

h0 2 1.54E-01

1.55E-01

1.55E-01 5.10E-03 3.05E-02 1.63E-01

1.64E-01

1.06

1.06

≈h0/2 4.07E-02

4.09E-02

4.13E-02 3.53E-04 7.55E-03 4.23E-02

4.26E-02

1.04

1.04

≈h0/4 1.10E-02

1.11E-02

1.12E-02 2.51E-05 1.97E-03 1.14E-02

1.15E-02

1.03

1.03

≈h0/8 2.50E-03

2.52E-03

2.54E-03 1.30E-06 4.21E-04 2.57E-03

2.59E-03

1.03

1.03

h0 3 1.37E-02

1.37E-02

1.37E-02 3.58E-04 1.74E-03 1.41E-02

1.41E-02

1.03

1.03

≈h0/2 1.85E-03

1.85E-03

1.85E-03 1.26E-05 2.10E-04 1.88E-03

1.88E-03

1.01

1.01

≈h0/4 2.60E-04

2.60E-04

2.60E-04 4.73E-07 2.54E-05 2.62E-04

2.62E-04

1.01

1.01

≈h0/8 2.75E-05

2.75E-05

2.75E-05 1.15E-08 2.55E-06 2.76E-05

2.76E-05

1.01

1.01

h0 4 9.87E-04

9.87E-04

9.84E-04 2.12E-05 1.11E-04 1.01E-03

1.01E-03

1.02

1.02

≈h0/2 6.92E-05

6.93E-05

6.92E-05 3.96E-07 7.44E-06 7.00E-05

7.00E-05

1.01

1.01

≈h0/4 5.04E-06

5.04E-06

5.04E-06 7.58E-09 4.98E-07 5.07E-06

5.07E-06

1.01

1.01

≈h0/8 2.58E-07

2.59E-07

2.58E-07 8.96E-11 2.47E-08 2.60E-07

2.60E-07

1.01

1.01

h0 5 5.64E-05

5.64E-05

5.63E-05 1.06E-06 4.50E-06 5.75E-05

5.75E-05

1.02

1.02

≈h0/2 2.01E-06

2.01E-06

2.01E-06 9.88E-09 1.46E-07 2.03E-06

2.03E-06

1.01

1.01

≈h0/4 7.74E-08

7.74E-08

7.73E-08 1.01E-10 4.35E-09 7.76E-08

7.76E-08

1.00

1.00

≈h0/8 1.86E-09

1.86E-09

1.86E-09 1.70E-12 1.00E-10 1.86E-09

1.86E-09

1.00

1.00

h0 6 2.85E-06

2.85E-06

2.85E-06 4.70E-08 2.18E-07 2.90E-06

2.90E-06

1.02

1.02

≈h0/2 5.42E-08

5.42E-08

5.42E-08 2.40E-10 4.02E-09 5.46E-08

5.46E-08

1.01

1.01

≈h0/4 1.07E-09

1.07E-09

1.07E-09 1.03E-11 6.90E-11 1.08E-09

1.08E-09

1.01

1.01
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I Laplace Nonlinear Laplace Eigenvalues Heat Two-phase C Upper bound Efficiency Applications & numerics

Uniform refinement: asymptotic exactness

h p ‖∇d(u−uh)‖

‖u−uh‖DG

‖∇duh +σh‖ ηosc ‖∇d(uh−sh)‖ η

ηDG

Ief f

Ieff
DG

h0 1 1.07E-00

1.09E-00

1.12E-00 5.55E-02 4.16E-01 1.25E-00

1.26E-00

1.17

1.16

≈h0/2 5.56E-01

5.61E-01

5.71E-01 7.42E-03 1.82E-01 6.07E-01

6.11E-01

1.09

1.09

≈h0/4 2.92E-01

2.93E-01

2.96E-01 1.04E-03 8.77E-02 3.10E-01

3.11E-01

1.06

1.06

≈h0/8 1.39E-01

1.39E-01

1.40E-01 1.10E-04 3.85E-02 1.45E-01

1.45E-01

1.04

1.04

h0 2 1.54E-01

1.55E-01

1.55E-01 5.10E-03 3.05E-02 1.63E-01

1.64E-01

1.06

1.06

≈h0/2 4.07E-02

4.09E-02

4.13E-02 3.53E-04 7.55E-03 4.23E-02

4.26E-02

1.04

1.04

≈h0/4 1.10E-02

1.11E-02

1.12E-02 2.51E-05 1.97E-03 1.14E-02

1.15E-02

1.03

1.03

≈h0/8 2.50E-03

2.52E-03

2.54E-03 1.30E-06 4.21E-04 2.57E-03

2.59E-03

1.03

1.03

h0 3 1.37E-02

1.37E-02

1.37E-02 3.58E-04 1.74E-03 1.41E-02

1.41E-02

1.03

1.03

≈h0/2 1.85E-03

1.85E-03

1.85E-03 1.26E-05 2.10E-04 1.88E-03

1.88E-03

1.01

1.01

≈h0/4 2.60E-04

2.60E-04

2.60E-04 4.73E-07 2.54E-05 2.62E-04

2.62E-04

1.01

1.01

≈h0/8 2.75E-05

2.75E-05

2.75E-05 1.15E-08 2.55E-06 2.76E-05

2.76E-05

1.01

1.01

h0 4 9.87E-04

9.87E-04

9.84E-04 2.12E-05 1.11E-04 1.01E-03

1.01E-03

1.02

1.02

≈h0/2 6.92E-05

6.93E-05

6.92E-05 3.96E-07 7.44E-06 7.00E-05

7.00E-05

1.01

1.01

≈h0/4 5.04E-06

5.04E-06

5.04E-06 7.58E-09 4.98E-07 5.07E-06

5.07E-06

1.01

1.01

≈h0/8 2.58E-07

2.59E-07

2.58E-07 8.96E-11 2.47E-08 2.60E-07

2.60E-07

1.01

1.01

h0 5 5.64E-05

5.64E-05

5.63E-05 1.06E-06 4.50E-06 5.75E-05

5.75E-05

1.02

1.02

≈h0/2 2.01E-06

2.01E-06

2.01E-06 9.88E-09 1.46E-07 2.03E-06

2.03E-06

1.01

1.01

≈h0/4 7.74E-08

7.74E-08

7.73E-08 1.01E-10 4.35E-09 7.76E-08

7.76E-08

1.00

1.00

≈h0/8 1.86E-09

1.86E-09

1.86E-09 1.70E-12 1.00E-10 1.86E-09

1.86E-09

1.00

1.00

h0 6 2.85E-06

2.85E-06

2.85E-06 4.70E-08 2.18E-07 2.90E-06

2.90E-06

1.02

1.02

≈h0/2 5.42E-08

5.42E-08

5.42E-08 2.40E-10 4.02E-09 5.46E-08

5.46E-08

1.01

1.01

≈h0/4 1.07E-09

1.07E-09

1.07E-09 1.03E-11 6.90E-11 1.08E-09

1.08E-09

1.01

1.01
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I Laplace Nonlinear Laplace Eigenvalues Heat Two-phase C Upper bound Efficiency Applications & numerics

Uniform refinement: asymptotic exactness

h p ‖∇d(u−uh)‖

‖u−uh‖DG

‖∇duh +σh‖ ηosc ‖∇d(uh−sh)‖ η

ηDG

Ief f

Ieff
DG

h0 1 1.07E-00

1.09E-00

1.12E-00 5.55E-02 4.16E-01 1.25E-00

1.26E-00

1.17

1.16

≈h0/2 5.56E-01

5.61E-01

5.71E-01 7.42E-03 1.82E-01 6.07E-01

6.11E-01

1.09

1.09

≈h0/4 2.92E-01

2.93E-01

2.96E-01 1.04E-03 8.77E-02 3.10E-01

3.11E-01

1.06

1.06

≈h0/8 1.39E-01

1.39E-01

1.40E-01 1.10E-04 3.85E-02 1.45E-01

1.45E-01

1.04

1.04

h0 2 1.54E-01

1.55E-01

1.55E-01 5.10E-03 3.05E-02 1.63E-01

1.64E-01

1.06

1.06

≈h0/2 4.07E-02

4.09E-02

4.13E-02 3.53E-04 7.55E-03 4.23E-02

4.26E-02

1.04

1.04

≈h0/4 1.10E-02

1.11E-02

1.12E-02 2.51E-05 1.97E-03 1.14E-02

1.15E-02

1.03

1.03

≈h0/8 2.50E-03

2.52E-03

2.54E-03 1.30E-06 4.21E-04 2.57E-03

2.59E-03

1.03

1.03

h0 3 1.37E-02

1.37E-02

1.37E-02 3.58E-04 1.74E-03 1.41E-02

1.41E-02

1.03

1.03

≈h0/2 1.85E-03

1.85E-03

1.85E-03 1.26E-05 2.10E-04 1.88E-03

1.88E-03

1.01

1.01

≈h0/4 2.60E-04

2.60E-04

2.60E-04 4.73E-07 2.54E-05 2.62E-04

2.62E-04

1.01

1.01

≈h0/8 2.75E-05

2.75E-05

2.75E-05 1.15E-08 2.55E-06 2.76E-05

2.76E-05

1.01

1.01

h0 4 9.87E-04

9.87E-04

9.84E-04 2.12E-05 1.11E-04 1.01E-03

1.01E-03

1.02

1.02

≈h0/2 6.92E-05

6.93E-05

6.92E-05 3.96E-07 7.44E-06 7.00E-05

7.00E-05

1.01

1.01

≈h0/4 5.04E-06

5.04E-06

5.04E-06 7.58E-09 4.98E-07 5.07E-06

5.07E-06

1.01

1.01

≈h0/8 2.58E-07

2.59E-07

2.58E-07 8.96E-11 2.47E-08 2.60E-07

2.60E-07

1.01

1.01

h0 5 5.64E-05

5.64E-05

5.63E-05 1.06E-06 4.50E-06 5.75E-05

5.75E-05

1.02

1.02

≈h0/2 2.01E-06

2.01E-06

2.01E-06 9.88E-09 1.46E-07 2.03E-06

2.03E-06

1.01

1.01

≈h0/4 7.74E-08

7.74E-08

7.73E-08 1.01E-10 4.35E-09 7.76E-08

7.76E-08

1.00

1.00

≈h0/8 1.86E-09

1.86E-09

1.86E-09 1.70E-12 1.00E-10 1.86E-09

1.86E-09

1.00

1.00

h0 6 2.85E-06

2.85E-06

2.85E-06 4.70E-08 2.18E-07 2.90E-06

2.90E-06

1.02

1.02

≈h0/2 5.42E-08

5.42E-08

5.42E-08 2.40E-10 4.02E-09 5.46E-08

5.46E-08

1.01

1.01

≈h0/4 1.07E-09

1.07E-09

1.07E-09 1.03E-11 6.90E-11 1.08E-09

1.08E-09

1.01

1.01
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I Laplace Nonlinear Laplace Eigenvalues Heat Two-phase C Upper bound Efficiency Applications & numerics

Uniform refinement: asymptotic exactness

h p ‖∇d(u−uh)‖

‖u−uh‖DG

‖∇duh +σh‖ ηosc ‖∇d(uh−sh)‖ η

ηDG

Ief f

Ieff
DG

h0 1 1.07E-00

1.09E-00

1.12E-00 5.55E-02 4.16E-01 1.25E-00

1.26E-00

1.17

1.16

≈h0/2 5.56E-01

5.61E-01

5.71E-01 7.42E-03 1.82E-01 6.07E-01

6.11E-01

1.09

1.09

≈h0/4 2.92E-01

2.93E-01

2.96E-01 1.04E-03 8.77E-02 3.10E-01

3.11E-01

1.06

1.06

≈h0/8 1.39E-01

1.39E-01

1.40E-01 1.10E-04 3.85E-02 1.45E-01

1.45E-01

1.04

1.04

h0 2 1.54E-01

1.55E-01

1.55E-01 5.10E-03 3.05E-02 1.63E-01

1.64E-01

1.06

1.06

≈h0/2 4.07E-02

4.09E-02

4.13E-02 3.53E-04 7.55E-03 4.23E-02

4.26E-02

1.04

1.04

≈h0/4 1.10E-02

1.11E-02

1.12E-02 2.51E-05 1.97E-03 1.14E-02

1.15E-02

1.03

1.03

≈h0/8 2.50E-03

2.52E-03

2.54E-03 1.30E-06 4.21E-04 2.57E-03

2.59E-03

1.03

1.03

h0 3 1.37E-02

1.37E-02

1.37E-02 3.58E-04 1.74E-03 1.41E-02

1.41E-02

1.03

1.03

≈h0/2 1.85E-03

1.85E-03

1.85E-03 1.26E-05 2.10E-04 1.88E-03

1.88E-03

1.01

1.01

≈h0/4 2.60E-04

2.60E-04

2.60E-04 4.73E-07 2.54E-05 2.62E-04

2.62E-04

1.01

1.01

≈h0/8 2.75E-05

2.75E-05

2.75E-05 1.15E-08 2.55E-06 2.76E-05

2.76E-05

1.01

1.01

h0 4 9.87E-04

9.87E-04

9.84E-04 2.12E-05 1.11E-04 1.01E-03

1.01E-03

1.02

1.02

≈h0/2 6.92E-05

6.93E-05

6.92E-05 3.96E-07 7.44E-06 7.00E-05

7.00E-05

1.01

1.01

≈h0/4 5.04E-06

5.04E-06

5.04E-06 7.58E-09 4.98E-07 5.07E-06

5.07E-06

1.01

1.01

≈h0/8 2.58E-07

2.59E-07

2.58E-07 8.96E-11 2.47E-08 2.60E-07

2.60E-07

1.01

1.01

h0 5 5.64E-05

5.64E-05

5.63E-05 1.06E-06 4.50E-06 5.75E-05

5.75E-05

1.02

1.02

≈h0/2 2.01E-06

2.01E-06

2.01E-06 9.88E-09 1.46E-07 2.03E-06

2.03E-06

1.01

1.01

≈h0/4 7.74E-08

7.74E-08

7.73E-08 1.01E-10 4.35E-09 7.76E-08

7.76E-08

1.00

1.00

≈h0/8 1.86E-09

1.86E-09

1.86E-09 1.70E-12 1.00E-10 1.86E-09

1.86E-09

1.00

1.00

h0 6 2.85E-06

2.85E-06

2.85E-06 4.70E-08 2.18E-07 2.90E-06

2.90E-06

1.02

1.02

≈h0/2 5.42E-08

5.42E-08

5.42E-08 2.40E-10 4.02E-09 5.46E-08

5.46E-08

1.01

1.01

≈h0/4 1.07E-09

1.07E-09

1.07E-09 1.03E-11 6.90E-11 1.08E-09

1.08E-09

1.01

1.01
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I Laplace Nonlinear Laplace Eigenvalues Heat Two-phase C Upper bound Efficiency Applications & numerics

Uniform refinement: asymptotic exactness

h p ‖∇d(u−uh)‖ ‖u−uh‖DG ‖∇duh +σh‖ ηosc ‖∇d(uh−sh)‖ η ηDG Ief f Ieff
DG

h0 1 1.07E-00 1.09E-00 1.12E-00 5.55E-02 4.16E-01 1.25E-00 1.26E-00 1.17 1.16
≈h0/2 5.56E-01 5.61E-01 5.71E-01 7.42E-03 1.82E-01 6.07E-01 6.11E-01 1.09 1.09
≈h0/4 2.92E-01 2.93E-01 2.96E-01 1.04E-03 8.77E-02 3.10E-01 3.11E-01 1.06 1.06
≈h0/8 1.39E-01 1.39E-01 1.40E-01 1.10E-04 3.85E-02 1.45E-01 1.45E-01 1.04 1.04

h0 2 1.54E-01 1.55E-01 1.55E-01 5.10E-03 3.05E-02 1.63E-01 1.64E-01 1.06 1.06
≈h0/2 4.07E-02 4.09E-02 4.13E-02 3.53E-04 7.55E-03 4.23E-02 4.26E-02 1.04 1.04
≈h0/4 1.10E-02 1.11E-02 1.12E-02 2.51E-05 1.97E-03 1.14E-02 1.15E-02 1.03 1.03
≈h0/8 2.50E-03 2.52E-03 2.54E-03 1.30E-06 4.21E-04 2.57E-03 2.59E-03 1.03 1.03

h0 3 1.37E-02 1.37E-02 1.37E-02 3.58E-04 1.74E-03 1.41E-02 1.41E-02 1.03 1.03
≈h0/2 1.85E-03 1.85E-03 1.85E-03 1.26E-05 2.10E-04 1.88E-03 1.88E-03 1.01 1.01
≈h0/4 2.60E-04 2.60E-04 2.60E-04 4.73E-07 2.54E-05 2.62E-04 2.62E-04 1.01 1.01
≈h0/8 2.75E-05 2.75E-05 2.75E-05 1.15E-08 2.55E-06 2.76E-05 2.76E-05 1.01 1.01

h0 4 9.87E-04 9.87E-04 9.84E-04 2.12E-05 1.11E-04 1.01E-03 1.01E-03 1.02 1.02
≈h0/2 6.92E-05 6.93E-05 6.92E-05 3.96E-07 7.44E-06 7.00E-05 7.00E-05 1.01 1.01
≈h0/4 5.04E-06 5.04E-06 5.04E-06 7.58E-09 4.98E-07 5.07E-06 5.07E-06 1.01 1.01
≈h0/8 2.58E-07 2.59E-07 2.58E-07 8.96E-11 2.47E-08 2.60E-07 2.60E-07 1.01 1.01

h0 5 5.64E-05 5.64E-05 5.63E-05 1.06E-06 4.50E-06 5.75E-05 5.75E-05 1.02 1.02
≈h0/2 2.01E-06 2.01E-06 2.01E-06 9.88E-09 1.46E-07 2.03E-06 2.03E-06 1.01 1.01
≈h0/4 7.74E-08 7.74E-08 7.73E-08 1.01E-10 4.35E-09 7.76E-08 7.76E-08 1.00 1.00
≈h0/8 1.86E-09 1.86E-09 1.86E-09 1.70E-12 1.00E-10 1.86E-09 1.86E-09 1.00 1.00

h0 6 2.85E-06 2.85E-06 2.85E-06 4.70E-08 2.18E-07 2.90E-06 2.90E-06 1.02 1.02
≈h0/2 5.42E-08 5.42E-08 5.42E-08 2.40E-10 4.02E-09 5.46E-08 5.46E-08 1.01 1.01
≈h0/4 1.07E-09 1.07E-09 1.07E-09 1.03E-11 6.90E-11 1.08E-09 1.08E-09 1.01 1.01
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I Laplace Nonlinear Laplace Eigenvalues Heat Two-phase C Upper bound Efficiency Applications & numerics

Numerics: singular case

Model problem

−∆u = 0 in Ω := (−1,1)2 \ [0,1]2,

u = uD on ∂Ω

Exact solution
u(r , φ) = r2/3 sin(2φ/3)

Discretization

incomplete interior penalty discontinuous Galerkin method
unstructured non-nested triangular grids
hp-adaptive refinement
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I Laplace Nonlinear Laplace Eigenvalues Heat Two-phase C Upper bound Efficiency Applications & numerics

hp-adaptive refinement: exponential convergence
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A :RN→ RN , vector F ∈ RN : find U ∈ RN s.t.

A(U) = F

Algorithm (Inexact iterative linearization)
1 Choose initial vector U0. Set k := 1.
2 Uk−1 ⇒ matrix Ak−1 and vector F k−1: find Uk s.t.

Ak−1Uk ≈ F k−1.

3 1 Set Uk,0 := Uk−1 and i := 1.
2 Do an algebraic solver step⇒ Uk,i s.t. (Rk,i algebraic res.)

Ak−1Uk,i = F k−1 − Rk,i .

3 Convergence? OK⇒ Uk := Uk,i . KO⇒ i := i + 1, back
to 3.2.

4 Convergence? OK⇒ finish. KO⇒ k := k + 1, back to 2.
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Context and questions
Approximate solution

approximate solution Uk ,i does not solve A(Uk ,i) = F
Numerical method

underlying numerical method: the vector Uk ,i is associated
with a (piecewise polynomial) approximation uk ,i

h

Partial differential equation
underlying PDE, u its weak solution: A(u) = f

Question (Stopping criteria Eisenstat and Walker (1990’s), Becker, Johnson, and Rannacher

(1995), Deuflhard (2004 book), Arioli (2000’s))
What is a good stopping criterion for the linear solver?
What is a good stopping criterion for the nonlinear solver?

Question (Error Verfürth (1994), Carstensen and Klose (2003), Chaillou and Suri (2006), Kim (2007))

How big is the error ‖u − uk ,i
h ‖?,Ω on Newton step k and

algebraic solver step i, how is it distributed?
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Model steady problem, discretization

Quasi-linear elliptic problem

−∇·σ(u,∇u) = f in Ω,
u = 0 on ∂Ω

p > 1, q := p
p−1 , f ∈ Lq(Ω)

example: p-Laplacian with σ(u,∇u) = |∇u|p−2∇u

weak solution: u ∈ V := W 1,p
0 (Ω) such that

(σ(u,∇u),∇v) = (f , v) ∀v ∈ V

Numerical approximation

simplicial mesh Th, linearization step k , algebraic step i
uk ,i

h ∈V (Th) := {v ∈ Lp(Ω), v |K ∈W 1,p(K ) ∀K ∈Th} 6⊂ V
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Intrinsic error measure

Energy error in the Laplace case

‖∇(u − uh)‖2 = sup
ϕ∈H1

0 (Ω); ‖∇ϕ‖=1
(∇(u−uh),∇ϕ)2

︸ ︷︷ ︸
dual norm of the residual

+ min
v∈H1

0 (Ω)
‖∇(v−uh)‖2

︸ ︷︷ ︸
distance of uh to H1

0 (Ω)

Intrinsic error measure

Ju(uk ,i
h ) := sup

ϕ∈V ; ‖∇ϕ‖p=1
(σ(u,∇u)− σ(uk ,i

h ,∇uk ,i
h ),∇ϕ)

︸ ︷︷ ︸
dual norm of the residual

+




∑

K∈Th

∑

e∈EK

h1−q
e ‖[[u − uk ,i

h ]]‖qq,e





1/q

︸ ︷︷ ︸
distance of uh to V

3 there holds Ju(uk ,i
h ) = 0 if and only if u = uk ,i

h
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Abstract assumptions

Assumption A (Total flux reconstruction)

There exists σk ,i
h ∈ Hq(div,Ω) such that

∇·σk ,i
h = f .

Assumption B (Discretization, linearization, and alg. fluxes)

There exist fluxes σk ,i
h,dis,σ

k ,i
h,lin,σ

k ,i
h,alg ∈ [Lq(Ω)]d such that

(i) σk ,i
h = σk ,i

h,dis + σk ,i
h,lin + σk ,i

h,alg;

(ii) as the linear solver converges, ‖σk ,i
h,alg‖q → 0;

(iii) as the nonlinear solver converges, ‖σk ,i
h,lin‖q → 0.
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)
Let

u ∈ V be the weak solution,
uk ,i

h ∈ V (Th) be arbitrary,
Assumptions A and B hold.

Then there holds (up to quadrature and data oscillation)

Ju(uk ,i
h ) ≤ ηk ,i

disc + ηk ,i
lin + ηk ,i

alg.
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Estimators

discretization estimator

ηk ,i
disc,K := 2

1
p

(
‖σ(uk ,i

h ,∇uk ,i
h )+σk ,i

h,dis‖q,K +

{∑

e∈EK

h1−q
e ‖[[uk ,i

h ]]‖qq,e
}1/q)

linearization estimator

ηk ,i
lin,K := ‖σk ,i

h,lin‖q,K
algebraic estimator

ηk ,i
alg,K := ‖σk ,i

h,alg‖q,K

ηk ,i
· :=

{∑

K∈Th

(
ηk ,i
·,K
)q

}1/q
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Stopping criteria: error components of similar size
Global stopping criteria

stop whenever:

ηk ,i
alg ≤ γalg max

{
ηk ,i

disc, η
k ,i
lin

}
,

ηk ,i
lin ≤ γlinη

k ,i
disc

γalg, γlin ≈ 0.1
Local stopping criteria

stop whenever:

ηk ,i
alg,K ≤ γalg,K max

{
ηk ,i

disc,K , η
k ,i
lin,K

}
∀K ∈ Th,

ηk ,i
lin,K ≤ γlin,Kη

k ,i
disc,K ∀K ∈ Th

γalg,K , γlin,K ≈ 0.1
Comments

3 same physical units (fluxes)
3 naturally relative
3 proper [Lq(Ω)]d framework × l2 norms of algebraic vectors
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Global efficiency

Theorem (Global efficiency)
Let the Assumptions C and D be satisfied. Let the global
stopping criteria hold. Then,

ηk ,i
disc + ηk ,i

lin + ηk ,i
alg ≤ CJu(uk ,i

h ),

where C is independent of σ and q.

Theorem (Local efficiency)
Let the Assumptions C and D be satisfied. Let the local
stopping criteria hold. Then

ηk ,i
disc,K + ηk ,i

lin,K + ηk ,i
alg,K ≤ CJu,TK (uk ,i

h ) ∀K ∈ Th.

3 robustness with respect to the nonlinearity thanks to the
choice of Ju as error measure
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h ) ∀K ∈ Th.
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choice of Ju as error measure
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Applications

Discretization methods

3 conforming finite elements
3 nonconforming finite elements
3 discontinuous Galerkin
3 various finite volumes
3 mixed finite elements

Linearizations

3 fixed point
3 Newton

Linear solvers

3 independent of the linear solver

. . . all Assumptions A to D verified
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Numerical experiment I

Model problem

p-Laplacian

∇·(|∇u|p−2∇u) = f in Ω,

u = uD on ∂Ω

weak solution (used to impose the Dirichlet BC)

u(x , y) = −p−1
p

(
(x − 1

2)2 + (y − 1
2)2
) p

2(p−1)
+ p−1

p

(
1
2

) p
p−1

tested values p = 1.5 and 10
Crouzeix–Raviart nonconforming finite elements
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Analytical and approximate solutions
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step
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Error and estimators as a function of Newton
iterations, p = 10, 6th level mesh
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Newton and algebraic iterations, p = 10
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Error distribution, p = 10
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Effectivity indices, p = 10
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Effectivity indices, p = 1.5
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Numerical experiment II

Model problem

p-Laplacian

∇·(|∇u|p−2∇u) = f in Ω,

u = uD on ∂Ω

weak solution (used to impose the Dirichlet BC)

u(r , θ) = r
7
8 sin(θ 7

8)

p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
Crouzeix–Raviart nonconforming finite elements
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Error distribution on an adaptively refined mesh
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Energy error and overall performance
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Laplace eigenvalue problem

Problem
Find eigenvector & eigenvalue pair (u, λ) such that

−∆u = λu in Ω,

u = 0 on ∂Ω.

Weak formulation
Find (ui , λi) ∈ V × R+, i ≥ 1, with ‖ui‖ = 1, such that

(∇ui ,∇v) = λi(ui , v) ∀v ∈ V .
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Main results (conforming setting)
Assumption A (Conforming variational solution)
There holds

(uih, λih) ∈ V × R+

‖uih‖ = 1
‖∇uih‖2 = λih (⇒ λ1h ≥ λ1)

We bound

1 i-th eigenvalue error

λih − λi ≤ ηi(uih, λih)2

2 i-th eigenvector energy error

‖∇(ui − uih)‖ ≤ ηi(uih, λih)

≤ Ceff,i‖∇(ui − uih)‖

3 Ceff,i only depends on mesh shape regularity and on

max
{(

λi
λi−1
− 1
)−1

,
(

1− λi
λi+1

)−1
}

λi
λ1

3 we give computable upper bounds on Ceff,i
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Unit square

Setting

Ω = (0,1)2

λ1 = 2π2, λ2 = 5π2 known explicitly
u1(x , y) = sin(πx) sin(πy) known explicitly

Effectivity indices

recall η̃2
i ≤ λih − λi ≤ η2

i

I lb
λ,eff :=

λih − λi

η̃2
i

, Iub
λ,eff :=

η2
i

λih − λi

recall ‖∇(ui − uih)‖ ≤ ηi

Iub
u,eff :=

ηi

‖∇(ui − uih)‖
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Conforming finite elements

GUARANTEED BOUNDS FOR EIGENVALUES AND EIGENVECTORS 17

N h ndof λ2 − λ1h (5.2) ‖χ1‖−1(u1h, χ1)− α1h (5.9)

λ1=1.5π2

λ2=4.5π2

3 0.4714 16 19.04 (X) -0.64 (×)
4 0.3536 25 21.55 (X) 0.12 (X)
5 0.2828 36 22.69 (X) 0.40 (X)

λ1=0.5π2

λ2=3π2

3 0.4714 16 4.233 (X) -3.49 (×)
4 0.3536 25 6.743 (X) -0.66 (×)
5 0.2828 36 7.887 (X) 0.02 (X)

Table 7.1
[Unit square, structured mesh] Validation of assumptions (5.2) and (5.9)
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Fig. 7.1. [Unit square] Error in the eigenvalue and eigenvector approximation, its lower bound
(eigenvalue only), and its upper bound for the choice λ1 = 1.5π2, λ2 = 4.5π2; sequence of structured
(left) and unstructured but quasi-uniform (right) meshes; Case C

Next, Figure 7.1 (left) illustrates the convergence of the error λ1h − λ1 as well as
of its lower and upper bounds η̃2

1 , η2
1 given by Case C of Theorems 5.1 and 5.2. We

also plot the energy error in the eigenfunction ‖∇(u1 − u1h)‖ and its upper bound
η1 of Theorem 5.6, Case C. The convergence rates are optimal as expected from the
theory.

We present in Table 7.2 precise numbers of the lower and upper bounds λ1h−η2
1 ≤

λ1 ≤ λ1h− η̃2
1 on the exact eigenvalue λ1, the effectivity indices of the lower and upper

bounds η̃2
1 ≤ λ1h − λ1 ≤ η2

1 of the error λ1h − λ1, and the effectivity index of the
upper bound ‖∇(u1 − u1h)‖ ≤ η1, given respectively by

Ilbλ,eff :=
λ1h − λ1

η̃2
1

, Iubλ,eff :=
η2

1

λ1h − λ1
, Iubu,eff :=

η1

‖∇(u1 − u1h)‖ . (7.1)

We observe rather sharp results, and this also for the relative size of the first eigenvalue
confidence interval

Eλ,rel := 2
(λ1h − η̃2

1)− (λ1h − η2
1)

(λ1h − η̃2
1) + (λ1h − η2

1)
. (7.2)

7.1.2. Unstructured mesh. Consider now a sequence of unstructured quasi-
uniform meshes, obtained by an initial partition of each boundary edge into N inter-
vals. Conditions (5.2) and (5.9) turn here to be satisfied similarly as in Table 7.1.

The convergence plots for this case are presented in Figure 7.1 (right), showing
a similar behavior as for the structured meshes. This time, we use the upper bound

Structured meshes Unstructured meshes
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Conforming finite elements

N h ndof λ1 λ1h λ1h − η2
1 λ1h − η̃2

1 I lb
λ,eff Iub

λ,eff Eλ,rel Iub
u,eff

10 0.1414 121 19.7392 20.2284 19.5054 19.8667 1.35 1.48 1.84E-02 1.21
20 0.0707 441 19.7392 19.8611 19.7164 19.7486 1.08 1.19 1.63E-03 1.09
40 0.0354 1,681 19.7392 19.7696 19.7356 19.7401 1.03 1.12 2.28E-04 1.06
80 0.0177 6,561 19.7392 19.7468 19.7384 19.7393 1.02 1.10 4.56E-05 1.05

160 0.0088 25,921 19.7392 19.7411 19.7390 19.7392 1.02 1.10 1.01E-05 1.05
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η1 + ‖∇θ(u1h − s̃1h)‖ (case C)

η1 + ‖∇θ(u1h − s̃1h)‖ (case B)

‖∇θ(u1 − u1h)‖

Figure 1: [Unit square, nonconforming method] Error in the eigenvector approximation and its upper bound
for the choice λ1 = 1.5π2, λ2 = 4.5π2; sequence of structured (left) and unstructured but quasi-uniform
(right) meshes

N h ndof λ1 λ1h ‖∇s̃1h‖2 − η21 ‖∇s̃1h‖2 Eλ,rel Iubu,eff
10 0.1414 320 19.7392 19.6850 18.8966 19.8262 4.80e-02 2.68
20 0.0707 1240 19.7392 19.7257 19.6495 19.7616 5.69e-03 2.11
40 0.0354 4880 19.7392 19.7358 19.7246 19.7448 1.02e-03 1.91
80 0.0177 19360 19.7392 19.7384 19.7361 19.7406 2.29e-04 1.85

160 0.0088 77120 19.7392 19.7390 19.7385 19.7396 5.53e-05 1.83
320 0.0044 307840 19.7392 19.7392 19.7390 19.7393 1.37e-05 1.83

Table 1: [Structured mesh, unit square, nonconforming method, case C] Lower and upper bounds of the
exact eigenvalue λ1, the relative eigenvalue error and the eigenvector effectivity index; case λ1 = 1.5π2,
λ2 = 4.5π2

We first consider a sequence of unstructured quasi-uniform meshes, with N elements partitioning the
edges of Ω of length 2 and N/2 elements the edges of length 1. Figure 2 (left) illustrates the convergence of
the energy error ‖∇(u1−u1h)‖ and its upper bound η1+‖∇θ(u1h − s̃1h)‖. Details and eigenvalue convergence
results are presented in Table 3. All the theoretical results are nicely confirmed.

We finally test adaptive refinement using the local character of the eigenvector estimator for each K ∈ Th
given by

(
1 + 2(λ1h + ‖∇s̃1h‖2)λ−1

2

(
1− λ1h

λ2

)−2
)

1

‖s1h‖2
(
λ2

1h

λ1

‖u1h − s1h‖2K + ‖∇s1h + σ1h‖2K
)

+ ‖∇θ(u1h − s̃1h)‖2K ,

in case A and

(
1− λ1h

λ2

)−2(
1− α2

1h

4

)−1
1

‖s1h‖2
(
λ2

1h

λ1

‖u1h − s1h‖2K + ‖∇s1h + σ1h‖2K
)

+ ‖∇θ(u1h − s̃1h)‖2K ,

in case B of Theorem 6.1. We employ the Dörfler marking with θ = 0.6 and the newest vertex bisection
mesh refinement. The same lower bounds λ1 = π2/2 and λ2 = 15.1753 as for the uniform refinement have
been used for the auxiliary bounds. Figure 2 (right) illustrates the error in the eigenvector and its bound
using (6.16). The optimal convergence rate is indicated by dashed lines. The initial mesh is structured
with 47 degrees of freedom and the conditions (6.1) and (6.6) are both satisfied starting from 296 degrees
of freedom. The transition from Case A to Case B in Theorem 6.1 is marked by a dotted line. Table 4 then
presents more details of the adaptive procedure.
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Figure 3: [Unit square, discontinuous Galerkin method] Error in the eigenvector approximation and its
upper bound for the choice λ1 = 1.5π2, λ2 = 4.5π2; sequence of structured (left) and unstructured but
quasi-uniform (right) meshes

N h ndof λ1 λ1h ‖∇s̃1h‖2 − η21 ‖∇s̃1h‖2 Eλ,rel Iubu,eff
10 0.1414 600 19.7392 20.0333 19.1803 20.0101 4.23e-02 1.93
20 0.0707 2400 19.7392 19.8169 19.6907 19.8099 6.03e-03 1.50
40 0.0354 9600 19.7392 19.7591 19.7324 19.7572 1.26e-03 1.37
80 0.0177 38400 19.7392 19.7442 19.7378 19.7438 2.99e-04 1.34

160 0.0088 153600 19.7392 19.7405 19.7389 19.7403 7.09e-05 1.33

Table 5: [Structured mesh, unit square, discontinuous Galerkin method, case C] Lower and upper bounds of
the exact eigenvalue λ1, the relative eigenvalue error and the eigenvector effectivity index; case λ1 = 1.5π2,
λ2 = 4.5π2

A Extension to a generic operator

We formulate here the results of [16, Theorems 3.4 and 3.5] for any bounded-below self-adjoint operator
with compact resolvent, see, e.g., Helffer [35]. This comprises for example the operator A := −∆ + w with
domain D(A) := {v ∈ H1

0 (Ω); ∆v ∈ L2(Ω)}, which is self-adjoint on L2(Ω) whenever w ∈ L∞(Ω). It appears
that only the operator considered (−∆) and the norms (‖·‖, ‖∇·‖, and ‖·‖−1) need to be changed.

Let H be a separable Hilbert space endowed with a scalar product denoted by (·, ·)H. Now let A be
a bounded-below self-adjoint operator on H with domain D(A) and compact resolvent. There exists a
non-decreasing sequence of real numbers (λk)k≥1 such that λk → ∞ and an orthonormal basis (uk)k≥1 of
H consisting of vectors of D(A) such that

∀k ≥ 1, A uk = λkuk.

Making the additional assumption that the k-th eigenvalue of A is simple, that is λk−1 < λk < λk+1, the
k-th eigenvector is unique up to the sign. Up to shifting the operator A by a constant c ∈ R+ such that
c + A is a positive definite operator, we can suppose that A is a positive definite operator, in which case
(λk)k≥1 is a sequence of positive numbers. This enables to define an operator A

1
2 analogous to the operator

|∇| in the previous case (recall that ‖|∇v|‖ = ‖∇v‖ for v ∈ H1(Ω)) by its domain

D(A
1
2 ) :=



v ∈ H;

∑

k≥1

λk|(v, uk)H|2 < +∞





and its expression

A
1
2 : v ∈ D(A

1
2 ) 7→

∑

k≥1

√
λk(v, uk)Huk.
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N h ndof λ1 λ1h
‖∇s1h‖2

‖s1h‖2 − η2
1
‖∇s1h‖2

‖s1h‖2 Eλ,rel Iub
u,eff

10 0.1414 320 19.7392 19.6850 18.8966 19.8262 4.80e-02 2.68
20 0.0707 1240 19.7392 19.7257 19.6495 19.7616 5.69e-03 2.11
40 0.0354 4880 19.7392 19.7358 19.7246 19.7448 1.02e-03 1.91
80 0.0177 19360 19.7392 19.7384 19.7361 19.7406 2.29e-04 1.85

160 0.0088 77120 19.7392 19.7390 19.7385 19.7396 5.53e-05 1.83
320 0.0044 307840 19.7392 19.7392 19.7390 19.7393 1.37e-05 1.83

Nonconforming finite elements

N h ndof λ1 λ1h
‖∇s1h‖2

‖s1h‖2 − η2
1
‖∇s1h‖2

‖s1h‖2 Eλ,rel Iub
u,eff

10 0.1698 732 19.7392 19.9432 17.8788 19.9501 1.10e-01 3.26
20 0.0776 2892 19.7392 19.7928 19.6264 19.7939 8.50e-03 1.91
40 0.0413 11364 19.7392 19.7526 19.7295 19.7529 1.18e-03 1.47
80 0.0230 45258 19.7392 19.7425 19.7381 19.7426 2.28e-04 1.31

160 0.0126 182070 19.7392 19.7400 19.7390 19.7401 5.35e-05 1.28
SIP discontinuous Galerkin
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Model parabolic problem
The heat equation

∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω
Spaces

X := L2(0,T ; H1
0 (Ω)),

‖v‖2X :=

∫ T

0
‖∇v‖2 dt ,

Y := L2(0,T ; H1
0 (Ω)) ∩ H1(0,T ; H−1(Ω)),

‖v‖2Y :=

∫ T

0
‖∂tv‖2H−1(Ω) + ‖∇v‖2 dt + ‖v(T )‖2

Weak solution
Find u ∈ Y with u(0) = u0 such that∫ T

0
〈∂tu, v〉+ (∇u,∇v) dt =

∫ T

0
(f , v) dt ∀ v ∈ X .
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Error and residual in the unsteady case

Theorem (Parabolic inf–sup identity)
For every ϕ ∈ Y, we have

‖ϕ‖2Y =

[
sup

v∈X , ‖v‖X =1

∫ T

0
〈∂tϕ, v〉+ (∇ϕ,∇v) dt

]2

+ ‖ϕ(0)‖2.

Residual of uhτ ∈ Y
R(uhτ ) ∈ X ′, the misfit of uhτ in the weak formulation:

〈R(uhτ ), v〉 :=

∫ T

0
(f , v)− 〈∂tuhτ , v〉 − (∇uhτ ,∇v) dt

dual norm of the residual
‖R(uhτ )‖X ′ := sup

v∈X , ‖v‖X =1
〈R(uhτ ), v〉

Y norm error is the dual X norm of the residual + IC error

‖u − uhτ‖2Y = ‖R(uhτ )‖2X ′ + ‖u0 − uhτ (0)‖2
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A posteriori estimate
Guaranteed upper bound

3 ‖u − uhτ‖2EY ,Ω×(0,T ) ≤
∑N

n=1
∑

K∈T n
h
ηn

K (uhτ )2

3 no undetermined constant: error control
Local space-time efficiency

3 ηn
K (uhτ ) ≤ Ceff‖u − uhτ‖EY ,neighbors of K×(tn−1,tn)

3 optimal space-time mesh refinement
3 local in time and in space error lower bound

Robustness
3 Ceff independent of data, domain Ω, final time T , meshes,

solution u, polynomial degrees of uhτ in space and in time
Asymptotic exactness

3
∑N

n=1
∑

K∈T n
h
ηn

K (uhτ )2/‖u − uhτ‖2EY ,Ω×(0,T ) ↘ 1
3 overestimation factor goes to one with meshes size

Small evaluation cost
3 estimators can be evaluated cheaply (locally)
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3
∑N

n=1
∑

K∈T n
h
ηn

K (uhτ )2/‖u − uhτ‖2EY ,Ω×(0,T ) ↘ 1
3 overestimation factor goes to one with meshes size

Small evaluation cost
3 estimators can be evaluated cheaply (locally)
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Multiphase, multi-compositional flows

Two-phase immiscible incompressible flow

∂t (φsα) +∇·uα = qα, α ∈ {o,w},
−λα(sw)K(∇pα + ραg∇z) = uα, α ∈ {o,w},

so + sw = 1,
po − pw = pc(sw)

+ boundary & initial conditions

Mathematical issues

coupled system
unsteady, nonlinear
elliptic–degenerate parabolic type
dominant advection
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Distinguishing the error components

Theorem (Distinguishing the error components)
Let

n be the time step,
k be the linearization step,
i be the algebraic solver step,

with the approximations (sn,k ,i
w,hτ ,p

n,k ,i
w,hτ ). Then

J n
sw,pw

(sn,k ,i
w,hτ ,p

n,k ,i
w,hτ ) ≤ ηn,k ,i

sp + ηn,k ,i
tm + ηn,k ,i

lin + ηn,k ,i
alg .

Error components
ηn,k ,i

sp : spatial discretization

ηn,k ,i
tm : temporal discretization

ηn,k ,i
lin : linearization

ηn,k ,i
alg : algebraic solver

Full adaptivity
only a necessary number of
all solver iterations
“online decisions”:
algebraic step / linearization
step / space mesh refinement
/ time step modification
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Estimators and stopping criteria
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GMRes iterations

2 2.05 2.1 2.15 2.2

x 10
6

0

50

100

150

200

250

Time/iterative coupling step

N
um

be
r 

of
 G

M
R

es
 it

er
at

io
ns

classical
adaptive

Per time and iterative
coupling step

0 0.5 1 1.5 2 2.5 3 3.5 4

x 10
6

0

1

2

3

4

5
x 10

5

Time

C
um

ul
at

iv
e 

nu
m

be
r 

of
 G

M
R

es
 it

er
at

io
ns

classical
adaptive

Cumulated

M. Vohralík A posteriori estimates via reconstructions 63 / 67



I Laplace Nonlinear Laplace Eigenvalues Heat Two-phase C

Space/time/nonlinear solver/linear solver adaptivity

Fully adaptive computation
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Conclusions and outlook

Conclusions

3 guaranteed energy error estimates
3 robustness (polynomial degree, final time)
3 local (space-time) efficiency
3 unified framework for all classical numerical schemes
3 cover the set of basic model problems (also variational

inequalities, Stokes, changing coefficients, H−1 source
terms. . . )

Ongoing work

guaranteed reduction factor for hp refinement strategies
convergence and optimality
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