A posteriori error estimates
in numerical simulations

Martin Vohralik

INRIA Paris-Rocquencourt

XXIX Seminar in Differential Equations
Moninec, April 14-18, 2014



| Space mesh Linear and nonlinear solvers Time step C

Outline

0 Introduction

9 Steady linear problems: space mesh adaptation
@ Potential and flux reconstructions
@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

e Nonlinear problems: stopping algebraic & linearization solvers
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

e Unsteady problems: time step adaptation
@ A guaranteed a posteriori error estimate
@ Application and numerical results

e Conclusions and future directions s

h,n,,;,nu,mmm

Martin Vohralik A posteriori error estimates in numerical simulations



@ Introduction

Q Steady linear problems: space mesh adaptation
@ Potential and flux reconstructions
@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

Q Nonlinear problems: stopping algebraic & linearization solvers
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results
0 Unsteady problems: time step adaptation
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Conclusions and future directions 7

Crozia—
" MartinVohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C

What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE.
@ Let uy, be its approximate numerical solution.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE.
@ Let uy, be its approximate numerical solution.

@ A priori error estimate: ||u — up||. o < C(u)h¥. Dependent
on u, not computable. Useful in theoretical assessment of

convergence.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE.

@ Let uy, be its approximate numerical solution.

@ A priori error estimate: ||u — up||. o < C(u)h¥. Dependent
on u, not computable. Useful in theoretical assessment of
convergence.

@ A posteriori error estimate: |u — up||. o < f(up). Only uses
up, computable. Great in practical calculation.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE.
@ Let uy, be its approximate numerical solution.

@ A priori error estimate: ||u — up||. o < C(u)h¥. Dependent
on u, not computable. Useful in theoretical assessment of
convergence.

@ A posteriori error estimate: |u — up||. o < f(up). Only uses
up, computable. Great in practical calculation.
Usual form
@ Element indicators nk(up).
@ Can be used to determine mesh elements with large error.
@ We can then refine these elements: mesh adaptivity.,
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u =0 on dQ
@ guaranteed upper bound:

12
IV(u—un)|| < {Z 1k (Un) }

KeTh
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u =0 on dQ
@ guaranteed upper bound:

12
IV(u—un)|| < {Z 1k (Un) }

KeTh
@ local efficiency:

nk(up) < CIIV(U = up)lls, VK€ Th
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u =0 on dQ
@ guaranteed upper bound:

1/2
IV(u—up)l <4 nx(un)?
KeTh
@ local efficiency:

nk(un) < CV(u—up)ll, VK €Th
@ asymptotic exactness:
2 1/2
{ZKG’];, nK(Uh) }
IV(u— up)ll

N 1
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u =0 on dQ
@ guaranteed upper bound:

1/2
IV(u — un) <{ZUK Un) }

KeTh
@ local efficiency:

nk(Un) < ClIV (U — up)|l<, VK € Tp
@ asymptotic exactness:

1/2
{Senmiwr}”
ORI
@ robustness: the three previous properties hold
independently of the parameters of the problem and of
their variation (size of 2, shape of Q, regularity of u, local
refinement of 7, sizes hk, polynomial degree of up,)
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u =0 on dQ
@ guaranteed upper bound:

1/2
IV(u=up)l <9 nk(un)?
KeTh
@ local efficiency:

nk(Un) < ClIV (U — up)|l<, VK € Tp
@ asymptotic exactness:

1/2
{ZKGT,, 77K(Uh)2} / ]
R
@ robustness: the three previous properties hold
independently of the parameters of the problem and of
their variation (size of 2, shape of Q, regularity of u, local
refinement of 7, sizes hk, polynomial degree of up,)
@ small evaluation cost of 7, (up) ;o
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What an a posteriori error estimate should fulfill

Optimal estimate for —Au = fin Q c R?, u =0 on dQ
@ guaranteed upper bound:

1/2
IV(u=up)l <9 nk(un)?
KeTh
@ local efficiency:

nk(Un) < ClIV (U — up)|l<, VK € Tp
@ asymptotic exactness:

1/2
{Senmiwr}”
O
@ robustness: the three previous properties hold
independently of the parameters of the problem and of
their variation (size of 2, shape of Q, regularity of u, local
refinement of 7, sizes hk, polynomial degree of up,)
@ small evaluation cost of 7, (up) -
@ error components identification V405 77 3
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Outline

9 Steady linear problems: space mesh adaptation
@ Potential and flux reconstructions
@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results
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Model diffusion problem

Model diffusion problem
Let Q c RY, d > 1. Find v : Q — R such that
-V-(KVu) =f in Q,

u=20 on 09,
where

e K: Q — R9 s a diffusion tensor (K € [L>(Q)]9*9,
uniformly positive definite),
e f:Q — Ris asource term (f € L2(Q)).
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Model diffusion problem

Model diffusion problem
Let Q c RY, d > 1. Find v : Q — R such that
-V-(KVu) =f in Q,
u=20 on 09,
where

e K: Q — R9 s a diffusion tensor (K € [L>(Q)]9*9,
uniformly positive definite),
e f:Q — Ris asource term (f € L2(Q)).

Formin 1D
Let Q2 =]a, b[, a < b. Let k :]a, b[— R and f :]a, b[— R be two
given functions. Find v :]a, b[— R such that
—(kU"Y =f,
u(a) = u(b) =0.

L d
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Model diffusion problem

Model diffusion problem
Let Q c RY, d > 1. Find v : Q — R such that
-V-(KVu) =f in Q,
u=20 on 09,
where

e K: Q — R9 s a diffusion tensor (K € [L>(Q)]9*9,
uniformly positive definite),
e f:Q — Ris asource term (f € L2(Q)).

Formin 1D
Let Q2 =]a, b[, a < b. Let k :]a, b[— R and f :]a, b[— R be two
given functions. Find v :]a, b[— R such that
—(kU"Y =f,
u(a) = u(b) =0.
Weak formulation
Find u € V := H}(Q) such that

(Kvua VV) = (f, V) Yv c V 5 ‘mém/m.mm
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Example: elastic string

Elastic string with displacement v and weight f
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Example: heat flow

~
I

>0

N

Q

A room with a heater of f > 0 and temperature u

v d
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_ Reconstructions Estimate Efficiency Appl. & num. res.
Example: underground water flow

Underground with a water well of f > 0 and pressure head u
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_ Reconstructions Estimate Efficiency Appl. & num. res.
Previous results

General result
@ Prager and Synge (1947) (K = I):

IV U+ anl? + IV (u = up)|? = [Vun + onl?
for any u, € H}(Q) and any o, € H(div, Q) s.t. Vo = f

>
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Previous results

General result
@ Prager and Synge (1947) (K = I):

IVu+onl? + 1V (u — up)l® = [Vup + ol

for any u, € H}(Q2) and any o, € H(div, Q) s.t. V.o, = f
@ a posteriori estimate: how to practically construct o,?

-
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Previous results

General result
@ Prager and Synge (1947) (K = I):

IVu+onl? + 1V (u — up)l® = [Vup + ol

for any u, € H}(Q2) and any o, € H(div, Q) s.t. V.o, = f
@ a posteriori estimate: how to practically construct o,?
@ Hlavacek, Haslinger, Necas, and LoviSek (1979), Repin
(1997) ... global construction: unprecise/costly
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Previous results

General result
@ Prager and Synge (1947) (K = I):

Vu+ opl? + |V(u— up)

for any u, € H}(Q2) and any o, € H(div, Q) s.t. V.o, = f
@ a posteriori estimate: how to practically construct o,?
@ Hlavacek, Haslinger, Necas, and LoviSek (1979), Repin
(1997) ... global construction: unprecise/costly
Local flux reconstructions
@ Ladeveze and Leguillon (1983), equilibrated face fluxes
Destuynder and Métivet (1999), discrete flux o
Luce and WohIimuth (2004), local efficiency
Vejchodsky (2006), mixed approach
Kim (2007) & Ern, Nicaise, and Vohralik (2007),
discontinuous Galerkin method elementwise prescription
@ Braess and Schaberl (2008), Vohralik (2008), Ernang
Vohralik (2009), local Neumann problems by MFEs€#zZZca—
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Previous results

Local potential reconstructions (uj, ¢ Hl())

@ Achdou, Bernardi, and Coquel (2003) & Karakashian and
Pascal (2003), by prescription

@ Carstensen and Merdon (2013), Ern and Vohralik (2013
preprint), local Neumann problems by MFEs

L d
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Previous results

Local potential reconstructions (uj, ¢ Hl())
@ Achdou, Bernardi, and Coquel (2003) & Karakashian and
Pascal (2003), by prescription
@ Carstensen and Merdon (2013), Ern and Vohralik (2013
preprint), local Neumann problems by MFEs
Unified frameworks
@ Ainsworth and Oden (1993)
@ Carstensen (2005)
@ Ainsworth (2010)
@ Ern and Vohralik (heat equation 2010, nonlinear Laplace
equation 2013)
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Previous results

Local potential reconstructions (uj, ¢ Hl())
@ Achdou, Bernardi, and Coquel (2003) & Karakashian and
Pascal (2003), by prescription
@ Carstensen and Merdon (2013), Ern and Vohralik (2013
preprint), local Neumann problems by MFEs
Unified frameworks
@ Ainsworth and Oden (1993)
@ Carstensen (2005)
@ Ainsworth (2010)
@ Ern and Vohralik (heat equation 2010, nonlinear Laplace
equation 2013)
Polynomial-degree-robust estimates
@ Braess, Pillwein, and Schéberl (2009), conforming finite
elements P
@ Ern and Vohralik (2013 preprint), unified frameworl%'gﬂ;ﬂzmm
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Properties of the weak solution

Properties of the weak solution

@ u € H{(Q) (constraint)

@ o = —KVu (constitutive law)
@ o € H(div, Q) (constraint)

@ V.o = f (equilibrium)

v d
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Reconstructions Estimate Efficiency Appl. & num. res.

Properties of the weak solution

exact solution

Solution u (displacement,
temperature, pressure ...) is

continuous

Martin Vohralik

Solution gradient Vu (derivative
u' in 1D) is not necessarily

continuous
informatics gFmathematics
e~
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Properties of the weak solution

Solution u is continuous Flux o := —KVu (or —ku' in
1D) is continuous

: Informatics #Zmathematics
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Approximate solution and approximate flux

Approximate solution up, is not Approximate flux — KV u,
necessarily continuous (—kup) is not necessarily

H rd
continuous ; [ —
_ A posteriori error estimates in numerical simulations
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Potential and flux reconstructions

—— exact solution — -exactflux
--- -approximate flux

— — approximate solution
16 7| == _postprocessed solution

-postprocessed flux

Potential reconstruction Flux reconstruction

v d
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Potential reconstruction

Definition (Potential reconstruction)

A function sy, constructed from up, verifying s, € Hg (Q).

A

Potential up

Potential reconstruction sy

L d
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

A function o, constructed from uy, verifying
Oh € H(diV, Q),
(Viop, )k =(f,1)x VK €T

l\' - “'I | :
\\’\_ -'| ‘u \\\
SO ——
RN = AP
s\ <A
/, o\ l\ V-
/ My
. 7 z 4 /4
Raviart-Thomas—Neédélec A
lowest-order basis function Flux reconstructl P
& rla—
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A posteriori error estimate (K = /)

Theorem (A guaranteed a posteriori error estimate)

@ u € H{(Q) be the weak solution,
@ uyc H'(Tp) :={v e L3Q), vk € H(K)VK € Tp} be
arbitrary,

@ sy, be a potential reconstruction, o, be an equilibrated flux
reconstruction.

..........
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A posteriori error estimate (K = /)

Theorem (A guaranteed a posteriori error estimate)
Let

@ u € H{(Q) be the weak solution,
@ uyc H'(Tp) :={v e L3Q), vk € H(K)VK € Tp} be

arbitrary,
@ sy, be a potential reconstruction, o, be an equilibrated flux
reconstruction.
Then
2 hk 2

I9(u=un)2< S (IVn+onllx + X )f = V-onllx)
KeTh
+ ) IV (un — sn)llk-

KeTh
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Practical flux reconstruction

Assumption A (Galerkin orthogonality)

There holds
(VUh, Vtoa)us = (f,0a)w, ~ Va e Vit
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Practical flux reconstruction

Assumption A (Galerkin orthogonality)
There holds
(VUh, Va)us = (f,0a)es VA€ V"

Definition (Construction of o, Destuynder and Métivet (1999) &

Braess and Schéberl (2008))

Let Assumption A be satisfied. For each a € V, prescribe
¢f € V8 and 12 € @2 by solving the local MFE problem

(ngvh)wa - (?27 v'vh)wa - _('lv'vavufhvh)wa vvh S Vla77
(V{g, gh)wa = (Vaf — Voa-Vup, gnlws Yqn € Qﬂ,

with V3 x Qf mixed finite element spaces (hom. Neumann BC
fora e V},“‘, hom. Dirichlet BC on dwa N 02 for a € Vi*').
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Practical flux reconstruction

Assumption A (Galerkin orthogonality)
There holds
(VUh, Va)us = (f,0a)es VA€ V"

Definition (Construction of o, Destuynder and Métivet (1999) &

Braess and Schéberl (2008))

Let Assumption A be satisfied. For each a € V, prescribe
¢f € V8 and 12 € @2 by solving the local MFE problem

(ngvh)wa - (?27 v'vh)wa - _('lv'vavufhvh)wa vvh S Vla77
(V{g, gh)wa = (Vaf — Voa-Vup, gnlws Yqn € Qﬂ,

with V3 x Qf mixed finite element spaces (hom. Neumann BC
fora ¢ V},“t, hom. Dirichlet BC on dwa N 0N for a € V;*). Set

Oh .= Z g‘,?.

acVy
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Practical potential reconstruction (d = 2)

Definition (Construction of sp)

For each a € Vy, prescribe ¢f € V& and r? € Q7 by solving the
local MFE problem

(B> Vh)wa — (TR, V-Vh)wa = —(Rz V(1alh),Vh)wa  YVh € V],
(vgfa'n qh)wa = (07 qh)wa VQh € Q?))

with V2 x Q7 mixed finite element spaces (hom. Neumann BC
for all a € V).

L d
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Practical potential reconstruction (d = 2)

Definition (Construction of sp)

For each a € Vy, prescribe ¢f € V& and r? € Q7 by solving the
local MFE problem
(B> Vh)wa — (TR, V-Vh)wa = —(Rz V(1alh),Vh)wa  YVh € V],
(vgfa'n qh)wa = (07 qh)wa VQh € Q?))
with V2 x Q7 mixed finite element spaces (hom. Neumann BC
for alla € V). Set
—Rng?, =S Cg,
sp = 0 0n dwa,

Sp = Z Sﬂ.

acVy

L d
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Practical potential reconstruction (d = 2)

Definition (Construction of sp)

For each a € Vy, prescribe ¢f € V& and r? € Q7 by solving the
local MFE problem
(B> Vh)wa — (TR, V-Vh)wa = —(Rz V(1alh),Vh)wa  YVh € V],
(vgfa'n qh)wa = (07 qh)wa VQh € Q?))
with V2 x Q7 mixed finite element spaces (hom. Neumann BC
for alla € V). Set
—Rng?, =S Cg,
sp = 0 0n dwa,

Sp = Z Sﬂ.

acVy

Remark 4 Informatics gFmathematics
@ The same problems, only RHS/BC different. &Z’Im/—
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Flux reconstruction

Theorem (Continuous efficiency, Carstensen & Funken (1999),

Braess, Pillwein, and Schoberl (2009))

Let u be the weak solution and let u, = H'(T}) be arbitrary. Let
acVyandletr, € H(wa) solve

(Vra, V), = —(1aVp, VV)ut(Vaf —Viha-Vup,V)w, YV EH] (wa)

with H! (wa) := {v € H'(wa); (v, 1)., = 0/v = 0 0n dwa N 9Q}.
Then there exists a constant Ceon pr > 0 0Only depending on the
shape-regularity parameter 1 such that

IVrallwa < Ceontpr || V(U = Un)||wa-

L d
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Potential reconstruction (d = 2)

Assumption B (Weak continuity)

There holds ([up], Ye =0 Ve € &

: :,.,/;auu 7 mathematics
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Potential reconstruction (d = 2)

Assumption B (Weak continuity)

There holds ([up], Ye =0 Ve € &

Theorem (Continuous efficiency)

Let u be the weak solution and let u, < H'(7},) satisfying
Assumption B be arbitrary. Leta € Vy, and let ra € H] (wa) solve

(V"a; vV)wa = —(R%V(( ’aUh), VV)wa + (07 V)wa VV € Hl (wa)
with H} (wa) := {v € H'(wa); (v, 1)., = 0}. Then there exists a

constant Ceoni o > 0 only depending on the shape-regularity
parameter k1 such that

[Vrallwa < Ceontbpr||V(U = Un)|lwa-

m‘n’;ﬂ“" 7 mathematics
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Mixed finite elements stability (d = 2)

Theorem (MFE stability, Braess, Pillwein, and Schéberl (2009))

Let u be the weak solution and let uy, and f be piecewise
polynomial. Consider corresponding polynomial degree MFE
reconstructions. Then there exists a constant Cy > 0 only
depending on the shape-regularity parameter x+ such that

||Cfa7 + Tf?HWa < CStHvrana?

with 77 — 2\ Uy, for the flux reconstruction and
T = Rz V(iaup) for the potential reconstruction.

L d
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)

Let u be the weak solution and let uy, and f be piecewise
polynomial. Let uy, satisfy Assumptions A and B. Then, for
corresponding polynomial degree MFE reconstructions,

||VUh aF 0'/1||K < Csthont,PF Z ||V(U - Uh)Hwa’

acVy

IV (un — sn) Ik < CatCeontopr Y V(U = Up) |-

acVyg

L d
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)

Let u be the weak solution and let uy, and f be piecewise
polynomial. Let uy, satisfy Assumptions A and B. Then, for
corresponding polynomial degree MFE reconstructions,

||VUh aF 0'h||K < Csthont,PF Z ||V(U - uh)Hwa’

acVy

“V(Uh - sh)HK S Csthont,bPF Z HV(U - Uh)”wa-

acVyg

Remarks

® maximal overestimation factor guaranteed

@ C, can be bounded by solving the local Neumann
problems by a conforming FEs

L d
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@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

O Nonlinear problems: stopping algebraic & linearization solvers
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

O Unsteady problems: time step adaptation
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Conclusions and future directions 7
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_ Reconstructions Estimate Efficiency Appl. & num. res.
Conforming finite elements

Conforming finite elements
Find u, € V}, such that

(Vun, Vvp) = (f,vp)  Vvpe V.

v d
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Conforming finite elements

Conforming finite elements
Find u, € V}, such that

(VUh, Vvh) = (f, Vh) Yvp € Vp.

oV, = Pp(ﬁ)) N HS(Q), p=>1
@ Assumption A: take vi = ¢a
@ V}, C H{(Q): sp:= up, no need for Assumption B

L d
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Nonconforming finite elements

Nonconforming finite elements
Find up € V}, such that

(VUh, VVh) = (f, Vh) YVvp € Vp.

L d
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Nonconforming finite elements

Nonconforming finite elements
Find up € V}, such that

(VUh, VVh) = (f, Vh) YVvp € Vp.

@ Vi =Py(Th), p > 1, vy € V) satisfy
(Ivel, gn)e =0 Vg € Pp_1(e), Ve € &y

@ Assumption A: take v, = ¥4
@ Assumption B: building requirement for the space Vj,

L d
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Z(VUh, VVh)k— Z {{Vun}-ne, [vil)e+6{{Vvn}-ne, [unl)e}

KeTh ecéy
+ Z<ah§1 [unl, [val)e = (f,vh)  Vvh e Vy
ecéy

L d
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Z(VUh, VVh)k— Z {{Vun}-ne, [vil)e+6{{Vvn}-ne, [unl)e}

KeTh ecéy
+ ) {ahg [upl, [valde = (f.vh)  Yvh € Vi
ecéy

@ Assumption A: take v, = 14 for 8 = 0, otherwise
adjustments necessary (consider discrete gradient)

@ Assumption B not satisfied, adjustments necessary
(include jump terms in the norm)

L d
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € V x Qp such that
(oh,Vn) — (Up, V-vp) =0 W € Vp,
(V-on,aqn) = (f,qn)  Van € Qp.

L d
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € V x Qp such that

(oh,Vh) — (Up, V-vp) =0 Wp € Vp,
(V-on,agn) = (f,qn)  VYgn € Q.

@ postprocessed solution up € Vi, Vi :=Pp(Tp), p > 1,
vy € V), satisfy

([vel.gn)e =0  Vagn € Py(e), Ve € &,

@ Assumption A: no need for flux reconstruction, o}, comes
from the discretization

@ Assumption B satisfied, building requirement for the
space Vj, -

Informatics g mathematics
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Numerics: finite elements in 1D

Model problem

" m2sin(7x) in (0,1),

u = 0 in0,1

v d
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_ Reconstructions Estimate Efficiency Appl. & num. res.
Numerics: finite elements in 1D

Model problem

—u" = z2sin(zx) in (0,1),

u = 0 in0,1

Exact solution
u(x) = sin(mx)

v d
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Numerics: finite elements in 1D

Model problem

—u" = z2sin(zx) in (0,1),

u =0 in0,1
Exact solution
u(x) = sin(mx)
Discretization
conforming finite elements

L d
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Estimated and actual errors, effectivity index

10 T T e 1.14 ———rrrr—— T
—e— error uniform —a— effectivity ind. uniform
—a— estimate uniform 3 112 —
10° b res. est. uniform || 2
L —A—dif. flux est. uniform > 11 =
S =
3 8 1.08 -
510°F : s
o S 1.06 -
[im} 3
10’4, - 5 1.04— N
[}
£
w 1.02— N
6 I L i
10 Ll Ll 1 I Lol ™ Lo
10° 10" 10° 10° 10* 10° 10* 10° 10° 10*
Number of vertices Number of vertices
Actual error and estimator and Effectivity index
its components
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Numerics: cell-centered finite volumes (adjustments)

Model problem
—V(KVu) = 0 inQ:=]-1,1[x]-1,1],

u = up on o
with discontinuou13 and inhomoge1neous K, two cases:
o o5 oot | s
q q
o5 o T
- 0 T 0 1

L d
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Numerics: cell-centered finite volumes (adjustments)

Model problem
—V(KVu) = 0 inQ:=]-1,1[x]-1,1],

u = up on o
with discontinuou13 and inhomogt?neous K, two cases:
o o5 oot | s
q q
o5 o T
- 0 T 0 1

Exact solution (singularity at the origin)
u(r,0)|q, = r*(ajsin(ad) + b;cos(ad))
@ (r,0) polar coordinates in Q
@ a;, bj constants depending on Q;
@ o regularity of the solution .

informatics gZmathematics
VX 77
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Numerics: cell-centered finite volumes (adjustments)

Model problem
—V(KVu) = 0 inQ:=]-1,1[x]-1,1],

u = up on o
with discontinuou13 and inhomogt?neous K, two cases:
o o5 oot | s
q q
o5 ot T
- 0 T 0 1

Exact solution (singularity at the origin)
u(r,0)|q, = r*(ajsin(ad) + b;cos(ad))
@ (r,0) polar coordinates in Q
@ a;, bj constants depending on Q;
@ o regularity of the solution .
Discretization: cell-centered finite volumes V12,77
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Analytical solutions

o
y\\‘\\‘
\\‘\“«f‘g\om‘-

i
S

i Q
m&:.‘ i
m«\-m «
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Error distribution on an adaptively refined mesh,
case 1

0035 1
0.8

0.03
0.6

0.025 0.4

Estimated error distribution Exact error distribution
: ::::::::::: s # mathematics
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Approximate solution and the corresponding
adaptively refined mesh, case 2
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Estimated and actual errors in uniformly/adaptively
refined meshes

10 T T T T T T

10 T T T T T

—e— error uniform E —e— error uniform A
—=— estimate uniform L —=— estimate uniform [|
-4 - error adapt. r -4 - error adapt.

-4 - estimate adapt. r -4 - estimate adapt. ||

< EI-
5 105
3 1 310 -
5] 1 5] B
& & ]
107 . _ ]
3 *oa E ]
[ A ) ] ]
-2 | | ° | " il L
10 L L L 10 L
10° 10° 10* 10° 10° 10° 10! 10°
Number of triangles Number of triangles

L d

h.ya.,,,,mmmm

Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C

Reconstructions Estimate Efficiency Appl. & num. res.

Effectivity indices in uniformly/adaptively refined
meshes

T T T T o
6 ‘ ncy uniform 4 cy uniform
155 -4 - efficiency adapt. 3.8
— —
A 3
LA A
15 . 3.4
1.45 32
1.4 v 8
> E
g | 828 A
(o}
5135 | 526 A
ﬁ E 24 AA
1.3 *‘ : A
\ 2.2 4
1.25 N —
2
A
1.2 N — 1.8
Al 16
1.15 e Y ST -
1.4
11 | Ll Lo 1.2 Ll | L
10° 10° 10° 10° 10° 10 10°
Number of triangles Number of triangles
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Numerics: discontinuous Galerkin

Model problem

—Au = f in Q:=]0,1[x]0,1],
u = up on o

v d
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Numerics: discontinuous Galerkin

Model problem

—Au = f in Q:=]0,1[x]0,1],
u = up on o

Exact solution

U(X) = (C1 + 02(1 — x1) + 870‘)“)(01 + 02(1 _ X2) + e*axz)
cr=—-e% G=-1-¢, a=10

L d
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Numerics: discontinuous Galerkin

Model problem

—Au = f in Q:=]0,1[x]0,1],
u = up on o

Exact solution

U(X) = (C1 + 02(1 — x1) + 670‘)“)(01 + 02(1 _ X2) + e*axz)
cr=—-e% G=-1-¢, a=10

Discretization
incomplete interior penalty discontinuous Galerkin method

L d
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Space mesh Linear and nonlinear solvers Time step C

Estimates, errors, effectivity indices (calc. V.

Reconstructions Estimate Efficiency Appl. & num. res.

Dolejsi)

o plllu—upll [IV(u—up)ll | IVUs + opll hTKHf — Veopll IV(up — sp)ll n st
T3E01 1] 1.39E-02  4.98E-01 5.32E-01 434E-02 352E-02 5.71E-01|1.15
6.3E-02 |3.85E-03  2.67E-01 2.80E-01 6.29E-03 196E-02  2.86E-01]1.07

(EOC) | (1.85) (0.90) (0.93) (2.79) (0.85) (1.00)
31E-02 |9.90E-04  1.37E-01 1.42E-01 8.19E-04 1.01E-02  1.43E-01|1.04

(EOC) | (1.96) (0.97) (0.98) (2.94) (0.96) (1.00)
1.6E-02 | 2.49E-04  6.89E-02 7.12E-02 1.03E-04 501E-03  7.15E-02|1.04

(EOC) | (1.99) (0.99) (0.99) (2.99) (1.01) (1.00)
T3E-01 2] 2.08E-03  9.38E-02 9.48E-02 8.83E-03 T27E-02  1.03E-01]1.10
6.3E-02 | 4.02E-04  2.61E-02 2.62E-02 6.37E-04 4.07E-03  2.71E-02[1.04

(EOC) | (237) (1.84) (1.85) (3.79) (1.65) (1.93)
31E-02 |8.26E-05  6.75E-03 6.76E-03 4.13E-05 1.19E-03  6.90E-03|1.02

(EOC) | (2.28) (1.95) (1.96) (3.95) (1.77) (1.97)
1.6E-02 | 1.85E-05  1.71E-03 1.71E-03 2.61E-06 3.22E-04  1.74E-03|1.02

(EOC) | (2.16) (1.98) (1.99) (3.99) (1.88) (1.99)
T3E-01 3] 2.09E-04  1.55E-02 T51E-02 1.38E-03 236E-03  1.66E-02]1.07
6.3E-02 | 1.65E-05  2.20E-03 2.15E-03 4.98E-05 3.85E-04  2.23E-03|1.01

(EOC) | (3.80) (2.81) (2.81) (4.79) (2.62) (2.89)
31E-02 | 1.08E-06  2.85E-04 2.80E-04 1.62E-06 525E-05  2.86E-04|1.01

(EOC) | (3.94) (2.95) (2.94) (4.94) (2.87) (2.97)
1.6E-02 | 6.77E-08  3.58E-05 3.54E-05 5.10E-08 6.62E-06  3.60E-05|1.01

(EOC) | (3.99) (2.99) (2.98) (4.99) (2.99) (2.99)
T3E-01 4] 2.64E-056  2.08E-03 2.17E-03 7.69E-04 346E-04  2.37E-03|1.04
6.3E-02 | 1.08E-06  1.63E-04 1.57E-04 3.05E-06 3.25E-05  1.63E-04 [1.00

(EOC) | (4.61) (3.80) (3.79) (5.79) (3.41) (3.86)
31E-02 | 4.70E-08  1.05E-05 1.02E-05 4.96E-08 2.46E-06  1.05E-05|1.00

(EOC) | (452) (3.95) (3.94) (5.94) (3.73) (3.95)
T3E01 5] 2.69E-06  2.78E-04 2.60E-04 7.69E-05 439E-05  2.81E-04[1.01
6.3E-02 | 4.92E-08  9.98E-06 9.46E-06 1.53E-07 191E-06  9.80E-06|0.98

(EOC) | (5.77) (4.80) (4.78) (6.78) (4.53) (4.84)
31E-02 | 7.58E-10  3.22E-07 3.10E-07 1.77E-09 6.46E-08  3.18E-07|0.99

(EOC) | (6.02) (4.95) (4.93) (6.44) (4.88) (4.94)
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Outline

e Nonlinear problems: stopping algebraic & linearization solvers
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

L d
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN— RN, vector F e RN: find U € RN s.t.

A(U) = F

B
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k :=1.

v

PV
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,

eeeeeee
v

PV
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,
Q@ O SetUKC:=UkTandi:=1.

eeeeeee
v

PV
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,

Q O SetU®=U'andi:=1. ,
@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

Ak71 Uk,i _ Fk71 . Rk’i.

eeeeeee

PV
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)

@ Choose initial vector U°. Set k := 1.

Q@ UK = matrix A" and vector F*': find U” s.t.
AR-TUK ~ FR1

Q O SetU®=U'andi:=1. ,

@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

Ak71 Uk,i _ Fk71 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.

eeeeeee

PV
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)

@ Choose initial vector U°. Set k := 1.
@ UK = matrix Ak—1 and vector F¥—: find U* s.t
ARk~ PR,
Q@ O SetU0:=U"andi:=1.
@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)
Ak71 Uk,i _ Fk71 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.

© Convergence? OK = finish. KO = k := k+ 1, backto 2. | _.
T
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Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?

eeeeeee
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?

v

Question (Error)

@ How big is the error ||u — u,’j” || on Newton step k and
algebraic solver step i, how is it distributed? |

Martin Vohralik A posteriori error estimates in numerical simulations

S



| Space mesh Linear and nonlinear solvers Time step C Estimate Stoping criteria & efficiency Appl. & num. res.

Previous results

Inexact Newton method

@ Eisenstat and Walker (1990’s) (conception, convergence, a
priori error estimates)
@ Moret (1989) (discrete a posteriori error estimates)
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Previous results

Inexact Newton method

@ Eisenstat and Walker (1990’s) (conception, convergence, a
priori error estimates)

@ Moret (1989) (discrete a posteriori error estimates)

Adaptive inexact Newton method

@ Bank and Rose (1982), combination with multigrid

@ Hackbusch and Reusken (1989), damping and multigrid

@ Deuflhard (1990’s, 2004 book), adaptive damping and
multigrid

V' d
Informatics g mathematics
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Previous results

Inexact Newton method

@ Eisenstat and Walker (1990’s) (conception, convergence, a
priori error estimates)
@ Moret (1989) (discrete a posteriori error estimates)
Adaptive inexact Newton method
@ Bank and Rose (1982), combination with multigrid
@ Hackbusch and Reusken (1989), damping and multigrid
@ Deuflhard (1990’s, 2004 book), adaptive damping and
multigrid
Stopping criteria for algebraic solvers
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid
stopping criterion
@ Arioli (2000’s), comparison of the algebraic and .
discretization errors by a priori arguments &ﬁ’l/i
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Previous results

A posteriori error estimates for numerical discretizations
of nonlinear problems

@ Ladeveéze (since 1990’s), guaranteed upper bound

@ Han (1994), general framework

@ Verfirth (1994), residual estimates

@ Carstensen and Klose (2003), guaranteed estimates

@ Chaillou and Suri (2006, 2007), distinguishing
discretization and linearization errors

@ Kim (2007), guaranteed estimates, locally conservative
methods

L d
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—Vo(u,Vu)=f in Q,
u=20 on 0N

v d
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)¢  V(v,£) eR xR

L d
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem

o(v,6) =A(£)¢  VEeR?

L d
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem
o(v.6) = A()¢  VEER?
° p>1,q:= 52, feLYQ)

L d

&1}; ,,,,, 7 nathematics
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem
o(v.6) = A()¢  VEER?

° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21

L d

&1/.; ,,,,, 7 nathematics
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(u,Vu)=f in Q,
u=0 on 90N
@ quasi-linear diffusion problem
a(v.€) =A(V)E  V(v.§) eRx R
@ Leray—Lions problem
o(v.6) = A()¢  VEER?
° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
Nonlinear operator A: V .= W, P(Q) — V'
(A(u), vy v = (o(u,Vu),Vv)

L d
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(u,Vu)=f in Q,
u=0 on 012
@ quasi-linear diffusion problem
o(v,&) =A(v)¢  Y(v,£) e R xRY
@ Leray—Lions problem
a(v.€) =A()¢  VEeR?
° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
Nonlinear operator A: V .= W, P(Q) — V'
(A(u), vy v = (o(u,Vu),Vv)
Weak formulation

Find v € V such that A(u) = fin V' ;’ B

Martin Vohralik A posteriori error estimates in numerical simulations
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Approximate solution and error measure

Approximate solution
o uy € V(Ty) ¢ V, ut' not necessarily in V

- inlo matic: fFmathematics
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Approximate solution and error measure

Approximate solution

° U,/;’/ e V(Th) ¢ V, u,’j’i not necessarily in V
° V(Tp) :={velP(Q),v|xec WPK) VKeTh}

In/o/matic: #Zmathematics
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Approximate solution and error measure

Approximate solution

° u,/;’/ e V(Tn) ¢ V, u,’j’i not necessarily in V

@ V(Tp) :={veLlP(Q), vk WP(K) VK e Tht
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

Tunc(Ug) =8 3> hg | [u— ugT11g e

KeTh ecék

Py
(4

: lganz‘ 7 mathematics
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Approximate solution and error measure

Approximate solution

° u,/;’/ e V(Tn) ¢ V, u,’j’i not necessarily in V

@ V(Tp) :={veLlP(Q), vk WP(K) VK e Tht
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

1
juNC(Uh : Z Z he qHIIU_ U ]]Hgﬁ
KeT, ecék

o weak difference of the fluxes (dual norm of the residual) +
nonconformity (computable jump term)

Py
(4

: lganz‘ 7 mathematics
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Approximate solution and error measure

Approximate solution

° U,/;’i e V(Th) ¢ V, u,’j’i not necessarily in V
o V(Th) = {v e LP(Q), vk € WI'P(K) VK € Th}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

1
juNC(Uh : Z Z he qHIIU_ U ]]Hgﬁ
KeT, ecék

o weak difference of the fluxes (dual norm of the residual) +
nonconformity (computable jump term)
@ there holds ju( Y =o0ifand only if u = uh

In/o/matic: #Zmathematics
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Approximate solution and error measure

Approximate solution

° uﬁ’/ e V(Tn) ¢ V, u,';’i not necessarily in V

° V(Tp) :={velP(Q), vk c WPK) VKeTh}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

Tunc(Uy') =3 > 3" ha 9w — uf 1
KeTh ecélk
@ weak difference of the fluxes (dual norm of the residual) +
nonconformity (computable jump term)
@ there holds ju( Y =o0ifand only if u = uh
@ physical relevance. strong difference of the fluxes +
nonconformity

Tu(Uy < TPl = o (u, Vu) — o (U VUl \\q+JU%$¢; ,,,,,,,,,,,,,,,
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A posteriori error estimate

Assumption A (Total quasi-equilibrated flux reconstruction)

There exists a flux reconstruction tﬁ”’ € HY9(div, Q) and an

algebraic remainder pf,’i € L9(Q) such that
ki

with the data approximation f, s.t. (fn, 1)k = (f,1)x VK € Tp.

.......
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A posteriori error estimate

Assumption A (Total quasi-equilibrated flux reconstruction)

There exists a flux reconstruction tﬁ”’ € HY9(div, Q) and an
algebraic remainder p!' € L9(Q) such that

Vs =ty — py’,
with the data approximation f, s.t. (fn, 1)k = (f,1)x VK € Tp.

Theorem (A guaranteed a posteriori error estimate)

Let
@ u € V be the weak solution,

° u,’j” € V(Tn) be arbitrary,
@ Assumption A hold.

Martin Vohralik A posteriori error estimates in numerical simulations
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A posteriori error estimate

Assumption A (Total quasi-equilibrated flux reconstruction)

There exists a flux reconstruction tﬁ”' € HY9(div, Q) and an
algebraic remainder p!' € L9(Q) such that

Vs =ty — py’,
with the data approximation f, s.t. (fn, 1)k = (f,1)x VK € Tp.

Theorem (A guaranteed a posteriori error estimate)

Let
@ u € V be the weak solution,

° u,’j" € V(Tn) be arbitrary,
@ Assumption A hold.
Then there holds

Py
jU(Uh’I)ﬁnk’I;. | |
where 7/ is fully computable from uf’, &', and pl¢'.
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Distinguishing error components

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxes di” 11 a¥" e [L9(Q)]9 such that
N ki pkii | ok ki

(i) dpy” + 1, +a," =t |

(i) as the linear solver converges, Haﬁ”Hq — 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.

L d

&Z.gm,mmm
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Distinguishing error components

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxes di” 11 a¥" e [L9(Q)]9 such that
N ki pkii | ok ki

(i) dpy” + 1, +a," =t |

(i) as the linear solver converges, Haﬁ”Hq — 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.

Comments

° dg”: discretization flux reconstruction
o IX: linearization error flux reconstruction

e a\’: algebraic error flux reconstruction

L d

&Z.gm,mmm
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.

L d

&1}; ,,,,, 7 nathematics
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.
Then there holds

K,i ki ._ ki K, ki K, i K,i ki
ju(uh ) S n T ,/disc + Min + ”ulg + Them + nquad + Tosc

L d

&1}; ,,,,, 7 nathematics
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Estimators

@ discretization estimator

1/q
ki o[ =k gk 1— k,i
Mo =27 75"+ llgk+3 > he TIluyTIde
ecéy
@ linearization estimator / .
Mink = [y lg.k
@ algebraic estimator . i
7/‘111, K “— ||ah7 ||q,K
@ algebraic remainder est/mator
nremK hﬂ”ph an
@ quadrature estimator
ki . Fhi
nquadK - HU(Uh ,VU ) Ohp HCI,K
@ data oscillation est/mator
nosc K- CP,PhKHf - fh”q,K
1/9
K,i ki
o =0 > ()" ~
KETh V2% 77 5

Martin Vohralik A posteriori error estimates in numerical simulations



Q Introduction

Q Steady linear problems: space mesh adaptation
@ Potential and flux reconstructions
@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

e Nonlinear problems: stopping algebraic & linearization solvers
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

O Unsteady problems: time step adaptation
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Stopping criteria

Global stopping criteria

@ stop whenever:

ki ki ki
Them > < “Yrem max{ndlsc’ nhn ) nalg}’

k,i
nalg < Talg max{ndm:’ 7711n }
771i1; < fylinnd{sc

@ Yrem; Valg, Nin ~ 0.1

v d

: Informatics #Zmathematics
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Stopping criteria

Estimate Stoping criteria & efficiency Appl. & num. res.

Global stopping criteria

@ stop whenever:
K,i
nrem

ki
,/ulg <

ki _
Min =

@ Yrem; Valg; Nin ~2 0.1
Local stopping criteria
@ stop whenever:

k,i k,i

k,i
< VYrem max{ndlsw nhn ) nalg }

Talg max{’/dlsL r/]m }’

ki
MinT]gisc

K,i
nrem K S Yrem,K max{ndlsc K> Ulm K> nalg K} VK € Tp,
7]allg,K = Talg, K max{ndi’sc.K nlm K} VK € Th,
ki ki
Thin, K < Nin, K gisc, K VK € Tp )

° Yrem,K > Valg,K > Nin,K =~ 0.1
Martin Vohralik

: informatics #Zmathematics
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Assumption for efficiency

Assumption C (Approximation property)
For all K € T, there holds

[

K,i K,i
q,K 5 nﬁ,‘ZK + 77OSC,TK7

where

ki . —k,i __k,i
Towe =13 Y Walfa+ Va3 + D hellley nelllde

K'eTk ecel

1/q
1— k,i
+ ) he Uy e
ecéy

L d

h.n,;m,mmmm
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Global efficiency

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping
criteria hold.

L d

h,n,,;,.,,,,mmm
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Global efficiency

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that J,(uf™") < k.

L d

h,n,,;,nu,mmm
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Global efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

K.
n ! rg ju( )+nquad+nosc7

where < means up to a constant independent of o and q.

L d

&1}; ,,,,, 7 nathematics
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Global efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

K.
n ! rg ju( )+nquad+nosc7

where < means up to a constant independent of o and q.

@ robustness with respect to the nonlinearity thanks to the
choice of the dual norm as error measure

L d

&1}; ,,,,, 7 nathematics
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Local efficiency

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold.

L d

hh,,;,.,,,,mmmm
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Local efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,‘IK(uh ) + nquad,TK + nosc,‘IK

forall K € T.

L d

h,n,,;,nu,mmm

Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C

Local efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,‘IK(uh ) + nquad,TK + nosc,‘IK

forall K € T.

@ robustness and local efficiency for an upper bound on the
dual norm

L d

h,n,,;,nu,mmm
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e Nonlinear problems: stopping algebraic & linearization solvers
@ A guaranteed a posteriori error estimate
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pZ’i
@ On linearization step k and algebraic step i, we have

Ak71 Uk’i — ka1 - Rk’i.

L d

&1/.; ,,,,, 7 nathematics
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pZ”
@ On linearization step k and algebraic step i, we have

Aki‘l Uk’i — ka1 - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Ak_1 Uk,/Jrz/ _ Fk—1 o Rk,/ﬁrv'

L d

Informatics g mathematics
V72,77 2
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i, we have
Ak71 Uk’i — ka1 - F‘l)k’i.
@ Do v additional steps of the algebraic solver, yielding

Ak_1 Uk,/+7/ — Fk—1 - Rk,/+r/

k,i

k,i
rem K OF Tlrem a@re small enough.

@ v chosen adaptively so that n

L d
hlmg:}/ﬂmmm
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i, we have

Ak71 Uk’i — ka1 - F‘l)k’i.
@ Do v additional steps of the algebraic solver, yielding

Ak_1 Uk,/+7/ — Fk—1 - Rk,/+v

ki
rem, K

@ Construct the function |’ from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ v chosen adaptively so that n or nfeél are small enough.

L d
hwg:;/mmm
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i, we have

Ak71 Uk’i — ka1 - F‘l)k’i.
@ Do v additional steps of the algebraic solver, yielding

Ak_1 Uk,/vzz _ Fk—1 o Rk,/+w

ki
rem, K

@ Construct the function /)’,;" from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions dﬁ”, IZ” on each algebraic step.

@ v chosen adaptively so that n or nfeél are small enough.

V' d
Informatics g mathematics
Cria
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i, we have
AR yki — k=1 _ Rk
@ Do v additional steps of the algebraic solver, yielding
AK—1 kit — pk=1 _ gki+v
@ v chosen adaptively so that 77rem Kk Or nier, are small enough.

@ Construct the function /)’,;’ from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions dﬁ”, I/ on each algebraic step. Then set

ag,f — (d/( i+v Jr Ik /Jrl/) (d/;]I JF IZ/)

L d
hwg:;/mmm
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i, we have
AR yki — k=1 _ Rk
@ Do v additional steps of the algebraic solver, yielding
AK—1 kit — pk=1 _ gki+v
@ v chosen adaptively so that 77rem Kk Or nier, are small enough.

@ Construct the function /)’,;’ from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions dﬁ”, I/ on each algebraic step. Then set

ag,f — (d/( i+v Jr Ik /Jrl/) (d/;]I JF IZ/)
@ Independent of the algebraic solver. V0% 77 o
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Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj such that

(O'(Vuh), VVh) = (fh, Vh) Yvp € Vp.

L d

&1/,,; ,,,,, 7 nathematics
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Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj, such that

(O'(Vuh), VVh) = (fh, Vh) Yvp € Vp.

(*] O'(VUh) = \Vuh\P*Vuh

@ Vj, the Crouzeix—Raviart space

@ fn:=Tpf

@ leads to the system of nonlinear algebraic equations

A(U) = F

L d

&1/,,; ,,,,, 7 nathematics
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Linearization
Find uf € Vi such that

(X UVUE), Vibe) = (fn,0e) Ve e &M

ud € Vj, yields the initial vector U°
fixed-point linearization

o (&) = [Vup P
Newton linearization
(&) = [Vuy P PE+ (p—2)| Vs P
(Vug ' @ Ve (€ - Vui)
leads to the system of

anK—17 1k k—1 -
AA\A U - F Informatics #Fmathematics
&LW
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Linearization

Linearization
Find v} € V, such that

(" (VuR), Vipe) = (i, tbe) Ve € M,

e u? € V), yields the initial vector U°
@ fixed-point linearization

k(&) = |Vuf TP
@ Newton linearization
oK) = [Vuf T PEe + (p— 2)|Vup ! P
(VU o vuk—") (¢ - vul )

@ leads to the system of linear algebraic equations

AK-Tyk = Fk=1 7 e
Crsia
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Algebraic solution

Algebraic solution
Find u,’j” € V,, such that

("1 (VUE"), Vi) = (fa ) — RET Ve e &l

v d

: Informatics #Zmathematics
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Algebraic solution

Algebralc solution
Find uh € V}, such that

(" (Vug"), Vibe) = (fnt0e) — RET Ve &
@ algebraic residual vector A%/ = {R'g”'}eegzm
@ discrete system

Ak 1uk Fk 1 Rk’i

rd

: Informatics #Zmathematics
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Flux reconstructions

Definition (Construction of (d + 117
For all K € Tp,
(dk’+|k’)| '=—0k’1(Vu,’§”')| h|K(x Xk) Z

. eclx
where, R&" = (fo, 00e) — (X (VUl'), Vye) Ve e &M,

(x—x |
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Flux reconstructions

Definition (Construction of (d + 117

For all K € T,
R/(I

AN [ = — o (T 4 K (¢ (x—x
( h+h )|K (e ( h )|K+ d ( K eezgd|De| K)|Ke7

(Fa, o) — (1 (VUE), Vipe) Ve € &M

where, RS’ =

Definition (Construction of dﬁ”)

For all K € T,

ki K,i fh\
dh ‘K S O'(VUh )’K—i_ d g; d’D ‘ X XK)‘KQ,
where BE" = (fy, ve) — (a(vU,T"), Vie) Vee &,
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Flux reconstructions

Definition (Construction of (d + 117

For all K € T, .
, R i

dk’+lk’ = — k(v +M X—X (X—x |

( )| ( h )|K d ( K e%;d|De| K)|Ke

where, R&" = (fo, 00e) — (X (VUl'), Vye) Ve e &M,

Definition (Construction of dﬁ”)

For all K € T,

ki K,i fh\
dh ‘K S O'(VUh )’K—i_ d g; d’D ‘ X XK)‘KQ,
where BE" = (fy, ve) — (a(vU,T"), Vie) Vee &,

Definition (Construction of &%)

Set ?Z,/ — O'(VU,/; ) ConSeqUenHYs quad

K:OforaIIKeTh.
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Verification of the assumptions — upper bound

Lemma (Assumptions A and B)

Assumptions A and B hold.
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Verification of the assumptions — upper bound

Lemma (Assumptions A and B)
Assumptions A and B hold.

Comments
@ [|al’]|q.k — 0 as the linear solver converges by definition.
@ |14,k — O as the nonlinear solver converges by the
construction of I’,‘,”.
@ Both (d}' + 1) and d' belong to RTNo(S) =
a’’ € RTNy(Sh) and tf" € RTN(Sp).

L d

&1/.5 ,,,,, 7 nathematics

Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C Estimate Stoping criteria & efficiency Appl. & num. res.

Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.

L d
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Verification of the assumptions — efficiency

Lemma (Assumption C)
Assumption C holds.

Comments

e d' close to o(Vu')
@ approximation properties of Raviart—-Thomas—Nédélec
spaces

L d

&1}; ,,,,, 7 nathematics
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Discontinuous Galerkin for the quasi-linear diffusion

Discretization
Find v, € Vy, :=Py(Th), m > 1, such that, for all v, € Vj,

(o (Un, Vup), Vve) = Y {({o(un, Vup)}-ne, [Vil)e

ecéy

+O({A(Un)VVa}-Ne, [unl)e} + D (@ehs ' Tunl, [val)e = (f, vi).

ecéy

L d
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Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C Estimate Stoping criteria & efficiency Appl. & num. res.

Discontinuous Galerkin for the quasi-linear diffusion

Discretization
Find v, € Vy, :=Py(Th), m > 1, such that, for all v, € Vj,

(o (Un, Vup), Vve) = Y {({o(un, Vup)}-ne, [Vil)e

ecéy

+O({A(Un)VVa}-Ne, [unl)e} + D (@ehs ' Tunl, [val)e = (f, vi).

ecéy

@ 0c{-1,01}
@ Qe := ||A| (r)Xe> Xe large enough
@ leads to the system of nonlinear algebraic equations

A(U) = F

&1/.5 ,,,,, 7 nathematics
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Linearization

Linearization
Find v} € Vj, such that, for all K € 75, and all
j€Ck ={1,...,dim(Pn(K))},

(" (uk, Vug), Viok ) = Y {E"(uf, Vul) e, [tk )e

ecéy

+HO{A T (UR) VKB e, [uple )+ (@ehs 'Tusl, vk e =(f, v).

ecéy

L d
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Linearization

Linearization
Find v} € Vj, such that, for all K € 75, and all

j€Ck ={1,...,dim(Pn(K))},
Can 1(uh,wh ). V) — > {(He" " (U, Vub)}ne. vk De
ecéy
+OEA T () Vi 3 e, [ugle} +> _(@ehs Tupl, [k 1) e=(f, vk.)-
ecéy
e u? € V), yields the initial vector U°
e fixed-point linearization o*~"(v, &) := A(uf~")¢
@ Newton linearization
o N (v,€) = Auy e+ (v — uy oAUy Vg
AT(v) = AU ) + oAUy (v - ug )
@ leads to the system of linear algebraic equations
Ak 1Uk Fk 1 hwgﬂ,,’mmm
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Algebraic solution

Estimate Stoping criteria & efficiency Appl. & num. res.

Algebralc solution
Find )" € Vj, such that

(e Uy, Vup'), Vo) = Y {{e

ecéy

O({AR T (up )V ) e, [up T)e

.
= (f, 4k ;) — Ry

Martin Vohralik

"y, VuR ) ne, [v D)e

b4 D (@ehs Ty [ e

ecéy

L d

&1}; ,,,,, 7 nathematics
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Algebraic solution

Algebralc solution
Find )" € Vj, such that

(" (', Vup'), Vi) = > { e (uy, Vup ) B one, [k D)e
ecéy
O{A (U Vi e, [up e} + D (@ehz Tug'l [tk 1)e
ecéy

.
= (f, 4k ;) — Ry

e algebraic residual vector R*/ = { RIS }KeTh,jeCK
@ discrete system

Ak 1uk Fk 1 Rk’i

L d

&1}; ,,,,, 7 nathematics
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Flux reconstructions

Definition (Construction of (d’ + 1) € RTN(Tp), | := m—1/m)
For all K € 7, and all e € &k,

(15 Ne,Gr)e:=(—{o" (", Vi) e+ aehg Tuy '].qne,
(A + 15" ek = =" (U V), e

+0> " welA (U yrpne, [up T)e,
ecéy
for all g, € P;(e) and all ry € [P/_1(K)]9.

eeeeeee
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Flux reconstructions

Definition (Construction of (d’ + 1) € RTN(Tp), | := m—1/m)
For all K € 7, and all e € &,
(1) e an)e = (— {0 (U, Vuy ") b ne+aehy Tuf'T.ande,
(A 1 ) = — (o T (U, VUl )k

+0 Z We<Ak71 (UZ’i)rh'nea [[U/I;J]])e,

ecéy
for all g, € P;(e) and all ry € [P/_1(K)]9.

Definition (Construction of d' € RTN/(75), | :== m—1or | := m)
For all K € 7, and all e € &k,

(dﬁi-ne, Qh)e = <_{{U(U/§j- VUlf?j)}}'r“s' + @eh;1 l[Uﬁ’i]]7 Qn)e;
(@5 tn)k = (o (U VUl ) ek +0 > we(A(uf ) rpne, [uf e,

eclk
for all g, € P;(e) and all ry € [P/_1(K)]9.
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Verification of the assumptions — upper bound

Definition (Construction of f,, Eﬁ‘i)

Set f .= Nyf and &' := IKN(ar(uf, VUfY).

L d
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Verification of the assumptions — upper bound

Definition (Construction of f,, Eﬁ‘i)

Set f .= Nyf and &' := IKN(ar(uf, VUfY).

Lemma (Assumptions A and B)
Assumptions A and B hold.

L d

&1}; ,,,,, 7 nathematics
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Verification of the assumptions — upper bound

Definition (Construction of f,, Eﬁ’i)

Set fy i= Mjf and o = K™ (o (uy”, V).

Lemma (Assumptions A and B)
Assumptions A and B hold.

Comments

° Hak”Hq kx — 0 as the linear solver converges by definition.

Ikl

@ ||I," ||,k — 0 as the nonlinear solver converges by the

construction of I',‘7 '
@ Both (dj” + If"') and d}" belong to RTN,(75) =
ay’ € RTN/(T5) and tf"" € RTN/(7p).

L d

&1/.; ,,,,, 7 nathematics
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Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.

L d

hw"mnn,mm.mm

Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C Estimate Stoping criteria & efficiency Appl. & num. res.

Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.

Comments

ki ki
@ d;, " closetod)

@ approximation properties of Raviart-Thomas—Neédélec
spaces

L d
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

L d
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations

@ fixed point
@ Newton

L d

hw,é,.m,mmm
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations
@ fixed point
@ Newton

Linear solvers

@ independent of the linear solver

L d
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations
@ fixed point
@ Newton

Linear solvers

@ independent of the linear solver

L d

... all Assumptions A to C verified g v
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Numerical experiment |

Model problem
@ p-Laplacian
V-(|VulP2vVu)=f inQ,
u=up onoQ2

@ weak solution (used to impose the Dirichlet BC)

p

1 1)2 112\ 200 1(1)P 7
U(X,}’):—pT((X—é) +-3) ) +pT<§>
@ tested values p=1.5and 10
@ nonconforming finite elements

L d
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Analytical and approximate solutions

0.04 0.4
0.02 03
0 0.2
-0.02 0.1
-0.04 o
-0.06 01

Casep=15 Casep=10

L d
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step.

10 T T T 10" 10— T T T T ——
107 [ 4 [ Mﬁq ]
[ NSRS |
2T Tt g -
s 2107 T g0 A P = S |
8100 4 38 8 ]
=y ]
e estmate
100 i ['| —a—disc. est.
L 1 L|—4—in. est.
alg. est.
10 | | | | | | 107 | | | 10 ag.remest] | I I I
0 100 200 300 400 500 600 700 3 6 9 12 15 0 5 10 15 25 30 35
Algebraic iteration Algebraic iteration Algebraic iteration
Newton inexact Newton ad. inexact Newton

L d

&Z.gm,mmm

Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C Estimate Stoping criteria & efficiency Appl. & num. res.

Error and estimators as a function of Newton
iterations, p = 10, 6th level mesh

Dual error
5

Dual error

10°

—e—errorup
; Et

1
14 16 18 20

8 10 12
Newton iteration

Newton

1 L
0 10 20 30 70 8 90 100

40 50 60
Newton teration

inexact Newton ad. inexact Newton
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Error and estimators, p = 10

H
s
%

T T 10°
E —e—crorup 1
. £ ——dif. flux est. ]
o T ot 4 r —*—nonc. est. [{
t ——lin.est.
—*—alg. est.
10 B 107 = E
- E El
s gl 78 F ]
5ol 415 5 F ]
510 E 5 [ 1
g g s [ ]
3 810° | 4 &
10° - — 107 E
100l B 10°F b ——————— B £ ]
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10 10 1
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Newton inexact Newton ad. inexact Newton
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Effectivity indices, p = 10

Upper and lower dual erfor effeciivity indices

°

T T T

»

s e e e AL e S AL

8 2 —a— effectivity
7+ 4 & <4 Sas- effectivity ind. low
6 - zi6 -+ z24- -

3 3

5 g
s - Sast -4 222 B

3 %

a- - Baaf EER B

5 5
3- - S 13- - S 18- -

3 3
2 - 212 — 216 -
i+ - Bl - Bia- B

& 8
1S 4 &4 4 g1 N

E Ei

vl v vl gl i B S R o ST |
10 10 10 10 10 10 10 10

10
Number of faces

Newton

10
Number of faces

ad. inexact Newton

10
Number of faces

inexact Newton
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Error distribution, p = 10

Estimate

Ko7
N |

4} 'ﬂN‘ 1}\
%

Estimated error distribution
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Newton and algebraic iterations, p = 10

E[—=—full
F|—e—inex
[[| —4—adapt. inex.

——full
—e—inex. H
—A—adapt. inex.|]

—a— full T
90 inex.
—&—adapt. inex.

Number of Newton iterations
g

Number of algebraic solver iterations
Total number of algebraic solver iterations

1 M| M 10t | | I |
3 4 o 10 10° 1 2 3 4 5 3
Refinement level Newton iteration Refinement level

Newton it. / refinement alg. it. / Newton step  alg. it. / refinement
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Error and estimators as a function of CG iterations,
p = 1.5, 6th level mesh, 1st Newton step.

Algebraic iteration

Newton

40 60 80 100
Algebraic iteration

ad. inexact Newton

inexact Newton
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Error and estimators as a function of Newton
iterations, p = 1.5, 6th level mesh

10 10" T T T T T T T T T 10
10 — — m’z -
510° - - g0k 4 5 1
5 5 5
a0 | 4 By 4 8
—A— disc. est.
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Newton iteration Newton iteration Newton iteration
Newton inexact Newton ad. inexact Newton
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Error and estimators, p = 1.5
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Effectivity indices, p = 1.5

Estimate Stoping criteria & efficiency Appl. & num. res.

Upper and lower dual erfor effeciivity indices

.
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Newton and algebraic iterations, p = 1.5

E[—=—fun

E 3 10" T o
E o T E E == El
inex 3 - —e—inex
[-[——adapt. inex. 4 . —A—adapt. inex.

Number of Newton
Number of algebraic solver iterations

Total number of algebraic solve

P T R R 1 | I |
3 4 5 6 10° 10' 10° 10° 1 2 3 4
Refinement level Newton iteration Refinement level

Newton it. / refinement alg. it. / Newton step  alg. it. / refinement

|
5 6

2
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Numerical experiment I

Model problem
@ p-Laplacian

V-(|VulP2vVu)=f inQ,
u=up ono

@ weak solution (used to impose the Dirichlet BC)
u(r,0) = rs sin(6%)

@ p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
@ nonconforming finite elements
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Estimate Stoping criteria & efficiency Appl. & num. res.

Error distribution on an adaptively refined mesh

R
‘A\ﬂ v

S
4)‘\ &

Estimated error distribution
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Estimated and actual errors and the effectivity index

Estimate Stoping criteria & efficiency Appl. & num. res.

Dual error
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Energy error and overall performance

Energy error
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_ Estimate Application and numerical results
Outline

° Unsteady problems: time step adaptation
@ A guaranteed a posteriori error estimate
@ Application and numerical results

v d
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Numerical approximation of a nonlinear, unsteady
PDE

Exact and approximate solution

@ let u be the weak solution of A(u) = f, A nonlinear,
unsteady PDE on Q x (0, T)

@ let uy, be its approximate numerical solution,
AhT(uhT) = FhT
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Numerical approximation of a nonlinear, unsteady
PDE

Exact and approximate solution

@ let u be the weak solution of A(u) = f, A nonlinear,
unsteady PDE on Q x (0, T)

@ let vy, be its approximate numerical solution,
Anr(Unr) = Fhr
Solution algorithm
@ introduce a temporal mesh of (0, T) givenby t",0 <n< N
@ introduce a spatial mesh 7, of Q on each t"
@ on each " and 7,”, solve a system of nonlinear algebraic
equations Ap(up) = Ff!
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lterative solvers and space and time steps choice

lterative linearization of A}(u7) = F/ on each t"

Q AZ”“WZ”‘ = F,’]’k_1: discrete iterative linearization
(Newton, fixed-point)
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lterative solvers and space and time steps choice

lterative linearization of A}(u7) = F/ on each t"
° AZ”“WZ”‘ = F,’]’k_1: discrete iterative linearization
(Newton, fixed-point)
@ loopin k

L d
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lterative solvers and space and time steps choice

lterative linearization of A}(u7) = F/ on each t"
° AZ”“WZ”‘ = F,’:’k_1: discrete iterative linearization
(Newton, fixed-point)
@ loopin k
@ when do we stop?

Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C Estimate Application and numerical results

lterative solvers and space and time steps choice

lterative linearization of A}(u7) = F/ on each t"
° AZ”“WZ”‘ = F,’]’k_1: discrete iterative linearization
(Newton, fixed-point)
@ loopin k
@ when do we stop?
Iterative algebraic solver on each " and for each k
o APFTyr* = F*1is a linear algebraic system
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lterative solvers and space and time steps choice

lterative linearization of A}(u7) = F/ on each t"
° AZ”“WZ”‘ = F,’]’k_1: discrete iterative linearization
(Newton, fixed-point)
@ loopin k
@ when do we stop?
Iterative algebraic solver on each t" and for each k
° AZ”‘” u,’;’k = F,’]’k_1 is a linear algebraic system
@ we only solve it inexactly by some iterative algebraic
solver: loopin /

L d

h,n,,;,nu,m..mm

Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C Estimate Application and numerical results

lterative solvers and space and time steps choice

lterative linearization of A}(u7) = F/ on each t"
° AZ”“WZ”‘ = F,’]’k_1: discrete iterative linearization
(Newton, fixed-point)
@ loopin k
@ when do we stop?
Iterative algebraic solver on each t" and for each k
° AZ”‘” u,’;’k = F,’]’k_1 is a linear algebraic system
@ we only solve it inexactly by some iterative algebraic
solver: loopin /
@ when do we stop?
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lterative solvers and space and time steps choice

lterative linearization of A}(u7) = F/ on each t"
° AZ”“WZ”‘ = F,’]’k_1: discrete iterative linearization
(Newton, fixed-point)
@ loopin k
@ when do we stop?
Iterative algebraic solver on each t" and for each k
° AZ”‘” u,’;’k = F,’]’k_1 is a linear algebraic system
@ we only solve it inexactly by some iterative algebraic
solver: loopin /
@ when do we stop?
Temporal mesh

@ choice of the discrete times t"?
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lterative solvers and space and time steps choice

lterative linearization of A}(u7) = F/ on each t"
° AZ”“WZ”‘ = F,’]’k_1: discrete iterative linearization
(Newton, fixed-point)
@ loopin k
@ when do we stop?

Iterative algebraic solver on each " and for each k
o APFTyr* = F*1is a linear algebraic system
@ we only solve it inexactly by some iterative algebraic
solver: loopin /
@ when do we stop?
Temporal mesh

@ choice of the discrete times t"?
Spatial mesh

@ choice of the meshes 7,7 s’ —
A —

Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C Estimate Application and numerical results

Previous results

Linear unsteady problems

@ Bieterman and Babuska (1982), introduction

@ Picasso (1998), energy error estimates

@ Verfirth (2003), efficiency, robustness with respect to the
final time

@ Makridakis and Nochetto (2003), elliptic reconstruction
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Previous results

Linear unsteady problems

@ Bieterman and Babuska (1982), introduction

@ Picasso (1998), energy error estimates

@ Verfirth (2003), efficiency, robustness with respect to the

final time

@ Makridakis and Nochetto (2003), elliptic reconstruction
Nonlinear unsteady problems

@ Verfirth (1998), framework for energy norm control

@ Ohlberger (2001), non energy-norm estimates
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Previous results

Linear unsteady problems

@ Bieterman and Babuska (1982), introduction

@ Picasso (1998), energy error estimates

@ Verfirth (2003), efficiency, robustness with respect to the
final time

@ Makridakis and Nochetto (2003), elliptic reconstruction

Nonlinear unsteady problems
@ Verfirth (1998), framework for energy norm control
@ Ohlberger (2001), non energy-norm estimates
Degenerate parabolic problems
@ Nochetto, Schmidt, Verdi (2000), the Stefan problem

@ Dolejsi, Ern, Vohralik (2013), advection—diffusion—reaction
equation, the Richards problem, robustness in a
space—time dual mesh-dependent norm A—
V277,
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Two-phase flow in porous media

Two-phase flow in porous media

0t($Sa) + V-Uy = Qa, a € {n,w},
—Xa(Sw)K(VPa + pagVZ) = u,, a € {n,w},
Sh+ Sy =1,

Pa — Pw = Pc(Sw)
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Two-phase flow in porous media

Two-phase flow in porous media

0t($Sa) + V-Uy = Qa, a € {n,w},
—Xa(Sw)K(VPa + pagVZ) = U, a € {n,w},
Sh+ Sy =1,

Pn — Pw = Pe(Sw)
Mathematical issues

@ coupled system

@ unsteady, nonlinear

@ elliptic—parabolic degenerate type
@ dominant advection
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@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

O Nonlinear problems: stopping algebraic & linearization solvers
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

0 Unsteady problems: time step adaptation
@ A guaranteed a posteriori error estimate
@ Application and numerical results
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Two-phase flow in porous media

Theorem (A posteriori error estimate distinguishing the error

components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (s 377 o ’,‘7 "). Then

k k k, K, K,i
lll(sw — fth',Pw— \,:,hql-)mln <775r;)kl+77gn I+771’17 I+77:17g g
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Two-phase flow in porous media

Theorem (A posteriori error estimate distinguishing the error

components)

Let
@ 1 be the time step,

@ k be the linearization step,

@ | be the algebraic solver step,
with the approximations (s 377 o ’,‘7 "). Then

n,k,i n,k,i n,K,i n,k,i

7k7' k K
”|(SW— \27h7{7pw_ WhT)|HIn </’75r;) I+77tm +77]1 +T’alg

Error components
nK,i.

® 7 . spatial discretization
° n{;n’“ temporal discretization
@ n': linearization
L d
° n”lk’ algebraic solver (25760
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Local estimators

@ spatial estimators

k k, ki ki
) =0 > (1Al —va (s st Ik
ac{n,w} ,
k k
+ hy/mllg — O (esil) — Vul|1x)

. . ;
+ (KW (SN + Aa(SEEDV (0(IAL, ST — B Ik (1)

;
2
7k7 ~ k 2

+ (IKV(a(slD) = ap)lk (1)) }
@ temporal estimators

k k K NN #|
nSHK’a( ):=1Va( V”VmﬁSQ,hT’)(f)—Va(PV”V,hT’,SZ,hT’)(f”)HK o € {n, w}
@ linearization estimators

k k
nlr:nKl(\ = ||<r:hl||K O[E{D,W}
@ algebraic estimators
7k7' . 7k7' informatics g mathematics
n:lg,i’(,(\, = Ha(n\,hI” a € {n,w} 7@_
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Global estimators

Estimate Application and numerical results

Global estimators

=

K. Kk
=8 S olora

1

" KeT)
1
2
nk,i . n,k,i 2
ntm T Z / n[mKa ) dt I
ae{n,w} "KGT”
1
2
nk,j . n,k,i 2
nhn T Z Z nlmKoz )
ac{nw}  KeT)
1
2
nk,i ,__ n,Kk,i
nalg - { Z Z nalg,Koz

ae{nw}  KeT]
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Q Steady linear problems: space mesh adaptation
@ Potential and flux reconstructions
@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

O Nonlinear problems: stopping algebraic & linearization solvers
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

0 Unsteady problems: time step adaptation
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Conclusions and future directions 7
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Cell-centered finite volume scheme

Cell-centered finite volume scheme
Forall1 < n < N, look for s ,.p , such that

n n—1

sy — s _
¢W7T7nW7|K| + Z FW,eKK/(S\?v,hvpvnv,h) =0,
eKK/GSi‘“
sn
K K —
B A — 2 2 K|+ Z n, 6k w7h7p\?v,h) =0,
eKK/eé'““

-

: lm&«"zu’r‘vmemu‘n
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Cell-centered finite volume scheme

Cell-centered finite volume scheme
Forall1 < n < N, look for s ,.p , such that

n
I K -—
p———— Pk s, K|+ Z W, €k k! w,hvpvnv,h) =0,
eKKlegmt
Dk —Suk
_(b ~ n = ‘K‘—*— Z FneKK/( wh?pwh) 0
eKK/eé';;“

where the fluxes are given by

noo=n . AW(SQ/,K) + )‘W(S\';7K’) 'EQWK’ _ 'b‘r’z’vK
FW,eKK/(SWJ]’pW,h) =T 2 ‘K| ’XK — XK/‘

_ (S k) + An(ST k1)
P (Sam P p) 1= — = KK
B R G L N ).
Xk — X0 1/7%,77; 3
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Linearization and algebraic solution

Linearization step « and algebraic step /
Couple s}, " such that

nk,i _ on—1

S
w,K w,K k—1 nk,i =nkiy n,k,i
¢ n Z FweKK, wh’pwh) _R\\K7
eKK/eé';?‘
Sn,k,i s 1
w,K w,K k nk/ nKkiy n,k,i
—¢ n ’K|+ Z FeKK/( h’pwh)__RnK’
eKK/e.S;?‘

v d

hh,,;m,”.mmm
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Linearization and algebraic solution

Linearization step « and algebraic step /
Couple s}, " such that

Sn,k,/ n—1
w,K w,K K—1 nk/ —nK,iy n,k,i
¢ n Z FW eKK’ wh 7'Owh ) _R\\ K>
eKK/eé';?‘
Sn,k,i s 1
w,K w,K k nk/ nKkiy n,k,i
_(b n ’K|+ Z FeKK/( h’pwh)__Rl1K7
eKK/EE;?l

where the linearized fluxes are given by

k—1 nKk,i =nk,iy . nk—1 —=nk—1
FaeKK/( Whvah) FaeKK/(Swh 'y Mw,h )

Fae k=1 pnk—1 ki k—1
+ Z =8k ( S\Z/,h , Cv,h )‘(SQ,MI_S&M )
ME{KK’} w,M
aFaveKK’ nk—1 —nk—1y (=nki =nk—1
D WA LG St )
Me{K K} =% 2L —
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Estimate Application and numerical results

Fluxes reconstructions and pressure postprocessing

Fluxes reconstructions

k
(d(r),( hl nK, 1)eKK’ =

k, k,i
((d” ' I(’Z h’)-nK, e :
nk/ .

(1/7

nk/ n,k,i
FaeKK’( w,h ’pwh)

k—1 nk/ n,k,i
FaeKK/( w,h 7pwh)

nk/ v nk/ v n nk/
=d 0 — (1)

L d

h,n,,;,nu,mmm

Martin Vohralik A posteriori error estimates in numerical simulations



| Space mesh Linear and nonlinear solvers Time step C Estimate Application and numerical results

Fluxes reconstructions and pressure postprocessing

Fluxes reconstructions

k k k
(dzn» hl Nk, 1)eKK’ ::Fa eKK’( \?vh”p\’:/hl)
K,i k—1 K k
(@25 + 105 0, Ve =Flo!  (sui’ P,
(rz!;/: dnk/ v Ink/ v (dn Ink/)

Phase pressures postprocessing

@ Piecewise constant p” ki postprocessed to piecewise
n,k,i.

quadratic p,’},":
—A ( nk/)KV( (\);/(7/|K) dnk/

p\r://(v/( ) pn l}({l7

—An(sgv’,lféi)ﬁv( Pl k) = d"k'
Pl (k) = pe(s CV’I( + Pk [ s
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Water saturation/water pressure evolution
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Estimators evolution
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Estimators and stopping criteria

10 10*
107 B 10" =
o
@ i 10
o 0
g 10" 0w
Zuo T e
8 810 temporal
107k _ —4— linearization
—=—total 107° || —*— algebraic
—&— spatial
10°H temporal — -5
—4—linearization 10
—*—algebraic
10 : : I I I I 107 | | I | | | | | I
0 200 400 600 800 1000 1200 1400 1600 1 2 3 4 5 6 7 8 9 10 11
GMRes iteration Newton iteration
Estimators in function of Estimators in function of
GMRes iterations Newton iterations
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GMRes relative residual/Newton iterations

Estimate Application and numerical results

GMRes relative residual

,,,.pl'“v '."""' W i
{ «"q&,. p SR

Martdn ]

Wil

8°4%4y
s |9 "’ |
10 -
12 |
14 ! ! ! ! ! ! !

0 0.5 1 15 2 25 3 35 4

Time/Newton step x 10

GMRes relative residual
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GMRes iterations

Estimate Application and numerical results

Number of GMRes iterations

—=— classical
- @ -adaptive

05 1 15 2 25
Time/Newton step o

Per time and Newton step
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Cumulated number of GMRes iterations
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Q Introduction

Q Steady linear problems: space mesh adaptation
@ Potential and flux reconstructions
@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

Q Nonlinear problems: stopping algebraic & linearization solvers
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

0 Unsteady problems: time step adaptation

@ A guaranteed a posteriori error estimate
@ Application and numerical results

6 Conclusions and future directions -
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Conclusions

Entire adaptivity
@ only a necessary number of algebraic solver iterations
on each linearization step
@ only a necessary number of linearization iterations

@ “smart online decisions”: algebraic step / linearization
step / space mesh refinement / time step modification

@ important computational savings

@ guaranteed and robust error upper bound via a posteriori
estimates
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Conclusions

Entire adaptivity
@ only a necessary number of algebraic solver iterations
on each linearization step
@ only a necessary number of linearization iterations

@ “smart online decisions”: algebraic step / linearization
step / space mesh refinement / time step modification

@ important computational savings
@ guaranteed and robust error upper bound via a posteriori
estimates
Future directions

@ other coupled nonlinear systems
@ convergence and optimality
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