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scalar-valued [2(Q) functions with weak gradients in L%(Q),
H'(Q) := {v € L3(Q); Vv € L3(Q)}

vector-valued L2(Q) functions with weak divergences in L2(Q),
H(div,Q) := {v e L3(Q); € L2(Q)}
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Two key Sobolev spaces

scalar-valued L?(Q) functions with weak gradients in L2(Q),
H'(Q) := {v e [3(Q); Vv € L3(Q)}

vector-valued L2(Q) functions with weak divergences in L3(Q),
H(div,Q) := {v € L3(Q); V-v € [3(Q)}
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_ Stable projector in H(div, ) Stable projector in H' (%)
Two key Sobolev spaces with BCs

Hj o(Q)
H{ 5(Q) :={v e H'(Q); v=0o0nIp}

H07N(diV, Q)

Ho n(div, Q) := {v € H(div,Q); v-ng = 0 on Iy in appropriate
sense}
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_ Stable projector in H(div, ) Stable projector in H' (%)
Meshes, elements, and patches
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vp(x) =ax +by+cz+d




_ Stable projector in H(div, ) Stable projector in H' (%)
Polynomial space Py(K), p > 0

ax? + by? + cz?
vp(x) = +dry +eyz + fxz
+gxr 4+ hy +iz+ 7

-
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Lagrange piecewise polynomial space Pp(7,) 1 H'(Q), p > 1
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Lagrange piecewise polynomial space Pp(7,) 1 H'(Q), p > 1

< R R NN, NN

e ve H (K UKy)iff ve H'(Ky), v e H'(Kz), and (V|k, )| = (V|k,)|F
@ = ensure this by putting sufficient DoFs at the face F . A

s
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Raviart-Thomas space RT,(K) := [Po(K)]® + Pp(K)x, p > 0
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Raviart-Thomas piecewise polynomial space R7,(7,) 1 H(div. ),
p=>0

@ v € H(div, Ky U Ky) iff v € H(div, K1), v € H(div, K»), and
(Vlk,-nF)|F = (V|k,nF)|F in appropriate sense

loveda . 2 | @i
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Commuting de Rham diagram
Hin@) 5 Hon(ourl@) % Hon(div.Q) 5 L3(Q)
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Commuting de Rham diagram

Commuting de Rham diagram

Hin () Yy Hon(cur, Q) 25 Hon(div, Q) Y 12(Q)

Pp+1(777)ﬂH3’N( )—> Np(Th)NHo n(curl, Q)—> RTp(Th)Hon(div, Q) —>77p(777)ﬂL2( )
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Commuting de Rham diagram

Commuting de Rham diagram

Hin(©@) 5 Hon(eurQ) 5% Hon(div,Q) 5 [3(Q)
lpgzzi” lpcurl lpdlv lnp
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Commuting de Rham diagram: operator hi‘,’

Commuting de Rham diagram
Y

Hon(div, Q) Y 12(Q)
lpg'g lng
RTo(Th)Hon(div, Q) ~5Pp(T5)NL2(Q)
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Commuting de Rham diagram
Hon(div, Q) Y 12(Q)
lpg'g lng
RTo(Th)Hon(div, Q) ~5Pp(T5)NL2(Q)
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Commuting de Rham diagram: operator hi[‘,’

Commuting de Rham diagram
Hon(dv,Q) =5 L3(Q)
lpg'g W
RTo(Th)Hon(div, Q) ~5Pp(T5)NL2(Q)
Properties of Py
@ is defined over the entire Hy n(div, ) (minimal regularity, partial BCs)

~ Ale
O e
7 A |

M. Vohralik p-robust global-local equivalence, p-stable projectors, & elementwise hp approximation 7 /30



| Projectors Global-local equivalence hp estimates Tools C Stable projector in H(div, Q) Stable projector in H'(Q)

Commuting de Rham diagram: operator hil‘,’

Commuting de Rham diagram
Y

Hon(div,Q) 5 [2(Q)
lpgig lng
RTo(Th)Hon(div, Q) ~5Pp(T5)NL2(Q)
Properties of P

@ is defined over the entire Hy n(div, ) (minimal regularity, partial BCs)
© is defined locally (in neighborhood of each mesh element)
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Properties of P

@ is defined over the entire Hy n(div, ) (minimal regularity, partial BCs)
© is defined locally (in neighborhood of each mesh element)
@ is defined simply, starting from the elementwise L?-orthogonal projection

© has optimal hp approximation property, that of elementwise
div-unconstrained best approximation (global-local equivalence)
@ is p-stable in L?(Q) (up to data oscillation)
Q satisfies the commuting property expressed by the arrows
- A
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Commuting de Rham diagram: operator hil‘,’

Commuting de Rham diagram

Hon(div, Q) Y 12(Q)

lpgig lng

RTo(Th)Hon(div, Q) ~5Pp(T5)NL2(Q)

Properties of P
@ is defined over the entire Hy n(div, ) (minimal regularity, partial BCs)

@ is defined locally (in neighborhood of each mesh element)

@ is defined simply, starting from the elementwise L?-orthogonal projection

© has optimal hp approximation property, that of elementwise
div-unconstrained best approximation (global-local equivalence)

@ is p-stable in L?(Q) (up to data oscillation)

Q satisfies the commuting property expressed by the arrows

@ is projector, i.e., leaves intact piecewise polynomials A\
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Stable local commuting projectors defined on H(div)/H(curl)

@ Schéberl (2001, 2005): not local

Christiansen and Winther (2008): not local

Bespalov and Heuer (2011): low regularity but still not H(div)/H(curl)

Falk and Winther (2014): local and H(div)/H(curl)-stable but not L?-stable
Ern and Guermond (2016): not local

Ern and Guermond (2017): H(div)/H(curl) regularity but not commuting
Licht (2019): essential boundary conditions on a part of 92

Arnold and Guzman (2021): L2-stable

@ Ern, Gudi, Smears, and Vohralik (2022) & Chaumont-Frelet and Vohralik
(2024): all the above properties

~ A
.
7 A0 | @k woue

M. Vohralik p-robust global-local equivalence, p-stable projectors, & elementwise hp approximation 8/30



| Projectors Global-local equivalence hp estimates Tools C Stable projector in H(div, Q) Stable projector in H! ()

Stable local commuting projectors defined on H(div)/H(curl)

@ Schéberl (2001, 2005): not local

Christiansen and Winther (2008): not local

Bespalov and Heuer (2011): low regularity but still not H(div)/H(curl)

Falk and Winther (2014): local and H(div)/H(curl)-stable but not L?-stable
Ern and Guermond (2016): not local

Ern and Guermond (2017): H(div)/H(curl) regularity but not commuting
Licht (2019): essential boundary conditions on a part of 92

Arnold and Guzman (2021): L2-stable

@ Ern, Gudi, Smears, and Vohralik (2022) & Chaumont-Frelet and Vohralik
(2024): all the above properties

@ none is p-robust

~ A
.
7 A0 | @k woue

M. Vohralik p-robust global-local equivalence, p-stable projectors, & elementwise hp approximation 8/30



_ Stable projector in H(div, Q) Stable projector in H' ()
Classical elementwise interpolation

o |lv—vh|? = Ykerllv—valk
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Classical elementwise interpolation

o [V —vhllP =Y ker v —valk
@ v € H(div, Q) = v|x € H(div, K) = so interpolate v|x, elementwise
interpolation
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Classical elementwise interpolation: conformity enforcement

@ vy € RTp(Ky, K2) N H(div, K1 U Kp) iff vk, € RTp(K1), Vilk, € RTp(Kz), and
(Vhlk, -nE)|F = (Valk, NE)|F
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Classical elementwise interpolation: conformity enforcement

AR AN

[
2
7
72
72
74
7

@ vy € RTp(Ky, K2) N H(div, K1 U Kp) iff vk, € RTp(K1), Vilk, € RTp(Kz), and
(Valk,-NE)|F = (Vhliy'nE)|F (= (v-ng. 1) g /|F| for p = 0)
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Classical elementwise interpolation: conformity enforcement

@ VycE R%(K1 , Kg) N H(dIV, KU Kg) iff Vh‘K1 € R%(KO, Vh|K2 S ’R,%(Kg), and
(Vhli, 1E)IF = (Vili ) |E (— (v-nr. 1)r/|F for p=0)

Face normal trace integrals (v-ng, 1) /|F| not available in H(div).
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Classical elementwise interpolation: conformity enforcement

@ VycE R%(Kth) N H(dIV, KU Kg) iff Vh‘K1 € T\’«%(KO, Vh|K2 S ’R,%(Kg), and
(Vhli, 1E)IF = (Vili ) |E (— (v-nr. 1)r/|F for p=0)

Not a single tetrahedron K € T, if the minimal regularity v € H(div, Q) requested.
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Classical patchwise interpolation (Clément)

@ some local-best polynomial
approximation on wa

@ values on w, as coefficients for
basis functions supported on w,

Allows the minimal regularity
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Classical patchwise interpolation (Clément)

@ some local-best polynomial
approximation on wa

@ values on w, as coefficients for
basis functions supported on w,

Allows the minimal regularity but breaks the projection property, the elementwise
structure, and the commuting diagram.
7N
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Let v € Hy n(div, ©2) be given.
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A p-stable local commuting projector hil‘,’

Let v € Hyn(div, Q2) be given.

@ For each K € T, define the elementwise L2-orthogonal
projection

T = ar min V-V
hlk gveRlﬁ(K)H nllk

el
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A p-stable local commuting projector hil‘,’

Let v € Hyn(div, Q2) be given.

@ For each K € T, define the elementwise L2-orthogonal
projection

Thlx = arg TQ;Q(K)HV — Vhllk
o

(discrete but normal-trace discontinuous).

el
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A p-stable local commuting projector hil‘,’

Let v € Hyn(div, Q2) be given.

@ For each K € T, define the elementwise L2-orthogonal
projection

Thlk :=arg min ||V — Vy|k
VheRTH(K)

(discrete but normal-trace discontinuous).
@ Obtain o, € RT7,(75) N Hon(div, Q) by applying the flux
equilibration
to 7p; in particular, o, := Eaev,, o8, where
o2 are obtained by local energy minimizations on the
vertex patch subdomains ws.

PONTS
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A p-stable local commuting projector hi,‘,’

Let v € Hyn(div, Q2) be given.

@ For each K € T, define the elementwise L2-orthogonal
projection

Thlk :=arg min ||V — Vy|k
VheRTH(K)

(discrete but normal-trace discontinuous).

@ Obtain o, € RT7,(75) N Hon(div, Q) by applying the flux .
equilibration with an additional orthogonality
constraint to 7p; in particular, oy := 3" ,.,, 0%, where SRR
o2 are obtained by local energy minimizations on the
vertex patch subdomains ws.

@ Apply a p-stable decomposition on extended vertex
patch subdomains w; to conforming projections of the
reminder 7, — o' = correction ¢p; PRy (V) := o + G
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Eq U | | | bratIOn |n H(d |V) Bossavit (1998), Destuynder & Métivet (1998), Braess & Schoberl (2008), Ern & V. (2013)
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@ Thlk=arg min |V —vp|k (elementwise L?-orthogonal projection)
VHERTH(K)
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A p-stable local commuting projector hil‘,’

Q Trlk:=arg min_ [lv—vp|k (elementwise L*>-orthogonal projection)
CVERT(K) >
oh = ar min T —V
° ’ & VAERT (Ta)NHo(divV,wa) | viTh hHwa

Vvp=  aV-v+Vyi.v

(patchwise flux equilibration )
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A p-stable local commuting projector hil‘,’

Q Thlk =arg min ( K)H Vv — Vhllk (elementwise L*>-orthogonal projection)
Ve [
a. . hp o oa
of=ar min I ) — v
° ’ & VhERT;(Ta)Ho(div,wa) 177 (7 ) hHwa

Vvp=M 43V -v+Vya-v)
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A p-stable local commuting projector hil‘,’

Q 7hlk = arg Tzi'P(K)H V—Vhllk (elementwise L*>-orthogonal projection)
Ve [
a. . hp o oa
of=ar min I ) — v
° ’ & VhERT;(Ta)Ho(div,wa) 177 (7 ) hHwa

R Vvp=M(43V-v+Vya-v)
(Vo) k=g ($371),rn)k - Vra€[Po(K)19,VKETa  if p>1

(patchwise flux equilibration with an additional orthogonality constraint)
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A p-stable local commuting projector

Q mhlk=arg min IV —Valk (elementwise L*-orthogonal projection)
Ve [
a. . hp o oa
of=ar min I ) — v
° ’ & VAERT;(Ta)Ho(div,wa) 177 (7 ) hHwa

V-vp= ﬂp(wav v+Vpa.v)
(Vi )K= (lm,(wfh) )k YPRE[Po(K)9,VKETa i p>1
(patchwise flux equilibration with an additional orthogonality constraint)

Q ¢P=arg min |Th —on— Vhlz,
VhG'RT('Ta)ﬂH%N(dIV ,Wa)

(Vhstn)k=(Th—o h,rn)k= i Vrhe[Po(K))9,VKETa
(patchwise divergence-free remainder equilibration with an additional constraint)
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A p-stable local commuting projector

Q 7hlk = arg ',};ip(K)HV — Vallk (elementwise L*>-orthogonal projection)
Ve [
a . . h.p a
o =ar min I ) — v
° h & VhERT(Ta)NHo (div,wa) 177 (T h) hHwa

Vvp=M(43V-v+Vya-v)
(Vi )K= (lm,(wfh) )k YPRE[Po(K)9,VKETa i p>1
(patchwise flux equilibration with an additional orthogonality constraint)

Q ¢P=arg min |Th —on— Vhlz,
VhG'RT('Ta)ﬂH%N(dIV ,Wa)

(Vhstn)k=(Th—o h,rn)k= i Vrhe[Po(K))9,VKETa
(patchwise divergence-free remainder equilibration with an additional constraint)

¢2 =" ¢2P with in particular ¢5? € RTp(Ta) N Ho(div,wa), V(3% =
beVa (patchwise p-stable remainder decomposition)
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_ A pstable local commuting projector Py

Theorem (P : Hon(div, Q) — RTp(Th) N Hon(div, Q))

0% is commuting since
V-Py(v) = NR(V-v) Vv € Hon(div, Q),
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_ A pstable local commuting projector Php

Theorem (P : Hon(div, Q) — RTp(Th) N Hon(div, Q))

h‘,‘,’ is commuting and projector since

V- hig(v) ~ MP(V-v) Vv € Hon(div, Q),
h;g(v) —v Vv € RTp(Th) N Hon(div, Q).
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_ A pstable local commuting projector Php

Theorem (P : Hon(div, Q) — RTp(Th) N Hon(div, Q))

h‘,‘,’ is commuting and projector since

V- hig(v) ~ MP(V-v) Vv € Hon(div, Q),
h;g(v) —v Vv € RTp(Th) N Hon(div, Q).

It has p-robust local-best approximation property
since, for all v € Hyn(div,Q) and K € T,

lv— PSs(v)|%

< min vV —vy?
< v v 2

LeTk
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_ A pstable local commuting projector Php

Theorem (P : Hon(div, Q) — RTp(Th) N Hon(div, Q))

h‘,‘,’ is commuting and projector since

V- hig(v) ~ MP(V-v) Vv € Hon(div, Q),
h;g(v) v Vv € RTp(Th) N Hon(div, Q).

It has p-robust local-best approximation property and is p-robustly L? stable
up to data oscillation, since, for all v € Hy n(div, Q) and K € Tp,

lv— PSs(v)|%

< min vV —vy?
< v v 2

LeTk

1P w5 < Y {||v|% }

LE’T—K
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A p-stable local projector Pgrz (o 1)

Theorem (Pgrad

h(p+1)
grad
Phio+1)

H} N(Q) = Ppr1(Th) N HY (Q))
is a projector since

Pty (V) = v WV € Ppa(Th) N HIN(Q).

eela— 2
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A p-stable local projector Pg hlp-1)

Theorem (Pgrad

h(p-+1) : Hi N (Q) = Ppya(Th) N HY N (D))

P,%EZL) is a projector since
Pty (V) = v WV € Ppa(Th) N HIN(Q).

It has p-robust local-best approximation property
since, for all v € Hj \ () and K € Th,
d 2 .
IV (v = PRyl = D min V(v = va)lIZ,

~ Vh€Ppyi(L)
LeTk ?

~ A
.
7 AL | e
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A p-stable local projector Pg hlp-1)

Theorem (Pgrad

h(p-+1) : Hi N (Q) = Ppya(Th) N HY N (D))

P,%E;L) is a projector since
Pty (V) = v WV € Ppa(Th) N HIN(Q).

It has p-robust local-best approximation property and is p-robustly H' stable
since, for all v € Hj \ () and K € Th,
d 2 .
IV (v = PRyl = D min V(v = va)lIZ,

— V Gpp 1(L
LeTk

IVPEEs WMl = Yo IVviE.
LETK

~ @\
£ W BolvTeduniaue
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A p-stable local projector Pg hlp-1)

Theorem (Pgrad

hp1) - HON(Q) = Ppa (Th) 0 HY ()

P,%E;L) is a projector since
Pty (V) = v WV € Ppa(Th) N HIN(Q).

It has p-robust local-best approximation property and is p-robustly H' stable
since, for all v € Hj \ () and K € Th,
d 2 .
IV (v = PRyl = D min V(v = va)lIZ,

— V Gpp 1(L
LeTk

IVPEEs WMl = Yo IVviE.
LETK

@ <:up to a generic constant that only depends on space dimension d and
shape-regularity of the mesh 7, lonzia Lo | @
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o

@ p-stable local commuting projector in H(div, Q)
@ p-stable local projector in H'(Q)
e p-robust global-best—local-best equivalence
@ p-robust global-best—local-best equivalence in H'(Q)
@ p-robust global-best—local-best equivalence in H(div, Q2)
Q
@ Optimal elementwise hp approximation error estimates in H'(Q)
@ Optimal elementwise hp approximation error estimates in H(div, 2)
o
@ Equilibration in H(div)
@ p-stable (broken) polynomial extensions
@ p-stable decompositions

o
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Global-best approximation =~ local-best approximation

Previous contributions
@ Carstensen, Peterseim, and Schedensack (2012): H' (lowest-order case
p=1)
@ Aurada, Feischl, Kemetmiiller, Page, and Praetorius (2013): H' (boundary
approximation context)

@ Veeser (2016): H' (any p, p-dependent constant)

@ Canuto, Nochetto, Stevenson, and Verani (2017): H' (improvement of the p
dependence of the equivalence constant in 2D)

@ Ern, Gudi, Smears, and Vohralik (2022): H(div) (any p, p-dependent

constant)

@ Chaumont-Frelet and Vohralik (2021, 2022): H(curl) (any p, p-dependent
constant)

@ Gawlik, Holst, and Licht (2021): finite element exterior calculus context (any p,
p-dependent constant) A e
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Equivalence of global- and local-best approximations in H} ()

Theorem (GIObaI—locaI eqUivalence in H1, Carstensen, Peterseim, & Schedensack (2012), Aurada, Feischl,

Kemetmiiller, Page, & Praetorius (2013), Veeser (2016), Canuto, Nochetto, Stevenson, & Verani (2017))

bigger ~, smaller
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Equivalence of global- and local-best approximations in H} ()

Theorem (GIObaI—IocaI eqUivalence in H(1J’ Carstensen, Peterseim, & Schedensack (2012), Aurada, Feischl,

Kemetmiiller, Page, & Praetorius (2013), Veeser (2016), Canuto, Nochetto, Stevenson, & Verani (2017))

min ~Xp . min
smaller space bigger space
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Equivalence of global- and local-best approximations in H} ()

Theorem (GIObaI—local eqUivalence in H1, Carstensen, Peterseim, & Schedensack (2012), Aurada, Feischl,

Kemetmiiller, Page, & Praetorius (2013), Veeser (2016), Canuto, Nochetto, Stevenson, & Verani (2017))

min  ~, min
CG space DG space

@ =~,: up to a generic constant that only depends on space dimension d,
shape-regularity of the mesh 7}, and polynomial degree p
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Theorem (p-robust global-local equivalence in H&»D(Q))
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Theorem (p-robust global-local equivalence in H&,D(Q))

Let v € Hj(Q) and p > 1 be arbitrary. Then,

min V(v — Vh)H2
VhEPp(Th)NH ()

global-best on
trace-continuity constraint
CG space (much smaller)
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Theorem (p-robust global-local equivalence in H(}’D(Q))

Let v € H} 5(Q) and p > 1 be arbitrary. Then,
. 2 . 2
min — [V(v—w)|? ~ Y min [|V(v—vp)lk-
VAE€EPp(Th)H; (2) KeT VREPp(K)
global-best on © local-best on each K < T,
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Let v € H} 5(Q) and p > 1 be arbitrary. Then,
min — [V(v—w)|? ~ Y min [|V(v—vp)lk-
VAE€EPp(Th)H; (2) KeT VREPp(K)
global-best on © local-best on each K < T,
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger)

@ ~: up to a generic constant that only depends on space dimension d and
shape-regularity of the mesh 7,

eela— 2

M. Vohralik p-robust global-local equivalence, p-stable projectors, & elementwise hp approximation 18 /30




| Projectors Global-local equivalence hp estimates Tools C Global-local equivalence in H1(Q) Global-local equivalence in H(div, Q)

Equivalence of global- and local-best approximations in H} ()

Theorem (p-robust global-local equivalence in H(}’D(Q))

Let v € H} 5(Q) and p > 1 be arbitrary. Then,
min — [V(v—w)|? ~ Y min [|V(v—vp)lk-
VAE€EPp(Th)H; (2) KeT VREPp(K)
global-best on © local-best on each K < T,
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger)

@ ~: up to a generic constant that only depends on space dimension d and
shape-regularity of the mesh 7,

@ also for varying polynomial degree

eela— 2
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Equivalence of global- and local-best approximations in H(div, Q)

Theorem (Global-local equivalence in H(div), em, cud, smears, a V. (2022))

bigger ~, smaller
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Equivalence of global- and local-best approximations in H(div, Q)

Theorem (Global—-local equivalence in H(div), em, cud, smears, a V. (2022))

min o Rp min )
smaller space with constraints bigger space without constraints
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Equivalence of global- and local-best approximations in H(div, Q)

Theorem (Global-local equivalence in H(div), em, cudi, smears, a V. (2022))

min ~p min .
MFE space with constraints broken MFE space without constraints

@ =,: only depends on space dimension d, shape-regularity of 7,, and
polynomial degree p
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Equivalence of global- and local-best approximations in H(div, Q)

Theorem (p-robust global-local equivalence in H(div))
Let v € Hyon(div,2) and p > 0 be arbitrary. Then,
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R
7 A0 | @k woue
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Equivalence of global- and local-best approximations in H(div, Q)

Theorem (p-robust global-local equivalence in H(div))
Let v € Hyon(div,2) and p > 0 be arbitrary. Then,
lv—val?

min
VhERTNG(TH)NHo n(div,Q)
V-vp=MNp(V-v)

global-best on <)
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)
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Equivalence of global- and local-best approximations in H(div, Q)

Theorem (p-robust global-local equivalence in H(div))
Let v € Hyon(div,2) and p > 0 be arbitrary. Then,
lv—val?

min
VhERT.’VZ)(n)ﬁHON(diV.Q)
V-vp=MNp(V-v)

global-best on <)
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)

: 2
~ min  |[v—v
Kz: [vheRTN;(K)H ik

local-best on each K .
no normal trace-continuity constraint
no divergence constraint
broken MFE space (much bigger)

lreia— g
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Equivalence of global- and local-best approximations in H(div, Q)

Theorem (p-robust global-local equivalence in H(div))
Let v € Hyon(div,2) and p > 0 be arbitrary. Then,
lv—val?

min
VhERTNG(TH)NHo n(div,Q)
V-vp=MNp(V-v)

global-best on <)
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)

~ Z[ min ||V — v|%
KeT, VhE'R/T.'V;:(K)

local-best on each K .
no normal trace-continuity constraint
no divergence constraint
broken MFE space (much bigger)

@ ~: only depends on d and shape-regularity of 7, /-
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Outline

° Optimal elementwise hp approximation error estimates
@ Optimal elementwise hp approximation error estimates in H'(Q)
@ Optimal elementwise hp approximation error estimates in H(div, Q)

.
Y227
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The Laplace equation (source term f € L2(Q))

The Laplace equation

Findu: Q c R? — R such that
—Au=f inQ,
u=0 onlp,
—Vu-ng =0 only.
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The Laplace equation (source term f € L2(Q))

Primal weak formulation

u € Hj () such that
(Vu,Vv) =(f,v)  Vve Hp(Q)
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The Laplace equation (source term f € L2(Q))

Primal weak formulation

u € Hj () such that
(Vu,Vv) =(f,v)  Vve Hp(Q)

Primal finite element approximation

up € Pp(Th) N Hyp(RQ), p> 1, sit.
(Vup, Vvp) = (f, vp) Yvy € Pp(ﬂ,)ﬂH&D(Q).

M. Vohralik p-robust global-local equivalence, p-stable projectors, & elementwise hp approximation 22 /30



| Projectors Global-local equivalence hp estimates Tools C hp estimates in H! (2) hp estimates in H(div, Q)

The Laplace equation (source term f € L2(Q))

Primal weak formulation

u € Hj () such that
(Vu,Vv) =(f,v)  Vve Hp(Q)

Primal finite element approximation

up € Pp(Th) N Hyp(RQ), p> 1, sit.
(Vup, Vvp) = (f, vp) Yvy € Pp(ﬁ,)ﬂH&D(Q).
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The Laplace equation (source term f € L2(Q))

Primal weak formulation Dual weak formulation

u € Hj () such that o € Hon(div, Q) with V-o = f such that
(Vu,Vv) = (f,v) Vv € H 5(9). (o,v) =0 Vv e Hon(div,Q) withV-v = 0.

Primal finite element approximation

up € Pp(Th) N Hyp(RQ), p> 1, sit.
(Vup, Vvp) = (f, vp) Vvp € Pp(ﬁ,)ﬂH&D(Q).

IV (u=un)ll = min IV (u—vn)l
Va€Po(Th)NH] p(2)
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The Laplace equation (source term f € L2(Q))

Primal weak formulation Dual weak formulation
ue HS_D(Q) such that o € Hyn(div, Q) with V-o = f such that
(Vu, Vv) = (f, v) Vv e HS,D(Q)- (o,v) =0 Vv e Hon(div,Q) withV-v = 0.
Dual finite element approximation
Primal finite element approximation 7 € RTp(Th) N Hon(div, Q) with V-op =

nPf such that
(oh,Vh) =0 Vv e RTp(Th) N Hon(div, Q)
with V-v, = 0.

up € Pp(Th) N Hyp(RQ), p> 1, sit.
(Vup, Vvp) = (F, vy) Vvy € Pp(ﬁ,)ﬂH&D(Q).

IV (u=un)ll = min IV (u—va)l
Va€Po(Th)NH] p(2)
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The Laplace equation (source term f € L2(Q))

Primal weak formulation Dual weak formulation
ue H&_D(Q) such that o € Hyn(div, Q) with V-o = f such that
(Vu, Vv) = (f, v) Vv e HS,D(Q)- (o,v) =0 Vv e Hon(div,Q) withV-v = 0.
Dual finite element approximation
Primal finite element approximation ah € RTp(Th) N Hon(div, Q) with V-op =

nPf such that
(oh,Vh) =0 Vv € RTp(Th) N Hon(div,2)

up € Pp(Th) N Hyp(RQ), p> 1, sit.
(Vun, Vi) = (f, V) Vi € Pp(Th)NHG p ().

with V-vy=0.
V(u—up)|| = min V(u— vy o—op| = min o — Vy
e R N | O T L R, AN | S
' Vovp=rhf
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The Laplace equation (source term f € L2(Q)): global-best
approximations

V(u—up)|| = min V(u— vy o—op|| = min o — Vy
e R N | O T L . AN | S
’ V-vp=NPf
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The Laplace equation (source term f € L2(Q)): global-best
approximations (constrained)

V(u—up)|| = min V(u— vy o—op|| = min o — Vy
V-l = i V@l ool =il
' V~vh:I'Iﬁf
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Approximation error estimates in the H'(Q) context

h approximation estimate

Letv e H3(Q2),

min - [[V(u = va)|
VhEPp(Th)NH' (€2)
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Approximation error estimates in the H'(Q) context

h approximation estimate

Letv € H%(Q), s > d/2. Then

min V(u — v, < C(k ’d7 S, hmin{p,s-1} Vlreron.
VhE'Pp(7—hl)ﬁH1(Q)H ( mll < Clsr, P) IV[Hs()

@ Ciarlet (1978), Ern and Guermond (2021)

4 &
W PoLEduNiaue
Z, AA | W3
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Approximation error estimates in the H'(Q) context

hp approximation estimate

Letv € H5(Q), s > d/2. Then

hmin{p,sf1}

. V(u— vy, < C 7d’3’ T vllasion.
pep, i V=)l < Clers, d, 5, p) == [IVllnece)

@ Babus$ka and Suri (1987, d = 2)

~ Ale
O e
/ AA |

M. Vohralik p-robust global-local equivalence, p-stable projectors, & elementwise hp approximation 23 /30



| Projectors Global-local equivalence hp estimates Tools C hp estimates in H‘(Q) hp estimates in H(div, )

Approximation error estimates in the H'(Q) context

hp approximation estimate

Letv € H5(Q), s > d/2. Then

pmin{p,s—1}

. V(iu-—v < C ’d, s, Pl L vllasion.
vhePp(r%,l)?W(Q)H (U= va)ll < Clx, p)in(p) o [Vl s (@)

@ Demkowicz and Buffa (2005)(d = 3, commutes, under a conjecture on
polynomial extension operators proved in 2009-2012)

~ Ale
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Approximation error estimates in the H'(Q) context

hp approximation estimate

Letv € H5(2), s > 1. Then

hmln{p,s 1}

V(u—-w)| < C(k7,,d, s V| e
vhePp(mnHwQ)H (u—vn)ll < Clr,, d, 8, P)nkp) ——=— VIl s(e-

@ Melenk (2005), Karkulik and Melenk (2015), varying polynomial degree, local
patchwise regularity

~ A
.
7 : B B ae
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Main result

Theorem ( hp-optimal approximation under )

Letv € Hy () with
Vlk € H*(K) VK e Th

for s, > 1.

e B
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Main result

hp estimates in H'(R) hp estimates in H(div, )

Theorem (Local approximation under minimal Sobolev regularity)
Letv € Hy () with

Vlk € H*(K) VK e Th
for s > 1. Then

hmin(BK,sL—1) P
V(v — PEI™IV)|2 < Ciiry, ip, d, )2 3 <LT||v||HSL(L)) VK € Th.
LE'?:K EK
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Main result

hp estimates in H'(R) hp estimates in H(div, )

Theorem (Local approximation under minimal Sobolev regularity)
Letv € Hj () with

Vi € H%(K) VK € Tp
for s > 1. Then

g hmin(BK,sL—1) 2
IV(v = PR9%V) |2 < Clrr, rip, d, )2 Y <LSL1||v||HSL(L)) VK € Tp.
LE%K K

@ varying polynomial degree: P, = mi"Le%K{pL} is the smallest polynomial
degree over the extended element patch Tk

el
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Approximation error estimates in the H(div, 2) context

h approximation estimate

Let v € H(div, Q)

min [V — v
VheRTH(Th)NH(div,Q)
V-vp=h(V-v)

el
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Approximation error estimates in the H(div, 2) context

h approximation estimate

Let v € H(div,Q) N H%(Q2), s > 1/2. Then

i v — vyl < C(kt,d,s, APirPH18H || ey -
VhERR(%')gH(diV,Q)|| nll < C(k; p) [VIlHe ()
V-vp=h(V-v)

@ Raviart and Thomas (1977), Nédélec (1980), Boffi, Brezzi, and Fortin (2013)

~ A
.
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Approximation error estimates in the H(div, 2) context

hp approximation estimate

Letv € H(curl,Q) N H3(Q), s > 1/2. Then

c J Rmin{p+1,s}

i V—vy| < S ——|| V|| ys(0)-

vheRﬁ(r’.ln;,l)?ﬁH(div,Q)H nll < C(k7,d, s, p) TFEIE [VIlHe ()
Vvp=Mh(V-v)

@ Monk (1994), rectangular meshes

4 &
W PoLEduNiaue
Z, AA | W3
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Approximation error estimates in the H(div, 2) context

hp approximation estimate

Letv € H(curl,Q) N H3(Q), s > 1/2. Then

c d | hmin{p+1,s}

[ V-V < S ————— || V||Hs(0)-

e NV = Vil < Ol 8, PN(P) e IVl
V-vp=Np(V-v)

rectangular-meshes

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)

~ Ale
O e
/ AA |
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Approximation error estimates in the H(div, 2) context

hp approximation estimate

Let v € H(curl,Q) N H*(2), s > 1. Then

C d | pmin{p+1,s}

i v-v < ,3a, S, —— || V|| ps .

thRﬁ(%l)%H(div,Q)H nll < C(w, p)M (p+1)3 4" ()
V~Vh:|_|ﬁ(v.v)

@ Melenk and Rojik (2020)
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Approximation error estimates in the H(div, 2) context

h approximation estimate

Let v € H(div,Q) N H*(Q), s >1/2. Then
. V_v < C d hmin{P—H,s} v o )
VheR%(%l)?TH(div,Q)H nll < Clxm;, d, 8,p) [VIHe ()

V-vp=NH(V-v)

@ Ciarlet Jr. (2016)
A - T
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Approximation error estimates in the H(div, 2) context

hp approximation estimate

Let v € H(curl, Q) N H*(<2), s >1/2. Then
c d | hmin{p+1,s}
i v — vy < S ——||V|| s -
vheRn(%l)?wH(div,Q)H hll < Gl d, 5, p)ingo) (p+1)s IVl
V-vp=Np(V-v)
@ Ern, Gudi, Smears, and Vohralik (2022), s uniform © A e
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Main result

Theorem ( hp-optimal approximation under )
Let v € Hyn(div, Q2) with

Vik € H¥(K), (V-V)lk €[Po(K)]® VKeT,

for sk > 0.

el
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Main result

Theorem (Local approximation under minimal Sobolev regularity)
Let v € Hyn(div, Q) with

vk € H(K), (V-V)lk €[Po(K)® VKET,
for s > 0. Then

min v — vp|?
VhE'RﬂB('Th)ﬂHQVN(diV,Q)
V-vp=V-v

<C(kT;,d, 5)2 Z

<hmi”{P+1,SK}
KeTh

2
K
WHVHHSK(K)> :

el
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Main result

Theorem ( hp-optimal approximation under )
Let v € Hyn(div, Q2) with

vl € H%(K), (V-v)lx e HX(K) VKeT,

for s > 0 and f > 0.

i
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Main result

Theorem (Local approximation under minimal Sobolev regularity)
Let v € Hyn(div, Q) with

v|k € H¥(K), (V-V)|x € HK(K) VYK e T

forsix > 0 and ti > 0. Then

2
2 NP(v-v ) ]
VhE’R,T(ﬁ,I)rIIWH(dlv Q) Val” + Z ( h( v)llk

V-vp=MP(V-v) et

) h;in{pﬂ,sK} 2 hic h?in{pﬂ,tx} 2
<C(kT,d,s,1) KZTKWHV”HSK(K)) +(p+1 (0T 1)~ ||V'VHH%(K)> }
€/h
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Main result

Theorem (Local approximation under minimal Sobolev regularity)
Let v € Hyn(div, Q) with

v|k € H¥(K), (V-V)|x € HK(K) VYK e T

forsix > 0 and ti > 0. Then

2
2 NP(v-v ) ]
VhE’R,T(ﬁ,I)rIIWH(dlv Q) Val” + Z ( h( v)llk

V-vp=MP(V-v) KeTh

) h;in{pﬂ,sK} 2 hic h?in{pﬂ,tx} 2
<C(kT,d,s,1) KZTKWHV”HSK(K)) +(p+1 (0T 1)~ ||V'VHH%(K)> }
€/h

@ varying polynomial degree can be added - A
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_ Equilibration Polynomial extensions Stable decompositions
Eq uilibration in H (d |V) Bossavit (1998), Destuynder & Métivet (1998), Braess & Schéberl (2008), Ern & V. (2013)
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1

ol RN

o.eiql\‘\‘ H //*Fi
04>~ ™ TR \ J/ AT 4
02 == TN\ Y Z T F -
R
-O-ZA/:/? A ‘(\\:\«
S = NN S
.0'64 1/‘/ 1 \'\t —
I [

1

Flux 71, ¢ H(div), Vs # f
Th € RTp(Th), T € Pp(Th)

(F0®)wa+(Th V)wy=0 Vacy s .| A

L= PONTS
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Eq U | | | bratIOn |n H(d |V) Bossavit (1998), Destuynder & Métivet (1998), Braess & Schoberl (2008), Ern & V. (2013)

1
osf _ . \ aa / T - (
0415 ™ N ‘\ N/’ /r 7 A } <
021 T~ VY #Z .1 — ) )

{55 % SN S AN
02+ o "/ /7 /\ i\ \‘\ ] . By . w Th
04142, _~ 7/ ‘/ /N \\ b/~ =
08— ik 2 | -

.0_8,
Pt N
-1-1 -0.5 0 05 1
Flux 7 ¢ H(div), V-Tp # f
7h € RTp(Th), f € Pp(Th)
(F ) wa+(Th,V1)3)w,=0 Yacyin P
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Eq U | | | bratIOn |n H(d |V) Bossavit (1998), Destuynder & Métivet (1998), Braess & Schoberl (2008), Ern & V. (2013)

1
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Flux 74 ¢ H(div), Verp # f SR
7h € RTp(Th), T € Pp(Th)
() wa+(Th, V12)wg=0 Vac Vit Looinl L2
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Eq U | | | bratIOn |n H(d |V) Bossavit (1998), Destuynder & Métivet (1998), Braess & Schoberl (2008), Ern & V. (2013)

1
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Flux ¢ H(diV), Verp#f (2
Th € RTp(Th), f € Po(Tt o? =ar ar,—v
p € RTpTn). € PolTn) =g i v " bl
(F @) wa+(Th, Vb3)wa=0 Vacyint V-vp=fpi+Tp- Vo2 oo | Ale
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Eq U | | | bratlon | n H(d |V) Bossavit (1998), Destuynder & Métivet (1998), Braess & Schoberl (2008), Ern & V. (2013)
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Flux 7 ¢ H(div), V-1 # f Equilibrated flux rec. o,

7h € RTp(Th), € Po(Th) = on:= Y 0f € RTps1(Th) (1 H(div), Vo, = f

fpa Vip2).,,=0 YacVi" <V
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_ Equilibration Polynomial extensions Stable decompositions
Eq U | | | bratlon |n H(d |V) Bossavit (1998), Destuynder & Métivet (1998), Braess & Schoberl (2008), Ern & V. (2013)
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H(div) polynomial extensions on a tetrahedron

Theorem (H(div) polynomial extension on a single tetrahedron costabel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2012); Braess, Pillwein, & Schoberl (2009); Ern & V. (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all r;c € Pp(K), and for all r € Pp(T 7), there holds

min  ||[Vpllk < Cst min  ||V|k.

VpeRTH(K) veH(div,K)
V-vp=rg V-v=rg
Vp-Nr=rr V-Nr=rr

—

el
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H(div) polynomial extensions on a tetrahedron

Theorem (H(div) polynomial extension on a single tetrahedron costabel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2012); Braess, Pillwein, & Schoberl (2009); Ern & V. (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all r;c € Pp(K), and for all r € Pp(T 7), there holds

min  ||[Vpllk < Cst min  ||V|k.

VpeRTH(K) veH(div,K)
V-vp=rg V-v=rg
Vp-Nr=rr V-Nr=rr

—

Comments
@ Cg only depends on the shape-regularity of K
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H(div) polynomial extensions on a tetrahedron

Theorem (H(div) polynomial extension on a single tetrahedron costabel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2012); Braess, Pillwein, & Schoberl (2009); Ern & V. (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all r;c € Pp(K), and for all r € Pp(T 7), there holds

min v < C min V| k.
N ool Vell < Cat  Ioin IVl
V-vp=rg V-v=rk
Vp~n]::r]: V-Nr=rr )

—

Comments
@ Cg only depends on the shape-regularity of K
@ p-robustness: for (pw) p-polynomial data rk, rr, minimization over R7,(K) is
up to Cst as good as minimization over the entire H(div, K)

pela— 2
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H(div) polynomial extensions on a tetrahedron and on patches

Theorem (H(div) polynomial extension on a single tetrahedron costabel & Mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2012); Braess, Pillwein, & Schoberl (2009); Ern & V. (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all r;c € Pp(K), and for all r € Pp(T 7), there holds

min v < C min V| k.

N vpem;(K)” plix = Cst veH(div‘K)H I
V-vp=rg V-v=rk
Vp.n]::r}— V-Nr=rr

—

Comments
@ Cg only depends on the shape-regularity of K
@ p-robustness: for (pw) p-polynomial data rk, rr, minimization over R7,(K) is
up to Cst as good as minimization over the entire H(div, K)
@ extension to a vertex patch: Braess, Pillwein, & Schoberl (2009); Ern &
Vohralik (2020) 2l 2 | @
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H(div) stable decomposition

Theorem (H(le) stable decomDOSition in 2D, in extension of Schaberl, Melenk, Pechstein, & Zaglmayr (2008))
Letd = 2 and let Q be contractible. Let

0p € RTp(Tn) N Hon(div,Q2)  with V-0, =0, div-free
(0p, Fn)k =0 Vrp € [Po(K)]9, VK € Tp.  vanishing means
Then there exists a decomposition of 6, as
op= Y 83, decomposition
where acvy
5; are supported on the vertex patch subdomains wa, linearly
depend on é, on the extended vertex patch subdomains w,,

and satisfy
02 € RTp(Ta) N Ho(div,wa) with V-85 =0, local div-free
10pllwa S I0pllzs YA€ Vs p-stable
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Piecewise polynomial approximation in H'(Q) and H(div, Q):
@ a p-stable local (commuting) projector
@ p-robust global-best—local-best equivalence
@ elementwise hp approximation error estimates under minimal
elementwise Sobolev regularity
@ a posteriori tools in a priori analysis (equilibration)

@ CHAUMONT-FRELET T., VOHRALIK M. p-robust equilibrated flux reconstruction in H(curl) based on local
minimizations. Application to a posteriori analysis of the curl—curl problem. SIAM Journal on Numerical
Analysis 61 (2023), 1783-1818.

@ DemkowIcz L., VOHRALIK M. p-robust equivalence of global continuous constrained and local
discontinuous unconstrained approximation, a p-stable local commuting projector, and optimal elementwise
hp approximation estimates in H(div). HAL Preprint 04503603, 2024.

@ VOHRALIK M. p-robust equivalence of global continuous and local discontinuous approximation, a p-stable
local projector, and optimal elementwise hp approximation estimates in H'. HAL Preprint 04436063, 2024.
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@ CHAUMONT-FRELET T., VOHRALIK M. p-robust equilibrated flux reconstruction in H(curl) based on local
minimizations. Application to a posteriori analysis of the curl—curl problem. SIAM Journal on Numerical
Analysis 61 (2023), 1783-1818.

@ DemkowIcz L., VOHRALIK M. p-robust equivalence of global continuous constrained and local
discontinuous unconstrained approximation, a p-stable local commuting projector, and optimal elementwise
hp approximation estimates in H(div). HAL Preprint 04503603, 2024.

@ VOHRALIK M. p-robust equivalence of global continuous and local discontinuous approximation, a p-stable
local projector, and optimal elementwise hp approximation estimates in H'. HAL Preprint 04436063, 2024.

Thank you for your attention! lonin | @
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