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@ Introduction: two warning examples

Q Guaranteed upper & lower bounds on total, algebraic, and discretization errors
@ Guaranteed upper and lower bounds
@ Stopping criteria and efficiency
@ Numerical illustration

o hp-refinement with inexact solvers and guaranteed computable contraction
© Generalization to an arbitrary residual functional in [W,*(Q)]’
o Application to the Stokes flow

o Application to a multi-phase multi-compositional porous media Darcy flow

Q Conclusions and outlook
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1. A coarse solution as an approximation to a fine one

Setting
@ —Au=1finQ:=(0,1)9 d=1,2,3, u=00ndQ
o u=3,x(1-x)
@ uy: exact finite element solution on a regular simplicial mesh 7;, = ref(7y)
@ approximation of uy given by u: exact finite element solution on 7,
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@ uy: exact finite element solution on a regular simplicial mesh 7, = ref(7y)
@ approximation of uy given by u: exact finite element solution on 7,
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- | Guaranteed bounds  hp-refinement - [Wg ' (Q)]' Stokes  Multi-phase Darcy C
Euclidean norm of the algebraic residual vector is highly misleading
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2. Slowly-converging Gauss—Seidel solver

Setting
@ L-shape problem, d =2
@ regular triangular mesh
@ random initial guess
°

an algebraic estimate based on local Dirichlet FE problems

e on the finest level
e on a mesh hierarchy

effectivity index
IV (up" — un)|

algebraic estimate —
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- | Guaranteed bounds  hp-refinement [Wg'“(®))" Stokes Muiti-phase Darcy C
Precision of the finest-level-only estimator deteriorates with / and h
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Outline

a Introduction: two warning examples

e Guaranteed upper & lower bounds on total, algebraic, and discretization errors
@ Guaranteed upper and lower bounds
@ Stopping criteria and efficiency
@ Numerical illustration

e hp-refinement with inexact solvers and guaranteed computable contraction
@ Generalization to an arbitrary residual functional in [W,*(2)]’

© Application to the Stokes flow

@ Application to a multi-phase multi-compositional porous media Darcy flow

@ Conclusions and outlook
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@ Guaranteed upper & lower bounds on total, algebraic, and discretization errors
@ Guaranteed upper and lower bounds
@ Stopping criteria and efficiency
@ Numerical illustration




Exact solution
Find u € H} () such that

(Vu,Vv) = (f,v)  VveHI(Q)




_ Upper and lower bounds  Stop. crit. & efficiency Numerics
Setting: —Au=finQ, u=00n0Q, QCRY d > 1

Exact solution
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(VUh,VVh) = (f, Vh) Yvp € Vi
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Setting: —Au=finQ, u=00n0Q, QCRY d > 1

Exact solution
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy

Linear algebraic system
Find U, € RN, N = |V}, such that

ApUp = Fp
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Setting: —Au=finQ, u=00n0Q, QCRY d > 1

Exact solution
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
Finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy
Linear algebraic system
Find U, € RN, N = |V}, such that

ApUp = Fp

Algebraic solver (iterative)
On each iteration i > 1: U} € RN

(R}, := Fn— ApU}) 3 _
&Z% ,,,,, P— : ‘er:
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Setting: —Au=finQ, u=00n0Q, QCRY d > 1

Exact solution
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
Finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy
Linear algebraic system
Find U, € RN, N = |V}, such that

ApUp = Fp

Algebraic solver (iterative) .
On each iteration i > 1: Uy, € RN < inexact FE approximation u, € Vp

ApUL=Fy— R, (R} = Fn—ApU}) ; _
&Z% ,,,,, P— : ‘er:‘
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Context & goals: a posteriori estimates for any / > 1
Total error

Mot SNV (U = Up)ll < 7ot

Algebraic error

g S NV (Un = bl = [Un = Upllay = 1Rl g1 < 7721g

Discretization error

ne < IV = up)]l < e

Further goals
@ prove (local) efficiency & p-robustness @ design adaptive algorithms
@ design safe (local) stopping criteria @ study convergence and cost
@ estimate the distribution of the errors
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Algebraic residual representer
@ r/ € Pp(7y) discontinuous piecewise polynomial



Algebraic residual representer .
@ r/ € P(7y) discontinuous piecewise polynomial «-- R},



Algebraic residual representer .
@ r/ € P(7y) discontinuous piecewise polynomial «-- R},
e (rf,v;) = (R.), for all basis functions / = 1,...,N
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The pathway

Algebraic residual representer '
@ r/ € P(7y) discontinuous piecewise polynomial «-- R},
@ (rl,4y) = (R.), for all basis functions / = 1,..., N
@ gives equivalent form of the residual equation: u} € Vj, s.t.

(VU Vvh) = (f,vh) — (i, vh)  VYvhe Vi < AU, =Fn—R)
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The pathway

Upper and lower bounds  Stop. crit. & efficiency Numerics

Algebralc residual representer

@ 1, € IP,(7p) discontinuous piecewise polynomial «-- R.

° (rha’(vb/) (

) for all basis functions I =1,..., N

e gives equivalent form of the residual equation: u} € Vj, s.t.

(Vu,, Vvp) =
1D h/H example: 2h
—2h
2h
Ry := Fh— ApUy = _2h
2h
M. Vohralik

(f, vh) = (1}, i)

1_

Vv € Vh <~ AhU,/7 = Fh — R;7

-

0 h 1—h

A posteriori estimates taking into account algebraic errors 9/ 34
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The pathway

Algebralc residual representer
@ 1, € IP,(7p) discontinuous piecewise polynomial «-- R’

@ (rl,4y) = (RL), for all basis functions / = 1,..., N _
@ gives equivalent form of the residual equation: u}, € Vj s.t. ‘
(VU;], VVh) = (f, Vh) — (I’,’7, Vh) Vv € Vh <~ AhU;7 = Fh — R;,

]__ ..................
1D h/H example: 2h -==Th
—2h
R F U 2h
hi=Fn=BaUn=1 2n [rh compensates]
= ||Ry||2 explodes :
(= || Rillz exp . F | |

0 h 1—h 1
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The pathway

Algebraic residual representer '
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. . V-o =rl
@ flux and potential reconstructions,
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The pathway

Algebraic residual representer '
@ r/ € P(7y) discontinuous piecewise polynomial «-- R},
@ (rl,4y) = (R.), for all basis functions / = 1,..., N
@ gives equivalent form of the residual equation: u} € Vj, s.t.

(VU Vvh) = (f,vh) — (i, vh)  VYvhe Vi < AU, =Fn—R)
Tools

. . V-o =rl
@ flux and potential reconstructions,

@ local Neumann MFE & local Dirichlet FE problems
@ separate components for algebraic & discretization errors
@ multilevel hierarchy (algebraic components)
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Previous contributions

Linear problems
@ Becker, Johnson, and Rannacher (1995), multigrid stopping criteria
@ Repin (since 1997), guaranteed bounds including algebraic error
@ Arioli (2000’s), general stopping criteria
@ Stevenson (2005) / Becker and Mao (2008), convergence and optimal rate
@ Burstedde and Kunoth (2008), wavelets & inexact CG
@ Meidner, Rannacher, Vihharev (2009), goal-oriented error control
@ Silvester and Simoncini (2011), inexact mixed approximations
° ...

erc

2L — 3
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Previous contributions

Linear problems
@ Becker, Johnson, and Rannacher (1995), multigrid stopping criteria
@ Repin (since 1997), guaranteed bounds including algebraic error
@ Arioli (2000’s), general stopping criteria
@ Stevenson (2005) / Becker and Mao (2008), convergence and optimal rate
@ Burstedde and Kunoth (2008), wavelets & inexact CG
@ Meidner, Rannacher, Vihharev (2009), goal-oriented error control
@ Silvester and Simoncini (2011), inexact mixed approximations
° ...
Nonlinear problems
@ Hackbusch and Reusken (1989) / Deuflhard (1990), adaptive Newton damping
@ Ern and Vohralik (2013) / Congreve and Wihler (2017), adaptive inexact
Newton methods
@ Gantner, Haberl, Praetorius, Stiftner (2018), convergence and optimal rate
° Y S morematic erc
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Q

Q Guaranteed upper & lower bounds on total, algebraic, and discretization errors
@ Guaranteed upper and lower bounds
@ Stopping criteria and efficiency
@ Numerical illustration
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Upper bound on the algebraic error

Theorem (Upper bound via algebraic error flux reconstruction)

Let o}, 4 € H(div, Q) be such that V-o}, ,, = r}. Then

IV(un = up)l] = llohagl
N———— \ ,

algebraic error upper algebraic est.
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Upper bound on the algebraic error

Theorem (Upper bound via algebraic error flux reconstruction)
Let o}, 4 € H(div, Q) be such that V-o}, ,, = r}. Then

IV(up = up)l| < llohagll
S——— ~———

algebraic error upper algebraic est.
IV(up—up)ll =  sup  (V(up— uh), Vvp);

VRE V[V v ||=1

(V(Un — UL, Vvi) = (1, Vi) = (V-Chaig: Vi) = —(hrigs VVB) < l[0haigl 19 vl
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Upper bound on the algebraic error

Theorem (Upper bound via algebraic error flux reconstruction)
Let o}, 4 € H(div, Q) be such that V-o}, ,, = r}. Then

IV(up = up)l| < llohagll
S——— ~———

algebraic error upper algebraic est.

Proof.

IV(up—up)l = sup  (V(Un— uf), Vvp);
VRE V[V v ||=1

(V(Un — UL, Vvi) = (1, Vi) = (V-Chaig: Vi) = —(hrigs VVB) < l[0haigl 19 vl

Previous cheap constructions of a',;,alg
@ sequential sweep trough 7, local min. (JSV (2010))
© approximate by precomputing v iterations (EV (2013)) Loz o o
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_ Upper and lower bounds  Stop. crit. & efficiency Numerics
Algebraic error flux reconstruction, two-level setting

1

Definition (Coarse grid solve)

08

Find p;'-l,alg e Vy =P (TH) N Hg) (Q) S.t. as
(v/);-l,alg’ vzlba)u)a = (rfl:la r‘ba)um Va € VH o

@ P, FE solve on coarse mesh 74
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Upper and lower bounds  Stop. crit. & efficiency Numerics
Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

1

Find ,O;_,’a|g e Vy:=P(Ty)N H(1) (Q) s.t.
(Vohiag Via)ua = (77 Ya)ea VA € V4

@ P, FE solve on coarse mesh 74
Definition (Algebraic error flux reconstruction)

a,j . .
Ohalg = a8 min — [IVhllwas
VhevfﬁV'Vh:noh(ﬂ’af/,—vlba'vl)}.,)a\g)

@ local homogeneous MFE Neumann pbs
@ fine meshes of coarse patches wa

M. Vohralik
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Upper and lower bounds  Stop. crit. & efficiency Numerics
Algebraic error flux reconstruction, two-level setting

1

Definition (Coarse grid solve)

Find ,O;_,’a|g e Vy:=P(Ty)N H(1) (Q) s.t.
(Vohaig Via)us = (1, a)wa VA € Vi

@ P, FE solve on coarse mesh 74
Definition (Algebraic error flux reconstruction)

a’l E— i
e — min Vel
VheV], Vvp=Ng, (val}—Via-Vpoy, )

/ L )
@ local homogeneous MFE Neumann pbs
@ fine meshes of coarse patches wj
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Upper and lower bounds  Stop. crit. & efficiency Numerics

Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

Find ,O;_,’a|g e Vy:=P(Ty)N H(1) (Q) s.t.
(Vohaig Via)us = (1, a)wa VA € Vi

1

@ P, FE solve on coarse mesh 74

Definition (Algebraic error flux reconstruction)

a’i E— i
e — min Vel
VheV], Vvp=Ng, (val}—Via-Vpoy, )

i

0

o 02 04 06 08 1

. ai
local alg. error flux reconstruction, Thalg

0.7

06f

@ local homogeneous MFE Neumann pbs
@ fine meshes of coarse patches wj

M. Vohralik
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Algebraic error flux reconstruction, two-level setting

1

Definition (Coarse grid solve)

Find p}, .y € Vi :=Pi(Th) N HY(Q) sit
(Vohaig Via)us = (1, a)wa VA € Vi

i
@ P, FE solve on coarse mesh 74 L\
Definition (Algebraic error flux reconstruction)

0
o 0.2 04 06 08 1
alg. error flux reconstruction

O = arg min N2
h,al . . wa
9 vheva VVh=Tg, (tar)~ Ve Vol o)

0.8 -
i .
Ohalg "= Z oh ag € Vi C H(div, Q) )
acVy

@ local homogeneous MFE Neumann pbs 045
@ fine meshes of coarse patches w, 02l
° vahalg Zvahalg_nohrh_rh 0
acVy 0
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gradient of alg. erro alg. error flux reconstruction
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Discretization flux reconstruction

Definition (Discretization flux reconstruction, pestuynder & Mstivet (1999), Braess & Schaberl (2008), EV (2013))

a,i . a i
Uhdis = &g min ; ; Hw vuh+vh||wa7
’ vhevg,V-vh:rloh(fwa—Vu;-Vwa—r,gwa)

i a,i
O hdis ‘= Z T h.dis
acVy,

M. Vohralik A posteriori estimates taking into account algebraic errors  13/34
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Discretization flux reconstruction

Upper and lower bounds  Stop. crit. & efficiency Numerics

Definition (Discretization flux reconstruction, pestuynder & Mstivet (1999), Braess & Schaberl (2008), EV (2013))

aj . _
O'h7dis o= arg

i a,i
O hdis ‘= Z O h dis

min

Hwavu;’) + vhHUJau

VhEVR, V-vp=Tg, (fY2 =V u}-Vipa—r]?)

acVy,
—aVuy, local disc. flux reconstruction, o},
0.3 0.3r
/)
/ I A
g AR
7 A ,‘i\ /‘« 44‘ / |
AN \ ~ ' \ N
7 AN N7 | ,A
- N \ \ - / )
0.2 - = 02 N e !
. — | /
- NN
- /
AN P /
\
- ~
0.1 0.1f ‘ ‘ E ‘
0.4 05 0.6 0.4 05 06
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Discretization flux reconstruction

Hwavu;’) + vh||wa7

Definition (Discretization flux reconstruction, pestuynder & Mstivet (1999), Braess & Schaberl (2008), EV (2013))

min

g . .
VhEVE, Vov=g, (f2—Vul - Vipa—r)1?)

aji . _
O hdis - ar
i L a,i i _ ai __ _ A
O hdis -= E : O p.dis V-Thgis = E : Voo, 4is = Na,f — 1y
acVy, acVy
—1aVuy, local disc. flux reconstruction, o},
0.3 0.3r
A
I A Mot 1
NN NN NI,
| - | i 1
NN L N
. ~ p il AN N\ \\ / / P
02 N = 0.2t |\ 7 / B
- NN
- “ A\ / P
\
- ~
0.1 0.1f ‘ ‘ E ‘
0.4 05 0.6 0.4 05 0.6
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f alg. error alg. error flux reconstruction

A\

gradient o

VAN A




— gradient of the PDE solution, —Vu
. - - N

/\

/\

I gradient of the computed solution, —Vuz
ANVA 7

0.8

0.6 -

0.4

0.2

7a\ 7A\

0 0.2

0.4 0.6 0.8 1
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Upper bound on the total error

Theorem (Total error upper bound)

On each iteration | > 1, there holds
, S . h2 e
IV(u—up)ll <IVUp+ohgsll+ llohagl +9 D W%Hf—ﬂohf\\%
total error M algebraic est. KETh p
data osc. est.
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Upper bound on the total error

Theorem (Total error upper bound)
On each iteration i > 1, there holds

1/2
. . ) . h2 ;
IV(u—up)[| <IVUp+ohgsll + llohagll +9 D 77’2<|!f—|'|othK
—_— —-
total error discretization est.  algebraic est. KETh p

data osc. est.

Proof.

IV (u— up)ll = sup (V(u—up),Vv)
veH(‘)(Q), IVv||=1
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Stopping criteria

Galerkin orthogonality

I9(u— u)|2 = [V (u — un)P + |V (un — )]

) e ~
total error discretization error algebraic error
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Stopping criteria

Galerkin orthogonality

IV (u—up)l? = V(= un)|? + IV (un — up)]?

total error discretization error algebraic error

Discretization error upper and lower bounds

@ lower bound on total error & upper bound on algebraic error = lower bound
on the discretization error

-
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Stopping criteria

Galerkin orthogonality

IV (u—up)l? = V(= un)|? + IV (un — up)]?

total error discretization error algebraic error

Discretization error upper and lower bounds

@ lower bound on total error & upper bound on algebraic error = lower bound
on the discretization error

@ upper bound on total error & lower bound on algebraic error = upper bound
on the discretization error
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Stopping criteria

Galerkin orthogonality

IV (u—up)l? = V(= un)|? + IV (un — up)]?

total error discretization error algebraic error

Discretization error upper and lower bounds

@ lower bound on total error & upper bound on algebraic error = lower bound
on the discretization error

@ upper bound on total error & lower bound on algebraic error = upper bound
on the discretization error

Safe stopping criterion (yag ~ 0.1)

algebraic error < ,4 discretization error
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Stopping criteria

Galerkin orthogonality

IV (u—up)l? = |IV(u = un)|? + |1V (un — up)]?

~
total error discretization error algebraic error

Discretization error upper and lower bounds
@ lower bound on total error & upper bound on algebraic error = lower bound
on the discretization error
@ upper bound on total error & lower bound on algebraic error = upper bound
on the discretization error

Safe stopping criterion (yag ~ 0.1)

upper algebraic estimate < 44 lower discretization estimate
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Efficiency and polynomial-degree-robustness

Theorem (Efficiency & p-robustness, sraess, iiwein, & schaver (2009), EV (2016))

Let the algebraic estimate be below the discretization estimate. Let f < P,(7).
Then ‘ . ' '

IV U+ ohgisll + lohagl = V(v —up)l]-

~ / N —— ———

total estimate total error
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Theorem (Efficiency & p-robustness, sraess, iiwein, & schaver (2009), EV (2016))

Let the algebraic estimate be below the discretization estimate. Let f < P,(7).
Then

IV UL + sl + llohagll = V(v = up)]-
N N———

total estimate total error

Theorem (Local efficiency & p-robustness, sraess, pilwein, & Schaberl (2009), EV (2016)

Let patchwise the algebraic estimate be below the discretization estimate. Let
f € Pp(7h). Then

IVuh+ ohasllk + lohaglk = Y IV(U—Up)llwa YK € Th.
”  aeV,,acok

element total estimate

patch total error
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Q=(0,1) x (0,1),
ux,y) =x(x = 1)y(y -
Q= (-1,1)x(=1,1)\ [0,1] x [-1,0],

u(r,0) = r¥3sin(26/3)

Peak 1)@~ 100(x~0.5)2~100(y~117/1000)2

L-shape
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Numerical illustration

Q=(0,1) x(0,1),

Peak
u(x, y) = x(x — 1)y(y — 1)g~100(x-05)*~100(y-117/1000)*
Q= (-1,1)x(=1,1)\ [0,1] x [-1,0],
L-shape s
u(r,0) = r*3sin(20/3)
Discretization

@ conforming finite elements, p=1,...,4
@ unstructured triangular meshes
@ 4 uniform refinements
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Numerical illustration

Q=(0,1) x(0,1),

Peak
u(x, y) = x(x — 1)y(y — 1)g~100(x-05)*~100(y-117/1000)*
Q= (-1,1)x(=1,1)\ [0,1] x [-1,0],
L-shape oy
u(r,0) = r?3sin(20/3)
Discretization

@ conforming finite elements, p=1,...,4
@ unstructured triangular meshes
@ 4 uniform refinements
Multigrid
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel
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Q= (-1,1)x(=1,1)\ [0,1] x [-1,0],
L-shape oy
u(r,0) = r?3sin(20/3)
Discretization

@ conforming finite elements, p=1,...,4
@ unstructured triangular meshes
@ 4 uniform refinements
Multigrid
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel

PCG

@ incomplete Cholesky with drop-off tolerance 1e-4 lora erc
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p (unknowns)

iter

1(9.31 x 10%)




p (unknowns) | iter| alg. error eff. UB eff. LB

1(9.31 x103)| 1 [6.09 x 1073 1.13 1.027T
21190 x 104 1.13 1.03'




p (unknowns) | iter| alg. error eff. UB eff. LB| tot. error eff. UB eff. LB

1(9.31 x10%)| 1 [6.09x103 113 1.02-7[6.93x 103 161 1.21°]
21190x 104 1.13 1.037'/332x10-3 1.10 1.03°'




p (unknowns) | iter| alg. error eff. UB eff. LB| tot. error eff. UB eff. LB| disc. error eff. UB  eff. LB

1(9.31 x10%) 1 [6.09x103 113 1.0277[693x103 161 121 7[332x10"3 284 —
21190x 104 1.13 1.037'/332x10-3 1.10 1.03°' 1.10  1.037"
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Peak problem, multigrid

Upper and lower bounds  Stop. crit. & efficiency Numerics

p (unknowns) | iter| alg. error eff. UB eff. LB| tot. error eff. UB eff. LB| disc. error eff. UB  eff. LB
1(9.31 x10%) 1 [6.09x103 113 1.0277[693x103 161 121 7[332x10"3 284 —
21190x 104 113 1.03°'/332x10"3 1.10 1.03°' 110  1.037!
2376 x10%)| 1 [7.49x1073 113 1.00°7[7.49x10~3 1.61 1237 T[111x10~% 853 x 107 —
3(811x10°% 1.17 1.01~'[112x10~% 1.10 1.03~' 110  1.037"
3(8.48x10%)| 1 [494x10=3 110 1.00°7[494x10=3 140 144 7[287x10~° 1.68x 103 —
5(779%x10~° 1.17 1.00~'/287%x10-¢ 1.01 111~ 1.01 11171
4(151x10%[ 1[445x1073 1.09 1.00°7[445x103 144 137 7[633x10°8 7.28 x 104 —
61.06x10"° 111 100 '/6.33x10"8 102 115" 1.02  1.1571
61/,‘7 ,,,,,,,,,,,,,,,, :
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p (unknowns)

iter

1 (2.50 x 10%)




p (unknowns) | iter| alg. error eff. UB eff. LB

1(2.50 x 109)| 4 [ 886 x 1072 1.02 1.00~"
8 |382x10=% 1.01 1.00"




p (unknowns) | iter| alg. error eff. UB eff. LB| tot. error eff. UB eff. LB

1(250x 109)| 4 [886x1072 1.02 1.00 7[9.13x 102 1.26 4.33°'
8 [382x10=% 1.01 1.00'|222x10"2 122 112!




p (unknowns) | iter| alg. error eff. UB eff. LB| tot. error eff. UB eff. LB| disc. error eff. UB  eff. LB

1(250x 109 4 [886x 1072 1.02 1.00°7[9.13x102 126 433 '[222x102 3.35 —
8 [382x10=% 1.01 1.00'|222x10"2 122 112! 122 11271
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L-shape problem, PCG

p (unknowns) | iter| alg. error eff. UB eff. LB| tot. error eff. UB eff. LB| disc. error eff. UB  eff. LB

1(250x 109 4 [886x 1072 1.02 1.00°7[9.13x102 126 433 '[222x102 3.35 —
81382x10"% 101 100 '|222x1072 122 112°! 122 142!

2(1.01 x105)] 4 [6.24x10-T 1.01 1.00°7[6.24 x10~" 1.07 9.06"'[893x 10~3 261 x 107 —
1211.87x10~% 1.01 1.007'/893x 103 1.33 1.28" 133  1.28~"

3(2.27 x 10| 7 1.02 1.00 1.00~' 1.02 1.05 10.0-'[529x10°3% 629 x 10" —
28/9.58x 105 1.00 1.007"|529x 103 1.46 1.41~" 1.46  1.4171

4 (4.04 x 10| 7 1.17 1.01 1.007" 1.17 1.08 7561|377 x1073 1.30 x 102 —
28(1.84x10~% 1.01 1.007"|877x10°3 152 160" 152  1.607"

6’1/;; ,,,,,,,,,,,,,,,, erc
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L-shape problem, p = 3, total error, 28th PCG iteration

Total error on elements x107®

2.5
2
" 1.5
1
0.5
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L-shape problem, p = 3, alg. error, 28th PCG iteration

Algebraic error on elements %1077 Algebraic error indicators
10

J. Papez, U. Rude, M. Vohralik, B. Wohlmuth, Comput. Methods Appl. Mech. Engrg. 371 (2020), 113243
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hp-refinement with inexact algebraic solvers

Goal
@ avoid the unrealistic exact solution of A,U;* = F;

'SOLVE|—>{ESTIMATE | —{ MARK |—{REFINE |
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hp-refinement with inexact algebraic solvers

Goal
@ avoid the unrealistic exact solution of A,U;* = F;

'SOLVE|—>{ESTIMATE | —{ MARK |—{REFINE |
@ only approximate solution A,U, ~ F, (corresponding u, ~ u;*)
A/
‘[DNE _SOLVER. STEP)—»ESTIMATE }_{M ARK)»REFINE)

total algebralc

adapt l »pping cr
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hp-refinement with inexact algebraic solvers

Goal
@ avoid the unrealistic exact solution of A,U;* = F;

'SOLVE|—>{ESTIMATE | —{ MARK |—{REFINE |
@ only approximate solution A,U, ~ Fy (correspondlng Up = uy)

‘[ONE _SOLVER._ STEP)—»EE;I‘];%&;I;E }_'(M ARKHREFINEJ

adapt l II 1g criterion

Theorem (Guaranteed contraction under realistic stopping criteria)

For the safe stopping criteria with -4 ~ 0.1 and the hp-refinement decision, there
are fully computable numbers C; o4, 0 < Cyred < Cp,d sy pmax» Where

Co.d,1+,pmax < 1 IS generic constant, such that
V(U= eIl < Crredll V(U = ).
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Errors and estimates for hp refinement

L-shape domain in 2D: Q := (—1,1) x (—=1,1)\ [0,1] x [-1,0], f =0

: : 2
@ singular exact solution: u(r, @) = rs sin &2

(/77
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Errors and estimates for hp refinement

L-shape domain in 2D: Q := (—1,1) x (—=1,1)\ [0,1] x [-1,0], f =0

. q 2 .
@ singular exact solution: u(r, @) = rs sin &2

Inexact setting: V-cycle multigrid with Gauss—Seidel as a smoother

P5
P4
P3
P2
P1
(Th.p1)

15 %ap7
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Errors and estimates for hp refinement

L-shape domain in 2D: Q := (—1,1) x (—=1,1)\ [0,1] x [-1,0], f =0

: : 2
@ singular exact solution: u(r, @) = rs sin &2

Inexact setting: V-cycle multigrid with Gauss—Seidel as a smoother

ot _ alg
/;ff =1.096 I = 1.365
Total error on elements H +' Estimated total error indicators > Algebraic error on elements .o+ Estimated algebraic error ”dcatﬂfi 104
IV(u—ur)llx K (Ur) IV (U7 = ur)llx Talg, K (U

,,,,,,,,,, cring (202
Crzia "
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Numerical exponential convergence with inexact solvers

relative errors in energy norm

IV (u—ug)|

10

—o— hp-adaptivity (exact)
—»—hp-adaptivity (inexact)
—>—a priori best

M. Vohralik

| P5
Zoom |[-1075,10~] P4
P3



Effectivity indices of the estimated error reduction factor C, s and n v
e

Ieff — Co.red
red — [[V(u—ues1)Il /IV(u—ue)]l




Effectivity indices

Effectivity indices of the estimated error reduction factor C, s and n Mo
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Effectivity indices

Effectivity indices of the estimated error reduction factor C, s and n Mo
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EtaDi

IsC
6.106e-01
EOASB

ErrorDisc

1.863¢-01
Eo.m

0.093 0.305
0.047 0.153
=6.541e-08 =1.009e-07
Discretization error Discretization estimator




EmAIg7.953e-03 Eh:IAIg7.953e-03
EO.DM E0.0M
0.004 0.004
0.002 0.002
=1.343e-10 =1.343e-10
Algebraic error Algebraic estimator
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Q Introduction: two warning examples

Q Guaranteed upper & lower bounds on total, algebraic, and discretization errors
@ Guaranteed upper and lower bounds
@ Stopping criteria and efficiency
@ Numerical illustration

O hp-refinement with inexact solvers and guaranteed computable contraction
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Industrial problem

Two-phase immiscible incompressible flow

0t(684) + V-uy = qa, a € {o,w},
—Aa(Sw)K(VPa + pagVZ) = Uy, a € {o,w},
So+Sw=1,

Po — Pw = Pc(Sw)

+ boundary & initial conditions
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Industrial problem

Stokes Multi-phase Darcy C

Two-phase immiscible incompressible flow

0t($Sa) + V-Uy = Qo a € {o,w},
—Aa(Sw)K(VPs + pagVZ) = Uy, a € {o,w},
So+Sw=1,

Po — Pw = Pc(Sw)

+ boundary & initial conditions

Mathematical issues
@ coupled system
@ unsteady, nonlinear
o elliptic—degenerate parabolic type
@ dominant advection

-
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Distinguishing the error components

Theorem (Distinguishing the error components)

et
@ 1 be the time step,
@ k be the linearization step,

@ | be the algebraic solver step,
with the approximations (sW s pv’\’, ’,‘7 T’ ). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
TsupuSwitirr Papr) < Tsp "+ Mim " + g+ Naig -
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Distinguishing the error components

Theorem (Distinguishing the error components)

et
@ 1 be the time step,
@ k be the linearization step,

@ | be the algebraic solver step,
with the approximations (sW s pv’\’, ’,‘7 T’ ). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
TsupuSwitirr Papr) < Tsp "+ Mim " + g+ Naig -

Error components
@ ngy 't spatial discretization

o 7mk!: temporal discretization
nK,i.
@ 7, linearization

nK,i.
@ 7y - algebraic solver
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Distinguishing the error components

Theorem (Distinguishing the error components)

et
@ 1 be the time step,
@ k be the linearization step,

@ | be the algebraic solver step,

: . . nk,i . nK,i
with the approximations (sw7 hrs Py, n). Then

nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i

Towow(Sw irs ) < sp "+ "+ iy + Tlag

Error components Full adaptivit
@ ngy 't spatial discretization @ only a necessary number of all solver
nk,i. iterations

® 7, - temporal discretization

nkif. @ “online decisions”: algebraic step /

® Min " linearization linearization step / space mesh
® 77g|’$("2 algebraic solver refinement / time step modification
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Three-phases, three-components (black-oil) problem: permeability

Permeability X,Y Permeability 2z

4.910e-12 Je-11 2e-11 4.9106-11 2.450e-12 4e-12 5.5e-12 7e-12  8.580e-12
[RENEREE
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Three-phases, three-components (black-oil) problem: gas saturation
and a posteriori estimate

Gas saturation AMRError

0.000e+00 0.25 0.5 0.75 1.000e+00,

1.209e-01 0.31 0.5 0.68 8.709e-0L
(NERRRARRI
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Three-phases, three-components (black-oil) problem: algebraic
solver & spatial mesh adaptivity

oF T T ] @ 800 | ]
10 “eessces, El 5 —e—standard resolution
-1 A = —+— adaptive resolution
" 10 ka,}w ‘ standard stopping criterionE g 600 ptiv uti
81072 )
c E| [v]
S 102 2 ] 2
10 S 400t |
2104t e J @
<] - adaptive stopping criterio E 5
W 10-5| - total estimator 9 g 200
——algebraic estimator ] g
107" |+ rel. alg. residual E z oL ‘ ‘ ‘
T T T T Il Il L1 = =
0 10 20 30 40 50 60 0 0.5 1 15
BiCGStab iteration Time (seconds) 108
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Three-phases, three-components (black-oil) problem: algebraic
solver & spatial mesh adaptivity

0 T T ] r T T T ]
10 etensane, _é 800 —e—standard resolution
- 10 MW\“"‘." | standard stopping criterion | s —+— adaptive resolution
2 \ I £ 600 g
g 1072 E o)
: | 2
Q -3 |
g0 8 400 .
S04 — @
1<) =adaptive stopping criterio E| S
W10-5} —— total estimator E g 200 -
o ——algebraic estimator g
107" |+ rel. alg. residual E z oL ‘ ‘ ‘
T T T T Il Il Il = —
0 10 20 30 40 50 60 0 0.5 1 1.5
BiCGStab iteration Time (seconds) 108
Linear solver |Resolution| AMR |Estimators| Gain
steps time time | evaluation |factor
Standard resolution 66386 1023s - - -
Adaptive resolution 20184 201s 42s 26s 3.8
e P metrentis erc
&’2/744/—
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Q Introduction: two warning examples

Q Guaranteed upper & lower bounds on total, algebraic, and discretization errors
@ Guaranteed upper and lower bounds
@ Stopping criteria and efficiency
@ Numerical illustration

o hp-refinement with inexact solvers and guaranteed computable contraction
© Generalization to an arbitrary residual functional in [W,*(Q)]’
o Application to the Stokes flow

o Application to a multi-phase multi-compositional porous media Darcy flow

ﬂ Conclusions and outlook
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Conclusions and outlook

Conclusions
@ guaranteed estimates on the algebraic and total errors
@ hierarchical construction of the algebraic error estimate
@ local efficiency and robustness wrt polynomial degree for model problems
@ fully adaptive algorithms
@ applications to complex problems

-
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Conclusions and outlook

Conclusions
@ guaranteed estimates on the algebraic and total errors
@ hierarchical construction of the algebraic error estimate
@ local efficiency and robustness wrt polynomial degree for model problems
@ fully adaptive algorithms
@ applications to complex problems
Outlook

@ proofs of convergence and optimal cost for model nonlinear problems (with
Alexander Haberl, Dirk Praetorius, and Stefan Schimanko)

@ use of the reconstructions to design novel algorithms

-
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