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Multiscale

@ subdomain meshes of size h (low order polynomials)
@ interface meshes of size H (high order polynomials)
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Multinumerics

@ different numerical methods in different subdomains
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Mortar coupling

o

Nonmatching subd. grids Interface grid
Mortar coupling

@ mortars used to enforce weakly mass conservation over
the interface grid

@ effective parallel implementation: independent local subd.
problems, only the mortar unknowns globally coupled
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Aims of this work
@ derive guaranteed a posteriori error estimates
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Aims of this work

@ derive guaranteed a posteriori error estimates

o — pall < n(pn)

@ ensure their local efficiency

nr < C”p - ph”neighborsofT
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Aims of this work

Aims of this work

@ derive guaranteed a posteriori error estimates
1o = pnll < n(Pn)
@ ensure their local efficiency

nr < CHP - ph”neighborsofT

@ look for robustness with respect to the ratio H/h (the
constant C is independent of the ratio H/h)
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Aims of this work

Aims of this work

@ derive guaranteed a posteriori error estimates

1P = pnll = nlpn)
@ ensure their local efficiency

nr < C”P - ph”neighborsofT

@ look for robustness with respect to the ratio H/h (the
constant C is independent of the ratio H/h)

@ bound separately the subdomain and interface errors
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Aims of this work

Aims of this work
@ derive guaranteed a posteriori error estimates
[P = pnll < n(pn)

@ ensure their local efficiency

nr < C”P - ph”neighborsofT

@ look for robustness with respect to the ratio H/h (the
constant C is independent of the ratio H/h)

@ bound separately the subdomain and interface errors

@ propose an adaptive strategy which balances the
subdomain and interface errors
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Aims of this work

Aims of this work

@ derive guaranteed a posteriori error estimates

o — pnll < n(pn)

@ ensure their local efficiency

nr < CHP - ph”neighborsofT

@ look for robustness with respect to the ratio H/h (the
constant C is independent of the ratio H/h)

@ bound separately the subdomain and interface errors

@ propose an adaptive strategy which balances the
subdomain and interface errors

@ develop a unified setting encompassing different
numerical methods
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Previous works

Multiscale/multinumerics/mortars

@ Arbogast, Pencheva, Wheeler, Yotov (2007) (multiscale
mortar mixed finite element method)

@ Girault, Sun, Wheeler, Yotov (2008) (coupling DG and MFE
by mortars)
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Previous works

Multiscale/multinumerics/mortars

@ Arbogast, Pencheva, Wheeler, Yotov (2007) (multiscale
mortar mixed finite element method)

@ Girault, Sun, Wheeler, Yotov (2008) (coupling DG and MFE
by mortars)

A posteriori error estimates

@ Prager and Synge (1947) (error equality)

@ Ladeveze and Leguillon (1983) and Repin (1997)
(application to a posteriori error estimation)

@ Wohimuth (1999) / Bernardi and Hecht (2002) (mortars)

@ Wheeler and Yotov (2005) (mortar MFE)

@ Aarnes and Efendiev (2006) / Larson and Malqgvist (2007)
(multiscale)

@ Ainsworth / Kim / Ern, Nicaise, Vohralik (2007) (DG)

@ Vohralik (2007, 2010) (MFE)

@ Creusé and Nicaise (2008) (multinumerics)
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Setting

Model problem
V(KVp) =f in Q,
p=0 on 012
@ Q CRY d=2,3, polygonal

o Kis symmetric, bounded, and uniformly positive definite
e fel?Q)
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Setting

Model problem

—V(KVp) =f in Q,
p=0 on 012

@ QCRY d=2,3, polygonal
o Kis symmetric, bounded, and uniformly positive definite
e fel?Q)

Potential and flux

@ p: potential (pressure head); p € H&(Q)
@ u = —KVp: flux (Darcy velocity); u € H(div,Q), V-u = f
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Setting

Model problem

—V(KVp) =f in Q,
p=0 on 012

@ QCRY d=2,3, polygonal

o Kis symmetric, bounded, and uniformly positive definite

e fel?Q)
Potential and flux

@ p: potential (pressure head); p € H&(Q)

@ u = —KVp: flux (Darcy velocity); u € H(div,Q), V-u = f
Energy (semi-)norms

o [l == [[K2Vy|®, ¢ € H'(Th)

o (V]2 = [[K~2v|? v e L(Q)
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_ A general framework Discrete setting Reconstructions
Approximate potential and approximate flux

Approximate potential pp is not Approximate flux up is not in
in H} () H(div, Q)
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_ A general framework Discrete setting Reconstructions
Potential and flux reconstructions

—— exact solution “exact flux
— — approximate solution R --- -approximate flux
— —postprocessed solution P ~ -~ -postprocessed flux

A postprocessed potential sy, is A postprocessed flux tp is in
in HJ () H(div, Q)
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Estimates for the flux

Theorem (Estimate for the flux)

Let u be the exact flux and let uy, « L?(Q) be arbitrary.

M. Vohralik A posteriori control for multiscale, multinumerics, and mortars



| Estimates Efficiency Application Simplif. Num. exp. C A general framework Discrete setting Reconstructions

Estimates for the flux

Theorem (Estimate for the flux)

Let u be the exact flux and let uy,  L?(Q) be arbitrary. Let
sy € Hy () be arbitrary

M. Vohralik A posteriori control for multiscale, multinumerics, and mortars



| Estimates Efficiency Application Simplif. Num. exp. C A general framework Discrete setting Reconstructions

Estimates for the flux

Theorem (Estimate for the flux)

Let u be the exact flux and let uy,  L?(Q) be arbitrary. Let
sy € H () be arbitrary and let t, = H(div, ) be arbitrary s.t.

(v-th,1)7':(f,1)7' VTGE
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Estimates for the flux

A general framework Discrete setting Reconstructions

Theorem (Estimate for the flux)

Let u be the exact flux and let uy,  L?(Q) be arbitrary. Let
sy € H () be arbitrary and let t, = H(div, ) be arbitrary s.t.
(v-th,1)7':(f,1)7' VTGE
Then
[lu = upllls < e + 7R ,8 + 1M,

with the potential, residual, and mortar estimators given by
np = |||up + KV sl

1
2
MR,A 1= { Z Cg,ThzTCE,1T|’f_ v'th”zr} ;

TETh
v = [[[up = thll]
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Estimates for the flux

Theorem (Estimate for the flux)

Let u be the exact flux and let uy,  L?(Q) be arbitrary. Let
sy € H () be arbitrary and let t, = H(div, ) be arbitrary s.t.
(v-th,1)7':(f,1)7' VTGE
Then
[lu = upllls < e + 7R ,8 + 1M,
with the potential, residual, and mortar estimators given by
e = [[|up + KV sp|[|.,

1
2

MR,A 1= { Z Cg,ThzTCE,1T|’f_ v'th”zr} ;

TETh
v = [[[up = thll]

Properties
@ sp: potential reconstruction; ty: flux reconstruction
@ 1r;: typically a higher-order data oscillation term
@ 7 to be specified, Tn, Th, Or Ty
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Estimates for the potential

Theorem (Estimate for the potential)

Let p be the exact potential and let py, < H'(T;,) be arbitrary.
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Estimates for the potential

Theorem (Estimate for the potential)

Let p be the exact potential and let p, < H'(T;,) be arbitrary. Let
sn € H}(Q) be arbitrary
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Estimates for the potential

Theorem (Estimate for the potential)

Let p be the exact potential and let p, < H'(T;,) be arbitrary. Let
sn € H}(Q) be arbitrary and lett, € H(div, Q) be arbitrary s.t.

(Vtp,)r=(,1)r VT eTh
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Estimates for the potential

Theorem (Estimate for the potential)

Let p be the exact potential and let p, < H'(T;,) be arbitrary. Let
sn € H}(Q) be arbitrary and lett, € H(div, Q) be arbitrary s.t.

(Vtp,)r=(,1)r VT eTh

Then
Il = Pnlll < nne + 1r,5 + MDEM,

with the nonconformity and diffusive flux—mortar estimators
given by

e = [[1Pn — shlll;
noem = [[[KVPh + t|[]+
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Interface meshes
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Nonmatching mesh 73, and given interface mesh Gy
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Interface meshes
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Nonmatching mesh 7}, given interface mesh Gy, and
intersection interface mesh G}
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_ A general framework Discrete setting Reconstructions
Subdomain meshes
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Subdomain meshes

L ; : ; i Ty |
i 0 I O P
o L] oL N S ;
S
Nonmatching mesh 73, matching refinement 7, of 75, and a
mesh Ty
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Function spaces

Function spaces
@ W, :=Ry(Tp): potential space, piecewise polynomials of
order k
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Function spaces

Function spaces
@ W, :=Ry(Tp): potential space, piecewise polynomials of

order k

o V=@, Vhi, Vni = RTNK(Tp): flux space,
Raviart—-Thomas—Nédélec spaces of order k inside each
subdomain
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Function spaces

Function spaces
@ W, :=Ry(Tp): potential space, piecewise polynomials of
order k
o V=@, Vhi, Vni = RTNK(Tp): flux space,
Raviart—-Thomas—Nédélec spaces of order k inside each

subdomain
@ My: mortar space, discontinuous piecewise polynomials of

order m on the interface mesh Gy, m > k when h < H
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Potential reconstruction

Potential reconstruction

@ every piecewise polynomial on 7y is also a piecewise
polynomial on 7y R R
e averaging interpolate T, : R/ (7h) — Ry (Th) N HY (Q):

T

r
1S
l
'
'
]

r.
1=
'
'
'
'
T
i
I
'
'

PR
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General assumption on the approximate flux

Assumption (Properties of up)
We suppose that

Q@ u,cVv, uy, is from the RTN (T, ) space,
ie{l,...,n};

Q (Vuy)r=(f,1)r VTeTh local conservation
inside each subdomain Q; on the elements of Tp ;;
n
Q Z<uh‘“§2;a#H>I‘f =0 Yuy € My normal trace of up
i=1
weakly continuous (in the sense of the mortar space)
across the interface sides.
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General assumption on the approximate flux

Assumption (Properties of up)

We suppose that

Q u,cV, uy, is from the RTN (T, ) space,
ie{l,...,n};

Q (Vup, )r=(f1)r vT € Th local conservation
inside each subdomain Q; on the elements of Tp ;;

n
Q Z(Uh-ngi,uH>rl. =0 V,LLH e My normal trace of up
i=1

v;eak/y continuous (in the sense of the mortar space)
across the interface sides.

Consequences
°
° F|ri,j = PMH((uh|Qi'nr)‘ri,j) = PMH((uh’Qj’nrNri,j)'

(Unlg;Ng, 1)g = (Unlg;Ng, 1)g = (funng}, 1)g = (F.1)g, g € Gnjj

M. Vohralik A posteriori control for multiscale, multinumerics, and mortars
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Flux reconstruction 1. MFE low order h-grid-size local
Neumann problems

Flux reconstruction by MFE solution of local Neumann
problems (Ern and Vohralik (2009))

@ ty € Vg, Neumann BCs given by ({u,-ngf. 1)
°

(K™ (th = up),Vi)T = (Gn, V-VR)T =0 VVp e Vg,

(V'th, Wh)T = (f, Wh)T Ywy € WE(T) such that (Wh, 1)T =0.
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Flux reconstruction 1. MFE low order h-grid-size local
Neumann problems

Flux reconstruction by MFE solution of local Neumann
problems (Ern and Vohralik (2009))

@ ty € Vg, Neumann BCs given by ({u,-ngf. 1)

°

(K™ (th = up),Vi)T = (Gn, V-VR)T =0 VVp e Vg,

(V'th, Wh)T = (f, Wh)T Ywy € WE(T) such that (Wh, 1)T =0.

Properties
o Vi, = PWE(f)
@ low order (k-th order RTN) polynomial t;,
@ local linear system to be solved (H-sized macroelements T
with h-sized grids)
° in the multiscale setting
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Interface mesh Gy and:  flux reconstruction 1 flux reconstruction 2
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Flux reconstruction 2. MFE high order H-grid-size
local Neumann problems

Flux reconstruction by MFE solution of local Neumann
problems (Ern and Vohralik (2009))

@ t, € Vy, Neumann BCs given by F
°

(K" (th — un),Vi)o, — (QH, V-V)o, =0 YVy € Vhoo,
(Vth, wh)o, = (f, wy)g, Vwy € Wy(K;) such that (wy, 1), = 0.
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Flux reconstruction 2. MFE high order H-grid-size
local Neumann problems

Flux reconstruction by MFE solution of local Neumann
problems (Ern and Vohralik (2009))

@ t, € Vy, Neumann BCs given by F
°

(K™ (th — up), Vi), — (GH, V-Vi)a, =0 VVy € Vhoq,
(Vth, wh)o, = (f, wy)g, Vwy € Wy(K;) such that (wy, 1), = 0.

Properties
o Vi,= PWH(f)
@ high order (m-th order RTN) polynomial t;,
@ local linear system to be solved

@ optimal estimation in the multiscale setting when h < H
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General assumption on the approximate potential

Assumption (Properties of pp)

Let
Q Py € R(Tp) forsomer > 1 P is a piecewise
polynomial,
Q ([Pr]. 1)e=0 Vee&Mue means of traces of

Pn on interior sides in each subdomain are continuous,
zero on the boundary,

Q ([Pr].1)g=0 Vg € g means of traces on
collections of sides inside the interface I' are continuous.

M. Vohralik A posteriori control for multiscale, multinumerics, and mortars
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Local efficiency

Theorem (Local efficiency, part )

Let pn € H'(Th), up € L3(Q), sp € H}(Q), and t, € H(div, Q) be
arbitrary. Then, forall T € Tp,

noE,7 < [[lu—up|ll«,7 + [llp = Pnlll 7,
1p,7 < 7DF,T + NG, T»
DEM, T < MDF,T + M, T-
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Local efficiency

Theorem (Local efficiency, part )

Let pn € H'(Th), up € L3(Q), sp € H}(Q), and t, € H(div, Q) be
arbitrary. Then, forall T € Tp,

noE,7 < [[lu—up|ll«,7 + [llp = Pnlll 7,
1p,7 < 7DF,T + NG, T»
DEM, T < MDF,T + M, T-

Let the Assumption on pp hold and let s, € Rr/(’fh) be given by
Sh := Zay(Pn)- Then, forall T € Tp,

e, T S e —Pallls;  FTNAT =0,
nne,7 S —Pallls,,  FTOT#0.

M. Vohralik A posteriori control for multiscale, multinumerics, and mortars
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Local efficiency

Theorem (Local efficiency, part Il)

Let the Assumption on uy, hold. Let construction 1 of t, be

used. Then
gy S U= ull. 7,

™MT S [lu =l zr -
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Local efficiency

Theorem (Local efficiency, part Il)

Let the Assumption on uy, hold. Let construction 1 of t, be

used. Then
gy S U= ull. 7,

™MT S [lu =l zr -

Let construction 2 of t;, be used.
Then

mRH,T = (v, 7 + [|Ju — Ul 1),
g, < lllup — ulllg + R po, + CH™.
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Local efficiency

Theorem (Local efficiency, part Il)

Let the Assumption on uy, hold. Let construction 1 of t, be

used. Then
gy S U= ull. 7,

™MT S [lu =l zr -

Let construction 2 of t;, be used.
Then

mRH,T = (v, 7 + [|Ju — Ul 1),
g, < lllup — ulllg + R po, + CH™.

Observation

@ the term CH™ ! is superconvergent in the multiscale
mortar mixed finite element method

M. Vohralik A posteriori control for multiscale, multinumerics, and mortars
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Outline

e Application to different numerical methods
@ Multi-scale mortar mixed finite element method
@ Multi-scale mortar discontinuous Galerkin method
@ Multi-scale mortar coupled DG-MFEM
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Multiscale mortar mixed finite element method

Multiscale mortar mixed finite element method (Arbogast,
Pencheva, Wheeler, Yotov (2007))

Find u, € Vg, pn € Wy, and Ay € My such that,

(K~ 'up, vh)a, — (Pn, V-Vh)a, + (AW, Varng)r, =0 Vv, € Vi, Vi,

(V'Uh, Wh)Q,‘ = (f, Wh)Q,' VWh € WhJ, \V/I,
n

Z<uh'nQ,7MH>F; - 0 V,LLH & MH.

i=1

M. Vohralik A posteriori control for multiscale, multinumerics, and mortars
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Multiscale mortar mixed finite element method

Multiscale mortar mixed finite element method (Arbogast,
Pencheva, Wheeler, Yotov (2007))

Find u, € Vg, pn € Wy, and Ay € My such that,

(K~ 'up, vh)a, — (Pn, V-Vh)a, + (AW, Varng)r, =0 Vv, € Vi, Vi,

(V-up, wh)q, = (f, Wh)o, Vwp € W, Vi,
n

Z<uh'nQ,7ﬂH>F; =0 Vi € Mpy.

i—1

Remarks

@ pp needs to be postprocessed to py

@ direct application of the framework (both p, and uy, satisfy
perfectly our Assumptions)
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Multiscale mortar discontinuous Galerkin method

Multiscale mortar discontinuous Galerkin method
Find p, € W), and Ay € My such that

Bhi(Pn, A on) = (f, o), Von € Wh, Vie {1,...,n},

n
S <*KVPh\Q,-nQ, + ag%j(’%kl, - Tk,ggj(/\H))vﬂH>g =0  Vuw € My,

i=1 g€Gn,i
where
Bri(pm Awion) == — > {({KVprne}. [enl)e + 0({KVenne}. [prl)e}
ecER;
|
- > {<Kvph\sz,-~nsz,- — ag 1 (Prla, — /\H)780h|§2,>
Hy g
9€Gh,i

+ 0(KVonla, Na,, Prlo, — AH)g }
(K Vinla, + 3 (0o onl. [onl)

eegmt
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Multiscale mortar discontinuous Galerkin method

Multiscale mortar discontinuous Galerkin method
Find p, € W), and Ay € My such that

Bhi(Pn, A on) = (f, o), Von € Wh, Vie {1,...,n},

n
S <*KVPh\Q,-nQ, + ag%(Pth, - Tk,gg’_(/\H))vﬂH>g =0  Vuw € My,
B :

i=1 gegy.
where
Bhi(pn A o) == Y {{({KVprne}, [pnl)e + 0({KVinne}, [onl)e}
eeg;;j‘,.
|
- > {<KVph‘Q,"nQ,- - ag#(ﬁ?hln, = AH), sﬁhln,>
v l g
gEGH,i
+ 0(KVonla, Na,, Prlo, — AH)g }
(K Vinla, + 3 (0o onl. [onl)
ees‘f‘
Remarks

@ the flux up, satisfying our Assumption needs to be recovered first
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Flux recovery in MS MDG

Flux recovery (Ern, Nicaise, and Vohralik (2007))
Let T € 7. The recovered flux up|1 € Vi(T) is given by

(UpNg, Gh)e = <_{{KvPh'ne}} =+ an;:,e lenl. C7h>
e e
Van € Rg(e), Vec&r, e ¢ T,

O
(Up'Ng, Qe = <*KVPh'ne + ag ’i(’;zg (bn — AH), CIh>e

Van € Ry(e), Ve € 7, e C g € Gy,

(Un,th)7 = — (KVPht)7+6 > we(Kryne, [onl)e
ecér,eql

+ 9_ Z (Krh'ne> (ph - AH)nT'ne>e

eclr,ecr

Vrp € Ry_q ,*,d( T).
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Discontinuous Galerkin elements coupled with mixed
finite elements

Principle of the application of our framework

@ recover the flux in the DG method so that u;, € H(div, ;)
for all i, V-up = m(f), and -7, (up-ng,, uy)r, = 0 for all
uy € My (satisfied by the recovery above)

@ rewrite the mortar coupling with the aid of the DG flux uy
and the MFE flux up

@ use the previous results on MS MMFE / MS MDG
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A simplification without flux reconstruction

Theorem (Simplified estimate without flux reconstruction)
Letu be the exact flux and let p be the exact potential.

M. Vohralik A posteriori control for multiscale, multinumerics, and mortars



| Estimates Efficiency Application Simplif. Num. exp. C

A simplification without flux reconstruction

Theorem (Simplified estimate without flux reconstruction)

Let u be the exact flux and let p be the exact potential. Let the
Assumption on uy, be satisfied and let py, € H'(Tp,) be arbitrary.
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A simplification without flux reconstruction

Theorem (Simplified estimate without flux reconstruction)

Let u be the exact flux and let p be the exact potential. Let the
Assumption on uy, be satisfied and let py, € H'(Tp,) be arbitrary.
Let s, € H} () be arbitrary.
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A simplification without flux reconstruction

Theorem (Simplified estimate without flux reconstruction)

Let u be the exact flux and let p be the exact potential. Let the
Assumption on uy, be satisfied and let py, € H'(Tp,) be arbitrary.
Let s, € H} () be arbitrary. Then

lllu —uplll« < np + R4+ M,

llp = Palll < mne + 1R .6 + Fiv + 1DF,
where

n n ; i Z %
=Y 3 (HlunngllsGryariiads,)’ |

i=1 j=1g€gn,i;
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A simplification without flux reconstruction

Theorem (Simplified estimate without flux reconstruction)

Let u be the exact flux and let p be the exact potential. Let the
Assumption on uy, be satisfied and let py, € H'(Tp,) be arbitrary.
Let s, € H} () be arbitrary. Then

[lu — up||l« < np + 1R 8+ TiMs
llp = Palll < mne + 1R .6 + Fiv + 1DF,

where 1
n n , 1 2 2
= 1 1 -3
= ZZ Z (z”[[uh'“g]]HgCt,T;,gy 2CK,T,.,Q) :
i=1 j=1g€gn,i;
Properties
@ no flux reconstruction needed
(<Y
° in the multiscale setting
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Mortar MFEs

Setting
@ Q:=(0,1) x(0,1),
°
15 — 10sin(107x) sin(107y), x,y €(0,1/2)
K:= orx,y e (1/2,1),

15 — sin(27x) sin(2wy), otherwise,

® p(x,y) =x(1—-x)y(1-y)
@ mortar MFEs, k=0, m=1
@ H/h fixed
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Initial mesh
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Estimates, error, and effectivity indices

10° £ T — 4 T T
C —e— exact
C —4—method 1
r —=—method 3
3 3 _
107 4 B
s F 1 2z
5 L 1 2
x L i o
F 4 3
T2 -
1072; 7: ‘\‘\‘\‘\’
C | | L 1 | Cnl L
10° 10" 10° 10° 10° 10" 10° 10°
Number of degrees of freedom Number of degrees of freedom
Estimated and exact flux Effectivity indices

error
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Error distribution

Mortar coupling Multiscale Multinumerics and adaptivity

10
14
12
10
8
6
4
Estimated error distribution Exact error distribution
inside the subdomains and inside the subdomains and
along the mortar interfaces along the mortar interfaces
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Multiscale mortar MFEs

Setting
@ Q:=(0,1) x(0,1),
Q®
(3 2
—\2 3 )
@ p(x,y) = sin(2nx)sin(2ry)
@ multiscale mortar MFEs, k =0, m=2oreven m=1
e H~+h
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Estimates, error, and effectivity indices

3.5

—4—method 1 10" ;‘ —e— potential, rate=1.00
—A—method 2 E —4—residual - method 1, rate=1.82
—=—method 3 E —A—residual — method 2, rate=1.49|
[ - L - ¢ - mortar - method 1, rate=0.64
%) - A - mortar - method 2, rate=0.85
3 S 10°
E £
S.25- 1 £ 1
2 o 1
8 ER
% R
S 2- - 510t -
T ¢ —_— £ £ R
a L ]
15— — r 7
107
2L L] L E L L ]
10° 10" 10° 10° 10* 10°
Number of degrees of freedom Number of degrees of freedom
Effectivity indices Different estimators
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Error distribution

10
5
2
4.5

1

Estimated error distribution Exact error distribution
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Coupled DG-MFE

Setting
e Q:=(-1,1)x(-1,1),
°
3 (X,y)G(—1,0)X(—1,0)
K:= or(x,y)€(0,1) x(0,1),
1 otherwise,
@ p(r,0)|; = r*(a;jsin(ad) + b;cos(ah)),
@ the exact solution has a singularity at the origin
@ coupled DG-MFE
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Estimates, error, and effectivity indices for uniform
refinement

) — ——ree
10 —e—exact f T " [=—method 1
—4—method 1 1.24— —a—method 3
02 —=—method 3
10 - - 123 —
x
(]
. 10703 B E 1.22— ]
g 2121 7
T o g
= L — 1.2— -
E 10 5
8 8 119 7
10°°F - e
E 1.18— ]
>— * + —
10706 _ 1.17— -
1.16— ]
- \\\\\\‘4 \\\\H‘s 115 ol |
10 10 10 “10° 10° 10°
Number of degrees of freedom Number of degrees of freedom
Estimated and exact Effectivity indices

potential error
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Adaptive meshes

KD
KoY
Adapted mesh in Corresponding adapted
multinumerics DG-MFE mortar mesh

discretization
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Estimates and errors for adaptive refinement

10° - T H—‘n—exam ‘adap[‘edv‘ra[‘ez‘l_‘oz‘l‘ = 100 — T —=— exact adapted, rate=0.94
—e— exact uniform, rate=0.55 —e— exact uniform, rate=0.55
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—— estimated uniform, rate=0.54| o2 —4—estimated uniform, rate=0.55|
-0.2. —
10 — 10 —
s
: s
g 10704 _ % 10704 |
E 2
. o
a
10706 | 10*06 _
107 I | L3 107 Ll TR |
3 4 5 3 4 5
10 10 10 10 10 10
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Conclusions and future work

Conclusions

@ guaranteed, locally efficient, and possibly robust estimates

@ unified setting (two conditions need to be verified in order
to apply the framework)
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Conclusions and future work

Conclusions

@ guaranteed, locally efficient, and possibly robust estimates

@ unified setting (two conditions need to be verified in order
to apply the framework)

Future work

@ robustness without subdomain solves and sufficient
regularity?
@ upscaling?
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Conclusions and future work

Conclusions

@ guaranteed, locally efficient, and possibly robust estimates

@ unified setting (two conditions need to be verified in order
to apply the framework)

Future work

@ robustness without subdomain solves and sufficient
regularity?
@ upscaling?

Thank you for your attention!
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