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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE (—Au = fin Q c RY,
u=0on 09Q).
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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE (—Au = fin Q c RY,
u=0on 09Q).

@ Let uy, be its approximate numerical solution.
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What is an a posteriori error estimate

A posteriori error estimate
@ Let u be a weak solution of a PDE (—Au = fin Q c RY,
u=0on 09Q).
@ Let uy, be its approximate numerical solution.

@ A priori error estimate: | V(u — up)|| < h.
Useful in theoretical assessment of
convergence.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE (—Au = fin Q c RY,
u=0on 09Q).

@ Let uy, be its approximate numerical solution.

@ A priori error estimate: | V(u — up)|| < h.

Useful in theoretical assessment of

convergence.

@ A posteriori error estimate: ||V(u — up)|| < Cn(up). Only
uses up, computable. Great in practical calculation.

I d

informatics gFmathematics
V172,77 5

M. Vohralik I/IV Laplace a posteriori error estimates in a unified framework 3 /39



| Estimate Efficiency Applications Numerics R&B

What is an a posteriori error estimate

A posteriori error estimate
@ Let u be a weak solution of a PDE (—Au = fin Q c RY,
u=0on 09Q).
@ Let uy, be its approximate numerical solution.

@ A priori error estimate: | V(u — up)|| < h.
Useful in theoretical assessment of
convergence.

@ A posteriori error estimate: [|V(u — up)|| < Cn(up). Only
uses up, computable. Great in practical calculation.
Usual form
@ Element indicators nk(up), K € Th.
@ Can be used to determine mesh elements with large error.

@ We can then refine these elements: mesh adaptivity. ~
.mém;,m ematics
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u=0on 69
@ guaranteed upper bound:

1)2
IV(u — up) <{Z77K Up) }

KeTh
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u=0on 69
@ guaranteed upper bound:

1)2
IV(u — up) <{Z77K Up) }

KeTh
@ local efficiency:

nk(Un) < Ceit|| V(U — Up) ||, VK € Th
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u=0on 69
@ guaranteed upper bound:

1)2
IV(u — up) <{Z77K Up) }

KeTh
@ local efficiency:

nk(Un) < Ceit|| V(U — Up) ||, VK € Th
@ asymptotic exactness:
)1 1/2
{ZKeTh 77K(uh) }
IV (u— up)|l

N T
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u=0on 69
@ guaranteed upper bound:

1)2
IV(u — up) <{Z77K Up) }

KeTh
@ local efficiency:

nk(Un) < Ceit|| V(U — Up) ||, VK € Th
@ asymptotic exactness:

1/2
{ZKeTh 77K(Uh)2} / 1
NI
@ robustness: the three previous properties hold
independently of the parameters of the problem and of
their variation (size of 2, shape of Q, regularity of u, local
refinement of 7, sizes hy, polynomial degree of up)
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u=0on 69
@ guaranteed upper bound:

1)2
IV(u — up) <{Z77K Up) }

KeTh
@ local efficiency:

nk(Un) < Ceit|| V(U — Up) ||, VK € Th
@ asymptotic exactness:

1/2
{ZKeTh 77K(Uh)2} / 1
Nu—uwl >

@ robustness: the three previous properties hold
independently of the parameters of the problem and of
their variation (size of 2, shape of Q, regularity of u, local
refinement of 7, sizes hy, polynomial degree of up)

@ small evaluation cost of 7k (up)
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u=0on 69
@ guaranteed upper bound:

1)2
IV(u — up) <{Z77K Up) }

KeTh
@ local efficiency:

nk(Un) < Ceit|| V(U — Up) ||, VK € Th
@ asymptotic exactness:

1/2
{ZKeTh 77K(Uh)2} / 1
(ORI

@ robustness: the three previous properties hold
independently of the parameters of the problem and of
their variation (size of 2, shape of Q, regularity of u, local
refinement of 7, sizes hy, polynomial degree of up)

@ small evaluation cost of 7k (up) .

e error components identification VLY. 77
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Model problem
—Au=f in Q,
u=0 on 09

@ Q c RY d = 2,3 polygon/polyhedron
e fel?(Q)
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Model problem

Model problem

“Au=f inQ,
u=20 on 09
@ Q C RY, d = 2,3 polygon/polyhedron
e fel?(Q)
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)
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Model problem

Model problem
—Au=f in Q,
u=0 on 09

@ Q c RY d = 2,3 polygon/polyhedron

e fcl?(Q)
Weak formulation
Find u € H}(Q) such that

(Vu,Vv) = (f,v)  VYveHI(Q)

Properties of the weak solution

@ u e Hl(Q) (constraint)

@ o := —Vu (constitutive relation)
@ V.o = f (equilibrium)
@ o € H(div, Q) (constraint) s’ s
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Solution u is continuous
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Flux o := —KVu is continuous
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Approximate solution and flux

Approximate solution up, is not Approximate flux —KV up is not
necessarily continuous necessarily continuous

&Zmé,..u,mmm
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Potential and flux reconstructions

—— exact solution — ~exactflux
— — approximate solution

-- - -approximate flux
— — postprocessed solution --posip

Potential reconstruction Flux reconstruction
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007))

o Letu € H}(Q) be the weak solution;

@ uye H'(Tp) i={v e l?Q), vk € H(K) VK € Ty} be
arbitrary;

@ s, € H)(Q) and o, € H(div, ) be such that

(V‘O’m 1)K = (f, 1);( forall K Th.

ooooooo
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007))

o Letu € H}(Q) be the weak solution;

@ uye H'(Tp) i={v e l?Q), vk € H(K) VK € Ty} be
arbitrary;

@ s, € H)(Q) and o, € H(div, ) be such that

(v'Uh, 1)K = (f, 1);( forall K Th.
Then
V=2 < 3 (1Vun + ol + ) - Voanle)’
- —_————— ™

KeTh constitutive relation

+ D [IV(un—sn)l -
—_—

KeTh

equilibrium

constraint
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A posteriori error estimate

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)

ooooooo
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A posteriori error estimate

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?

ooooooo
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A posteriori error estimate

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

IV(s — up)|? = m'? IV (v — up)|?
0

distance of uj, to H}(Q)

,
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A posteriori error estimate

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

IV(s — up)|? = m'? IV (v — up)|?
0

distance of uj, to H}(Q)

@ dual norm characterization

IV (u—s)* = sup  (V(u~s),Vy)?

PEH(Q); IVel=1

-~

e
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A posteriori error estimate

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

IV(s — up)|? = ,min HV(V—Uh)H2
H; (Q)
0

distance of uj, to H}(Q)

@ dual norm characterization, definition of s:

IV (u—s)? = sup  (V(u— up), Vo)
M} () Vol =1

dual norm of the residual

 —
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A posteriori error estimate

Proof (continuation).
@ nonconformity upper bound:

min_[|V(v — up)|| < [IV(up — sl
veH}(Q)

ooooooo
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A posteriori error estimate

Proof (continuation).
@ nonconformity upper bound:

TA? V(v = un)l| < IV (un = sl

@ weak solution definition, equilibrated flux, Green theorem:
(V(U - Uh)7 VSO) = (f7 90) - (VUh, V‘P)
= (f - V'U'h, 90) - (vuh + op, VSO)

—
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A posteriori error estimate

Proof (continuation).
@ nonconformity upper bound:

TA? V(v = un)l| < IV (un = sl

@ weak solution definition, equilibrated flux, Green theorem:

(V(u—un), V) = (f,0) = (Vun, V)
= (f = V-on,¢) = (Vup+ on, Vo)

@ Cauchy—Schwarz inequalities
~(Vun+0n, V) < Y [IVun + onllklVollk.
KeTh
(f=Veonp)= Y (f=Voney )k
KETh

———
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A posteriori error estimate

Proof (continuation).
@ nonconformity upper bound:

TA? V(v = un)l| < IV (un = sl

@ weak solution definition, equilibrated flux, Green theorem:

(V(u—un), V) = (f,0) = (Vun, V)
= (f = V-on,¢) = (Vup+ on, Vo)

@ Cauchy—Schwarz inequalities, equilibration:

—(Vun+ 01, Vo) < > Vun+ onllkl Voll,
KeTh

(f=V-one)= Y (f—Vone— ok
KeTh

———
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A posteriori error estimate

Proof (continuation).
@ nonconformity upper bound:

TA? V(v = un)l| < IV (un = sl

@ weak solution definition, equilibrated flux, Green theorem:

(V(u—un), V) = (f,0) = (Vun, V)
= (f = V-on,¢) = (Vup+ on, Vo)

@ Cauchy—Schwarz and Poincaré inequalities, equilibration:

~(Vun+0n, V) < Y [IVun + onllklVollk.

KeTh
(f — V'O'h,QO) = Z (f - V'O'h,QO _ S‘:K)K
KeTh h
< > It = VoullklVelx
KeTh

———
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Global potential and flux reconstructions

Ideally
op:=ar min Vup+V
h thG 7V'Vh—_HthH h hH

Sp:=arg min [[V(up — vp)||
VphE

@ V;, C H(div,Q), Qy C L3(Q), Vi C HI(Q)
@ too expensive, problems (the
hypercircle method)

I d
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Local potential and flux reconstructions

Partition of unity localization

a .
o = ar min VaVUup+ Vall.
h gthVa,V-vh:?H @ h hH @

s2:=arg min ||V (vVaup — vp)||.
h gv,,ev,?H (Valn — Vh)l|w

@ cut-off by hat basis functions 5 € P1(75) N H'(Q)

ay

az V4
patch w, Informatics g mathematics
)= 1 dafa) =0 zea—
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Local potential and flux reconstructions

Partition of unity localization

a .
o = ar min VaVUup+ Vall.
h gvheva,v-vh:?H @ h hH @

s2:=arg min ||V (vVaup — vp)||.
h gv,,eng (Valn — Vh)l|w

@ cut-off by hat basis functions 5 € P1(75) N H'(Q)

OJh:2202, Sh::ZS?, i~
acVy acVy
@ local minimizations

az rd

patch w, Informatics g mathematics
a Ua(a) =1, ¢a(a,) =0 2l
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Potential reconstruction

o3

0z

Potential up Potential reconstruction sy,
4 informatics g mathematics
&tzza/—
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Equilibrated flux reconstruction

o+ : . - Lo "':
| o N
NN /-* _ _”- A S \" [}
NN - IS LYV N L
S NN R AN N z
\ R O ’/\Q‘
s = -, \\\\\ S~ . ARS Ny
Ly A l// \\\\‘
1 j/,/ I////"',,"
o I,/. D
[ L/
Flux —Vup, Flux reconstruction op,
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

,
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

V2 x Q2: MFE spaces (hom. Neumann BC for a € V}",
homogeneous Dirichlet BC on dwa N 02 fora € ;")

a—
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

V2 x @Q2: MFE spaces (hom. Neumann BC fora € V",
homogeneous Dirichlet BC on dwa N 02 fora € ;")

Definition (Constr. of o, pestuynder and Metivet (1999) & Braess and Schaberl (2008))

Let Assumption A be satisfied. For each a € V), prescribe
o2 € V2 and 72 € Q2 by solving the local mixed FE problem

o2 = arg min )WaVUh + Vhllwa
h

VhEVE, V~vh:HQ?(uaf7Vua-Vu
n

ooooooo
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

V2 x Q2: MFE spaces (hom. Neumann BC for a € V}",
homogeneous Dirichlet BC on dwa N 02 fora € ;")

Definition (Constr. of o, pestuynder and Metivet (1999) & Braess and Schaberl (2008))

Let Assumption A be satisfied. For each a € V), prescribe
o2 € V2 and 72 € Q2 by solving the local mixed FE problem

ol .=ar min Vup+v
h gVhEVZ,V~Vh:[—|og(l,'af7VL’a-VUh)H¢a h h”wa
(027vh)wa - (Ffan V'vh)wa = —(anUth)wa vVh S V/a~,7
(VUZ’ qh)wa = (/l "af - vlw’a'VUh, qh)wa th € Qﬁ .......
/
M. Vohralik
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H(div, )-conformity
@ of < H(div,Q) = on =3,y of € H(div,Q)
Neumann compatibility condition
fora € V", one needs

(af — Viba-Vp, 1)u, = 0

but gives
0= (f,%a)ws — (VUn, Va)w, = (Yaf — Voa-VUup, 1),
Divergence
Neumann compatibility condition gives
V-ohlk = Ng, (Yaf — Viba-Vup)| VK € Th

the fact that op|k = .ZaCW o8|k and the
S acvy Y2k = 1]k yield

KeTr Lo
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Comments

H(div, Q)-conformity
@ of < H(div,Q) = on =3,y of € H(div,Q)
Neumann compatibility condition
e fora € Vi, one needs
(Yaf — Vipa-Vup,1)w, =0
@ but Assumption A gives

0= (f7 wa)wa - (VUh, Vwa)wa = (¢af - Vwa'vuf'h 1)wa

I d
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Comments

H(div, Q)-conformity

@ of < H(div,Q) = on =3,y of € H(div,Q)
Neumann compatibility condition

e fora € Vi, one needs

(¢af - Vi/)a'vuh, 1 )wa =0
@ but Assumption A gives
0= (f,%a)wa — (VUn, V¥a)uw, = (Yaf — Vipa-Vup, 1),

Divergence

@ Neumann compatibility condition gives

V-ohlk = No,(Yaf — Via-Vup)lk VK €Th
@ the fact that on|k = >,y o7k @and the partition of unity
ZaEVK Qﬂa’K =1 |K yleld
V-O’ h‘ K = |_|th ‘ K VK S 777 ‘ 455’&”
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V2: FE space (hom. Dirichlet BC on 0w, for alla € V)

0
(VS%, Vvh)wa = (V(l,“i’auh), VVh)wa Vvp € V,?

v d
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Local potential reconstruction

VE: FE space (hom. Dirichlet BC on dw, for alla € V)

Definition (Construction of Sh, ~ Carstensen and Merdon (2013))

Let uy, « H'(75). For each a € Vp, prescribe s2 € V2 by solving
the local conforming finite element problem

s? .= arg min ||V (vaup — V,
b= arg min IV (¢ath )l

I d
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Local potential reconstruction

VE: FE space (hom. Dirichlet BC on dw, for alla € V)

Definition (Construction of Sh, ~ Carstensen and Merdon (2013))

Let uy, « H'(75). For each a € Vp, prescribe s2 € V2 by solving
the local conforming finite element problem

s? .= arg min ||V (vaup — V,
b= arg min IV (¢ath )l

()
(VS2, VVh)wa = (V(¥alp), VVh)wa Vvp € VE. ]

I d
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Equivalent local potential reconstruction (d = 2)

V2 x Q@: MFE spaces (hom. Neumann BC for alla € V)

pd
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Equivalent local potential reconstruction (d = 2)

V2 x Qf: MFE spaces (hom. Neumann BC for alla € V)

Definition (Equivalent construction of sp)

For each a € Vp, prescribe o3 € V3 and 72 € Q3 by solving the
local mixed finite element problem
(UZ’Vh)wa - (7-/:3” V'Vh)wa = —(R%V(UaUh),Vh)wa vvh € V?]’
(V-07,qn)wa = (0, Gh)uwa Van € QF.
: .méam,mmomm
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Equivalent local potential reconstruction (d = 2)

V2 x Qf: MFE spaces (hom. Neumann BC for alla € V)

Definition (Equivalent construction of sp)

For each a € Vp, prescribe o3 € V3 and 72 € Q3 by solving the
local mixed finite element problem

(07 Vh)wa — (TR, V-Vh)we = —(R2 V(1aln),Vh)wa WA € V3,
(vag7 qh)wa = (0’ Qh)wa VQh € Q,a-,

Set a a

s3 = 0 on Jwa,

Sp = Z Sg.

acVy

I d

informatics gFmathematics
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Equivalent local potential reconstruction (d = 2)

V2 x Q3. MFE spaces (hom. Neumann BC for alla € V)

Definition (Equivalent construction of sp)

For each a € Vp, prescribe o3 € V3 and 72 € Q3 by solving the
local mixed finite element problem

(07 Vh)wa — (TR, V-Vh)we = —(R2 V(1aln),Vh)wa WA € V3,

(vag7 qh)wa = (0’ Qh)wa VQh € Q,a-,
Set . .
s3 = 0 on Jwa,
Sp = Z Sg.
acVy
Remark

@ Same problem as for flux, only RHS/BC different. ﬂ:z';"}”i”i'"m
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| Estimate Efficiency Applications Numerics R&B

Continuous efficiency, flux reconstruction

Theorem (Cont. effiCiency Carstensen & Funken (1999), Braess, Pillwein, & Schober! (2009))

Let u be the weak solution and let u;, < H'(7},) be arbitrary. Let
acV,andletr, € H! (wa) be such that

(Vra, VV)wa == _(/(, 'avuh, VV)wa + ('l,/'af — v’l..,’a'vuh, V)LUa
for all v € H} (wa),

h.gm,mmm
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Continuous efficiency, flux reconstruction

Theorem (Cont. effiCiency Carstensen & Funken (1999), Braess, Pillwein, & Schober! (2009))

Let u be the weak solution and let u;, < H'(7},) be arbitrary. Let
acV,andletr, € H! (wa) be such that

(Vra, VV)ua = —(¥aVup, VV)ua + (Yaf — Vba-VUp, V),
for all v € H}(wa), where

H!(wa) := {v € H'(wa); (v, 1), = 0}, acym™

H!(wa) == {v € H'(wa); v =0 0n0wa N 9Q}, ac V5

I d

informatics gFmathematics
V122,77 5
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Continuous efficiency, flux reconstruction

Theorem (Cont. effiCiency Carstensen & Funken (1999), Braess, Pillwein, & Schober! (2009))

Let u be the weak solution and let u;, < H'(7},) be arbitrary. Let
acV,andletr, € H! (wa) be such that

(Vra, VV)ua = —(¥aVup, VV)ua + (Yaf — Vba-VUp, V),
for all v € H}(wa), where

H!(wa) := {v € H'(wa); (v, 1), = 0}, acym

H!(wa) == {v € H'(wa); v =0 0n0wa N 9Q}, ac V5
Then there exists a constant C..,,.pr > 0 only depending on the
mesh shape-regularity parameter . such that

IV7allwa < Ceontprl| V(U — Up)llwa-

I d

informatics gFmathematics
V122,77 5
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Continuous efficiency, flux reconstruction

@ dual norm characterization

||Vra||wa = sup (Vra,VV)wa
veH!(wa); [[VV]lwa=1

A —
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Continuous efficiency, flux reconstruction

@ dual norm characterization

||Vra||wa = sup (Vra,VV)wa
veH!(wa); [[VV]lwa=1

@ weak solution definition, vav € H](wa):
(vra’ Vv)wa = (f7 an)OJa - (VUh, V(¢aV))wa
= (V(u = th), V(¥aV))wa

A —
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Continuous efficiency, flux reconstruction

@ dual norm characterization

||Vra||wa = sup (Vra,VV)wa
veH!(wa); [[VV]lwa=1

@ weak solution definition, vav € H](wa):
(V1a, VV)w, = (f,9aV)wa — (VUn, V(¥aV))w,
= (V(u = th), V(¥aV))wa
@ Cauchy—Schwarz inequality:
(Vra, VV)wa < V(U = Un)llwallV(¥aV)lwa

ooooooo

M. Vohralik I/IV Laplace a posteriori error estimates in a unified framework 21 /39
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Continuous efficiency, flux reconstruction

@ dual norm characterization

||Vra||wa = sup (Vra,VV)wa
veH!(wa); [[VV]lwa=1

@ weak solution definition, vav € H](wa):
(Vraa vv)wa = (f7 T/JaV)wa 7 (VUh, V(¢aV))wa
= (V(u = tp), V(vaV))ws
@ Cauchy—Schwarz inequality:
(Vra; VV)wa < IV(U = tn) eV (¥aV)|a
@ triangle inequality: + 1

—N
IV(¥aV)llwa < [IV¥alloowall Vllwa + [[¥alloowa [V Vv
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Continuous efficiency, flux reconstruction

@ dual norm characterization

||Vra||wa = sup (Vra,VV)wa
veH!(wa); [[VV]lwa=1

@ weak solution definition, vav € H](wa):
(vraa vv)wa = (f7 an)OJa - (VUh, V(¢aV))wa
= (V(u — un), V(vaV))w,
@ Cauchy—Schwarz inequality:
(Vra, VV)wa < V(U = Un)llwallV(¥aV)lwa
@ triangle & Poincaré—Friedrichs inequality: - 1

—N
IV(¥aV)llwa < [IV¥alloowall Vlwa + [[¥alloowa [V Vlwa

< [ V¥all oo wa CpFwahla |V V]lwa +1
~—_———— ~——

~h;] 1

wa
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Continuous efficiency, potential reconstruction (d = 2)

Assumption B (Weak continuity)

There holds ([up],1)e =0 Ve € &
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Continuous efficiency, potential reconstruction (d = 2)

Assumption B (Weak continuity)

There holds (lup], e =0 Ve € &,

A

Theorem (Continuous efficiency)

Let u be the weak solution and let u, < H'(7},) satisfying
Assumption B be arbitrary. Leta € V and let r, € H] (wa) be
given by

(Via, VV)we = —(Rz V(thalin), VV)ua ¥V € Hi(wa),

........... , # mathematics
V122,77 5
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Continuous efficiency, potential reconstruction (d = 2)

Assumption B (Weak continuity)

There holds ([up], Ve =0 Ve € &,

A

Theorem (Continuous efficiency)

Let u be the weak solution and let u, < H'(7},) satisfying
Assumption B be arbitrary. Leta € V and let r, € H] (wa) be
given by

(Via, VV)we = —(Rz V(thalin), VV)ua ¥V € Hi(wa),

where Hl (wa) = {v € H'(wa); (V,1)., = O}.

........... , # mathematics
V122,77 5
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Continuous efficiency, potential reconstruction (d = 2)

Assumption B (Weak continuity)
There holds <[[Uh]]- 1>e —0 Ve € &p.

A

Theorem (Continuous efficiency)

Let u be the weak solution and let u, < H'(7},) satisfying
Assumption B be arbitrary. Leta € V and let r, € H] (wa) be
given by
(Vra,VV)wa = —(R%V(’L'auh),VV)Wa Vv e Hl (Wa);
where
H!(wa) == {v € H'(wa); (v, 1)., = 0}.
Then there exists C....,pr > 0 only depending on . such that

||Vra||wa < Ccont,bPFHv(U - Uh)”wa'

informatics gFmathematics
V122,77 5
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Continuous efficiency, potential reconstruction (d = 2)

@ dual norm characterization

IVialw=  sup  (Via,Vv),
veH](wa); [[VV]lwa=1

ooooooo
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Continuous efficiency, potential reconstruction (d = 2)

@ dual norm characterization

[Vrallwa = sup (Vha, VV)w,
veH] (wa); [V V[lwa=1
@ arbitrary I € H'(wa) with (U, 1), = (Un, 1), if @ € V™ and
U=00ndwaNoNifac VP

(Rgv(lﬂaa)a vv)wa =0

ooooooo
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Continuous efficiency, potential reconstruction (d = 2)

@ dual norm characterization

IVialw=  sup  (Via,Vv),
veH](wa); [[VV]lwa=1

o arbitrary I € H'(wa) With (I, 1)ws = (Un, 1), if @ € Vi and
U=00ndwaNoNifac VP

(Rgv(lﬂaa)a vV)Wa =0
@ definition of ra, 5
(Via; VV)w, = Rz V(¥a( —Un)), VV)w,

ooooooo
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Continuous efficiency, potential reconstruction (d = 2)

@ dual norm characterization

IVialw=  sup  (Via,Vv),
veH](wa); [[VV]lwa=1

o arbitrary I € H'(wa) With (I, 1)ws = (Un, 1), if @ € Vi and
U=00ndwaNoNifac VP

(Rgv(ﬂ}aa)a vV)Wa =0
@ definition of r4, insertion of i,
(Va, VV)wy = Rz V(¢a(U—Un)), VV)uy

ooooooo
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Continuous efficiency, potential reconstruction (d = 2)

@ dual norm characterization

[Vralea = sUp (Y7, V),
veH] (wa); [V V[lwa=1

o arbitrary I € H'(wa) With (I, 1)ws = (Un, 1), if @ € Vi and
U=00ndwaNoNifac VP

(Rgv(lﬂaa)a vv)wa =0
@ definition of r3, insertion of &/, Cauchy—Schwarz inequality:
(Via, VV)wy = Rz V(Ya(U=Un)), VV)uy < [|V(a(l—Up))||wa
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Continuous efficiency, potential reconstruction (d = 2)

@ dual norm characterization

[Vralea = sUp (Y7, V),
veH] (wa); [V V[lwa=1

o arbitrary I € H'(wa) With (I, 1)ws = (Un, 1), if @ € Vi and
U=00ndwaNoNifac VP

(R V(¢all), VV)up = 0
@ definition of r3, insertion of &/, Cauchy—Schwarz inequality:
(Vra, VV)wa = (Rg V(¥a(U—Up)), VV)wa < [IV(¥a(U—Up))||a
@ broken Poincaré—Friedrichs inequality:
IV (Ya(U—tn))llwa < (14 Copr waMoa | V¥alloo,wa ) IV (U—Uh) s
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Continuous efficiency, potential reconstruction (d = 2)

@ dual norm characterization

[Vralea = sUp (Y7, V),
veH] (wa); [V V[lwa=1

o arbitrary I € H'(wa) With (I, 1)ws = (Un, 1), if @ € Vi and
U=00ndwaNoNifac VP

(R V(¢all), VV)up = 0
@ definition of r3, insertion of &/, Cauchy—Schwarz inequality:
(Vra, VV)wa = (Rg V(¥a(U—Up)), VV)wa < [IV(¥a(U—Up))||a
@ broken Poincaré—Friedrichs inequality:
IV (Ya(U—tn))llwa < (14 Copr waMoa | V¥alloo,wa ) IV (U—Uh) s

@ define i1 := u—cnstforac V™ and & := ufora e Vg*

- e
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Mixed finite elements stability (d = 2)

Assumption C (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum f are piecewise
polynomial. The degrees of the MFE reconstructions o, and s,
are chosen correspondingly. The meshes 7T, are shape-regular.

-— — - e
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Mixed finite elements stability (d = 2)

Assumption C (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum f are piecewise
polynomial. The degrees of the MFE reconstructions o, and s,
are chosen correspondingly. The meshes 7T, are shape-regular.

Theorem (MFE stability / continuous right inverse of the

dive rgence ope rator Braess, Pillwein, and Schoberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012))

Let u be the weak solution and let up, f, and the reconstructions
satisfy Assumption C. Then there exists a constant C,, > 0 only
depending on the shape-regularity parameter r.+ such that

lof + Thllwa < Callo® + 74l

-— — Tl
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Mixed finite elements stability (d = 2)

Assumption C (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum f are piecewise
polynomial. The degrees of the MFE reconstructions o, and s,
are chosen correspondingly. The meshes 7T, are shape-regular.

Theorem (MFE stability / continuous right inverse of the

dive rgence ope rator Braess, Pillwein, and Schoberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012))

Let u be the weak solution and let up, f, and the reconstructions
satisfy Assumption C. Then there exists a constant C,, > 0 only
depending on the shape-regularity parameter r.+ such that

lof + Thllwa < Callo® + 74l

with 2 = 2\ uy, for the flux reconstruction and
T = Rz V(vaup) for the potential reconstruction.

-— — Tl
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Mixed finite elements stability (d = 2)

Assumption C (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum f are piecewise
polynomial. The degrees of the MFE reconstructions o, and s,
are chosen correspondingly. The meshes 7T, are shape-regular.

Theorem (MFE stability / continuous right inverse of the

dive rgence ope rator Braess, Pillwein, and Schoberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012))

Let u be the weak solution and let up, f, and the reconstructions
satisfy Assumption C. Then there exists a constant C,, > 0 only
depending on the shape-regularity parameter r.+ such that

loh + 7hllwa < Catllo® + Thllwa = Cutll V7allue

with T2 = 2V uy, for the flux reconstruction and
T = Rz V(vaup) for the potential reconstruction.

-— — Tl
M. Vohralik I/IV Laplace a posteriori error estimates in a unified framework 24 / 39



| Estimate Efficiency Applications Numerics R&B

Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)

Let u be the weak solution and let Assumptions A, B, and C
hold. Then

||VUh A U'hHK < CstccomfPF Z ||V(U - Uh)Hwa?

acVyg

“V(Uh - Sh)HK < Cslccom.bl’l" Z HV(U - uh)Hwa‘

acVyg

I d

&Z.n,;..u,m.mm
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)

Let u be the weak solution and let Assumptions A, B, and C
hold. Then

||VUh A UhHK < Cstccom.PF Z ||V(U - Uh)”waa

acVyg

HV(Uh - Sh)HK < CleCOHI.bI’F Z HV(U - Uh)Hwa‘

acVyg

Remarks

@ Cg can be bounded by solving the local Neumann
problems by conforming FEs: find r2 € V& C H](wa) s.t.

VIE, Vvi)wa = —(T5, VVh)us + (8% Vh)wa  YVh € VR,
h h

then Cy < [|77 + o llwa/ [V s B
@ = maximal overestimation factor guaranteed &Z7’
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Conforming finite elements
Find u, € Vj, such that

(Vup, V) = (f, vp) Yvp € Vp.

‘ Informaties #Fmathematics
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Conforming finite elements

Conforming finite elements
Find up € V}, such that

(VUh, VVh) = (f, Vh) Vv, € Vh.

® Vy:=Tp(Th) N HI(Q), p > 1
@ Assumption A: take v, = ¥4
® V}, C H{(Q): sp := up, no need for Assumption B

I d

&Zm%,..u,m.mm
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Nonconforming finite elements

Nonconforming finite elements
Find u, € Vj, such that

(Vunp, Vvp) = (f,vn) Yvp € Vp.

pd

: informatics #Fmathematics
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Nonconforming finite elements

Nonconforming finite elements
Find up € Vj, such that

(VUh,VVh) = (f, Vh) Yvp € Vp.

@ Vp:=Pu(Th), p>1, vy € V) satisfy
(Ivel,gn)e =0 Van € Pp_1(€), Ve € &,

@ Assumption A: take vy = 13
@ Assumption B: building requirement for the space Vj,

I d

&Z.n,;..u,mmm
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, V)= Y {{{Vun}ne, [Val)e+-0({VVn}-Ne, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy
: m[néaun,mamcmﬂms
M. Vohralik
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy

© Vyi=Fp(7h), p> 1
@ Assumption A: take v, = 15 for 6 = 0,

I d

hmém,mmm
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, V)= Y {{{Vun}ne, [Val)e+-0({VVn}-Ne, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy

@ Assumption A: take v, = 15 for 6 = 0, otherwise:
e estimates for the discrete gradient

( Vuh -0 Z |[Uh]]

ecéy
e jumps lifting operator le : L2(€) — [Po(Te)]?
(te(Tunl). va) = ({vn} e, [usl)e VA € [Po(Te))?
e = modified Galerkin orthogonality

(&(un), v¢a)Wa = (f, ¢a)wa Va € V,i7m ‘ ‘2 '""'é"";“’z”'"""‘”“
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Discontinuous Galerkin finite elements: Assumption B

Nonsymmetric and incomplete versions
@ broken Poincarée—Friedrichs inequality with jumps:

||V(wa(L~l - Uh))Hwa §(1 + CbPF,wahUJavaauoowa)”v(u - Uh)”wa

1/2
+CbPF,wahwa||VwaHoo,w3{ Zhe1\|”2[[uh]]\|§}

ecéy,ace
@ include the jump terms in the error and estimators

I d

informatics gFmathematics
V172,77 5
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Discontinuous Galerkin finite elements: Assumption B

Nonsymmetric and incomplete versions
@ broken Poincarée—Friedrichs inequality with jumps:

||V(wa(t~l - Uh))Hwa §(1 + CbPF,wahUJavaauoowa)”v(u - Uh)”wa

1/2
+CbPF,wahwa||VwaHoo,w3{ Zhe1H”2[[Uh]]\|§}

ecép,ace
@ include the jump terms in the error and estimators
Symmetric version
@ discrete gradient & satisfies

(@(Uh),Rnga)wa =0 va e Vy
@ modified potential reconstruction: local MFE problems with
78 = UaR36(up) and g := (R3 Vi'a)-®(un)
@ local efficiency
||Q5(Uh - Sh)HK < Cleum(‘P Z ”Q5(U - Uh)”wa 4
ac VK m[néau;,mamomnms
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € Vi x Qp such that

(oh,Vh) — (Un, V-Vp) =0 Y, € Vp,
(V-on,qn) =(f,qn)  Van € Q.

I d

&Z.n,;..u,m.mm
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € Vi x Qp such that

(oh,Vh) — (Un, V-Vp) =0 Y, € Vp,
(V-on,qn) =(f,qn)  Van € Q.

@ postprocessed solution up € Vi, Vi :=Pp(74), p > 1;
vy € Vj, satisfy

(Ivil.gn)e =0 Van € Py(e), Ve € &y

@ Assumption A: no need for flux reconstruction, o, comes
from the discretization

@ Assumption B satisfied, building requirement for the
space Vj,

I d

informatics gFmathematics
V122,77 5
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Model problem

~Au=f in Q:=]0,1
U=up on 92

Vd
‘ Informaties #Fmathematics
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Numerics: smooth test case

Model problem

~Au=f in Q:=]0,1
u=up on 99

Exact solution

U(X) = (C1 + 02(1 — x1) + 670‘)“)(01 + 02(1 _ X2) + e*axz)
cr=—-e% G=-1-¢, a=10

I d

&Z.n,;..u,m.mm
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Numerics: smooth test case

Model problem

~Au=f in Q:=]0,1
u=up on 99

Exact solution

U(X) = (C1 + 02(1 — x1) + 670‘)“)(01 + 02(1 _ X2) + e*axz)
cr=—e% G=-1-¢, a=10

Discretization

@ incomplete interior penalty discontinuous Galerkin method
@ unstructured nested triangular grids
@ uniform refinement

I d

informatics gFmathematics
V122,77 5
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Estimates, errors, and effectivity indices

b p[IVu—upll llu—unllpc [V up+anll nvwn—sh)u Tose n g | TR
ho/1 1 1.21E+00 1.22E+00 1.24E+00 07E-01 5.56E-02 | 1.30E+00 1.31E+00]|1.07 1.07
hy/2 6.18E-01 6.22E-01 6.38E-01 5.09E 02 7.02E-03 | 6.47E-01 6.50E-01 | 1.05 1.05
(0.97) (0.97) (0.96) (1.07) (2.99) (1.01) (1.01)

ho /4 3.12E-01 3.13E-01 3.22E-01 2.43E-02 8.80E-04 | 3.24E-01 3.25E-01|1.04 1.04
(0.99) (0.99) (0.99) (1.07) (3.00) (1.00) (1.00)

ho/8 1.56E-01 1.57E-01 1.61E-01 1.18E-02 1.10E-04 | 1.62E-01 1.63E-01 |1.04 1.04
(1.00) (1.00) (1.00) (1.05) (3.00) (1.00) (1.00)

hyp/1 2 1.50E-01 1.53E-01 1.49E-01 2.76E-02 5.10E-03 | 1.56E-01 1.59E-01 | 1.04 1.04

hy/2 3.85E-02 3.92E-02 3.83E-02 7.99E-03 3.22E-04 | 3.94E-02 4.01E-02|1.03 1.02
(1.96) (1.96) (1.96) (1.79) (3.98) (1.98) (1.98)

ho /4 9.70E-03 9.88E-03 9.68E-03 2.12E-03 2.02E-05| 9.93E-03 1.01E-02 |1.02 1.02
(1.99) (1.99) (1.98) (1.92) (4.00) (1.99) (1.99)

ho/8 2.43E-03 2.48E-03 2.43E-03 5.42E-04 1.26E-06 | 2.49E-03 2.54E-03 |1.02 1.02
(1.99) (1.99) (1.99) (1.96) (4.00) (1.99) (1.99)

hy/1 3 1.32E-02 1.34E-02 1.29E-02 2.52E-03 3.58E-04 | 1.35E-02 1.37E-02|1.03 1.03

hy/2 1.67E-03 1.69E-03 1.65E-03 3.13E-04 1.13E-05| 1.70E-03 1.71E-03 |1.01 1.01
(2.98) (2.98) (2.97) (3.01) (4.99) (3.00) (3.00)

ho /4 2.11E-04 2.13E-04 2.09E-04 3.83E-05 3.53E-07 | 2.12E-04 2.15E-04 | 1.01 1.01
(2.99) (2.99) (2.99) (3.03) (5.00) (3.00) (3.00)

ho/8 2.64E-05 2.67E-05 2.61E-05 4.69E-06 1.10E-08 | 2.66E-05 2.69E-05|1.01 1.01
(3.00) (3.00) (3.00) (3.03) (5.00) (3.00) (3.00)

hy/1 4 9.36E-04 9.54E-04 9.05E-04 2.41E-04 2.12E-05| 9.57E-04 9.74E-04 | 1.02 1.02

hy/2 5.93E-05 6.05E-05 5.77E-05 1.68E-05 3.36E-07 | 6.04E-05 6.16E-05|1.02 1.02
(3.98) (3.98) (3.97) (3.84) (5.98) (3.99) (3.98)

ho/4 3.72E-06 3.80E-06 3.63E-06 1.10E-06 5.31E-09 | 3.80E-06 3.87E-06 | 1.02 1.02
(3.99) (3.99) (3.99) (3.94) (5.98) (3.99) (3.99)

hy/8 2.33E-07 2.38E-07 2.27E-07 7.02E-08 8.30E-11| 2.38E-07 2.43E-07 |1.02 1.02
(4.00) (4.00) (4.00) (3.97) (6.00) (4.00) (3.99)

hg/1 5| 5.41E-05 5.50E-05 5.22E-05 1.38E-05 1.06E-06 | 5.50E-05 5.58E-05[1.02 1.02

hy/2 1.70E-06 1.72E-06 1.65E-06 4.39E-07 9.35E-09 | 1.72E-06 1.74E-06 | 1.01 1.01
(4.99) (5.00) (4.98) (4.98) (6.82) (5.00) (5.00)

ho /4 5.32E-08 5.39E-08 5.19E-08 1.40E-08 7.67E-11| 5.38E-08 5.45E-08 | 1.01 1.01
(5.00) (5.00) (4.99) (4.97) (6.93) (5.00) (5.00) o

hy/8 1.66E-09 1.69E-09 1.62E-09 4.41E-10 5.99E-13| 1.68E-09 1.70E-09 | 1.01 ﬁ formatics g7 mathematics
(5.00) (5.00) (5.00) (4.99) (7.00) (5.00) (5.00) 22l
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Numerics: singular test case & hp-adaptivity

Model problem

~Au = 0 inQ:=Q:=]-1,1[3\[0,1]?,
u = up on o

pd
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Numerics: singular test case & hp-adaptivity

Model problem

~Au = 0 inQ:=Q:=]-1,1[3\[0,1]?,
u = up on o

Exact solution
u(r, ¢) = r¥/3sin(2¢/3)
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Numerics: singular test case & hp-adaptivity

Model problem

~Au = 0 inQ:=Q:=]-1,1[3\[0,1]?,
u = up on 9N
Exact solution
u(r, ¢) = r¥3sin(2¢4/3)
Discretization
@ incomplete interior penalty discontinuous Galerkin method

@ unstructured non-nested triangular grids
@ hp-adaptive refinement

I d
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hp-adaptive refinement algorithms

Algorithm 1, estimate —
Algorithm 2, estimate ---x---
0.1 T
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0.0001 g
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M. Vohralik
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Exponential convergence of
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hp-refinement grids
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Estimates, errors, and effectivity indices

lev [Tl DOF|[[V(u— up)|[ [IVUn+ onll  Mose IV (Up —Sp)ll_ mBC n !
0 114 684| 6.22E-02 6.63E-02  1.89E-15 4.48E-02 3.81E-02 1.05E-01|1.69
1 122 1180| 4.28E-02 4.27E-02  1.18E-14 3.08E-02 2.92E-02 7.29E-02|1.70
2 139 1919| 3.28E-02 3.37E-02  8.21E-14 2.09E-02 2.12E-02 5.36E-02|1.64
3 165 2573| 2.32E-02 2.30E-02  3.88E-13 1.50E-02 1.03E-02 3.41E-02|1.47
4 174 2858 1.02E-02 1.01E-02  4.48E-13 8.22E-03 9.19E-03 1.99E-02|1.96
5 199 3351 6.27E-03 6.21E-03  1.12E-12 4.81E-03 6.18E-03 1.25E-02(2.00
6 237 3926| 4.21E-03 4.23E-03  1.98E-12 3.15E-03 3.29E-03 7.66E-03|1.82
7 285 4537| 2.84E-03 2.91E-03  7.47E-12 2.13E-03 2.42E-03 5.33E-03|1.88
8 338 5257| 2.04E-03 2.19E-03  4.63E-11 1.45E-03 1.32E-03 3.51E-03|1.72
9 372 5658 1.21E-03 1.23E-03  1.11E-11 9.07E-04 9.99E-04 2.26E-03|1.87
10 426 6500| 7.70E-04 7.69E-04  5.69E-11 5.55E-04 6.95E-04 1.46E-03|1.89

11 453 7010| 4.95E-04 5.04E-04  9.77E-11 3.97E-04 4.74E-04 9.91E-04(2.00

12 469 7308| 3.41E-04 3.47E-04  1.13E-10 2.55E-04 2.88E-04 6.40E-041.88
13 463 7286| 2.42E-04 2.42E-04  1.39E-10 1.73E-04 1.94E-04 4.37E-04|1.81
14 458 7215| 1.69E-04 1.69E-04  1.23E-10 1.19E-04 1.53E-04 3.17E-04|1.88
15 440 6955| 1.29E-04 1.31E-04  1.45E-10 9.21E-05 9.10E-05 2.24E-04|1.73
16 435 7035| 9.71E-05 9.91E-05  1.39E-10 6.89E-05 7.63E-05 1.74E-04(1.79
17 434 7167| 8.52E-05 8.97E-05  1.41E-10 5.76E-05 5.47E-05 1.42E-04(1.67
18 419 6960| 7.51E-05 7.97E-05 1.44E-10 5.00E-05 4.15E-05 1.21E-04|1.60
19 410 6838| 6.06E-05 6.35E-05 1.47E-10 3.87E-05 3.65E-05 9.69E-05]|1.60
V4
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Previous results

Global flux reconstructions
@ Prager and Synge (1947):
IVu+ sl +IV(u—un)|? = ||V + ol
for any v, € H}(Q2) and any o, € H(div,Q) s.t. Vo, = f
@ Hlavacek, Haslinger, Necas, and Lovisek (1979), Repin
(1997), ...: of op: unprecise/costly
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Previous results

Global flux reconstructions
@ Prager and Synge (1947):

IVU+onl? + |V (u— up)l? = [Vun + ol

for any u, € Hj(Q) and any o, € H(div. Q) s.t. Vo, = f

@ Hlavacek, Haslinger, Necas, and Lovisek (1979), Repin
(1997), ...: of op: unprecise/costly

Local flux reconstructions

@ Ladevéze and Leguillon (1983), equilibrated face fluxes

@ Destuynder and Métivet (1999), discrete flux o

@ Luce and Wohlmuth (2004), local efficiency proof

@ Vejchodsky (2006), equilibration—hypercircle approach

@ Kim (2007) & Ern, Nicaise, and Vohralik (2007),
discontinuous Galerkin method elementwise prescription

@ Braess and Schéberl (2008), Vohralik (2008), Ern and
Vohralik (2009), local Neumann MFE problems &Z”/i
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Previous results

Local potential reconstructions (uj, ¢ H&(Q))
@ Achdou, Bernardi, and Coquel (2003) & Karakashian and
Pascal (2003), by prescription

@ Carstensen and Merdon (2013), local Neumann MFE
problems
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Local potential reconstructions (uj, ¢ H&(Q))
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problems
Unified frameworks

@ Ainsworth and Oden (1993)
@ Carstensen (2005)
@ Ainsworth (2010)

@ Ern and Vohralik (heat equation 2010, Stokes equation
2012, nonlinear Laplace equation 2013)
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Previous results

Local potential reconstructions (u, ¢ H&(Q))
@ Achdou, Bernardi, and Coquel (2003) & Karakashian and
Pascal (2003), by prescription
@ Carstensen and Merdon (2013), local Neumann MFE
problems
Unified frameworks
@ Ainsworth and Oden (1993)
@ Carstensen (2005)
@ Ainsworth (2010)
@ Ern and Vohralik (heat equation 2010, Stokes equation
2012, nonlinear Laplace equation 2013)
Polynomial-degree-robust estimates

@ Braess, Pillwein, and Schoberl (2009), conforming finite
elements s -
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Thank you for your attention!
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