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Oil production

Oil production
oil – one of the major energy supply of today’s world
need for efficient production
high prices – question of rentability

Chapitre 1. Contexte de l’étude et construction du modèle simulant le procédé de récupération
SAGD

L’enthalpie de l’huile . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

L’enthalpie de l’eau . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

L’enthalpie de la vapeur . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.3.8 Les énergies internes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

Les énergies internes des fluides . . . . . . . . . . . . . . . . . . . . . . . . . . 22

L’ énergie interne de la roche . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

Lorsque les forces naturelles ne permettent pas une bonne récupération de l’huile, d’autres procédés
d’extraction sont envisagés : on parle de récupération assistée classique ou secondaire. Celle-ci
consiste à injecter dans le gisement de l’eau ou des gaz hydrocarbonés non miscibles.
Dans le cas d’huiles lourdes, d’autres techniques de récupération plus élaborées ont été mises en
oeuvre. Leur utilisation se justifie par le besoin d’avoir un taux de récupération plus élevé : c’est la
récupération assistée améliorée ou tertiaire (Enhanced Oil Recovery).
Elle regroupe :

– les méthodes miscibles (injection de CO2 − CH+
4 ),

– les méthodes chimiques (polymères, microemulsions,etc.),
– les méthodes thermiques (injection de vapeur, combustion in situ).

Ces différents procédés consistent à introduire à l’aide de puits d’injection des fluides dans le réservoir
qui seront susceptibles de déplacer l’huile vers les puits de production.
Par ailleurs, les méthodes thermiques représentent un groupe important de ces méthodes car l’amélio-
ration de la production résulte non seulement du déplacement d’un fluide par un autre, mais surtout
d’un apport de chaleur.

Parmi ces méthodes thermiques on trouve communément le procédé : Steam Assisted Gravity Drai-
nage (SAGD). Le SAGD vise à mobiliser l’huile du réservoir par une réduction de sa viscosité en
augmentant la température. Ceci est obtenu en perçant deux puits horizontaux très proches l’un de
l’autre et en injectant de la vapeur par le puits supérieur afin de créer progressivement une chambre
de vapeur. De l’huile chaude et de l’eau s’écouleront, par gravité, le long des parois de la chambre de
vapeur vers le puits de production (cf. fig. 1.1).

Fig. 1.1 – Représentation du procédé SAGD

L’injection de la vapeur peut se faire de deux façons : soit de manière cyclique (huff-and-puff), soit
en drainage.
Pour le mode cyclique, une quantité limitée de vapeur est injectée dans un puits. Ensuite, après une
courte période d’attente, le puits stimulé est mis en production. Ces trois étapes constituent un cycle
qui sera répété un certain nombre de fois. Pour le drainage, la vapeur est injectée de manière continue
par le biais d’un ou de plusieurs puits pour augmenter la quantité d’huile produite par les autres
puits. Ce mode d’injection peut être initié après une stimulation des puits par injection cyclique.

2 mamaghani magnolia

Oil reservoir & steam-assisted gravity drainage
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Numerical simulation difficulties

Numerical simulation difficulties

highly nonlinear (degenerate) system of partial differential
equations
involves phase transitions
different time and space scales (orders of magnitude
difference)
highly contrasted, discontinuous coefficients
complicated 3D geometries
unstructured and nonmatching grids
presence of evolving sharp fronts
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Two-phase flow

The model

∂tsα +∇·uα = qα(sα), α ∈ {n,w},
uα = −Kηα(sα)∇pα, α ∈ {n,w},

sn + sw = 1,
pn − pw = π(sn)

two immiscible, incompressible fluids
pn, pw: unknown nonwetting and wetting phase pressures
sn, sw: unknown nonwetting and wetting phase saturations
π(·): the nonlinear capillary pressure function
ηn(·), ηw(·): the nonlinear phase mobilities functions
K permeability tensor, qn(·), qw(·) sources
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Notation and transformations

Notation and transformations
s := sn

f (s) :=
ηn(s)

ηn(s) + ηw(1− s)
, λ(s) := ηw(1− s)f (s)

Kirchhoff transform
ϕ(s) :=

∫ s

0
λ(a)π′(a) da

global pressure

P := P(s,pn) := pn−
∫ π(s)

0

ηw(1− π−1(a))

ηn(π−1(a)) + ηw(1− π−1(a))
da

M(s) := ηw(1− s) + ηn(s)
qt(s) := qn(s) + qw(1− s)
f , λ, ϕ, P, M, qt only needed for the theoretical analysis,
not in the scheme
s0: initial condition
s,P: Dirichlet boundary conditions
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Weak formulation

Functional space for the weak solution

E :=
{

(s,P) | s ∈ C([0,T ]; L2(Ω)), ∂ts ∈ L2((0,T ); H−1(Ω)),

ϕ(s)− ϕ(s) ∈ L2((0,T ); H1
0 (Ω)), P − P ∈ L2((0,T ); H1

0 (Ω))
}

Definition (Weak solution)

A weak solution is a pair (s,P) ∈ E such that s(·,0) = s0 and
for all ψ ∈ L2((0,T ); H1

0 (Ω)),∫ T

0
〈∂ts(·, θ);ψ(·, θ)〉H−1,H1

0
dθ +

∫∫
QT

K(ηn(s)∇P +∇ϕ(s))·∇ψ dxdθ

=

∫∫
QT

qn(s)ψ dxdθ,∫∫
QT

KM(s)∇P·∇ψ dxdθ =

∫∫
QT

qt(s)ψ dxdθ.
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A posteriori error estimate

Functional space for the approximate solution
Eτ :=

{
(s,P) | s ∈ Vτ , pw affine-in-time subspace of C([0,T ]; L2(Ω)),

ϕ(s)− ϕ(s) ∈ L2((0,T ); H1
0 (Ω)), P − P ∈ L2((0,T ); H1

0 (Ω))
}

Theorem (A posteriori error estimate)

Let (s,P) be the weak solution. Let (shτ ,Phτ ) ∈ Eτ be arbitrary.
Let there exist equilibrated fluxes reconstructions uα,h for each
phase α ∈ n,w. Then there exists C > 0 such that

‖shτ−s‖2L2(0,T ;H−1(Ω))+‖Phτ−P‖2L2(0,T ;H1
0 (Ω))

+‖ϕ(shτ)−ϕ(s)‖2L2(QT )

≤C‖shτ (·,0)−s0‖2H−1(Ω) + C

N∑
n=1

∑
α∈{n,t}

∫
In

({∑
D∈Dn

h

(ηn
F,α,D(t)+ηn

R,α,D)2

}1
2

+

{∑
D∈Dn

h

(ηn
Q,α,D(t))2

}1
2
)2

dt .
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Equilibrated fluxes reconstructions
Definition (Equilibrated fluxes reconstructions)
Piecewise constant-in-time vector fields un,hτ and ut,hτ ,
un

n,h := un,hτ |In , un
t,h := ut,hτ |In ∈ H(div,Ω) ∀n ∈ {1, . . . ,N},∫

D

(
sn

h − sn−1
h

τn +∇·un
n,h

)
dx =

∫
D

qn
n (sn

h) dx ∀n, ∀D ∈ Dint,n
h ,∫

D
∇·un

t,h dx =

∫
D

qn
t (sn

h) dx ∀n, ∀D ∈ Dint,n
h .

Comments
un

n,h: nonwetting phase flux reconstruction
un

t,h: total flux reconstruction
mimic the basic conservation properties of the model
uw,hτ := ut,hτ − un,hτ : wetting phase flux reconstruction,∫

D

(
−sn

h − sn−1
h

τn +∇·un
w,h

)
dx =

∫
D

qn
w(1−sn

h) dx ∀n, ∀D ∈ Dint,n
h ,
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Distinguishing different error components

Theorem (Distinguishing different error components)

Consider

time step n
linearization step k
iterative algebraic solver step i

& approximations (sk ,i
α,hτ ,P

k ,i
α,hτ ). Split the flux reconstructions as

un,k ,i
α,h := dn,k ,i

α,h + ln,k ,iα,h + an,k ,i
α,h , α ∈ {n,w}.

Then

(|||Rn
n(sn,k ,i

hτ ,Pn,k ,i
hτ )|||2 + |||Rn

t (sn,k ,i
hτ ,Pn,k ,i

hτ )|||2)
1
2

≤ ηn,k ,i
sp + ηn,k ,i

tm + ηn,k ,i
lin + ηn,k ,i

alg .
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Estimators
spatial estimators
ηn,k ,i

sp,n,D :=‖dn,k ,i
n,h − K

(
η(sn,k ,i

hτ )∇Pn,k ,i
hτ +∇ϕ(sn,k ,i

hτ )
)
(tn)‖

K− 1
2 ;L2(D)

,

ηn,k ,i
sp,t,D :=‖dn,k ,i

t,h − KM(sn,k ,i
hτ )∇Pn,k ,i

hτ (tn)‖
K− 1

2 ;L2(D)

temporal estimators
ηn,k ,i

tm,n,D(t) :=‖K
(
η(sn,k ,i

hτ )∇Pn,k ,i
hτ +∇ϕ(sn,k ,i

hτ )
)
(t − tn)‖

K− 1
2 ;L2(D)

,

ηn,k ,i
tm,t,D(t) :=‖KM(sn,k ,i

hτ )∇Pn,k ,i
hτ (t − tn)‖

K− 1
2 ;L2(D)

linearization estimators
ηn,k ,i

lin,n,D := ‖ln,k ,in,h ‖K− 1
2 ;L2(D)

,

ηn,k ,i
lin,t,D := ‖ln,k ,it,h ‖K− 1

2 ;L2(D)

algebraic estimators
ηn,k ,i

alg,n,D := ‖an,k ,i
n,h ‖K− 1

2 ;L2(D)
,

ηn,k ,i
alg,t,D := ‖an,k ,i

t,h ‖K− 1
2 ;L2(D)
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Efficiency

Theorem (Efficiency)
Consider the time step n, the linearization step k, and the
algebraic solver step i. Let the algebraic, linearization, and
temporal estimators do not dominate the overall error estimate.
Then there exists C > 0 such that

ηn,k ,i
sp + ηn,k ,i

tm + ηn,k ,i
lin + ηn,k ,i

alg

≤ C(|||Rn
n(sn,k ,i

hτ ,Pn,k ,i
hτ )|||2 + |||Rn

t (sn,k ,i
hτ ,Pn,k ,i

hτ )|||2)
1
2 .

Comments

algebraic, linearization, and temporal estimators need to
be small enough
local efficiency for the dual norm of the residual
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Extensions to nonconforming discretizations

Nonconforming discretizations

ϕ(shτ ),Phτ 6∈ L2((0,T ); H1(Ω))

Extended dual norm of the residual

{
inf

p∈L2((0,T );H1(Ω))

∫ T

0
‖K(ηw(shτ ) + ηn(shτ ))∇(Phτ − p)‖2dt

} 1
2

{
inf

q∈L2((0,T );H1(Ω))

∫ T

0
‖K∇(ϕ(shτ )− q)‖2dt

} 1
2

Additional nonconformity estimators

global pressure nonconformity
Kirchhoff transform nonconformity
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Quarter five spot test problem

Horizontal flow

∂t (φsα)−∇·
(

kr,α(sw)

µα
K∇pα

)
= 0,

sn + sw = 1,
pn − pw = π(sw)

Brooks–Corey model
relative permeabilities

kr,w(sw) = s4
e , kr,n(sw) = (1− se)2(1− s2

e )

capillary pressure

π(sw) = pds
− 1

2
e

se :=
sw − srw

1− srw − srn
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Data from Klieber & Rivière (2006)

Data
Ω = (0,300)m× (0,300)m, T = 4·106s,

φ = 0.2, K = 10−11I m2,

µw = 5·10−4kg m−1s−1, µn = 2·10−3kg m−1s−1,

srw = srn = 0, pd = 5·103kg m−1s−2

Initial condition (K̃ 18m× 18m lower left corner block)

s0
w = 0.2 on K ∈ Th, K 6∈ K̃ ,

s0
w = 0.95 on K ∈ Th, K ∈ K̃

Boundary conditions (K̂ 18m× 18m upper right corner block)
no flow Neumann boundary conditions everywhere except
of ∂K̃ ∩ ∂Ω and ∂K̂ ∩ ∂Ω
K̃ – injection well: sw = 0.95, pw = 3.45·106kg m−1s−2

K̂ – production well: sw = 0.2, pw = 2.41·106kg m−1s−2

M. Vohralík Estimations a posteriori et adaptivité pour le diphasique



I Math. model A posteriori analysis Appl. & num. exp. C Fully implicit CCFV Iteratively coupled IMPES VCFV

Data from Klieber & Rivière (2006)

Data
Ω = (0,300)m× (0,300)m, T = 4·106s,

φ = 0.2, K = 10−11I m2,

µw = 5·10−4kg m−1s−1, µn = 2·10−3kg m−1s−1,

srw = srn = 0, pd = 5·103kg m−1s−2

Initial condition (K̃ 18m× 18m lower left corner block)

s0
w = 0.2 on K ∈ Th, K 6∈ K̃ ,

s0
w = 0.95 on K ∈ Th, K ∈ K̃

Boundary conditions (K̂ 18m× 18m upper right corner block)
no flow Neumann boundary conditions everywhere except
of ∂K̃ ∩ ∂Ω and ∂K̂ ∩ ∂Ω
K̃ – injection well: sw = 0.95, pw = 3.45·106kg m−1s−2

K̂ – production well: sw = 0.2, pw = 2.41·106kg m−1s−2

M. Vohralík Estimations a posteriori et adaptivité pour le diphasique



I Math. model A posteriori analysis Appl. & num. exp. C Fully implicit CCFV Iteratively coupled IMPES VCFV

Data from Klieber & Rivière (2006)

Data
Ω = (0,300)m× (0,300)m, T = 4·106s,

φ = 0.2, K = 10−11I m2,

µw = 5·10−4kg m−1s−1, µn = 2·10−3kg m−1s−1,

srw = srn = 0, pd = 5·103kg m−1s−2

Initial condition (K̃ 18m× 18m lower left corner block)

s0
w = 0.2 on K ∈ Th, K 6∈ K̃ ,

s0
w = 0.95 on K ∈ Th, K ∈ K̃

Boundary conditions (K̂ 18m× 18m upper right corner block)
no flow Neumann boundary conditions everywhere except
of ∂K̃ ∩ ∂Ω and ∂K̂ ∩ ∂Ω
K̃ – injection well: sw = 0.95, pw = 3.45·106kg m−1s−2

K̂ – production well: sw = 0.2, pw = 2.41·106kg m−1s−2

M. Vohralík Estimations a posteriori et adaptivité pour le diphasique



I Math. model A posteriori analysis Appl. & num. exp. C Fully implicit CCFV Iteratively coupled IMPES VCFV

Outline

1 Introduction
2 Mathematical model

Global pressure and Kirchhoff transformation
Weak solution

3 A posteriori analysis
A posteriori error estimate
Distinguishing different error components
Efficiency
Extensions to nonconforming discretizations

4 Applications and numerical experiments
Fully implicit cell-centered finite volumes
Iteratively coupled implicit pressure–explicit saturation
vertex-centered finite volumes

5 Conclusions and future directions

M. Vohralík Estimations a posteriori et adaptivité pour le diphasique



I Math. model A posteriori analysis Appl. & num. exp. C Fully implicit CCFV Iteratively coupled IMPES VCFV

Cell-centered finite volume scheme
Cell-centered finite volume scheme
For all 1 ≤ n ≤ N, look for sn

w,h, p̄
n
w,h such that

φ
sn

w,K − sn−1
w,K

τn |K |+
∑

σKL∈E int
K

Fw,σKL(sn
w,h, p̄

n
w,h) = 0,

−φ
sn

w,K − sn−1
w,K

τn |K |+
∑

σKL∈E int
K

Fn,σKL(sn
w,h, p̄

n
w,h) = 0,

where the fluxes are given by

Fw,σKL(sn
w,h, p̄

n
w,h) := −

ηr,w(sn
w,K ) + ηr,w(sn

w,L)

2
|K|

p̄n
w,L − p̄n

w,K

|xK − xL|
|σKL|,

Fn,σKL(sn
w,h, p̄

n
w,h) := −

ηr,n(sn
w,K ) + ηr,n(sn

w,L)

2
|K|

×
p̄n

w,L + π(sn
w,L)− (p̄n

w,K + π(sn
w,K ))

|xK − xL|
|σKL|.
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Linearization and algebraic solution
Linearization step k and algebraic step i
Couple sn,k ,i

w,h , p̄
n,k ,i
w,h such that

φ
sn,k ,i

w,K − sn−1
w,K

τn |K |+
∑

σKL∈E int
K

F k−1
w,σKL

(sn,k ,i
w,h , p̄

n,k ,i
w,h ) = −Rn,k ,i

w,K ,

−φ
sn,k ,i

w,K − sn−1
w,K

τn |K |+
∑

σKL∈E int
K

F k−1
n,σKL

(sn,k ,i
w,h , p̄

n,k ,i
w,h ) = −Rn,k ,i

n,K ,

where the linearized fluxes are given by

F k−1
α,σKL

(sn,k ,i
w,h , p̄

n,k ,i
w,h ) :=Fα,σKL(sn,k−1

w,h , p̄n,k−1
w,h )

+
∑

M∈{K ,L}

∂Fα,σKL

∂sw,M
(sn,k−1

w,h , p̄n,k−1
w,h )·(sn,k ,i

w,M − sn,k−1
w,M )

+
∑

M∈{K ,L}

∂Fα,σKL

∂p̄w,M
(sn,k−1

w,h , p̄n,k−1
w,h )·(p̄n,k ,i

w,M − p̄n,k−1
w,M ).
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Fluxes reconstructions and pressure postprocessing

Fluxes reconstructions

(dn,k ,i
α,h ·nK ,1)σKL :=Fα,σKL(sn,k ,i

w,h , p̄
n,k ,i
w,h ),

((dn,k ,i
α,h + ln,k ,iα,h )·nK ,1)σKL :=F k−1

α,σKL
(sn,k ,i

w,h , p̄
n,k ,i
w,h ),

an,k ,i
α,h :=dn,k ,i+ν

α,h + ln,k ,i+να,h − (dn,k ,i
α,h + ln,k ,iα,h )

Phase pressures postprocessing
Piecewise constant p̄n,k ,i

α,h postprocessed to piecewise

quadratic pn,k ,i
α,h :

−ηr,w(sn,k ,i
w,K )K∇(pn,k ,i

w,h |K ) = dn,k ,i
w,h |K ,

pn,k ,i
w,h (xK ) = p̄n,k ,i

w,K ,

−ηr,n(sn,k ,i
w,K )K∇(pn,k ,i

n,h |K ) = dn,k ,i
n,h |K ,

pn,k ,i
n,h (xK ) = π(sn,k ,i

w,K ) + p̄n,k ,i
w,K
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Fluxes reconstructions and pressure postprocessing

Fluxes reconstructions

(dn,k ,i
α,h ·nK ,1)σKL :=Fα,σKL(sn,k ,i

w,h , p̄
n,k ,i
w,h ),

((dn,k ,i
α,h + ln,k ,iα,h )·nK ,1)σKL :=F k−1

α,σKL
(sn,k ,i

w,h , p̄
n,k ,i
w,h ),

an,k ,i
α,h :=dn,k ,i+ν

α,h + ln,k ,i+να,h − (dn,k ,i
α,h + ln,k ,iα,h )

Phase pressures postprocessing
Piecewise constant p̄n,k ,i

α,h postprocessed to piecewise

quadratic pn,k ,i
α,h :

−ηr,w(sn,k ,i
w,K )K∇(pn,k ,i

w,h |K ) = dn,k ,i
w,h |K ,

pn,k ,i
w,h (xK ) = p̄n,k ,i

w,K ,

−ηr,n(sn,k ,i
w,K )K∇(pn,k ,i

n,h |K ) = dn,k ,i
n,h |K ,

pn,k ,i
n,h (xK ) = π(sn,k ,i

w,K ) + p̄n,k ,i
w,K
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Global pressure and Kirchhoff transform

Global pressure and Kirchhoff transform postprocessing

Piecewise quadratic global pressure and Kirchhoff
transform used in the estimators:

−
(
ηw(sn,k ,i

w,K ) + ηn(sn,k ,i
w,K )

)
K∇(pn,k ,i

h |K ) = (dn,k ,i
w,h + dn,k ,i

n,h )|K ,
pn,k ,i

h (xK ) = P(p̄n,k ,i
w,K , s

n,k ,i
w,K ),

K∇(qn,k ,i
h |K ) = ηn(sn,k ,i

w,K )K∇(pn,k ,i
h |K ) + dn,k ,i

n,h |K ,
qn,k ,i

h (xK ) = ϕ(sn,k ,i
w,K )
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Water saturation/estimators evolution
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Estimators and stopping criteria
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GMRes relative residual/Newton iterations
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GMRes iterations
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Vertex-centered finite volumes

Implicit pressure equation on step k

−
((
ηr,w(sn,k−1

w,h ) + ηr,n(sn,k−1
w,h )

)
K∇pn,k

w,h·nD

+ηr,n(sn,k−1
w,h )K∇π(sn,k−1

w,h )·nD,1
)
∂D\∂Ω

= 0 ∀D ∈ Dint,n
h

Explicit saturation equation on step k

sn,k
w,D :=

τn

φ|D|
(
ηr,w(sn,k−1

w,h )K∇pn,k
w,h·nD,1

)
∂D\∂Ω

+ sn−1
w,D ∀D ∈ Dint,n

h
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Vertex-centered finite volumes

Implicit pressure equation on step k

−
((
ηr,w(sn,k−1

w,h ) + ηr,n(sn,k−1
w,h )

)
K∇pn,k

w,h·nD

+ηr,n(sn,k−1
w,h )K∇π(sn,k−1

w,h )·nD,1
)
∂D\∂Ω

= 0 ∀D ∈ Dint,n
h

Explicit saturation equation on step k

sn,k
w,D :=

τn

φ|D|
(
ηr,w(sn,k−1

w,h )K∇pn,k
w,h·nD,1

)
∂D\∂Ω

+ sn−1
w,D ∀D ∈ Dint,n

h
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Linearization and algebraic solution

Iterative coupling step k and algebraic step i

−
((
ηr,w(sn,k−1

w,h ) + ηr,n(sn,k−1
w,h )

)
K∇pn,k ,i

w,h ·nD

+ηr,n(sn,k−1
w,h )K∇π(sn,k−1

w,h )·nD,1
)
∂D\∂Ω

= −Rn,k ,i
t,D ∀D ∈ Dint,n

h

sn,k ,i
w,D :=

τn

φ|D|
(
ηr,w(sn,k−1

w,h )K∇pn,k ,i
w,h ·nD,1

)
∂D\∂Ω

+ sn−1
w,D
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Linearization and algebraic solution

Iterative coupling step k and algebraic step i

−
((
ηr,w(sn,k−1

w,h ) + ηr,n(sn,k−1
w,h )

)
K∇pn,k ,i

w,h ·nD

+ηr,n(sn,k−1
w,h )K∇π(sn,k−1

w,h )·nD,1
)
∂D\∂Ω

= −Rn,k ,i
t,D ∀D ∈ Dint,n

h

sn,k ,i
w,D :=

τn

φ|D|
(
ηr,w(sn,k−1

w,h )K∇pn,k ,i
w,h ·nD,1

)
∂D\∂Ω

+ sn−1
w,D
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Fluxes reconstructions

Total fluxes

(dn,k ,i
t,h ·nD,1)σ := −

((
ηr,w(sn,k ,i

w,h ) + ηr,n(sn,k ,i
w,h )

)
K∇pn,k ,i

w,h ·nD

+ ηr,n(sn,k ,i
w,h )K∇π(sn,k ,i

w,h )·nD,1
)
σ
,

((dn,k ,i
t,h + ln,k ,it,h )·nD,1)σ := −

((
ηr,w(sn,k−1

w,h ) + ηr,n(sn,k−1
w,h )

)
K∇pn,k ,i

w,h ·nD

+ ηr,n(sn,k−1
w,h )K∇π(sn,k−1

w,h )·nD,1
)
σ
,

an,k ,i
t,h := dn,k ,i+ν

t,h + ln,k ,i+νt,h − (dn,k ,i
t,h + ln,k ,it,h )

Wetting fluxes

(dn,k ,i
w,h ·nD,1)σ := −

(
ηr,w(sn,k ,i

w,h )K∇pn,k ,i
w,h ·nD,1

)
σ
,

((dn,k ,i
w,h + ln,k ,iw,h )·nD,1)σ := −

(
ηr,w(sn,k−1

w,h )K∇pn,k ,i
w,h ·nD,1

)
σ
,

an,k ,i
w,h := 0
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Fluxes reconstructions

Total fluxes

(dn,k ,i
t,h ·nD,1)σ := −

((
ηr,w(sn,k ,i

w,h ) + ηr,n(sn,k ,i
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K∇pn,k ,i

w,h ·nD
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w,h )·nD,1
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an,k ,i
t,h := dn,k ,i+ν

t,h + ln,k ,i+νt,h − (dn,k ,i
t,h + ln,k ,it,h )

Wetting fluxes

(dn,k ,i
w,h ·nD,1)σ := −

(
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(
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Estimators and stopping criteria
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GMRes relative residual/iterative coupling iterations
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GMRes iterations
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Conclusions

Complete adaptivity

only a necessary number of algebraic solver iterations
on each linearization step
only a necessary number of linearization iterations
space-time mesh adaptivity
“smart online decisions”: algebraic step / linearization
step / time step refinement / space mesh refinement
important computational savings
error upper bound via a posteriori error estimates

Future directions

other complex problems
convergence and optimality
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