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Literature: a posteriori estimates for the heat equation

Bieterman and Babuska (1982), Eriksson and Johnson
(1991), Picasso (1998), Repin (2002), Makridakis and
Nochetto (2003), Lakkis and Makridakis (2006), Demlow,
Lakkis, and Makridakis (2009): upper bound for FEMs
(L>°(L?), L>°(L®®), or L2(H) (energy error)), possibly
efficiency but under a restriction on the relative size of
space and time steps or just order OK

Verftrth (2003), Bergam, Bernardi, and Mghazli (2004):
local-in-time but global-in-space efficiency for FEM,
robustness w.r.t. final time (energy error + L2(H~") dual
norm of the time derivative)

Ern and V. (2010): extension to a unified framework for
spatial discretizations (DGs, NC FEMs, MFEMs, FVs)
Schétzau and Wihler (2010): energy error, higher-order
time stepping, semi-discretizations in time

Georgoulis, Lakkis, and Virtanen (2011): DGs.

formatics g mathematics
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Literature: advection and nonlinear problems

Linear advection-diffusion problems
@ Verfurth (2005): efficiency and robustness w.r.t. advection
dominance (energy error + L2(H~") dual norm of the mate-
rial derivative), reaction-diffusion solve on each time step
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Literature: advection and nonlinear problems

Linear advection-diffusion problems

@ Verfurth (2005): efficiency and robustness w.r.t. advection
dominance (energy error + L2(H~") dual norm of the mate-
rial derivative), reaction-diffusion solve on each time step

Nonlinear problems

@ Verfirth (1998): efficiency under a restriction on the
relative size of space and time steps

@ Verfirth (2004): efficiency (no restriction) but need to solve
a linear diffusion problem on each time step

@ Makridakis and Nochetto (2006): higher-order time
stepping, semi-discretizations in time

@ Kreuzer (2013): efficiency using a dual quasi-norm
(parabolic p-Laplacian)

@ Bernardi, Dakroub, Mansour, and Sayah (2016), Amrein
and Wihler (2016): adaptive linearization 2
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Literature: degenerate problems

@ Nochetto, Schmidt, and Verdi (2000), Ohlberger (2001):
degenerate problems, upper bound

@ Di Pietro, V., and Yousef (2015) — Stefan problem
(degenerate diffusion), Cances, Pop, and V. (2014) —
two-phase porous media flow (coupled, advection,
degenerate diffusion): adaptive regularization,
linearization, discretization, and linear algebra; upper
bound and efficiency
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Problem

Problem

ou—Veo(u,Vu)=1f inQ:=Qx(0,1),
u=0 onoQ x(0,t),
u(-,0)=up iInQ

@ Q C RY, d > 2: polytopal domain

@ t > 0: final simulation time

e f € L2(Q): source term

@ Uy € L2(Q): initial datum

@ o(u,Vu) € [L?(Q)]?: nonlinear (diffusive-advective) flux
function, o(u, Vu) := K(u)Vu — ¢(u)

v d
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Overview of main results

Main result

1
2

N
Tu(Un) <> > ()P =,
n—1,n

n=1 17
Nt < CTu(Unr)lwrxiy (f pw pol., quadrature err. small).
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Overview of main results

Main result

1
2

) (% % o) =

n=1 7=
nt < Cju(uhT)leX,n (f pw pol., quadrature err. small).

Comments

® Ju(Un) = Turr(Up:) + jump terms, Jyrr(Up.): space-time
mesh-dependent dual norm stemming from the problem
and meshes at hand

@ Uy, : piecewise space-time polynomial approximation
(nonconforming, general framework: verify 2 assumptions)

@ 77 are easily and locally computable from up,

@ guaranteed upper bound (constant one)

@ 7 can be decomposed into error components (spatial,

temporal, regularization, linearization, aIgemﬁ;mﬁ'ﬂimmm“

V. Dolejsi, A. Ern, M. Vohralik A posteriori error estimates using space-time dual norms 7 /39




I Num. exp. Dual norm Estimate Robustness DG-CN C

Comments

@ local space-time efficiency and robustness:

e C is independent of the final time &, domain Q, nonlinear
function o, diffusion jumps, degenerate diffusion, advection
dominance, and absolute and relative sizes of the space
and time steps

e C only depends on the space dimension d,
shape-regularity of the meshes, maximal polynomial
degree of up,, and maximal coarsening/refinement ratio
(the last two dependencies removed while proceeding as in
the talk by I. Smears - ESV HAL Preprint 01377086 (2016))
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Comments

@ local space-time efficiency and robustness:

e Cisindependent of the final time tz, domain Q, nonlinear
function o, diffusion jumps, degenerate diffusion, advection
dominance, and absolute and relative sizes of the space
and time steps

e C only depends on the space dimension d,
shape-regularity of the meshes, maximal polynomial
degree of up,, and maximal coarsening/refinement ratio
(the last two dependencies removed while proceeding as in
the talk by I. Smears - ESV HAL Preprint 01377086 (2016))

@ estimates directly for the dual norm of the residual

@ equivalence error—residual for nonlinear problems: a priori
bounds of the linearized differential operator needed,
difficult to trace the influence of nonlinearities & advection
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Comments

@ local space-time efficiency and robustness:

e Cisindependent of the final time tz, domain Q, nonlinear
function o, diffusion jumps, degenerate diffusion, advection
dominance, and absolute and relative sizes of the space
and time steps

e C only depends on the space dimension d,
shape-regularity of the meshes, maximal polynomial
degree of up,, and maximal coarsening/refinement ratio
(the last two dependencies removed while proceeding as in
the talk by I. Smears - ESV HAL Preprint 01377086 (2016))

@ estimates directly for the dual norm of the residual

@ equivalence error—residual for nonlinear problems: a priori
bounds of the linearized differential operator needed,
difficult to trace the influence of nonlinearities & advection

@ heat equation, conf. approximations dual norm of the
residual in L2(H') N H'(H~") = error in L2(H1) . energy
estimates, results so far only under restricti
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Easily computable upper bound on 7, (up.)

Weighted L2(Q) norm + jump terms

1

2
Jufr(Unr) < €pR = {Z > (efr7) }

n= 1T€In 1,n

1 1
o2 -2 2 2 2 3
err,7:=Cr 2 {(T") " l|un: — ullF ), 750 (U U) — o (Unr VU ) [ 7o, } 2

@ typically Cr := ((T”)*ztp + h;z Co,7.n+ h;z C&im)

® Cy 1.0 := hall¢'(Un)|lce.q ha is the diameter of

® Ck,1n:= (ha/hr)|IK(Un)ll,0

@ the first two addends in Cr , are of similar size if the
Courant numbers 7"||¢'(Un;)||0,@/hT are of order unity, as
well as the ratios t||¢'(Un;)|lc.a/ha (the final time allows
particles to be advected across a relevant part of Q)

@ the ratio of the second to the third addend is of the order of
the Péclet numbers hr||¢'(Un, )| ~.q/ [|IK(uU
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Setting

Setting
@ incomplete interior penalty discontinuous Galerkin space
discretization with polynomial degrees p=1,2,3
@ Crank—Nicolson in time
@ space and time meshes both uniformly refined: m=1,2,3
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Setting

Setting

@ incomplete interior penalty discontinuous Galerkin space
discretization with polynomial degrees p=1,2,3

@ Crank—Nicolson in time

@ space and time meshes both uniformly refined: m=1,2,3
Effectivity indices

@ dual norm

n _ n >
TulUnr)  TJurr(Upr) +jumps —

o 1=

@ weighted L2 norm:

n .
———— (< 1 possible
€rr + Jumps( P ,)

h;/mnm )
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Viscous Burgers equation

Viscous Burgers equation
ou—V-(eVu—o¢(u))=0 inQ

@:-=1020rcs=10"*
® ¢(u) = (u?/2,u?/2)"
e Q= (-1,1)x(-1,1)
o fr=1
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Viscous Burgers equation

Viscous Burgers equation
otu—V-(eVu—¢(u))=0 inQ

@:-—=10%0or==10"*
o B(u) = (1?/2,12/2)"
e Q= (-1,1)x(-1,1)
o fr=1

Exact solution

1—t\\"'
U(X7.y7 t) = <1 +eXp (X—i_yz—;))

&t.gm,mm.mm
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Exact and approximate solutions, ¢ = 1072

. . ‘ ‘ . ; . : : : : T T T
h=1/6tau=1.00E-02, P1 h=1/12, tau=2.50E-03, P2 — N=1/24, tau=1.56E-04, P3 ———
1\ exact 1 1 S exact ————-—- T 1 )
08| R 08 | 08 |
06 R 06 | 06 |-
04 | R 04| 04 |
02} \ R 02 | 02|
o N — 0F 0r
s . . . . s . . . . L . . . .
02 01 0 01 02 02 01 0 01 02 02 01 0 01 02

P; approximation on P, approximation on Pz approximation on
{h1, 74} {he, 72} {hs, 73}
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Errors, estimators, and effectivity indices, e = 1072,

(ho, 0) = (1/6,0.05)

Ju,rr (Unr)

Ui

TR

TINC

mc Tlqd Ui

le,FR

1.50E-02

1.17E-02
(0.36)

1.02E-02
(0.20)

T11E-02
8.30E-03
(0.43)
5.16E-03
(0.69)

2.28E-02

1.52E-02
(0.59)

7.78E-03
(0.96)

471E-02

2.29E-02
(0.84)

1.16E-02
(0.98)

2.94E-02 3.82E-03 1.04E-01
1.31E-02 1.92E-03 5.94E-02
(1.16)  (0.99)  (0.81)
2.69E-03 7.49E-04 2.72E-02
(229) (1.36) (1.13)

1.85
1.71

1.25

1.15
1.35

1.36

4.97E-03

1.74E-03
(1.52)

4.63E-04
(1.91)

3.78E-03

1.36E-03
(1.47)

4.00E-04
(1.77)

8.23E-03

2.52E-03
(1.71)

7.36E-04
(1.77)

1.23E-02

4.02E-03
(1.61)

1.26E-03
(1.67)

1.32E-02 9.38E-04 3.72E-02
1.76E-03 2.34E-04 9.54E-03
(2.90)  (2.00)  (1.96)
3.01E-04 3.97E-05 2.63E-03
(2.55) (2.56)  (1.86)

2.15
1.65

1.53

1.01
0.94

1.08

1.78E-03

3.47E-04
(2.35)

1.33E-05
(4.71)

9.11E-04

1.57E-04
(2.54)

1.80E-05
(3.12)

7.69E-03

3.26E-04
(2.38)

3.81E-05
(3.10)

3.41E-03

6.06E-04
(2.49

6.97E-05
(3.12)

3.01E-03 2.20E-04 8.88E-03
6.20E-04 2.50E-05 1.67E-03
(2.28)  (3.14)  (2.41)
8.88E-05 1.64E-06 2.10E-04
(2.80) (3.93)  (2.99)

0.59
0.73

0.97
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Effectivity indices for varying e and (hy, 7o)

€ 102 1072 102 10~4
(ho, 7o) | (1/6,0.05) | (1/6,0.2) (1/6,0.0125) | (1/6,0.05)
m P ie ic,FR ie /c,FR ie ic,FR ie ic,FR
1 1 (185 1.15]221 128 3.00 0.81 |[1.45 0.71
2 1 |171 135|238 1.12 245 1.083 |1.68 1.06
3 1 125 136|215 090 1.33 1.03 |1.82 1.34
1 2 ]215 1.013.13 1.71 3.69 0.67 |1.38 0.62
2 2 |165 094|274 158 216 0.49 |1.41 0.62
3 2 |153 1.08|238 152 183 0.58 |1.54 0.69
1 3 |1.71 059|274 147 3.00 034 |[1.26 0.31
2 3 |1.75 073|263 1.67 3.15 0.46 |1.13 0.21
3 3 |254 097|277 173 — 0.69 |1.03 0.15

V. Dolejsi, A. Ern, M. Vohralik
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Degenerate advection-diffusion equation

Degenerate advection-diffusion problem (Kacur 2001)
oty —V-(2euVu — ¢(u)) =0 inQ

@ =102

® o(u) =0.5(u?,0)T
® Q=(0,1)x (0,1)
o k=1

h.m&m,m.mm
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Degenerate advection-diffusion equation

Degenerate advection-diffusion problem (Kacur 2001)
oty —V-(2euVu — ¢(u)) =0 inQ
@ c=102
® o(u) =0.5(u?,0)T
e Q=(0,1) x(0,1)
o k=1
Exact solution
°

. v(x—vi—Xp) <
X,y 1) = 1—exp (7> for x < vt + xo,
0 for x > vt + Xxp

@ xp = 1/4 is the initial position of the front s
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Exact and approximate solutions

T T T T
h=1/8, tau=1.00E-02, P1 ——
o [Tl el o0z oy
08 \\
\
06 - \
A\
04 \
02
ol \\\\\
. . .

L
0.4 05 0.6 0.7 0.8

{hy, 7}
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0.9

P; approximation on

1

0.8

0.6

0.4

0.2

0

hZ1/16, tau=5.00E-03, P2 ——
777777 T exact 7
N\
L \ ]
y\
\\
\
\
\
\
L \ ]
L ‘/~7,/7
. . . .
04 05 06 07 08 09

P>

approximation on
{h2, 2}

A posteriori error estimates using space-time dual norms

1

0.8

0.6

0.4

0.2

0

h‘:l/QZ, tah:l.ZSE—‘OE}, P3 f—

— exact

0.4

L
0.5

L L L
0.6 0.7 0.8 0.9

P53 approximation on

{h3, 3}
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Errors, estimators, and effectivity indices,
(ho, 70) = (1/8,0.05)

m_Pp | Jurr(Unr) s TR TINC e Tgd n e leFR

1 1] 991E-03 | 1.00E-02 6.02E-03 2.77E-02 2.31E-02 2.17E-03 6.62E-02 | 1.76 0.97

1 | 7.39E-03 | 7.71E-03 5.68E-03 1.62E-02 7.71E-03 1.23E-03 3.66E-02 | 1.55 1.02
(042) | (0.37) (008) (0.78) (1.59) (0.82)  (0.86)

3 1 | 458E-03 |4.52E-03 4.95E-03 8.33E-03 1.86E-03 5.22E-04 1.89E-02 |1.47 1.16
(069) | (077) (020) (096) (205 (1.23) (0.95)

1 2 | 2.62E-03 | 3.30E-03 5.40E-03 9.33E-03 6.27E-03 6.74E-04 2.35E-02 | 1.97 0.73

2 2| 1.11E-03 | 1.43E-03 1.93E-03 4.22E-03 1.09E-03 2.67E-04 8.34E-03 | 1.56 0.62
(123) | (121) (148 (1.14) (252) (1.34) (1.50)

3 2 | 4.26E-04 |5.63E-04 6.13E-04 1.84E-03 1.51E-04 1.00E-04 3.06E-03 |1.35 0.57
(1.38) | (1.34) (1.65) (1.20) (2.85) (1.42)  (1.45)

1 3 | 6.48E-04 | 8.83E-04 1.03E-03 3.57E-03 1.19E-03 2.31E-04 6.47E-03 | 1.53 0.36

2 3 | 1.94E-04 |2.63E-04 1.45E-04 1.21E-03 1.07E-04 6.39E-05 1.69E-03 |1.21 0.25
(1.74) | (1.74) (2.84) (1.56) (348 (1.85) (1.93)

3 3 | 4.42E-05 | 7.58E-05 2.58E-05 4.04E-04 7.47E-06 1.67E-05 5.07E-04 | 1.13 0.21
(213) | (1.80) (2.49) (1.58) (3.84) (1.94) (1.74)

v d
informatics g mathematics
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Porous medium equation

Porous medium equation
ou—V-(K(u)Vu) =0 inQ

@ K(u) = «l|u|* 1,

@ r=20rx=4

e Q= (-6,6) x (—6,6)
@ =1

informatics g mathematics
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Porous medium equation

Porous medium equation
oiu—V-(K(u)Vu) =0 inQ

@ K(u) = «l|u|* 1,

@ r=20rx=4

® Q= (-6,6) x (~6,6)
o k=1

Barenblatt solution

1
1 k=1 x24y2 157 |"
U(X’y’t)_{t+1 [1_ 412 (t+1)1/"‘L

v d
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Exact and approximate solutions, x = 4

09 . . . . . 0.9 T T T T . 09 ; ; . ; .
h=1,tay=1.00E-02, P1 —— h=1/2, tau=2.50E-03, P2 —— h=1/4, tau=1.56E-04, P3 ——
08 | e \e\;<act B 08 |- exact B 0.8 [ g “exact i
07 / \ o / \
7 E 07 [ R 7 1
/ \ / \ \
06 / \ b 06 | / \ E 06 | / \\ 1
{ 1 / \ /
o5 | 1 05 1 05 / \ 1
L | i [ \ | \
04 | 04 | | 4 04 | \ ]
03 - | 4 | \ [ \
i \ 03 | | 4 03| | \ R
021 | \ ] | | |
01l “c ‘\ B 0.2 | ‘\ \‘ 1 02| ‘\ ‘ 4
| | L I | | L |
0 |~ 01 ‘ “ 01 1
I | |
o1l \/ \/ i 0 —| —— o L
02 . . | . , 01 . . . . . 01 . . . . .
E 6 -4

-2 0 2

6 -4
P; approximation on

{hy, 7}
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6

6 -4 -2
P> approximation

0 2 4

on
{ha, 2}
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Errors, estimators, and effectivity indices,
(ho, 70) = (0.5,0.02)

k=2 Kk =

m Pp | Jurr(Unr) nF TR TINC e Tgd n e feFrr | e leFR
1 1| 7.90E-03 | 5.90E-03 1.32E-02 9.10E-03 3.23E-02 7.08E-05 5.88E-02 |3.46 0.92 |4.68 0.98
2 1 | 8.36E-03 | 4.64E-03 1.71E-02 8.46E-03 1.11E-02 3.99E-05 4.03E-02 |2.40 1.46|3.72 1.62
(-0.08) | (0.35) (-0.38) (0.10) (1.54) (0.83)  (0.54)
3 1 | 891E-03 | 4.38E-03 2.18E-02 9.56E-03 3.44E-03 1.83E-05 3.87E-02 |2.09 2.49|3.38 2.68
(-0.09) | (0.08) (-0.35) (-0.18) (1.69) (1.43)  (0.06)
1.09E-03 | 1.06E-02 1.06E-01 3.12E-02 1.35E-02 1.74E-04 1.61E-01|4.99 3.22 |5.13 3.18
4.02E-04 | 8.04E-03 8.12E-02 2.37E-02 5.16E-03 6.40E-05 1.18E-01|4.90 3.89|5.05 3.84

(1.43) | (0.40) (0.39) (0.40) (1.39) (1.45)  (0.45)
3 2 | 1.28E-04 |5.22E-03 5.33E-02 1.55E-02 1.69E-03 2.23E-05 7.57E-02 |4.84 4.26|4.97 4.30

(165 | (062) (0.61) (0.61) (1.61) (152  (0.64)
6.53E-04 | 2.26E-02 3.27E-01 7.58E-02 8.39E-03 1.36E-04 4.33E-01|5.67 5.01|5.67 4.88
1.78E-04 | 9.26E-03 1.38E-01 3.13E-02 3.14E-03 3.51E-05 1.82E-01|5.76 5.17 |5.78 5.03

(1.87) | (1.29) (1.24) (1.27) (1.42) (195  (1.25)
3 3 | 3.83E-05 | 3.41E-03 5.08E-02 1.15E-02 1.14E-03 8.89E-06 6.68E-02 |5.80 5.21|5.85 5.10
(222) | (1.44) (1.44) (1.45) (1.46) (1.98) (1.44)

N N

wW W
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Exact and approximate error, k =4, t = tg, p = 2,

m=2

NNSANNN
NRNEANERNN

1]
1l
(4
14
”
>
14
1]
%
V]
]
vl
vl

Es

—

imators 17
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'
nr

4.57E-05
3.81E-05
3.05E-05
2.28E-05
1.52E-05
7.61E-06

1.24E-12

1.91E-03
1.60E-03
1.28E-03
1
“
24 9.57E-04
v
A 6.38E-04
A
4 A VA VA A ) 3.19E-04
Varav A
2.90E-10

Error upper bounds e}
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O Efficiency and robustness
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- | Num. exp. Dualnorm Estimate Robustness DG-CN C.
Weak solution

Weak solution
Find v € X such that, forall p € Y,

tr

A {(f,9) + (U, Orp) — (a(u, V), V) }(t) dt + (Lo, ¢(,0)) = 0

® X :=L2(0,t; H}(Q))
o Y = {(,0 S X; 81%,0 c LZ(Q), QO(', tF) = 0}

informatics gPmathematics
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I Num. exp. Dual norm Estimate Robustness DG-CN C

Weak solution

Weak solution
Find v € X such that, forall p € Y,

tr

A {(f,9) + (U, Orp) — (a(u, V), V) }(t) dt + (Lo, ¢(,0)) = 0

o X :=L2(0,t; HI(Q))
o VYV ={peX owpe LZ(Q)? o(-, tr) = 0}
Comments

@ ultra-weak spirit (time derivatives on the test functions)

@ Oy € L?(Q) on purpose: we can easily evaluate the norm
on the test space in contrast to dyp € L2(0, t;; H=1(Q))

v d
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I Num. exp. Dual norm Estimate Robustness DG-CN C

Discrete setting

Discrete setting
o discrete times {t"}o<p<n, t° = 0and tN = t
@ time intervals I, := ("', t"] and time steps 7" := " — "~
@ a different simplicial mesh 7" onall0 < n< N

—n—1,n . _
o7 : the coarsest common refinement of 771 and 7"

e 7"~ the finest common coarsening of 7"~! and 77"

t

t3 Unhr (ts)

3 7—3
-

Pl wpr (£2)
7_2 2

%1 """"""""""""""" : Upr (tl )
T () o T Uhr (to) p

X Informatics P mathematics
Q ~7° Zia—
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Discrete setting
Discrete setting

o discrete times {t"}o<p<n, t° = 0and tN = t
@ time intervals /, := (t"~', t"] and time steps 7" := t" — "~
@ a different simplicial mesh Tonall0<n<N

o 7" "™ the coarsest common refinement of 77~ and 7"
e 7"~/ the finest common coarsening of 7"~ and 7"
Approximate solution

@ Up € Xpi={pe (0, tx; H'(T)); drp  L2(Q)} (time-cont.)
@ Uy, possibly slpace—nonconforming, not included in X

t3 upr (t3)
T

[ S uhT( )
72 SR

o ()
Tto 77777777777777 77777777777777 T uhT(tO)

X ormatics S mathematics
Q ~7° &1/7410,- )
V. Dolejsi, A. Ern, M. Vohralik
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I Num. exp. Dual norm Estimate Robustness DG-CN C

Space-time mesh-dependent dual norm

Residual
For v € L2(0, t; H'(T)), R(v) € Y': forall p € Y,

g

(R(v), @)y y:= A {(f,)+(v, 01p)=(a(v,VV), V) }(t) dt+(to, (-, 0))

v d
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Space-time mesh-dependent dual norm

Residual
For v € L2(0, t; H'(T)), R(v) € Y': forall p € Y,

g
(R(v), 0)yy:= A {(f, )+ (v, 01p)—(a(v,VVv), V) }(t) dt+(uo, (-, 0))
Dual norm of the residual

Jurr(Unr) == sup  (R(Un), @)y y
eeY, |lo|ly=1

v d
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Space-time mesh-dependent dual norm

Residual
For v € L2(0, t; H'(T)), R(v) € Y: forall p € Y,

g

(R(V), @) yry:= A {(f,)+(v, 0rp)—(a(v,VV), V) }(t) dt+(uo, ¢(-, 0))
Dual norm of the residual

Jurr(Upr) = sup  (R(unr),p) vy
Y, [lelly=1
tr
ju,FR(UhT):SUp {(UhT—U,8t§0)+(0’(U,VU)—U(UhT,VUhT),ng)}(t)dt
e, llelly=1/0

P
.‘5 ;‘__r/’;;.,:;.mu
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Space-time mesh-dependent dual norm

Residual
For v € L2(0, t; H'(T)), R(v) € Y': forall p € Y,

g

(R(V), ) yry:= A {(f,0)+(v, 0rp)—(a(v.VV), V) }(t) dt+(uUo, ¢(-, 0))
Dual norm of the residual
Jurr(Unr) = sup  (R(un:), ) vy

e, lelly=1
Ik

Jurr(Unr) =SUp {(up—u, 0tp)+(o (U NV U)—o(Up .V Up ), V) }(E)dt
eV, llelly=1/0

Space-time mesh-dependent norm on Y
= CTn(hT IVl Fcr, + 2001 F1,)

||90HY—Z > el ra,

n=1 TeTn 1,n
@ Cr p: user-given weights (no impact on a pé&gab""
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I Num. exp. Dual norm Estimate Robustness DG-CN C

Evaluating J, & (Un,)

@ Jurr(up,) cannot be computed easily in practice (in the
test cases where the exact solution u is available)

@ solve the infinite-dimensional space-time dual problem:
find ¢» € Y such that

WMP)Y = <R(uh7—)74p> Y.y VSD € Ya

where (-, -)y denotes the inner product corresponding to
the ||-||y-norm

@ then
Jurr(Unr) = ||y

@ evaluate J, rr(Up,) = solve a space-time problem in H'(Q)
(0 at the final time)

@ for numerical experiments, approximated on & finer mesh

Zic—
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I Num. exp. Dual norm Estimate Robustness DG-CN C

Total error measure

Properties of the dual norm of the residual 7, rr (Up,)
o foruy, € X, Jurr(up ) = 0ifand only if vy, = u
Nonconformity evaluation

=

Junc(Unr):= Z > Y CrihtPCr gt Ealllu—unllF,,

n= 1T€Tn 1”F€]‘—T

h&,mnm
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Total error measure

Properties of the dual norm of the residual 7, rr (Up,)
o foruy, € X, Jurr(up ) = 0ifand only if vy, = u
Nonconformity evaluation

=

Junc(Unr):= Z > Y CrihtPCr gt Ealllu—unllF,,

n= 1T€Tn 1”F€]‘—T

@ Junc(up,)=0ifandonly if uy, € X
@ easily computable
@ Ck ¢.7,F,n: Weights (problem- and scheme-given)
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Total error measure

Properties of the dual norm of the residual 7, rr (Up,)
o foruy, € X, Jurr(up ) = 0ifand only if vy, = u
Nonconformity evaluation

1
2

N
Junc(Upr) = Z Z ZC;jnh;zcﬁ,qb,T,F,nHﬂ:u_uhﬂ']]H%X/n

n=1ycpn-tnFEFr

@ Junc(up,)=0ifandonly if uy, € X
@ easily computable
@ Ck ¢.7,F,n: Weights (problem- and scheme-given)
Total error measure
Ju(Unr) = Jurr(Unr) + Tunc(Unr)

v d

@ Jy(up)=0ifand only if vy, = u s s
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I Num. exp. Dual norm Estimate Robustness DG-CN C

Equilibrated flux reconstruction

Assumption (Space-time equilibrated flux reconstruction)

There exists a flux reconstruction ty, such that

ty, € L2(0, tr; H(div, Q))
and

(f — O¢upy — Vtp, )7, =0  V1<n< N, VT e

\
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Equilibrated flux reconstruction

Assumption (Space-time equilibrated flux reconstruction)

There exists a flux reconstruction ty, such that

thT € LQ(O’ tr; H(le, Q))
and

(f — O¢upy — Vtp, )7, =0  V1<n< N, VT e

Comments

@ the equilibration assumption expresses local mass
conservation over the space-time element T x I,

@ equilibrium not requested everywhere in time as in the talk
by | Smears - ESV HAL Preprint 01377086 (2016)

@ seems suitable for space-time methods

@ both uy,; and ty,; of same polynomial degree in time

@ practical construction of t;,: spatial discretization at hand

e implicit constructions by patchwise MFE problems (sharper,

p-robust) (talk by . Smears)

e explicit constructions (cheaper) (shown hewtgﬁ}v mmmmmmmmmm
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution.

v d
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution. Let un, € X}, be arbitrary.
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution. Let un, € X}, be arbitrary. Let the
equilibration assumption hold true.

v d
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution. Let un, € X}, be arbitrary. Let the
equilibration assumption hold true. Then

Ju(Un:) < nmer + 1ne + Mic-

: informatics #Pmathematics
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution. Let un, € X}, be arbitrary. Let the
equilibration assumption hold true. Then

Ju(Un:) < nmer + 1ne + Mic-

Comments

@ no definition of any numerical scheme needed
@ hinges only on the equilibration assumption

v d
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Estimators

Estimators
@ local: foralli1 <n< Nandall Te 7" "
_11 |
M = Cr2—||f — Btlipr — Vel 7xcsy,  equilibrium (time)
’ M

_1
1= Cr2h7 o (Unr, VUns) + thr || Txsp,  CONSE law (space)
1
2

—1 p=2 2
Ne,T = > > CilhtECror FalllundlFs, ¢ o
7'/6?"_1’"7 TicT FEFT
constraint (space)

_1
et = Cr2(r™) 2 |[Uo — U (-, 0)||7 initial condition

v d
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Estimators

Estimators
@ local: foralli1 <n< Nandall Te 7" "

1 .
MR.T = CTj,;Hf — OtUpy — Vtpr |l Tx1,, equilibrium (time)

_1
1= Cr2h7 o (Unr, VUns) + thr || Txsp,  CONSE law (space)
1
2

—1 p=2 2
Ne,T = > > CilhtECror FalllundlFs, ¢ o
TIE?"_L"’ TicT FEFT
constraint (space)

_1
et = Cr2(r™) 2 |[Uo — U (-, 0)||7 initial condition

@ global

1

2

N
Te = Z Z (77? s T) 2 P
infornatis JFmthematics

n=1Tegn-1n ﬁ 2.7
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I Num. exp. Dual norm Estimate Robustness DG-CN C

Proof idea (bound on 7, ex (Un;))

@ ty, € L2(0, t; H(div,Q)) and ¢ € Y & Green theorem;
assumption dup, € L2(Q) and ¢ € Y & IPP in time;
space—time equilibration:

i3

<R(uh7—)7§0> Y.y = 0 {(fv SO) + (Uh’r,atSO) - (U(UhT,VUhT),Vﬁp)}(t) dt

N
+ (UO’SD(WO)) = Z Z {(f_aiuh‘r_v'thﬂQO*HO#Q)TXIn
n=1 TEIn_1’"

+(Un-(+,0)— o, 0r2) Tty — (0 (Unr, Vs ) +the, Vo) 71, }

h,;./ hematics
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Proof idea (bound on 7, ex (Un;))

@ ty, € L2(0, t; H(div,Q)) and ¢ € Y & Green theorem;
assumption dup, € L2(Q) and ¢ € Y & IPP in time;
space—time equilibration:

i3

<R(uh7—)7§0> Y.y = {(fv 80) + (Uh’r,atSO) - (U(uhT’VUhT) V(p)}(t) dt

+ (to, ¢+, Z > (=0 =V tnr, 0 To@) 71,
n—= 1TEI" 1,n

+(Un-(+,0)— o, 0r2) Tty — (0 (Unr, Vs ) +the, Vo) 71, }

@ local space-time Poincaré inequality:

2 2 3
e = Mol xs, < Co(H7IVlF s, + (771010015 1,) 2

with Cp = 1 and Moy the mean value of ¢ oyér I ly...
zea—
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- | Num.exp. Dualnorm Estimate Robustness DG-CN G
Proof idea (bound on J, rx(Un,))

@ Cauchy—Schwarz inequality
(Unr (-, 0)—Uo, Orp) Tty — (0 (Unr, VUne ) +tne, Vo) 754,
<((™")2llun- (-, 0) = ol F+s, + h72lo (Unr, VUnr) + thr %))

1
x ((T"210e0llF 1, + B2V RN x1,) 2

nl=

informatics #Pmathematics
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Proof idea (bound on 7, ex (Un;))

@ Cauchy—Schwarz inequality
(Unr (-, 0)—Uo, Orp) Tty — (0 (Unr, VUne ) +tne, Vo) 754,
<((™")2llun- (-, 0) = ol F+s, + h72lo (Unr, VUnr) + thr %))

1
< ((T"2110el1F w1, + HF IV Fx1,) 2
@ altogether

(RUnr ) o)y y <Y > (iRr+((f 1)+ (i 7)%)
n—= 1TEI" 1,n

nl=

=

)HSDHY T></n
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Proof idea (bound on 7, ex (Un;))

@ Cauchy—Schwarz inequality
(Unr (-, 0)—Uo, Orp) Tty — (0 (Unr, VUne ) +tne, Vo) 754,
<((™")2llun- (-, 0) = ol F+s, + h72lo (Unr, VUnr) + thr %))

1
< ((T"2110el1F w1, + HF IV Fx1,) 2
@ altogether

nl=

1
(R(un-), )y y < Z Z R, +((nF, A r)? Jr(771nc,T) )2 el
n= 1T€In 1,n
@ conclude by
ju,FR(UhT) = sup <R(uh7’)790> Y.y
Y, llplly=1
and

N
2 2
Il =2 > lel¥rap
n=1Ten-t.n &1/740/—
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e Efficiency and robustness

Q Application: DG in space, CN in time

O Conclusions and future work
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Approximation property

Residual-based estimator
Naas,7 = D7 llf = 8ttinr + V(0 (Unr, VUn:)) [ 71,

n|—=

+9 > helllo(Unr, Vun )T nellzy,
FeFin

1

2
+ Z Ck.¢,7.F,nll [Un ]l Fx s,
FE]’—T

V. Dolejsi, A. Ern, M. Vohralik A posteriori error estimates using space-time dual norms 32/ 39



I Num. exp. Dual norm Estimate Robustness DG-CN C

Approximation property

Residual-based estimator
Naas,7 = D7 llf = 8ttinr + V(0 (Unr, VUn:)) [ 71,

n|—=

+9 > helllo(Unr, Vun )T nellzy,
FeFin
;

2
+ Z Ck.¢,7.F,nll [Un ]l Fx s,
FE]’—T

Assumption (Flux approximation property)

Forall1 <n< N andall T € T""", there holds
||0'(Uh7—,VUh7—) +th7'||%'><ln S Z (nglas,T’)2'

—=n—1,n

TeT " TICT
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T € T"~"" be
fixed.

 d
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T € T"~"" be
fixed. Let the approximation assumption hold true.

 d
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T € T"~"" be
fixed. Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough.
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T € T"~"" be
fixed. Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough. Then, there holds

iR, 7+ e, 7 S JulUnr)lwrxin + June, 7(Unr)-
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T € T"~"" be
fixed. Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough. Then, there holds

iR, 7 + e, 7 S JulUnr)lwrxin + June,7(Usr)-

Comments

@ Junc,7(Up) local nonconformity term

@ local in space and in time

@ full robustness w.r.t. nonlinearity, final time, advection
dominance, degenerate diffusion, and discretization
parameters — thanks to the choice of the dual residual
norm &1/,,;, E
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Global efficiency and robustness

Theorem (Global efficiency and robustness)
Let the approximation assumption hold true.

v d
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Global efficiency and robustness

Theorem (Global efficiency and robustness)

Let the approximation assumption hold true. Let f be a

piecewise space-time polynomial and let the quadrature errors
be small enough.
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Global efficiency and robustness

Theorem (Global efficiency and robustness)

Let the approximation assumption hold true. Let f be a

piecewise space-time polynomial and let the quadrature errors
be small enough. Then,

ner + ne S Ju(Ups).
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Global efficiency and robustness

Theorem (Global efficiency and robustness)

Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough. Then,

ner + ne S Ju(Ups).

Comments

@ full robustness

&tmﬂ;m’m.mm
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Bounding the element residual

@ Verflrrth’s bubble function technique




- | Num.exp. Dualnorm Estimate Robustness DG-CN G
Proof idea

Bounding the element residual

@ Verflrrth’s bubble function technique
@ vr = (f = Otup, + V-o(Unr, VUn))|Tx1,
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Proof idea

Bounding the element residual

@ Verflrrth’s bubble function technique
@ Vrn:i= (f - atuhT + V'0-(uh7'> VUhT))|T><I,,

@ space-time bubble v 1 », product of the barycentric
coordinates on T and of the barycentric coordinates on I,

v d
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Proof idea

Bounding the element residual

@ Verflrrth’s bubble function technique
@ Vrn:i= (f - atuhT + V'0-(uh7'> vuhT))|T><I,,

@ space-time bubble v 1 », product of the barycentric
coordinates on T and of the barycentric coordinates on I,

@ norm equivalence in finite-dimensional spaces:

(VT,nv VT,n)T></n SJ (VT,na wT,nVT,n)Txln
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Bounding the element residual

@ Verflrrth’s bubble function technique
@ Vrn:i= (f - atuhT + V'0-(uh7'> VUhT))|T><I,,

@ space-time bubble v 1 », product of the barycentric
coordinates on T and of the barycentric coordinates on I,

@ norm equivalence in finite-dimensional spaces:

(VT,nv VT,n)T></n SJ (VT,na wT,nVT,n)Txln

@ inverse inequality separately in space and in time:

hTHv(T/}T,nVT,n) H TxIy S H@Z)T,nVT,n

’T><ln’

Tn“f)t(7/)T,nVT,n)“TX/n S ”¢T,HVT,H ‘TX/n
V4
: m]n;amx’mumrmnnu
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Proof idea

@ definition of vt ,, bubble inequality, weak solution definition, and the
Green theorem (o4 := o (u, Vu) — & (Unr, VUnr)),

CF},HVT,nHZTXI,, < Cfl,(f — OtUnr + V& (Unr, VUnr ), T aVT,0) Ty

= C{L(Uhr — U, 0t(Y1.0VT0)) Tty +(0d, V(UT,0VT.0)) T

_1
@ thus C; 7 |[vrnllTxin <

_1
(Unr — U, O1(7,0VT.0)) Tty +(0as V(07,0VT,0)) Tty Cron 1OT0VTnlly, Ty

o7 nvr 0l v, 71, vrnllTxn

@ definition of the ||-|| v, 7., norm, inverse ineq., || 7,nVT nllco, Txi, < 1

Crnlloravrall¥ i, = (W [V (@r.ave )7+ P (|0wr.avr o), ,)
S H@Z’T,nVT,nnsz/,7 < ||VT,n||2Tx/n
@ thus:
< Whr — U, 01(7,0V7.0)) Tty + (074, V(7.0VT.0)) Ty

,

C;2|v

rallvrnlma 5 1T VT nllY.Txhy f temstopasencis
&$7£a/—
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Discontinuous Galerkin method

Discontinuous Galerkin method with CN time stepping
Forall1 < n <N, find uj € Pp(7") (up, pw affine in time) s.t.

n

(atuﬁvVh)Jr% > {(U(U/TaVUh Vi) + Y o ehE ([up] [val)F

m=n-1 FeFm
+ > (He(wl), Ival)e— D (EK(uR)Vuib-ne, [val)F
FeFm FeFm
—0 > ({KuR)Vva}-ng, [ufl)e— (7, Vh)}zo Vvh € V4,
FeFm
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Forall1 < n <N, find uj € Pp(7") (up, pw affine in time) s.t.

n

(atuﬁvVh)Jr% > {(U(U/TaVUh Vi) + Y o ehE ([up] [val)F

m=n-1 FeFm
+ > (He(wl), Ival)e— D (EK(uR)Vuib-ne, [val)F
FeFm FeFm
—0 > ({KuR)Vva}-ng, [ufl)e— (7, Vh)}zo Vvh € V4,
FeFm

Flux reconstruction

@ t,, continuous and piecewise affine in time
t} prescribed in the Raviart-Thomas—Nédélec finite
element spaces on 7" following Ainsworth (2007), Kim
(2007), and Ern, Nicaise, and Vohralik (2007

@ both assumptions easily verified Zi—
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Conclusions and future work

Conclusions

@ space-time mesh-dependent dual norm stemming from the
problem and meshes at hand
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@ space-time mesh-dependent dual norm stemming from the
problem and meshes at hand
@ guaranteed estimates

@ robustness w.r.t. nonlinearity, final time, advection domi-
nance, degenerate diffusion, discretization parameters
@ unified framework (two conditions to verify for application)

Future work

@ robustness in other norms
@ extension to more complex problems

Thank you for your attention!

DOLEJSi V., ERN A., VOHRALIK M., A framework for robust a posteriori error control in
unsteady nonlinear advection-diffusion problems, SIAM J. Numer.Ang/.51(2013),773-79
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