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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

1. A coarse solution as an approximation to a fine one
Setting

−∆u = f in Ω := (0,1)d , d = 1,2,3, u = 0 on ∂Ω
u =

∑d
i=1 xi(1− xi)

uh: exact finite element solution on a regular simplicial mesh Th = ref(TH)
approximation of uh given by uH : exact finite element solution on TH

u
uh
uH

a0 = 0 a1 = h a2 = 2h a3 = 3h a4 = 4h = 1
0

0.25
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

Euclidean norm of the algebraic residual vector is highly misleading
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

2. Slowly-converging Gauss–Seidel solver

Setting
L-shape problem, d = 2
regular triangular mesh
random initial guess
an algebraic estimate based on local Dirichlet FE problems

on the finest level
on a mesh hierarchy

effectivity index
‖∇(uex

h − uh)‖
algebraic estimate

≥ 1
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

Precision of the finest-level-only estimator deteriorates with i and h
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C Upper and lower bounds Stop. crit. & efficiency Numerics

Setting: −∆u = f in Ω, u = 0 on ∂Ω, Ω ⊂ Rd , d ≥ 1
Exact solution
Find u ∈ H1

0 (Ω) such that

(∇u,∇v) = (f , v) ∀v ∈ H1
0 (Ω)

Finite element approximation
Find uh ∈ Vh := Pp(Th) ∩ H1

0 (Ω), p ≥ 1, such that

(∇uh,∇vh) = (f , vh) ∀vh ∈ Vh

Linear algebraic system
Find Uh ∈ RN , N = |Vh|, such that

AhUh = Fh

Algebraic solver (iterative)
On each iteration i ≥ 1: U i

h ∈ RN ⇔ inexact FE approximation ui
h ∈ Vh

AhU i
h = Fh − R i

h (R i
h := Fh − AhU i

h)
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C Upper and lower bounds Stop. crit. & efficiency Numerics

Context

& goals: a posteriori estimates for any i ≥ 1

Total error

ηi
tot ≤

‖∇(u − ui
h)‖

≤ ηi
tot

Algebraic error

ηi
alg ≤

‖∇(uh − ui
h)‖

= ‖Uh − U i
h‖Ah = ‖R i

h‖A−1
h
≤ ηi

alg

Discretization error

ηi
dis ≤

‖∇(u − uh)‖

≤ ηi
dis

Further goals

prove (local) efficiency & p-robustness
design safe (local) stopping criteria
estimate the distribution of the errors

design adaptive algorithms
study convergence and cost
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I Guaranteed bounds hp-refinement [W 1,α
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The pathway

Algebraic residual representer
r i
h ∈ Pp(Th) discontinuous piecewise polynomial L99 R i

h

(r i
h, ψl) = (R i

h)l for all basis functions l = 1, . . . ,N
gives equivalent form of the residual equation: ui

h ∈ Vh s.t.

(∇ui
h,∇vh) = (f , vh)− (r i

h, vh) ∀vh ∈ Vh ⇐ AhU i
h = Fh − R i

h

Tools

flux and potential reconstructions,
∇·σh,alg = r i

h

local Neumann MFE & local Dirichlet FE problems
separate components for algebraic & discretization errors
multilevel hierarchy (algebraic components)
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...
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1
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flux and potential reconstructions,
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local Neumann MFE & local Dirichlet FE problems
separate components for algebraic & discretization errors
multilevel hierarchy (algebraic components)

M. Vohralík A posteriori estimates taking into account algebraic errors 9 / 34



I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C Upper and lower bounds Stop. crit. & efficiency Numerics

The pathway

Algebraic residual representer
r i
h ∈ Pp(Th) discontinuous piecewise polynomial L99 R i

h
(r i

h, ψl) = (R i
h)l for all basis functions l = 1, . . . ,N

gives equivalent form of the residual equation: ui
h ∈ Vh s.t.

(∇ui
h,∇vh) = (f , vh)− (r i

h, vh) ∀vh ∈ Vh ⇐ AhU i
h = Fh − R i

h

1D h/H example:

Rh := Fh − AhUH =



2h
−2h
2h
−2h

...
2h


0 h 1− h 1

1

rh

⇒ ‖Rh‖2 explodes

rh compensates

Tools

flux and potential reconstructions,
∇·σh,alg = r i

h

local Neumann MFE & local Dirichlet FE problems
separate components for algebraic & discretization errors
multilevel hierarchy (algebraic components)

M. Vohralík A posteriori estimates taking into account algebraic errors 9 / 34



I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C Upper and lower bounds Stop. crit. & efficiency Numerics

The pathway

Algebraic residual representer
r i
h ∈ Pp(Th) discontinuous piecewise polynomial L99 R i

h

(r i
h, ψl) = (R i

h)l for all basis functions l = 1, . . . ,N
gives equivalent form of the residual equation: ui

h ∈ Vh s.t.

(∇ui
h,∇vh) = (f , vh)− (r i

h, vh) ∀vh ∈ Vh ⇐ AhU i
h = Fh − R i

h
Tools

flux and potential reconstructions,
∇·σh,alg = r i

h

local Neumann MFE & local Dirichlet FE problems
separate components for algebraic & discretization errors
multilevel hierarchy (algebraic components)

M. Vohralík A posteriori estimates taking into account algebraic errors 9 / 34



I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C Upper and lower bounds Stop. crit. & efficiency Numerics

The pathway

Algebraic residual representer
r i
h ∈ Pp(Th) discontinuous piecewise polynomial L99 R i

h

(r i
h, ψl) = (R i

h)l for all basis functions l = 1, . . . ,N
gives equivalent form of the residual equation: ui

h ∈ Vh s.t.

(∇ui
h,∇vh) = (f , vh)− (r i

h, vh) ∀vh ∈ Vh ⇐ AhU i
h = Fh − R i

h
Tools

flux and potential reconstructions,
∇·σh,alg = r i

h

local Neumann MFE & local Dirichlet FE problems
separate components for algebraic & discretization errors
multilevel hierarchy (algebraic components)

M. Vohralík A posteriori estimates taking into account algebraic errors 9 / 34



I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C Upper and lower bounds Stop. crit. & efficiency Numerics

Previous contributions
Linear problems

Becker, Johnson, and Rannacher (1995), multigrid stopping criteria
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Upper bound on the algebraic error

Theorem (Upper bound via algebraic error flux reconstruction)

Let σi
h,alg ∈ H(div,Ω) be such that ∇·σi

h,alg = r i
h. Then

‖∇(uh − ui
h)‖︸ ︷︷ ︸

algebraic error

≤ ‖σi
h,alg‖︸ ︷︷ ︸

upper algebraic est.

.

Proof.

‖∇(uh − ui
h)‖ = sup

vh∈Vh,‖∇vh‖=1
(∇(uh − ui

h),∇vh);

(∇(uh − ui
h),∇vh) = (r i

h, vh) = (∇·σi
h,alg, vh) = −(σi

h,alg,∇vh) ≤ ‖σi
h,alg‖‖∇vh‖.

Previous cheap constructions of σi
h,alg

1 sequential sweep trough Th, local min. (JSV (2010))
2 approximate by precomputing ν iterations (EV (2013))
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Algebraic error flux reconstruction, two-level setting
Definition (Coarse grid solve)

Find ρi
H,alg ∈ VH := P1(TH) ∩ H1

0 (Ω) s.t.

(∇ρi
H,alg,∇ψa)ωa = (r i

h, ψa)ωa ∀a ∈ VH

P1 FE solve on coarse mesh TH
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Definition (Algebraic error flux reconstruction)

σa,i
h,alg := arg min

vh∈Va
h,∇·vh=ΠQh

(ψar i
h−∇ψa·∇ρi

H,alg)
‖vh‖ωa ,

σi
h,alg :=

∑
a∈VH

σa,i
h,alg ∈ Vh ⊂ H(div,Ω)

local homogeneous MFE Neumann pbs
fine meshes of coarse patches ωa

∇·σi
h,alg =

∑
a∈VH

∇·σa,i
h,alg = ΠQh r i

h = r i
h
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Algebraic error flux reconstruction, two-level setting
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Discretization flux reconstruction
Definition (Discretization flux reconstruction, Destuynder & Métivet (1999), Braess & Schöberl (2008), EV (2013))

σa,i
h,dis := arg min

vh∈Va
h,∇·vh=ΠQh

(fψa−∇ui
h·∇ψa−r i

hψ
a)
‖ψa∇ui

h + vh‖ωa ,

σi
h,dis :=

∑
a∈Vh

σa,i
h,dis ∇·σi

h,dis =
∑
a∈Vh

∇·σa,i
h,dis = ΠQh f − r i

h
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Reconstructions

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

M. Vohralík A posteriori estimates taking into account algebraic errors 14 / 34



I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C Upper and lower bounds Stop. crit. & efficiency Numerics

Reconstructions

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

M. Vohralík A posteriori estimates taking into account algebraic errors 14 / 34



I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C Upper and lower bounds Stop. crit. & efficiency Numerics

Upper bound on the total error

Theorem (Total error upper bound)
On each iteration i ≥ 1, there holds

‖∇(u−ui
h)‖︸ ︷︷ ︸

total error

≤‖∇ui
h +σi

h,dis‖︸ ︷︷ ︸
discretization est.

+ ‖σi
h,alg‖︸ ︷︷ ︸

algebraic est.

+

∑
K∈Th

h2
K
π2 ‖f−ΠQh f‖2K


1/2

︸ ︷︷ ︸
data osc. est.

.

Proof.

‖∇(u − ui
h)‖ = sup

v∈H1
0 (Ω), ‖∇v‖=1

(∇(u − ui
h),∇v)

(∇(u − ui
h),∇v) =(f , v)− (∇ui

h,∇v) = (f −

=r i
h+ΠQh

f−r i
h

︷ ︸︸ ︷
∇·(σi

h,alg+σi
h,dis) , v)

− (σi
h,alg+σi

h,dis+∇ui
h,∇v)
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Stopping criteria

Galerkin orthogonality

‖∇(u − ui
h)‖2︸ ︷︷ ︸

total error

= ‖∇(u − uh)‖2︸ ︷︷ ︸
discretization error

+ ‖∇(uh − ui
h)‖2︸ ︷︷ ︸

algebraic error

Discretization error upper and lower bounds
lower bound on total error & upper bound on algebraic error⇒ lower bound
on the discretization error
upper bound on total error & lower bound on algebraic error⇒ upper bound
on the discretization error

Safe stopping criterion (γalg ≈ 0.1)

algebraic error ≤ γalg discretization error
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on the discretization error
upper bound on total error & lower bound on algebraic error⇒ upper bound
on the discretization error

Safe stopping criterion (γalg ≈ 0.1)

algebraic error ≤ γalg discretization error
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Efficiency and polynomial-degree-robustness
Theorem (Efficiency & p-robustness, Braess, Pillwein, & Schöberl (2009), EV (2016))

Let the algebraic estimate be below the discretization estimate. Let f ∈ Pp(Th).
Then

‖∇ui
h + σi

h,dis‖+ ‖σi
h,alg‖︸ ︷︷ ︸

total estimate

. ‖∇(u − ui
h)‖︸ ︷︷ ︸

total error

.

Theorem (Local efficiency & p-robustness, Braess, Pillwein, & Schöberl (2009), EV (2016))

Let patchwise the algebraic estimate be below the discretization estimate. Let
f ∈ Pp(Th). Then

‖∇ui
h + σi

h,dis‖K + ‖σi
h,alg‖K︸ ︷︷ ︸

element total estimate

.
∑

a∈Vh, a⊂∂K

‖∇(u − ui
h)‖ωa︸ ︷︷ ︸

patch total error

∀K ∈ Th.

local stopping criterion⇒ local efficiency & p-robustness
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Numerical illustration

Peak
Ω = (0,1)× (0,1),

u(x , y) = x(x − 1)y(y − 1)e−100(x−0.5)2−100(y−117/1000)2

L-shape
Ω = (−1,1)× (−1,1) \ [0,1]× [−1,0],

u(r , θ) = r2/3 sin(2θ/3)

Discretization
conforming finite elements, p = 1, . . . ,4
unstructured triangular meshes
4 uniform refinements

Multigrid
geometric multigrid V-cycle
5 pre-smoothing steps of Gauss–Seidel

PCG
incomplete Cholesky with drop-off tolerance 1e-4
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Peak problem, multigrid

p (unknowns) iter alg. error eff. UB eff. LB tot. error eff. UB eff. LB disc. error eff. UB eff. LB
1 (9.31× 103) 1 6.09× 10−3 1.13 1.02−1 6.93× 10−3 1.61 1.21−1 3.32× 10−3 2.84 —

2 1.90× 10−4 1.13 1.03−1 3.32× 10−3 1.10 1.03−1 1.10 1.03−1

2 (3.76× 104) 1 7.49× 10−3 1.13 1.00−1 7.49× 10−3 1.61 1.23−1 1.11× 10−4 8.53× 101 —
3 8.11× 10−6 1.17 1.01−1 1.12× 10−4 1.10 1.03−1 1.10 1.03−1

3 (8.48× 104) 1 4.94× 10−3 1.10 1.00−1 4.94× 10−3 1.40 1.44−1 2.87× 10−6 1.68× 103 —
5 7.79× 10−9 1.17 1.00−1 2.87× 10−6 1.01 1.11−1 1.01 1.11−1

4 (1.51× 105) 1 4.45× 10−3 1.09 1.00−1 4.45× 10−3 1.44 1.37−1 6.33× 10−8 7.28× 104 —
6 1.06× 10−9 1.11 1.00−1 6.33× 10−8 1.02 1.15−1 1.02 1.15−1

J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Comput. Methods Appl. Mech. Engrg. 371 (2020), 113243
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L-shape problem, PCG

p (unknowns) iter alg. error eff. UB eff. LB tot. error eff. UB eff. LB disc. error eff. UB eff. LB
1 (2.50× 104) 4 8.86× 10−2 1.02 1.00−1 9.13× 10−2 1.26 4.33−1 2.22× 10−2 3.35 —

8 3.82× 10−4 1.01 1.00−1 2.22× 10−2 1.22 1.12−1 1.22 1.12−1

2 (1.01× 105) 4 6.24× 10−1 1.01 1.00−1 6.24× 10−1 1.07 9.06−1 8.93× 10−3 2.61× 101 —
12 1.87× 10−4 1.01 1.00−1 8.93× 10−3 1.33 1.28−1 1.33 1.28−1

3 (2.27× 105) 7 1.02 1.00 1.00−1 1.02 1.05 10.0−1 5.29× 10−3 6.29× 101 —
28 9.58× 10−5 1.00 1.00−1 5.29× 10−3 1.46 1.41−1 1.46 1.41−1

4 (4.04× 105) 7 1.17 1.01 1.00−1 1.17 1.08 7.56−1 3.77× 10−3 1.30× 102 —
28 1.84× 10−4 1.01 1.00−1 3.77× 10−3 1.52 1.60−1 1.52 1.60−1

J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Comput. Methods Appl. Mech. Engrg. 371 (2020), 113243
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

hp-refinement with inexact algebraic solvers
Goal

avoid the unrealistic exact solution of A`Uex
` = F`

only approximate solution A`U` ≈ F` (corresponding u` ≈ uex
` )

Theorem (Guaranteed contraction under realistic stopping criteria)

For the safe stopping criteria with γalg ≈ 0.1 and the hp-refinement decision, there
are fully computable numbers C`,red, 0 ≤ C`,red ≤ Cθ,d ,κT ,pmax , where
Cθ,d ,κT ,pmax < 1 is generic constant, such that

‖∇(u − u`+1)‖ ≤ C`,red‖∇(u − u`)‖.
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

Errors and estimates for hp refinement

L-shape domain in 2D: Ω := (−1,1)× (−1,1) \ [0,1]× [−1,0], f = 0

singular exact solution: u(r , ϕ) = r
2
3 sin 2ϕ

3

Inexact setting: V-cycle multigrid with Gauss–Seidel as a smoother
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

Numerical exponential convergence with inexact solvers
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

Effectivity indices

Effectivity indices of the estimated error reduction factor C`,red and ηMθ
`
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red =
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

A steady nonlinear problem (FreeFem++ implementation Z. Tang)
E

st
im

at
e

IsoValue
-0.000379298
0.000207802
0.000599202
0.000990603
0.001382
0.0017734
0.0021648
0.0025562
0.0029476
0.003339
0.0037304
0.0041218
0.00451321
0.00490461
0.00529601
0.00568741
0.00607881
0.00647021
0.00686161
0.00784011

DiscretizationEstimator IsoValue
-9.46925e-06
4.79467e-06
1.43039e-05
2.38132e-05
3.33225e-05
4.28318e-05
5.23411e-05
6.18503e-05
7.13596e-05
8.08689e-05
9.03782e-05
9.98875e-05
0.000109397
0.000118906
0.000128415
0.000137925
0.000147434
0.000156943
0.000166452
0.000190226

LinearizationEstimator

IsoValue
-2.20335e-06
1.4176e-06
3.83156e-06
6.24553e-06
8.65949e-06
1.10735e-05
1.34874e-05
1.59014e-05
1.83154e-05
2.07293e-05
2.31433e-05
2.55572e-05
2.79712e-05
3.03852e-05
3.27991e-05
3.52131e-05
3.76271e-05
4.0041e-05
4.2455e-05
4.84899e-05

AlgebraicEstimator
E

rr
or

IsoValue
-0.000256178
0.000153422
0.000426489
0.000699556
0.000972623
0.00124569
0.00151876
0.00179182
0.00206489
0.00233796
0.00261103
0.00288409
0.00315716
0.00343023
0.00370329
0.00397636
0.00424943
0.00452249
0.00479556
0.00547823

DiscretisationError
IsoValue
-1.51625e-05
7.58125e-06
2.27438e-05
3.79063e-05
5.30688e-05
6.82313e-05
8.33938e-05
9.85563e-05
0.000113719
0.000128881
0.000144044
0.000159206
0.000174369
0.000189531
0.000204694
0.000219856
0.000235019
0.000250181
0.000265344
0.00030325

LinearizationError
IsoValue
-2.01804e-06
1.00902e-06
3.02707e-06
5.04511e-06
7.06315e-06
9.0812e-06
1.10992e-05
1.31173e-05
1.51353e-05
1.71534e-05
1.91714e-05
2.11895e-05
2.32075e-05
2.52255e-05
2.72436e-05
2.92616e-05
3.12797e-05
3.32977e-05
3.53158e-05
4.03609e-05

AlgebraicError

Discretization Linearization Algebraic
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I Guaranteed bounds hp-refinement [W 1,α
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Adaptive inexact MinRes algorithm

Discretization error Discretization estimator
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I Guaranteed bounds hp-refinement [W 1,α
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Adaptive inexact MinRes algorithm

Algebraic error Algebraic estimator
M. Čermák, F. Hecht, Z. Tang, M. Vohralík, Numerische Mathematik (2018)
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

Industrial problem

Two-phase immiscible incompressible flow

∂t (φsα) +∇·uα = qα, α ∈ {o,w},
−λα(sw)K(∇pα + ραg∇z) = uα, α ∈ {o,w},

so + sw = 1,
po − pw = pc(sw)

+ boundary & initial conditions

Mathematical issues
coupled system
unsteady, nonlinear
elliptic–degenerate parabolic type
dominant advection
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I Guaranteed bounds hp-refinement [W 1,α
0 (Ω)]′ Stokes Multi-phase Darcy C

Distinguishing the error components

Theorem (Distinguishing the error components)
Let

n be the time step,
k be the linearization step,
i be the algebraic solver step,

with the approximations (sn,k ,i
w,hτ ,p

n,k ,i
w,hτ ). Then

J n
sw,pw(sn,k ,i

w,hτ ,p
n,k ,i
w,hτ ) ≤ ηn,k ,i

sp + ηn,k ,i
tm + ηn,k ,i

lin + ηn,k ,i
alg .

Error components
ηn,k ,i

sp : spatial discretization

ηn,k ,i
tm : temporal discretization

ηn,k ,i
lin : linearization

ηn,k ,i
alg : algebraic solver

Full adaptivity
only a necessary number of all solver
iterations
“online decisions”: algebraic step /
linearization step / space mesh
refinement / time step modification
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Three-phases, three-components (black-oil) problem: permeability
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Three-phases, three-components (black-oil) problem: algebraic
solver & spatial mesh adaptivity
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Conclusions and outlook

Conclusions
guaranteed estimates on the algebraic and total errors
hierarchical construction of the algebraic error estimate
local efficiency and robustness wrt polynomial degree for model problems
fully adaptive algorithms
applications to complex problems

Outlook
proofs of convergence and optimal cost for model nonlinear problems (with
Alexander Haberl, Dirk Praetorius, and Stefan Schimanko)
use of the reconstructions to design novel algorithms
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