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What is an a posteriori error estimate

A posteriori error estimate

@ Let p be a weak solution of a PDE.
@ Let py, be its approximate numerical solution.

@ A priori error estimate: ||p — pplla < f(p)h9.
Useful in theory.

@ A posteriori error estimate: ||p — pnlla < f(ph)-
Great in practice.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let p be a weak solution of a PDE.
@ Let py, be its approximate numerical solution.

@ A priori error estimate: ||p — pplla < f(p)h9.
Useful in theory.

@ A posteriori error estimate: ||p — pnlla < f(ph)-
Great in practice.

Usual form
© f(pn)? = Y ker, mk(Pn)?, Where 1k (py) is an

@ Can be used to determine mesh elements with large error.
@ We can then refine these elements:
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global upper bound)
® ||p—pull§ < Xer, mk(Pn)?
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global upper bound)

® |lp—pnll < Y ker, K (Pn)?
o undetermined
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global upper bound)

® |lp—pnll < Y ker, K (Pn)?
o undetermined

o remark (reliability): ||p — psl|5 < C Y xer nk(Pn)?
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global upper bound)

® |lp—pnll < Y ker, K (Pn)?
o undetermined

o remark (reliability): ||p — psl|5 < C Y xer nk(Pn)?
Global efficiency (global lower bound)

® > ke 1k (Pn)? < Cesz,QHP — phll

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C

What an a posteriori error estimate should fulfill

Guaranteed upper bound (global upper bound)

® |lp—pnll < Y ker, K (Pn)?
o undetermined

o remark (reliability): ||p — psl|5 < C Y xer nk(Pn)?
Global efficiency (global lower bound)

® > ke 1k (Pn)? < Cesz,QHP — phll
Asymptotic exactness

® Yker, Ik (Pn)?/ 0 — pal§ — 1
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global upper bound)

® |lp—pnll < Y ker, K (Pn)?
o undetermined

o remark (reliability): ||p — psl|5 < C Y xer nk(Pn)?
Global efficiency (global lower bound)

® > ke 1k (Pn)? < Cesz,QHP — phll
Asymptotic exactness

® ke, Mk(Pn)?/1lP — PullE — 1
Local efficiency (local lower bound)

° nK(ph)z < Cgff,K ZLclosetoK Hp_ th%
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global upper bound)

® |lp—pnll < Y ker, K (Pn)?
o undetermined

o remark (reliability): ||p — psl|5 < C Y xer nk(Pn)?
Global efficiency (global lower bound)

® et k(Pn)? < Caiallp — Pall3
Asymptotic exactness

® ke, Mk(Pn)?/1lP — PullE — 1
Local efficiency (local lower bound)

° nK(ph)z < Cgff,K ZLclosetoK Hp_ th%
Robustness

@ C.t k does not depend on data, mesh, or solution
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global upper bound)

® |lp—pnll < Y ker, K (Pn)?
o undetermined

o remark (reliability): ||p — psl|5 < C Y xer nk(Pn)?
Global efficiency (global lower bound)

® > keT, 1k (Pn)? < Cesz,QHP — phll
Asymptotic exactness

® Y ke, mk(Pn)?/Ilp — Prlld — 1
Local efficiency (local lower bound)

° nK(ph)z < Cgff,K ZLclosetoK Hp - th%
Robustness

@ C.t k does not depend on data, mesh, or solution
Negligible evaluation cost

@ estimators can be evaluated locally
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Previous results

Continuous finite elements

@ Babuska and Rheinboldt (1978), introduction
@ Zienkiewicz and Zhu (1987), averaging-based estimates
@ Verflrth (1996), residual-based estimates

@ Ainsworth and Oden (2000), equilibrated residual
estimates

@ Repin (2001), functional a posteriori error estimates
@ Luce and Wohlmuth (2004), equilibrated fluxes estimates
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Previous results

Continuous finite elements

@ Babuska and Rheinboldt (1978), introduction
@ Zienkiewicz and Zhu (1987), averaging-based estimates
@ Verflrth (1996), residual-based estimates

@ Ainsworth and Oden (2000), equilibrated residual
estimates

@ Repin (2001), functional a posteriori error estimates
@ Luce and Wohlmuth (2004), equilibrated fluxes estimates

Discontinuous finite elements

@ Karakashian and Pascal (2003), Becker, Hansbo, and
Larson (2003), residual-based estimates

@ Ainsworth (2007), Kim (2007), Lazarov, Repin, and Tomar
(2007), Nicaise (2007), equilibrated fluxes estimates
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Previous results

Finite volumes

@ Ohlberger (2001), non-energy norm estimates
@ Nicaise (2004), reconstruction-based estimates
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Previous results

Finite volumes

@ Ohlberger (2001), non-energy norm estimates
@ Nicaise (2004), reconstruction-based estimates

Problems with discontinuous coefficients

@ Bernardi and Verflrth (2000), conforming finite elements
@ Ainsworth (2005), nonconforming finite elements
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Previous results

Finite volumes

@ Ohlberger (2001), non-energy norm estimates
@ Nicaise (2004), reconstruction-based estimates

Problems with discontinuous coefficients

@ Bernardi and Verflrth (2000), conforming finite elements
@ Ainsworth (2005), nonconforming finite elements

Convection-diffusion problems

@ Verfiirth (1998, 2005), conforming finite elements
@ Sangalli (2007), conforming finite elements
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A 1D model problem —p” = fin Q, p = 0 on 90

Definition (Bilinear form B)

We define a bilinear form 3 for p, ¢ € H](2) by
B(p, ) := (P, ).
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A 1D model problem —p” = fin Q, p = 0 on 90

Definition (Bilinear form B)

We define a bilinear form 3 for p, ¢ € H](2) by
B(p, ) := (P, ).

Definition (Energy norm)
The associated energy norm for ¢ € H}(R) is given by
llellP? := Blw, ) = 117

A
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A 1D model problem —p” = fin Q, p = 0 on 90

Definition (Bilinear form B)

We define a bilinear form 3 for p, ¢ € H](2) by
B(p, ) := (P, ).

Definition (Energy norm)
The associated energy norm for ¢ € H}(R) is given by
llellP? := Blw, ) = 117

A

Definition (Weak solution)

Weak solution: p € H}(£2) such that
B(p,) = (f,0) Vo e H(Q).
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A 1D model problem —p” = fin Q, p = 0 on 90

Definition (Bilinear form B)

We define a bilinear form 3 for p, ¢ € H](2) by
B(p, ) := (P, ).

Definition (Energy norm)

The associated energy norm for ¢ € H}(R) is given by
llellP? := Blw, ) = 117

Definition (Weak solution)

Weak solution: p € H}(£2) such that
B(p,) = (f,0) Vo e H(Q).

Definition (Finite element approximation)

Finite element approximation: p, € Vj, such that
B(pn, on) = (f.on) Vi € Vh.
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Optimal abstract framework for —p” = f

Theorem (Optimal abstract framework, 1D Laplacian)

Let be . Then

e = palll < sup B(p — pn,¢) < |llp — pPalll-
peH(Q), lllll=1
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Optimal abstract framework for —p” = f

Theorem (Optimal abstract framework, 1D Laplacian)

Let
lllp

be

— pa|ll <
weHI(Q), lllell|=1

. Then
sup B(p — pn, ) < |l — pnlll-

We have

Il = Palll

P —Pn
B(p—pp "
("’ i |r|p—phw>

sup B(p — pn, ¥)
PeH (), llelll=1

llp=paulll - sup [lel]]
M) (@), llellI=1
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Optimal abstract estimate for —p” = f

Theorem (Optimal abstract estimate, 1D Laplacian)

Let p be the and let be
Then
o= palll < inf sup {(f—1t,¢)—(Ph+1¢)}
teH (D peHi(9), lllell=1
< [lle = plll- )
M. Vohralik
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Optimal abstract estimate for —p” = f

Theorem (Optimal abstract estimate, 1D Laplacian)

Let p be the and let be
Then
o= palll < inf sup {(f—1t,¢)—(Ph+1¢)}
teH (D peHi(9), lllell=1
< |llp = plll-

Proof.
Upper bound: put ¢ := p — pn/|||lp — ppll| and take t € H'(Q)
arbitrary. Then
B(p—pn.v) = (f,¢) = (Ph¥)
= ()= (Ph+1,¢) +(t,¢)

= (f-t,p)—(oh+1,¢).
Lower bound: put t = —p’ and use the Schwarz inequality.
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Optimal abstract estimate for —p” = f

Theorem (Optimal abstract estimate, 1D Laplacian)

Let p be the and let be
Then
o= panlll < _inf sup {(f—t,¢) = (ph+t,¢)}
teH (DpeHi @), lill=1
< [llp — plll J
Properties
° (no undetermined constant).
° and
° (infimum over an infinite-dimensional
space).
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A first computable estimate for —p” = f

Theorem (A first computable estimate, 1D Laplacian)

Let p be the and let be
Take . Then

hq
e — pnll] < 7||f— thll + lloh + thll-
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A first computable estimate for —p” = f

Theorem (A first computable estimate, 1D Laplacian)

Let p be the and let be
Take . Then

hq
e — pnll] < 7||f— thll + lloh + thll-

| N

Proof.

o recall [[p—pnlll < sup  {(f—tr,0) = (Ph+ t,¥)};
weH (@), llll=1

V.
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A first computable estimate for —p” = f

Theorem (A first computable estimate, 1D Laplacian)

Let p be the and let be
Take . Then

hq
e — pnll] < 7||f— thll + lloh + thll-

Proof.

e recall [[|p — ppl|| < sup  {(f—th,¢)— (Ph+ th, )}
eeH] (), ll¢ll=1

e recall the Friedrichs inequality: [¢| < ™2(/¢'| = 2||l|I;

V.
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A first computable estimate for —p” = f

Theorem (A first computable estimate, 1D Laplacian)

Let p be the and let be
Take . Then

hq
e — pnll] < 7||f— thll + lloh + thll-

o recall [[p—pnlll < sup  {(f—tr,0) = (Ph+ t,¥)};
weH (@), llll=1

e recall the Friedrichs inequality: [¢| < ™2(/¢'| = 2||l|I;

@ use this and the Schwarz inequality:
(f = o) < If = thlllell < If =t 22 ol
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A first computable estimate for —p” = f

Theorem (A first computable estimate, 1D Laplacian)

Let p be the and let be
Take . Then

hq
e — pnll] < 7||f— thll + lloh + thll-

Proof.

o recall [[p—pnlll < sup  {(f—tr,0) = (Ph+ t,¥)};
weH (@), llll=1

e recall the Friedrichs inequality: [¢| < ™2(/¢'| = 2||l|I;

@ use this and the Schwarz inequality:
(f = th0) < I = tlllell < IF = thlI %2l oll;

@ use the Schwarz inequality for the second term:
—(Bh + th, ') < [loK + tlllle"ll = 1Pk + thllllllll-

v
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A first computable estimate for —p” = f

Theorem (A first computable estimate, 1D Laplacian)

Let p be the and let be
Take . Then

hq
llp — prlll < ?Hf— thll + ok + tall-

Properties
° (1, Friedrichs constant).
° penalizes
° is a term, for 1.
° (works for all schemes)

(promoted by Repin).

° (no information from

the computation used).
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Numerical experiment for the first computable estimate

Model problem
—p" = n®sin(zx) in]0,1],
p = 0 in0,1
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Numerical experiment for the first computable estimate

Model problem
—p" = n®sin(zx) in]0,1],
p = 0 in0,1

Exact solution
p(x) = sin(mx)
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Numerical experiment for the first computable estimate

Model problem
—p" = n®sin(zx) in]0,1],
p = 0 in0,1
Exact solution
p(x) = sin(mx)

Discretization

N given,h=1/(N+1),xx =kh, k=0,...,N+1 (xp =0 and
XN+1 = 1), Xk+% = (k—i—%)h, k=0,...,N, X_% =0, XN+1+1§ =1
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Numerical experiment for the first computable estimate

Model problem
—p" = n®sin(zx) in]0,1],
p = 0 in0,1
Exact solution
p(x) = sin(mx)
Discretization
N given, h=1/(N+1), xx = kh,k=0,...,N+1 (xo=0and
XNt = 1), Xk+% = (k+%)h1 kZO,...,N, X_% :0’ XN+1+1§ =1
Choice of t;,

th(xk—i—%) = —p/f,(Xk+%) kZO,...,N,
th(Xk) = _(p;’l‘]Xk,th[ + p;’l‘]Xk,Xk+1[)/2 k = 17 R N7
th(XO) = _p%’]XO,X”:?

th(Xn+1) = —Phlpoyxwal
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Numerical experiment for the first computable estimate
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Numerical experiment for the first computable estimate

o T emoriz
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N x
10 + X x
+ x X
+ X X
107] +
)
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107 +
)
N
L2 and H' errors Estimated and actual error
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Numerical experiment for the first computable estimate

— estimate
res. est

— == dif. flux est

1.80
1.65-
160
1,55+

1,50

— effectivity index

Estimated error and residual
and diffusive flux estimators
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Optimal estimate for —p” = f

Theorem (Optimal estimate, 1D Laplacian)

Let p be the and let be .
Take such that for
all . Then 1
N+1 2
Il — palll < {Z(?ﬁz,k - UDF,k)Z}
k=0
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Optimal estimate for —p” = f

Theorem (Optimal estimate, 1D Laplacian)

Let p be the and let be .
Take such that for
all . Then 1
N+1 2
Il — palll < {Z(ﬂR,k - UDF,k)z}
k=0

@ diffusive flux estimator
o

e penalizes the fact that
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Optimal estimate for —p” = f

Theorem (Optimal estimate, 1D Laplacian)

Let p be the and let be .
Take such that for
all . Then 1
N+1 2
Il — palll < {Z(ﬂR,k - UDF,k)z}
k=0

o diffusive flux estimator
o
e penalizes the fact that
@ residual estimator

o

o mp:="lfork=1,....N
° my ::ﬁforkzo,NJﬂ
° evaluated for
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Proof of the optimal estimate for —p” = f

o recall [|[|p— ppll| < sup {(f—th, 0) — (P + th, ")}
PeH(Q), lllellI=1
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Proof of the optimal estimate for —p” = f

o recall [|[|p— ppll| < sup {(f—th, 0) — (P + th, ")}
PeH(Q), lllellI=1

@ recall the Poincaré inequality
h
l — xllpx, EERI < by lx, Ky [ = H|<PH|]xk7%,xk+%[,
where ¢y is the mean value of ¢ over ]xk_l,xk+1 [;
2 2

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Optimal framework and a first estimate Optimal estimate

Proof of the optimal estimate for —p” = f

@ recall [[|p — pall| < sup  {(f—th ) — (Ph+ th, )}
PeH (), lllelll=1
@ recall the Poincaré inequality:

h _ h
[t PRI [ PART AT Gl (12 | PR RIL
where ¢ is the mean value of ¢ over |x, 1% [;

@ use this, the conservativity property of t, and the Schwarz
inequality when k =1,... N:

(f — th? )]x BE 1[—(f th7@_¢k)]xk7%,xk+%[
< (I = thllyx, gy 2ol gty
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Proof of the optimal estimate for —p” = f

@ recall [[|p — pall| < sup  {(f—th ) — (Ph+ th, )}
PeH (), lllelll=1
@ recall the Poincaré inequality:

h _ h
ll — (PkH]xki%,xH%[ < *‘|(P/H]xk7%,xk+%[ = ;H|<PH|]xk7%,xk+1§[,
where ¢ is the mean value of ¢ over |x, 1% [;

@ use this, the conservativity property of t, and the Schwarz
inequality when k =1,... N:

(f — th? )]x BEN 1[ = (f th7 2 ‘Pk)]xki%,xﬂ%[
S =ty g (2l o,

@ for k =0 and k N+ 1, use mstead the Friedrichs
. g h .
inequalty ells, s, < 5751, o5,
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Proof of the optimal estimate for —p” = f

@ recall [[|p — pall| < sup  {(f—th ) — (Ph+ th, )}
PeH (), lllelll=1
@ recall the Poincaré inequality:

h _ h
ll — (PkH]xki%,xH%[ < *‘|(P/H]xk7%,xk+%[ = ;H|<PH|]xk7%,xk+1§[,
where ¢ is the mean value of ¢ over |x, 1% [;

@ use this, the conservativity property of t, and the Schwarz
inequality when k =1,... N:

(f — th? )]x BEN 1[ = (f th,(p - ‘Pk)]xki%,xﬂ%[
S [ A Yl 2] PR

@ fork =0 and k N+1 use mstead the Friedrichs
i A h / .
Inequallty HSDH]ka%’XkJr%[ S ﬁ”gp H]in%,Xk+%[!

@ use the Schwarz inequality for the second term:
_(p;T + tha C,O’)]Xk_%,xk+%[ S ”p;7 + th‘|]Xk_%,Xk+%[H|(p|’|]X

1,X 1[.
k—3""k+3
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Construction of t,

Theorem (Construction of )

Letf be and let be given by
th(kar%) = —p}v(xk%) k=0,...,N,
th(Xc) = —(Phlps_ral + Phlixox)/2  k=1,...,N,
th(x0) = —Phlpex
th(Xnt1) = _pH]XNaXNH['
Then )

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Optimal framework and a first estimate Optimal estimate

Construction of tj

Theorem (Construction of )

Letf be and let be given by
th(kar%) = —P%(Xk%) k=0,...,N,
th(Xc) = —(Phlps_ral + Phlixox)/2  k=1,...,N,
th(x0) = —Phlpex
th(Xnt1) = _pH]XN,XNH['
Then )

o the finite element method: [ pju} dx = [JK" fyy dx,
k=1,...,N, where vy is the “pyramidal” basis function;
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Construction of tj

Theorem (Construction of )

Letf be and let be given by
th(kar%) = —P%(Xk%) k=0,...,N,
th(Xc) = —(Phlps_ral + Phlixox)/2  k=1,...,N,
th(x0) = —Phlpex
th(Xnt1) = _pH]XN,XNH['
Then )

@ the finite element method: ka“ Pl dx = f;;kf: fiby dx,
k=1,...,N, where ¢y is the “pyramldal basis function;

° fpleceW|se constant: [/ fyy dx = fx’”z fdx;
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Construction of tj

Theorem (Construction of )

Letf be and let be given by
th(kar%) = —P%(Xk%) k=0,...,N,
th(Xc) = —(Phlps_ral + Phlixox)/2  k=1,...,N,
th(x0) = —Phlpex
th(Xnt1) = _pH]XN,XNH['
Then )

@ the finite element method: ka“ P} dx = f;;k:‘ fi)y dx,
k=1,...,N, where ¢y is the “pyramldal basis function;

° fpleceW|se constant: [/ fyy dx = fx’”z fdx;

@ construction of ty: [ pju dx = fx +12 t! dx.
2
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Numerical experiment for the optimal estimate

X error 1 ]
X 4
X
N x
10 + X x
+ x X
+ X X
107] +
)
)
107 +
)
N
L2 and H' errors Estimated and actual error
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Numerical experiment for the optimal estimate

— estimate
res. est

— == dif. flux est

112
110
1.08

1.06-

— effectivity index

- T T T
10 1 2 3

10 10 10 10 10

Estimated error and residual
and diffusive flux estimators

M. Vohralik
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Outline

e Pure diffusion and conforming methods

Classical a posteriori estimates

Optimal abstract framework and a first estimate
Optimal a posteriori error estimate

Remarks on finite elements and finite volumes
Efficiency of the a posteriori error estimate
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients

-V.-(avp) = f inQ,
p = 0 onodQ
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients

-V.-(avp) = f inQ,
p = 0 onodQ

Assumptions

@ Q CRY d=2,3,is apolygonal domain
@ ais a piecewise constant scalar,
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Bilinear form, energy norm, and a weak solution

Definition (Bilinear form B)

We define a bilinear form 3 for p, ¢ € HI () by
B(p, ¢) == (aVp, V).
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Bilinear form, energy norm, and a weak solution

Definition (Bilinear form B)

We define a bilinear form 3 for p, ¢ € HI () by
B(p, ¢) == (aVp, V).

N,

Definition (Energy norm)
The associated energy norm for ¢ € H} () is given by
1
llell? := By, p) = @2 Vel
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Clas. est. Opt. fram. Opt. est. FEs & FVs Efficiency

Definition (Bilinear form B)

We define a bilinear form 3 for p, ¢ € HI () by
B(p, ¢) == (aVp, V).

N,

Definition (Energy norm)
The associated energy norm for ¢ € H} () is given by
1
llell? := By, p) = @2 Vel

A\

Definition (Weak solution)

Weak solution: p € H](€2) such that
B(p,p) = (f.9) Ve € Hy(Q).
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Residual a posteriori error estimation for —Ap = f

Corollary (Classical residual a posteriori error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G thK“f‘i‘Ath%(}
KeTh

1/2
+Cz{ > holllVen- n]||§} :

o€&p
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Residual a posteriori error estimation for —Ap = f

Corollary (Classical residual a posteriori error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G thK“f‘i‘Ath%(}
KeT

1/2
+Cz{ > holllVen- n]||§} :

o€&p

Drawbacks
) are and C>?
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Residual a posteriori error estimation for —Ap = f

Corollary (Classical residual a posteriori error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G thKHf‘i‘Ath%(}
KeT

1/2
+Cz{ > holllVen- n]||§} :

o€&p
Drawbacks
° are C; and C,?
@ If C; and C, evaluated: a factor of

(uniform refinement) and 60 (adaptive refinement).
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Residual a posteriori error estimation for —Ap = f

Corollary (Classical residual a posteriori error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G ZhZKHf‘i‘APhH%{}
KeT

1/2
+Cz{ > holllVen- n]||§} :

o€&p
Drawbacks
° are C; and C,?
@ If C; and C, evaluated: a factor of
(uniform refinement) and 60 (adaptive refinement).
@ Apy=0: as estimator gives
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Residual a posteriori error estimation for —Ap = f

Corollary (Classical residual a posteriori error estimate in FEs)
Let a= 1. Then there holds (cf. Verfirth 96)

1/2
o= palll < G ZhZKHf‘i‘APhH%{}
KeT

1/2
+Cz{ > holllVen- n]||§} :

o€&p

Drawbacks

) are and C>?

@ If C; and C, evaluated: a factor of
(uniform refinement) and 60 (adaptive refinement).

@ Apy=0: as estimator gives .
° for when a is discontinuous.
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FEs residual constants Cy and C»

Constants C; and C,, Carstensen and Funken 00

Cy céthTv Vevin
Ci g 00, V EVEY,
1
2
G = max ZEKCZV/,Enei;‘Vh%( ;
C: = 3C ?eaxmax{hK/h h2J|K|}

43808 2 max max{ i/ s 1/ 1K|(3 -+ 1 /K1)
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Zienkiewicz—Zhu averaging a posteriori error
estimation for —Ap =f

Corollary (Zienkiewicz—Zhu averaging a posteriori error

estimate in FEs)
There holds (cf. Zienkiewicz—Zhu 87)

e — palll S 1Von + tall,

where t,, is an averaged smooth flux.
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Zienkiewicz—Zhu averaging a posteriori error
estimation for —Ap =f

Corollary (Zienkiewicz—Zhu averaging a posteriori error

estimate in FEs)
There holds (cf. Zienkiewicz—Zhu 87)

e — palll S 1Von + tall,

where t,, is an averaged smooth flux.

Drawbacks

° (neither guaranteed, nor reliable).
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Zienkiewicz—Zhu averaging a posteriori error
estimation for —Ap =f

Corollary (Zienkiewicz—Zhu averaging a posteriori error

estimate in FEs)
There holds (cf. Zienkiewicz—Zhu 87)

e — palll S 1Von + tall,

where t,, is an averaged smooth flux.

Drawbacks
° (neither guaranteed, nor reliable).
° for when a is discontinuous.
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Optimal abstract framework for —V - (aVp) = f

Theorem (Optimal abstract framework, conf. & pure dif. case)
Let be . Then

e = palll < sup B(p — pn,¢) < |llp — pPalll-
peH(Q), lllll=1
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Optimal abstract framework for —V - (aVp) = f

Theorem (Optimal abstract framework, conf. & pure dif. case)

Let
lllp

be

— pa|ll <
weHI(Q), lllell|=1

. Then
sup B(p — pn, ) < |l — pnlll-

We have

Il = Palll

P —Pn
B(p—pp "
(p i |r|p—phw>

sup B(p — pn, ¥)
PeH (), llelll=1

llp=paulll - sup [lel]]
M) (@), llellI=1
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)
Let p be the

and let be
Then
o —palll < inf sup {(f—V-t,0) —(aVpn +t,Vy)}
teH(dv,. Q) et (), [l =1
< [llp - palll 1

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Clas. est. Opt. fram. Opt. est. FEs & FVs Efficiency

Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the and let be
Then
llp = pnlll < _inf sup {(f=V-t,9)—(aVpn+t,Vo)}
teR(dvQoeri (@), llvll=1
< llp — pnlll-

Proof.
Upper bound: put ¢ := p — pn/|||p — pnl|| and take t € H(div, 2)
arbitrary. Then
B(p—pn,p) = (f,p)—(aVpn, Vi)
= (f,¢) —(aVpr + 1, V) + (1, V)
= (fF=V-t¢)—(aVpy+t, Vo).
Lower bound: put t = —aVp and use the Schwarz inequality.
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the and let be
Then
Il —palll < inf sup {(f—=V-t9)—(avVpy+1t,Vp)}
LRV Doers (), lloll=1
< |llp - palll J
Properties
° (no undetermined constant).
° and
° (infimum over an infinite-dimensional
space).
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the and let be
Take . Then
1/2h
Q 1 _1
llp = polll < =572=IIf = V- tall + [} Von + &ty
a,0
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Clas. est. Opt. fram. Opt. est. FEs & FVs Efficiency

Let p be the and let be
Take . Then
1/2h
Q 1 _1
llp = polll < =572=IIf = V- tall + [} Von + &ty
a,0

Proof.
@ |llp—pnlll <

sup
peH (), |ll¢lll=1

{(f=V th,0)—(aVpn+th, Vo) };

M. Vohralik

A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C

A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Clas. est. Opt. fram. Opt. est. FEs & FVs Efficiency

Let p be the and let be
Take . Then
1/2
1 1
llo — pnlll < 1/2 ||f V-t + [[@z2Vpn + a 2ty
CaQ

Proof

® [llp—palll < sup  {(f=V-th,0)—(aVpr+tn, Vo)};
peH(@), llll=1
o Friedrichs inequality: ||l < Ci/ahal| Vel < Ff}fll\so!l\
a,Q
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the and let be
Take . Then
C1/2h . P
llp = pulll < —57=If = V-t + |a2Vpn + a2ty
CaQ

Proof
® [llp—palll < sup  {(f=V-th,0)—(aVpr+tn, Vo)};
peH(@), llll=1
o Friedrichs inequality: ||l < Ci/ahal| Vel < Ff}fll\so!l\

@ use this and the Schwarz inequality: iz
cl/2n,
(F =V th,0) < If = V- tallllell < I = V- tall =5 [l ol
aQ
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the and let be
Take . Then
C1/2h . P
llp = pulll < —577—If = V-t + [|@2Vpn + &~ 2tn|.
CaQ

Proof

o |[[p—ppll| < sup {(F=V th,0)—(aVpn+tp, Vo)};
eeHL(Q), lllelll=1

o Friedrichs inequality: ||l < Ci/ahal| Vel < FSQQIH@!H
@ use this and the Schwarz mequahty iz
Clihg

(F =V th,0) <[[f =V -tall[loll < [[f =V - t]] o2 Il 1l
@ use the Schwarz mequahty for the second term:
—(aVph + tn, Vo) < @2 Vpn + a 2|l
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the and let be
Take . Then
1/2h
Q 1 _1
llp = palll < —E55=If = V - ta]| + a2 Vpn + & 2t].
Ca,Q )
Properties
o (Crq < 1, Friedrichs constant).
° penalizes
) is a term, for t;,.
° (works for all schemes)

(promoted by Repin).
° : (no information from

the computation used).

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



@ 'ntroduction
Q Laplacian and finite elements in one space dimension
@ Optimal abstract framework and a first estimate
@ Optimal a posteriori error estimate
© Pure diffusion and conforming methods
@ Classical a posteriori estimates
@ Optimal abstract framework and a first estimate
@ Optimal a posteriori error estimate
@ Remarks on finite elements and finite volumes
@ Efficiency of the a posteriori error estimate
Q Convection—-reaction—diffusion and nonconforming methods
@ Optimal abstract framework and a first estimate
@ Estimates for discontinuous Galerkin methods
@ Estimates for finite volume methods
o Complements
o Conclusions and future work



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Clas. est. Opt. fram. Opt. est. FEs & FVs Efficiency

Optimal a posteriori error estimate for —V - (aVp) = f

Theorem (Optimal a posteriori error estimate)

Let p be the and let be . Let
Dy = Dt UD be a partition of Q and take such
that for all D € Di. Then 2
o — palll < { Z (UR,D+77DF,D)2} .
DeDy,
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Optimal a posteriori error estimate for —V - (aVp) = f

Theorem (Optimal a posteriori error estimate)

Let p be the and let be . Let
Dy = Dt UD be a partition of Q and take such
that for all D € Di. Then 2
o — palll < { Z (77R,D+77DF,D)2} .
DeDy,

o diffusive flux estimator
o
e penalizes the fact that
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Optimal a posteriori error estimate for —V - (aVp) = f

Theorem (Optimal a posteriori error estimate)

Let p be the and let be . Let
Dy = Dt UD be a partition of Q and take such
that for all D € Di. Then 2
o — palll < { Z (77R,D+77DF,D)2} .
DeDy,

o diffusive flux estimator

o

e penalizes the fact that
@ residual estimator

o
m3 4 := Cp.phj/Cap for D € D}, Cpp = 1/n? if D convex
m3 , := Cr.ph5/Cap for D € DE*, Crp = 1 in general
Ca,p is the smallest value of aon D

evaluated for
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Proof of the optimal estimate for —V - (aVp) = f

o recall [[[p — pall| < sup {(f =V -ty,¢) = (aVpn+th, Vi) };
peH} (), llellI=1

V.
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Proof of the optimal estimate for —V - (aVp) = f

o recall [[[p — pall| < sup {(f =V -ty,¢) = (aVpn+th, Vi) };
peH} (), llellI=1

e recall the Poincaré inequality: [|¢ — ¢pl|3 < Cp ph3 || V|3,
where ¢p is the mean value of ¢ over D;
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Proof of the optimal estimate for —V - (aVp) = f

@ recall |||p—pnll| < sup {(f =V -th,©) — (aVpn+th, Vo)};
PEH}(Q), lllelll=1

e recall the Poincaré inequality: [|¢ — ¢pl|3 < Cp ph3 || V|3,
where ¢p is the mean value of ¢ over D;

e recall the Friedrichs inequality: ||¢||3 < Crpaah3||Vel|3,
where ¢ = 0 on 9Q N D # (;
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Proof of the optimal estimate for —V - (aVp) = f

@ recall |||p—pnll| < sup {(f =V -th,©) — (aVpn+th, Vo)};
PEH}(Q), lllelll=1

e recall the Poincaré inequality: [|¢ — ¢pl|3 < Cp ph3 || V|3,
where ¢p is the mean value of ¢ over D;

e recall the Friedrichs inequality: ||¢||3 < Crpaah3||Vel|3,
where ¢ = 0 on 6QH8D#®

el

e recall that | V|3 < CaD
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Proof of the optimal estimate for —V - (aVp) = f

@ recall |||p—pnll| < sup {(f =V -th,©) — (aVpn+th, Vo)};
PEH}(Q), lllelll=1

e recall the Poincaré inequality: [|¢ — ¢pl|3 < Cp ph3 || V|3,
where ¢p is the mean value of ¢ over D;

e recall the Friedrichs inequality: ||¢||3 < Crpaah3||Vel|3,
where ¢ = 0 on 9Q N D # (;

e recall that | V|3 < caDlHSOHVZs

@ D e Di: cons. of t,, Schwarz ineq., and Poincaré ineq.:
(f=Vth,0)p = (f=Vth, 0—¢p)p < Mp a||f =Vt plll]l| D}
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Proof of the optimal estimate for —V - (aVp) = f

@ recall |||p—pnll| < sup {(f =V -th,©) — (aVpn+th, Vo)};
PEH}(Q), lllelll=1

e recall the Poincaré inequality: [|¢ — ¢pl|3 < Cp ph3 || V|3,
where ¢p is the mean value of ¢ over D;

e recall the Friedrichs inequality: ||¢||3 < Crpaah3||Vel|3,
where ¢ = 0 on 9Q N D # (;

e recall that | V|3 < caDlHSOHVZs

@ D e Di: cons. of t,, Schwarz ineq., and Poincaré ineq.:
(f=Vth,0)p = (f=Vth, 0—¢p)p < Mp a||f =Vt plll]l| D}
@ D e D': Schwarz and Friedrichs inequalities:
(f =V -th,0)p < Mpallf =V -l plllellp;
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Proof of the optimal estimate for —V - (aVp) = f

@ recall |||p—pnll| < sup {(f =V -th,©) — (aVpn+th, Vo)};
PEH}(Q), lllelll=1

e recall the Poincaré inequality: [|¢ — ¢pl|3 < Cp ph3 || V|3,
where ¢p is the mean value of ¢ over D;

e recall the Friedrichs inequality: ||¢||3 < Crpaah3||Vel|3,
where ¢ = 0 on 9Q N D # (;

e recall that | V|3 < caDlHSOHVZs

@ D e Di: cons. of t,, Schwarz ineq., and Poincaré ineq.:
(f=V-th,0)p = (f=V-th,o—pp)p < Mpal|f=V tn[lplll¢llb;

@ D e D': Schwarz and Friedrichs inequalities:
(f =V th,0)p < Mpallf =V - tall ol el s

@ the Schwarz inequality for the second term:
—(aVpn +tn, Vo) < 22 Vn + a2t ollllllo-
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Finite element and cell-centered finite volume methods

f inQ
0 onodN2
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Finite element and cell-centered finite volume methods

N ENENS

(@aVpn, Vn)=(f,¢n) Yone Vp
° =

° =

@ Galerkin orthogonality

°
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Finite element and cell-centered finite volume methods

-V.-(avp) = f inQ
p = 0 onodQ

Finite elements Cell-centered finite volumes

(@Vpn, Vi) =(f,¢n) Von€Vh | %~ {a}w|ZD’E|(PE—PD)=(fa1)D

° = EeN (D) DE VD € Dint
°

o = () =

@ Galerkin orthogonality @ flux formulation

° °
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Equivalence between FEs and FVs

Theorem (Equivalence between FEs and FVs, EGH 00)

Letd =2, leta=1, letI, be Delaunay and let Dy, be its
Voronoi dual (given by the orthogonal bisectors of the edges
from 7;,). Let next f be piecewise constant on 7,. Then FEs and
FVs produce the same discrete systems.
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Equivalence between FEs and FVs

Theorem (Equivalence between FEs and FVs, EGH 00)

Letd =2, leta=1, letI, be Delaunay and let Dy, be its
Voronoi dual (given by the orthogonal bisectors of the edges
from 7;,). Let next f be piecewise constant on 7,. Then FEs and
FVs produce the same discrete systems.

Consequences:
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Equivalence between FEs and FVs

Theorem (Equivalence between FEs and FVs, EGH 00)

Letd =2, leta=1, letI, be Delaunay and let Dy, be its
Voronoi dual (given by the orthogonal bisectors of the edges
from 7;,). Let next f be piecewise constant on 7,. Then FEs and
FVs produce the same discrete systems.

Consequences:
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Equivalence between FEs and FVs

Theorem (Equivalence between FEs and FVs, EGH 00)

Letd =2, leta=1, letI, be Delaunay and let Dy, be its
Voronoi dual (given by the orthogonal bisectors of the edges
from 7;,). Let next f be piecewise constant on 7,. Then FEs and
FVs produce the same discrete systems.

Consequences:

°
o
@ general f: equivalence up to numerical quadrature
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Finite elements for —V - (aVp) = f

Finite element method

@ Find pp € V} such that
(@Vpn, Vn) = (f,on)  Von € Vi

@ py € H)(Q):
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Choice of t, € H(div, Q)

Recall the equivalence with finite volumes

Choice of t, based on the equivalence with FVs
@ using the FV fluxes on Dy, construct t, € RTN(Sy);
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Cell-centered finite volumes for —V - (aVp) = f

Cell-centered finite volume method
@ Find {pD}Dep};u such that
g .
—{ale Y |dD’E| (pe — pp) = (f,1)p VD e Dy".
Ecn(D) D

@ {a}.: harmonic averaging of the diffusion tensor.
@ We immediately have t, € RTN(Sy) which verifies

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Clas. est. Opt. fram. Opt. est. FEs & FVs Efficiency

Interpretation of {pp} Depin AS Ph € Vi

Interpretation of {pp} Depin @S Ph € Vi

Pp piecewise constant on Dy, Pn piecewise linear on 7,
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Optimal a posteriori error estimate for —V - (aVp) = f

Theorem (Optimal a posteriori error estimate)

Let p be the and let be . Let
Dy = Dt UD be a partition of Q and take such
that for all D € Di. Then 2
o — palll < { Z (UR,D+77DF,D)2} .
DeDy,
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Optimal a posteriori error estimate for —V - (aVp) = f

Theorem (Optimal a posteriori error estimate)

Let p be the and let be . Let
Dy = Dt UD be a partition of Q and take such
that for all D € Di. Then 2
o — palll < { Z (77R,D+77DF,D)2} .
DeDy,

o diffusive flux estimator
o
e penalizes the fact that
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Optimal a posteriori error estimate for —V - (aVp) = f

Theorem (Optimal a posteriori error estimate)

Let p be the and let be . Let
Dy = Dt UD be a partition of Q and take such
that for all D € Di. Then 2
o — palll < { Z (77R,D+77DF,D)2} .
DeDy,

o diffusive flux estimator
o
e penalizes the fact that

@ residual estimator

]

o mj , = Cpphb/Cap for D € D', Cpp = 1/ if D convex
o m3 ,:= Crph%/Cap for D € D, Cgp = 1in general

@ C,p is the smallest value of aon D

° evaluated for
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Local efficiency of the estimates for —V - (aVp) = f

Theorem (Local efficiency)

Let for all o € Gp. Then

1R,0 + 1pE,0 < Clllp = palll7y,

where only on the space dimension d, on the shape
regularity parameter 1+, and on the polynomial degree m of f.
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Local efficiency of the estimates for —V - (aVp) = f

Theorem (Local efficiency)
Let for all o € Gp. Then

1R,0 + 1pE,0 < Clllp = palll7y,

where only on the space dimension d, on the shape
regularity parameter 1+, and on the polynomial degree m of f.

Proof (diffusive flux estimator, case a = 1).

e for each vy, € RTN(K), [[V[l% < Chk Y-, ce, |IVh - N2
(equivalence of norms on finite-dimensional spaces)
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Local efficiency of the estimates for —V - (aVp) = f

Theorem (Local efficiency)
Let for all o € Gp. Then

1R,0 + 1pE,0 < Clllp = palll7y,

where only on the space dimension d, on the shape
regularity parameter 1+, and on the polynomial degree m of f.

Proof (diffusive flux estimator, case a = 1).
e for each vy, € RTN(K), [[V[l% < Chk Y-, ce, |IVh - N2
(equivalence of norms on finite-dimensional spaces)
® put vy = Vs + th; then [[Vpy + tallic = [IVall
< Chi Cgeenem IIVPR - 061112 is a
for the
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Local efficiency of the estimates for —V - (aVp) = f

Theorem (Local efficiency)
Let for all o € Gp. Then

1R,0 + 1pE,0 < Clllp = palll7y,

where only on the space dimension d, on the shape
regularity parameter 1+, and on the polynomial degree m of f.

Proof (diffusive flux estimator, case a = 1).
e for each vy, € RTN(K), [[V[l% < Chk Y-, ce, |IVh - N2
(equivalence of norms on finite-dimensional spaces)
® put vy = Vs + th; then [[Vpy + tallic = [IVall
< Chi Cgeenem IIVPR - 061112 is a
for the

@ side bubble functions technique of Verflrth:
1 :
hilTVPn - Nolllo < C3 me k. 1y llP = palllm for o € Ex N EFT
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Local efficiency of the estimates for —V - (aVp) = f

Proof (residual estimator, case a = 1).

@ element bubble functions technique of Verfirth:
If =V thll < Chi'IVP + ]l
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Local efficiency of the estimates for —V - (aVp) = f

Proof (residual estimator, case a = 1).

@ element bubble functions technique of Verfirth:
If =V thll < Chi'IVP + ]l

@ |[Vp+tallp < llp— palllo + IVer +tallo
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Local efficiency of the estimates for —V - (aVp) = f

Proof (residual estimator, case a = 1).

@ element bubble functions technique of Verfirth:
If =V thll < Chi'IVP + ]l

© Vo +tlp < lllp— palllo + [IVien + tallp
@ complete the proof by the previous result
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Local efficiency of the estimates for —V - (aVp) = f

Proof (residual estimator, case a = 1).
@ element bubble functions technique of Verfirth:
If =V -thllk < Ch |V + thllx

© [Vp+tullp < [llp— palllo + IVPr + tallp
@ complete the proof by the previous result

A

Proof (case a # 1).

@ the have to be with the
o has to be used in the
- has to be used in the

“thon, = _{vph : na}
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Local efficiency of the estimates for —V - (aVp) = f

Properties
@ guaranteed upper bound
@ local and global efficiency
@ full robustness
@ negligible evaluation cost
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Local efficiency of the estimates for —V - (aVp) = f

Properties
@ guaranteed upper bound
@ local and global efficiency
@ full robustness
@ negligible evaluation cost

@ locally, our estimator is a lower bound for the classical
residual one, with better constants

_ A posteriori error estimates in numerical approximation of PDEs
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A finite element method with harmonic averaging

A finite element method with harmonic averaging:

(&Vpn,Vn) = (f,on) Veon € Vh,
where

VK € 7.
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A finite element method with harmonic averaging

A finite element method with harmonic averaging:

(@VPn, Vion) = (f,0n) Veon € Vp,
where
VK € 7.
Changes with respect to classical FEs

@ of course a = a when a piecewise constant on 7,
° : harmonic averaging of a
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A finite element method with harmonic averaging

A finite element method with harmonic averaging:

(&Vpn,Vn) = (f, ¢n)

where

Vop € Vh,

VK € 7.

Changes with respect to classical FEs
@ of course a = a when a piecewise constant on 7,

(*}
Cell-centered finite volumes
Flux from D to E:

—ap,elop,el/dp,e(Pe — Pp)

@ arithmetic averaging:
a|DJ2ra|E

ape =
@ harmonic averaging:

__ 2apale
ap,e = alp+ale

M. Vohralik

: harmonic averaging of a
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A finite element method with harmonic averaging

A finite element method with harmonic averaging:

(&Vpn,Vn) = (f, ¢n)

where

Vop € Vh,

VK € 7.

Changes with respect to classical FEs
@ of course a = a when a piecewise constant on 7,

(*}
Cell-centered finite volumes
Flux from D to E:

—ap,elop,el/dp,e(Pe — Pp)

@ arithmetic averaging:
a|DJ2ra|E

ape =
@ harmonic averaging:

__ 2apale
ap,e = alp+ale

M. Vohralik

: harmonic averaging of a

Flux from D to E:
(&Vee, Vop)(Pe — Pp)
@ arithmetic averaging: a = a

@ harmonic averaging: a = a
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L-shape domain example and finite elements

s sesa 01 7280301
=—— ==

M

Problem

—Ap =0, in Q
p=po, on 90

Exact solution
(polar coordinates)

_2 . (2
Po(r,¢) = r-3sin (§<p>
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Effectivity index — comparison, uniform refinement

50 T

jump est., uniform
45 = = =classical est., uniform |-
40 B
35 =

effectivity index
N N w
o (51 o
T T
. . .

=
3
T
L

101

10 10° 10° 10 10
number of triangles

Effectivity indices for the jump and classical estimators
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Improvement by local minimization

Observation
o of t; need to be on the
only toget (V -t4,1)p = (f,1)p.
@ We can them on .
SN
4
A Y K

Local minimization (for each vertex)
@ compute local minimization matrix for the internal fluxes
@ solve local linear problem (size = number od sides sharing
the given vertex)
@ compute the estimators
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Improvement by local minimization

Observation
o of t; need to be on the
only toget (V -t4,1)p = (f,1)p.
@ We can them on .
SN
4
A Y K

Local minimization (for each vertex)
@ compute local minimization matrix for the internal fluxes
@ solve local linear problem (size = number od sides sharing
the given vertex)
@ compute the estimators
@ the whole estimate still has a
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Residual and diffusive flux estimators, uniform
refinement

10 T
jump dif. flux est., uniform
jump residual est., uniform
= @ = min. dif. flux est., uniform
—©— min. residual est., uniform
10° |
£
o
c
>
2
[0}
&
107
10’2 I I I ‘
10" 10° 10° 10* 10°

number of triangles

Residual and diffusive flux estimators comparison
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Effectivity index — comparison, uniform refinement

50 T
jump est., uniform
= © =min est., uniform
a0k = = =classical est., uniform| |
(| TTmmmmmmmmmmmmmmmmmmmmey
3 30F ,
2
2
3]
2 201 J
(0]
10r
9"--0----0----0----0---9---4
0 L L L
10* 10° 10° 10* 10°
number of triangles
Effectivity indices for the jump, minimization, and classical
estimators
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Residual and diffusive flux estimators, uniform
refinement

10 T
= % =jump dif. flux est., adaptive
~#—jump residual est., adaptive
= © - min. dif. flux est., adaptive
10° b —6— min. residual est., adaptive |4

energy norm
N
o

-3

10 L L L
10" 10° 10° 10 10
number of triangles

Residual and diffusive flux estimators comparison
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Effectivity index — comparison, adaptive refinement

70 T
~#—jump est., adaptive
60k —6— min est., adaptive ]
classical est., adaptive

50 b
X
3
£ 40f 4
2
2
S 30f 1
=
(0]

201 1

101

0 1
10
number of triangles
Effectivity indices for the jump, minimization, and classical
estimators
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Energy error

10 T
= © = min. est., uniform
=—©— min. est., adaptive
= = = exact error, uniform
10° b exact error, adaptive | 4

energy norm
=
o

-3 1 1 1

10" 10 10° 10* 10°

number of triangles

Estimated and actual energy error,
uniformly/adaptively refined meshes
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Effectivity index

6 T
= © = min. est., uniform
=—©— min. est., adaptive
5, .
% Q> """ ---0---90----0
° 4} ]
£
2
=
[}
2, -
1 1 ‘2 ‘3 ‘4 5
10 10 10 10 10

number of triangles

Effectivity index, uniformly/adaptively refined meshes
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Discontinuous diffusion tensor and vertex-centered
finite volumes

@ consider the pure diffusion equation
-V-(avp)=0 in Q=(-1,1)x(-1,1)

@ discontinuous and inhomogeneous a, two cases:

1 1

s,=1 s,=5 s,=1 s,=100

$;=5 s,=1 §,=100 s,=1

- 0 i 0 1

@ analytical solution: singularity at the origin

p(r,0)|q, = r*(a;sin(ad) + b;cos(ad))

e (r,0) polarcoordinates in Q
e a;, b constants depending on Q;
e o regularity of the solution
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Analytical solutions

Clas. est. Opt. fram. Opt. est. FEs & FVs Efficiency
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Error distribution on a uniformly refined mesh, case 1

06719 03400

0.6047

03068

0.5375

02728

0.4703 02387

0.4031 02047
0.3350 0.1708
0.2687 0.1366

02016 0.1025

01344 006847

0.06719 003441

1.011E-16 00003574

Estimated error distribution Exact error distribution
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Error distribution on an adaptively refined mesh,
case 2

1.265

1.518E-16

Estimated error distribution Exact error distribution
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Approximate solutions on adaptively refined meshes

a 0 {ﬂgg?%ﬂg& ]
e

s,
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Estimated and actual error in uniformly/adaptively
refined meshes

lO TrorrTTT T T TTTTTT T T T TTTTT 10 T T TrTTTT T T TTTIT T T T TTTTT
—e— error uniform —e—error uniform
—a— estimate uniform —a— estimate uniform
- 4 -error adapt. - 4 -error adapt.

- A -estimate adapt. - A -estimate adapt. |]

Energy error
B
o
T
Ll
Energy error
o
5,
»
>

L . i "‘0‘
T 10" % -
-1 | | C L % | J
1071 e ol - el ]
10 10 10 10 10 10 10 10
Number of dual volumes Number of dual volumes
Case 1 Case 2
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Original effectivity indices in uniformly/adaptively
refined meshes

T e —__ e T " e
2.8 —a— effectivity ind. uniform 2.6 —a— effectivity ind. uniform
- A - effectivity ind. adapt. - A - effectivity ind. adapt.
2.7+ A . — 2.5+ ) A —
3 2.6 / - Boa- LA s
2 ‘ 2 ;
2251 A 1 223 axt -
= g 2 | oat
8 241 / A |
= P = !
[im] ’ w 1
2.3 & — 2.1 —
- 1
22 -4 : P :
- o
27 —— Tl 1.9 Ll | L
10° 10° 10 10° 10° 10° 10* 10°
Number of dual volumes Number of dual volumes
Case 1 Case 2
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Clas. est.

Opt. fram. Opt. est.

FEs & FVs Efficiency

Effectivity indices in uniformly/adaptively refined
meshes using a simple local minimization

Effectivity index

T e e
15 —a— effectivity ind. uniform

' J - A - effectivity ind. adapt.
14 TA--4 -

A--a
A
137 AY —
\
AY
\
1.2+ \ —
AY
AY
1.1+ ' _
A
N
\
1 Ll Ll M- oA
10° 10° 10 10°
Number of dual volumes
Case 1
M. Vohralik

Effectivity index

1.44

1.42

1.4~

1.38—

1.34—

1.32-

—a— effectivity ind. uniform
- A - effectivity ind. adapt.

\
Ll Al
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Outline

e Convection—-reaction—diffusion and nonconforming methods
@ Optimal abstract framework and a first estimate
@ Estimates for discontinuous Galerkin methods
@ Estimates for finite volume methods
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem

-V -(SVp)+w-Vp+rm = f inQ,
p = 0 on o
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem

-V -(SVp)+w-Vp+rm = f inQ,
p = 0 on 0Q

Assumptions

@ Q CRY d=2,3,is apolygonal domain

@ S|k is a constant SPD matrix, cg k its smallest, and Cs x
its largest eigenvalue on each K € 7

o (r—1Vv-w)|x > cwrk > 0oneach K € T (from pure

diffusion to convection—diffusion—reaction cases)
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
-V -(SVp)+w-Vp+rm = f inQ,
p = 0 on 0Q
Assumptions

@ Q CRY d=2,3,is apolygonal domain
@ S|k is a constant SPD matrix, cg k its smallest, and Cs x

its largest eigenvalue on each K € 7
o (r—1Vv-w)|x > cwrk > 0oneach K € T (from pure
diffusion to convection—diffusion—reaction cases)
Difficulties

@ S is a piecewise constant matrix,

o wWis
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Bilinear form, weak solution, and energy norm

Definition (Bilinear form B)

We define a bilinear form B for p, » € H'(7,) by

B(p,) = > _ {(SVP, Vo)k + (W- VP, 0)x + (10, o)k } -
KeTn
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Bilinear form, weak solution, and energy norm

Definition (Bilinear form B)

We define a bilinear form B for p, » € H'(7,) by

B(p,) = > _ {(SVP, Vo)k + (W- VP, 0)x + (10, o)k } -
KeTn

Definition (Weak solution)
Weak solution: p € H}(£2) such that

B(p,¢) = (f,¢) Vo € H)(Q).

A
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Bilinear form, weak solution, and energy norm

Definition (Bilinear form B)
We define a bilinear form B for p, » € H'(7,) by

B(p,) = > _ {(SVP, Vo)k + (W- VP, 0)x + (10, o)k } -
KeTn

Definition (Weak solution)
Weak solution: p € H}(£2) such that

B(p,¢) = (f,¢) Vo € H)(Q).

Definition (Energy (semi-)norm)

We define the energy (semi-)norm for » € H'(7,) by

1
el = " Nlelliz, Nellz = [|S2 Vel -+l (r— 4V -w)Ze|% .
KeTy
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Optimal abstr. fr. for =V - (SVp)+wW-Vp+rp=f

Theorem (Optimal abstract framework, nonconf. & gen. case)
Let be . Then

lo-pill < _int fiio=sll+  sup |5~ pne)
se€Hy (£2) PeHY (), lllelll=1

+ (- S(on— ) + (V- w)(pn - 9)0)| |-
2o — plll.

IN
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Optimal abstr. fr. for =V - (SVp)+wW-Vp+rp=f

Theorem (Optimal abstract framework, nonconf. & gen. case)
Let be . Then

lo-pill < _int fiio=sll+  sup |5~ pne)
se€Hy (£2) PeHY (), lllelll=1

+ (- S(on— ) + (V- w)(pn - 9)0)| |-
2o — plll.

IN

Properties

g , , and
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Optimal abstr. fr. for =V - (SVp)+wW-Vp+rp=f

Theorem (Optimal abstract framework, nonconf. & gen. case)
Let be . Then

lo-pill < _int fiio=sll+  sup |5~ pne)
se€Hy (£2) PeHY (), lllelll=1

(W V(Pn—8) + H(V W) (ph — s),¢)|}.

< 2|lo— pall. J
Properties
e ; , and
@ Holds for any (anisotropic) and
of Ph-
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Optimal abstr. fr. for =V - (SVp)+wW-Vp+rp=f

Theorem (Optimal abstract framework, nonconf. & gen. case)
Let be . Then

lo-pill < _int {lln=sll+  sw |5~ pne)
se€Hy (£2) PeHY (), lllelll=1

(W V(Pn—8) + H(V W) (ph — s),¢)|}.

< 2[llp— palll
Properties
° , , and
@ Holds for any (anisotropic) and
of Ph-
° (includes p).
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Optimal abstr. est. for -V - (SVp)+wW - -Vp+rp=f

Theorem (Optimal abstract estimate, nonconf. & gen. case)
Let p be the and let be . Then

llo—pll < _int_ {llon sl
seH}(Q)

+ inf sup |(f_v.t_w-Vs—fS,SO)
tEH(div.Q) et (@), flelll=1

—(SVpn + 1, V) + ((r— 2V-wW)(s = pp), ¥) \}
< 2|l|p — palll-

Properties
@ Guaranteed upper bound, quasi-exact, and robust.
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Optimal abstr. est. for -V - (SVp)+wW - -Vp+rp=f

Theorem (Optimal abstract estimate, nonconf. & gen. case)
Let p be the and let be . Then

llo—pll < _int_ {llon sl
seH}(Q)

+ inf sup |(f_v.t_w-Vs—fS,SO)
tEH(div.Q) et (@), flelll=1

—(SVpn + 1, V) + ((r— 2V-wW)(s = pp), ¥) \}
< 2|l|p — palll-

Properties

@ Guaranteed upper bound, quasi-exact, and robust.
@ Holds uniformly for any mesh and polynomial degree.
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Optimal abstr. est. for -V - (SVp)+wW - -Vp+rp=f

Theorem (Optimal abstract estimate, nonconf. & gen. case)
Let p be the and let be . Then

llo—pll < _int_ {llon sl
seH}(Q)

+ inf sup |(f_v.t_w-Vs—fS,SO)
tEH(div.Q) et (@), flelll=1

—(SVpn + 1, V) + ((r— 2V-wW)(s = pp), ¥) \}
< 2|l|p — palll-

Properties

@ Guaranteed upper bound, quasi-exact, and robust.
@ Holds uniformly for any mesh and polynomial degree.
@ The solution p has been using B(p, ¢) = (f, ).
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Optimal abstr. est. for -V - (SVp)+wW - -Vp+rp=f

Theorem (Optimal abstract estimate, nonconf. & gen. case)
Let p be the and let be . Then

llo—pll < _int_ {llon sl
seH}(Q)

+ inf sup |(f_v.t_w-Vs—l’S,SO)
tEH(div.Q) et (@), flelll=1

—(SVph+1, V) + ((r— 2V-W) (s — pn), ¥) \}
< 2|l|p — palll-

Properties

@ Guaranteed upper bound, quasi-exact, and robust.

@ Holds uniformly for any mesh and polynomial degree.

@ The solution p has been using B(p, ¢) = (f, ).
° (infimum over an infinite-dim. space).
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A first comp. est. for -V - (SVp)+w -Vp+rmp=f

Theorem (A first computable estimate, nonconf. & gen. case)

Let p be the and let be .
Take and . Then |||p — pnll|
Cl3ha 1

< |[lon — splll + min ¢ — —
MiNkeT;, C;,/Ii MiNkeT;, C‘L{f’K
X[|[f—=V -t —wW- Vs, — rsy|

1/2
+ (1182 9pn + S22 + || (r - 57w) 2(pn— sn) 7).

<
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A first comp. est. for -V - (SVp)+w -Vp+rmp=f

Theorem (A first computable estimate, nonconf. & gen. case)

Let p be the and let be .
Take and . Then |||p — pnll|
. C;-/g‘z?hsz 1
< |llpn — Shll| + min — 1720 172
MiNkeT;, CS,K MiNkeT;, Cw,r,K

X[[f =V -t —W- Vs, —rsp|

1/2
+ (1182 9pn + S22 + || (r - 57w) 2(pn— sn) 7).

<

Properties
@ Guaranteed upper bound (Crq < 1).
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A first comp. est. for -V - (SVp)+w -Vp+rmp=f

Theorem (A first computable estimate, nonconf. & gen. case)

Let p be the and let be .
Take and . Then |||p — pnll|
Cl3ha 1

< “’ph_sh"|+min . 1/2°0 . 1/2
MiNkeT;, CS,/K MiNkeT;, Cw{r,K
X[|[f—=V -t —wW- Vs, — rsy|

1/2
+ (1182 9pn + S22 + || (r - 57w) 2(pn— sn) 7).

<

Properties
@ Guaranteed upper bound (Crq < 1).
° penalizes
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A first comp. est. for -V - (SVp)+w -Vp+rmp=f

Theorem (A first computable estimate, nonconf. & gen. case)

Let p be the and let be .
Take and . Then |||p — pnll|
Cl3ha 1

< “’ph_sh"|+min . 1/2°0 . 1/2
MiNkeT;, CS,/K MiNkeT;, Cw{r,K
X[|[f—=V -t —wW- Vs, — rsy|

1/2
+ (1182 9pn + S22 + || (r - 57w) 2(pn— sn) 7).

Properties
@ Guaranteed upper bound (Crq < 1).

° penalizes
° penalizes
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Discontinuous Galerkin method

Discontinuous Galerkin method
@ Find p, € Px(75) such that for all ¢, € Px(7h)

(8Vpn, Von) + ((r — V-W)pp, on) — (Pn, W-Vop)
= > {(nL{SVpr}u, [enl)o + 0L {SVion}e. [PrD)o }

o€y

+ > {(volpal, [enl)o + (Wno{pn}, [enl)o} = (. 0n)

o€y
@ jump operator [v], = v~ — vT
@ average operator {v}, = 3(v~ + v*)

@ harmonic-weighted average operator
{Viw= (w7 v +whv?)
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Discontinuous Galerkin method

Discontinuous Galerkin method
@ Find p, € Px(75) such that for all ¢, € Px(7h)

(8Vpn, Von) + ((r — V-W)pp, on) — (Pn, W-Vop)
= > {(nL{SVpr}u, [enl)o + 0L {SVion}e. [PrD)o }

o€y

+ > {(volpal, [enl)o + (Wno{pn}, [enl)o} = (. 0n)

o€y

@ jump operator [v], = v~ — vT

@ average operator {v}, = 3(v~ + v*)

@ harmonic-weighted average operator
(Vb =(w v +whvT)

°

’

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Optimal framework and a first estimate DGs FVs

Scalar and diffusive/convective flux reconstructions

Choice of s, € H}(Q)

@ s, = Zos(pp) is the so-called Oswald interpolate of pp
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Scalar and diffusive/convective flux reconstructions

Choice of s, € H}(Q)
@ s, = Zos(pp) is the so-called Oswald interpolate of pp
Choice of t;,, q4 € H(div, Q)

@ t;: diffusive flux reconstruction

@ qp: convective flux reconstruction

@ both in the Raviart-Thomas—Nédélec spaces
@ defined using the properties of the DG scheme

@ satisfy in general

(V-th+V-an+(r—V -w)pp)|xk = Nk(f)lk VK €Ty
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Diffusive and convective flux reconstructions

Diffusive flux reconstruction (/ = kor/ =k —1)

thNo,Gn)e = (—NL{SVP}e + a8 o N, [Pnl, Gh)o
Van € P(o), Yo € &k,

(tn.tn)k = —(SVPm Ik +0 D wko(NESth, [on])o

(<t

vr, € P9 (K)
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Diffusive and convective flux reconstructions

Diffusive flux reconstruction (/ = kor/ =k —1)

thNo, Gh)e = (—NL{SVDh}w + aos o h,  [Pr], Gh)o
Van € P(o), Yo € &k,

(tn.tn)k = —(SVPm Ik +0 D wko(NESth, [on])o

(<t
vry € P9 (K)

Convective flux reconstruction (/ = kor/ =k —1)

(AnNo, Gn)e = (W-N{Pp} +wolonl, Gn)o
Vg € P)(0), Yo € Ex,
@n )k = (pm,Wrn)k  Vrp e P9 (K)
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A post. estimate for -V - (SVp)+w-Vp+rp=f

Theorem (A posteriori error estimate)
There holds

1
2
1o — pall < { 5 77}

KeTy

1
2

1 2
+{ Z (77R,K + (7712)F,K + 77(2:,2,K)2 + 11,k + ﬁU,K) } )
KeTh,
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A post. estimate for -V - (SVp)+w-Vp+rp=f

Theorem (A posteriori error estimate)

There holds 1
2
Il = palll < { > UI%C,K}
KeT,
1 2 %
+{ > (77R,K + (13p i + 18 2,K)7 + 1,1 K + 77U,K> } ;
KeT,
where
@ ne,k = |IlPn — Zos(Pn)lllk ( )
® nprk = 82V + S 2th|x ( )
@ nrk = Mkl||f = Vtyp —V-qn — (r — V-W)ppllx ( )
@ 7,1,k =Mk ||V-(dr—wWsp)—To(V-(an—Wsh))l|k ( )
Q@ 7oK = %Hé(vw)(ph — Sh)HK ( )
® MUK =D pee, MollMoo((dn —WSh)NG) |5 ( )
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Loc. efficiency for -V - (SVp)+w-Vp+rp=f

Theorem (Local efficiency)

There holds
TINC,K +1DF,K + TR K + 7,1,k H1ic 2,k +1u,k < CetrklllP—pnlll, g, -
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Loc. efficiency for —V - (SVp)+w-Vp+rp=f

Theorem (Local efficiency)

There holds
TINC,K +HTIDE,K + 1R K+ 11,1,k + ek +1uk < Cetklllo—plll, &, -

Properties
@ guaranteed upper bound
@ local and global efficiency
@ negligible evaluation cost

° estimator ng k is a

° also on

° with respect to

° (Cefr,k depends on local inhomogeneities and

anisotropies and affinely on Pey)
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Discontinuous diffusion tensor and discontinuous
Galerkin methods

@ consider the pure diffusion equation
—V-(SVp)=0 in Q=(-1,1)x(-1,1)

@ discontinuous and inhomogeneous S, two cases:

1 1

s,=1 s,=5 s,=1 s,=100

$;=5 s,=1 §,=100 s,=1

= -
1 0 1 11 0 1

@ analytical solution: singularity at the origin

p(r,0)|q, = r*(a;sin(ad) + b;cos(ad))

e (r,0) polarcoordinates in Q
e a;, b constants depending on Q;
e o regularity of the solution
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Series of refined meshes, case 1

1 1
08 08
0.6l 06l
0.4f 04f
02 02l
0 0
-02 -02
-04 -04
-06 -06
08 -08
= -05 0 05 1 E 05 0 05 1
Mesh with 342 elements Mesh with 494 elements
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Estimated and actual error, case 1

/=0 /=1
N llp — pxlll TINC 1IDF eff. 1IDF eff.
112 6.11e-01 8.70e-1 7.43e-1 1.9 6.00e-1 1.7
448 4.28e-01 6.09e-1 5.35e-1 1.9 4.32e-1 1.7
1792 2.97e-01 4.23e-1 3.74e-1 1.9 3.05e-1 1.8
7168 2.01e-01 2.92e-1 2.60e-1 1.9 2.12e-1 1.8

order 0.53 0.53 0.53 - 0.52 -

Convergence rates of error estimators for test case 1,
unstructured meshes
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Estimated and actual error, case 2

N Jlp—pnll mne  noe eff. npp  eff.
112 3.27 11.8 239 3.7 1.89 3.7
448 3.11 11.3 2.33 3.7 1.84 3.7
1792 2.93 10.8 223 3.8 1.77 3.7

7168 2.75 10.3 2.12 3.8 1.68 3.8

order 0.09 0.08 0.08 - 007 -

Convergence rates of error estimators for test case 2,
unstructured meshes
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A convection—diffusion—reaction problem with general
boundary conditions

Problem
~V-(SVp)+V-(pw)+rp = f inQ,
p = g onlp,
—-SVp-n = u only
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| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Optimal framework and a first estimate DGs FVs
A convection—diffusion—reaction problem with general
boundary conditions

Problem
~V-(SVp)+V-(pw)+rp = f inQ,
p = g onlp,
—-SVp-n = u only
Assumptions
@ Q CRY d=2,3,is a polygonal domain
@ S|k is a constant SPD matrix, cg k its smallest, and Cs x
its largest eigenvalue on each K € 7

® (3V-w+r)|k > cwrk >0oneach K € Tp (from pure
diffusion to convection—diffusion—reaction cases)
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A convection—diffusion—reaction problem with general
boundary conditions

Problem
~V-(SVp)+V-(pw)+rp = f inQ,
p = g onlp,
—-SVp-n = u only
Assumptions
@ Q CRY d=2,3,is a polygonal domain
@ S|k is a constant SPD matrix, cg k its smallest, and Cs x
its largest eigenvalue on each K € 7
® (3V-w+r)|k > cwrk >0oneach K € Tp (from pure
diffusion to convection—diffusion—reaction cases)
Difficulties

@ S is a piecewise constant matrix,

@ wWis
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Bilinear form, weak solution, and energy norm

Definition (Bilinear form B)

We define a bilinear form B for p, ¢ € H'(7,) by

B(p,¢) =Y _ {(SVP,Vo)k + (V- (WP), ©)k + (1P, ©)k } -
KeTy
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Bilinear form, weak solution, and energy norm

Definition (Bilinear form B)

We define a bilinear form B for p, ¢ € H'(7,) by

B(p,¢) =Y _ {(SVP,Vo)k + (V- (WP), ©)k + (1P, ©)k } -
KeTy

A

Definition (Weak solution)

Weak solution: p € H'(Q2) with p|r, = g such that
B(pa QD) = (fv (P) — <U, LP>FN V(P € H]13(Q)
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Bilinear form, weak solution, and energy norm

Definition (Bilinear form B)

We define a bilinear form B for p, ¢ € H'(7,) by

B(p,o) = > _ {(SVP,Vo)k + (V- (Wp), ©)k + (10, 0)k } -
KeTy,

Definition (Weak solution)

Weak solution: p € H'(Q2) with p|r, = g such that
B(p, o) = (f,0) — (U, @)y Vo € HH(Q).

Definition (Energy (semi-)norm)

We define the energy (semi-)norm for ¢ € H'(7p,) by

1
ellZ = S el Nollz = |S2Ve||2+ || (3V-w+r)2p|[ .
KeT,
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General finite volume scheme

Definition (FV scheme for —V - (SVp) + V - (pW) + rp = )

Find px, K € 75, such that

Z Sk.o + Z Wk - + rkpx|K| = fk|K| VK € Tp.

oc&k o€k
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General finite volume scheme

Definition (FV scheme for —V - (SVp) + V - (pW) + rp = )

Find px, K € 75, such that

S Sko+ D Wiy +rkpklKl = fklK| VK €Ty

oc€EK o€k
Sk, : diffusive flux no specific form,
Wk - convective flux just conservativity needed
® rk:=(r,1)/|K]|

o i = (£.1)/IK|
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General finite volume scheme

Definition (FV scheme for —V - (SVp) + V - (pw) + rp = f)

Find px, K € 75, such that

3 Sko+ > Wiy +rkpxlK| = fklK| VK € Tp.

oclk o€k
Sk : diffusive flux no specific form,
° : : . o
Wk, : convective flux just conservativity needed

° rx:=(r,1)/IK|
o fx :=(f,1)/|IK] |
Example

® Sk, =Sk der l(pL — k)
@ Wk, = ps(w-n,1),: weighted-upwind L

XL
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,

- 1
-V (Svph) = W Z SK,U’

o€k

(1 = k) (Brs 1)k /|1 K| + e Pn(Xk) Pk,
—SV,E)MK'I'I = SK,U/’U| Vo € Ex .
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,

- 1
-V (Svph) = W Z SK,U’

o€k

(1 = k) (Brs 1)k /|1 K| + e Pn(Xk) Pk,
—SV,E)MK'I'I = SK,U/’U| Vo € Ex .

Properties of py,
@ Py and is
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,

iy 1
V- (8VE) = 1 > Sk

o€k

(1 = k) (Brs 1)k /|1 K| + e Pn(Xk) Pk,
—SV,E)MK'I'I = SK’G/’U| Vo € Ex .

Properties of py,
@ Py and is
° of pn is given by Sk, by pk
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,

iy 1
V- (8VE) = 1 > Sk

o€k

(1 = k) (Brs 1)k /|1 K| + e Pn(Xk) Pk,
—SV,E)MK'I'I = SK’G/’U| Vo € Ex .

Properties of py,

@ Py and is
° of pn is given by Sk, by pk
° , only € H'(7p) in general
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,

iy 1
V- (8VE) = 1 > Sk

o€k

(1 = pk)(Pns 1)k /|K| + 11k Pr(Xk) Pk
—SVpnlk-n = Sko/lo| Voeék.

Properties of py,

@ Py and is

° of py is given by Sk, by px

° , only € H'(7p) in general

° = put in the gen. fram.
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,

iy 1
V- (8VE) = 1 > Sk

o€k

(1 = pk)(Pns 1)k /|K| + 11k Pr(Xk) Pk
—SVpnlk-n = Sko/lo| Voeék.

Properties of py,

@ Py and is

° of py is given by Sk, by px

° , only € H'(7p) in general

° = put in the gen. fram.
@ given on 7p, for a
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,

iy 1
V- (8VE) = 1 > Sk

o€k

(1 = pk)(Pns 1)k /|K| + 11k Pr(Xk) Pk
—SVpnlk-n = Sko/lo| Voeék.

Properties of py,

@ Py and is

° of py is given by Sk, by px

° , only € H'(7p) in general

° = put in the gen. fram.

@ given on 7p, for a

@ for or when S is
:prisa

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Optimal framework and a first estimate DGs FVs

A post. estimate for -V - (SVp)+V - (pw) +rp=f

Theorem (A posteriori error estimate)

There holds .
2 2
[[|p—DPnll| S{ angIC,K} +{ Z(nR,K-HIC,K+77U,K+77RQ,K+77rN,K)2} :

KeT, KeTn
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A post. estimate for -V - (SVp) + V- (pw) +rp=f

Theorem (A posteriori error estimate)

There holds .
2 2
[llp—Pnlll S{ ZUI%C,K} "‘{ Z(ﬁR,K+TIC,K+77U,K+77RQ,K+77FN,K)2} :

KeT, KeTn

@ nonconformity estimator
o
@ Zos(pr): Oswald int. operator (Burman and Ern '07)
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A post. estimate for -V - (SVp) +V - (pw) +rp=f

Theorem (A posteriori error estimate)

There holds .
2 2
[llp—Pnlll S{ ZUI%C,K} "‘{ Z(ﬁR,KHIC,K+77U,K+77RQ,K+77FN,K)2} :

KeT, KeTy

@ nonconformity estimator

o

@ Zos(pr): Oswald int. operator (Burman and Ern '07)
@ residual estimator

o

o he 1
e mij :=min {Cp ot
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A post. estimate for -V - (SVp) +V - (pw) +rp=f

Theorem (A posteriori error estimate)

There holds .
2 2
[llp—Pnlll S{ ZUI%C,K} "‘{ Z(ﬁR,KHIC,K+77U,K+77RQ,K+77FN,K)2} :

KeT, KeTy

@ nonconformity estimator

o

@ Zos(pr): Oswald int. operator (Burman and Ern '07)
@ residual estimator

o

o he 1
e mij :=min {Cp ot

@ convection estimator

® VvV =DPn—Zos(pn)
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A post. estimate for -V - (SVp) +V - (pw) +rp=f

@ upwinding estimator

]

o Wk, = p,(W-n,1),: weighted-upwind

e m,: function of ¢s k, Cw,rk = (3V W+ T1)|k, d, hk, ||, |K|
e all dependencies evaluated explicitly

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Optimal framework and a first estimate DGs FVs

A post. estimate for -V - (SVp) +V - (pw) +rp=f

@ upwinding estimator

Wk » = p,(W - n, 1), weighted-upwind
m,: function of cs k, Cw.rk = (3V-W+r)|x, d, hg, |o], |K]|
all dependencies evaluated explicitly

@ reaction quadrature estimator

("]
e disappears when r pw constant and py, fixed by mean
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A post. estimate for -V - (SVp) +V - (pw) +rp=f

@ upwinding estimator

Wk » = p,(W - n, 1), weighted-upwind
m,: function of cs k, Cw.rk = (3V-W+r)|x, d, hg, |o], |K]|
all dependencies evaluated explicitly

@ reaction quadrature estimator

("]
e disappears when r pw constant and py, fixed by mean

@ Neumann boundary estimator
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Loc. efficiency for —V - (SVp)+ V- (pw) +rp = f

Theorem (Local efficiency of the residual estimator)

There holds ng k <

Cs erK} : Cs k
C max -+ min < Pey, ’ :
[RAT {,/CS’K {1, e e o

@ residual estimator is (lower bound for
error on K) and (Cefr,k depends on local
anisotropies and affinely on Pey)
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Loc. efficiency for —V - (SVp)+ V- (pw) +rp = f

Theorem (Local efficiency of the residual estimator)

There holds ng k <

Cs erK} : Cs k
C max -+ min < Pey, ’ :
[RAT {,/CS’K {1, e e o

@ residual estimator is (lower bound for
error on K) and (Cefr,k depends on local
anisotropies and affinely on Pey)

@ Cegrk:

e C independent of hx, S, w, and r

° dependency on

° CW’ X < 2 for r nonnegative

° Ceff k depends affinely on Pey

® o0k : \/L"’l‘j? prevents Cesr x from exploding in

convection-dominated cases on rough grids
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Loc. efficiency for —V - (SVp)+ V- (pw) +rp = f

Theorem (Local efficiency of the nonconformity and convection

estimators)
There holds

> 2 = 2 : 2
MRex+mex <a Y llp—pallf+8 inf > lp—snll? .
LiLAK0 Sn€P2(Tn)NHo (D) 1./ ez

@ nonconformity and convection estimators are
(up to higher-order terms if ¢y r k # 0) and
(Cefr,k depends on local inhomogeneities and
anisotropies and affinely on Pey)
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Loc. efficiency for —V - (SVp)+ V- (pw) +rp = f

Theorem (Local efficiency of the nonconformity and convection

estimators)
There holds

> 2 = 2 : 2
MRex+mex <a Y llp—pallf+8 inf > lp—snll? .
LiLAK0 Sn€P2(Tn)NHo (D) 1./ ez

@ nonconformity and convection estimators are
(up to higher-order terms if ¢y r k # 0) and
(Cefr,k depends on local inhomogeneities and
anisotropies and affinely on Pey)

o CefﬂK:
e depends on of
e depends on by %
o C. k depends affinely on Pex
e again min{Pe,, o, } in each L around K prevents Ce,x from

exploding in convection-dominated cases on rough grids
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Discontinuous diffusion tensor and finite volumes

@ consider the pure diffusion equation
—V-(SVp)=0 in Q=(—1,1)x(-1,1)

@ discontinuous and inhomogeneous S, two cases:

1 1

s,=1 s,=5 s,=1 s,=100

$,=5 s,=1 53:100 s,=1

- 0 i 0 1

@ analytical solution: singularity at the origin

p(r,0)|q, = r*(a;sin(ad) + b;cos(ab))

e (r,0) polar coordinates in Q
@ a;, b; constants depending on ©;
e « regularity of the solution
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CRD & nonc. Compl. C

Analytical solutions

Optimal framework and a first estimate DGs FVs
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Error distribution on an adaptively refined mesh,
case 1

-0.5 0 0.5 1

Estimated error distribution Exact error distribution

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C Optimal framework and a first estimate DGs FVs

Approximate solution and the corresponding
adaptively refined mesh, case 2
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Estimated and actual error in uniformly/adaptively
refined meshes

10 T T T T T T

10 T T T T T

—e— error uniform E —e— error uniform A
—=— estimate uniform L —=— estimate uniform [|
-4 - error adapt. r -4 - error adapt.

-4 - estimate adapt. r -4 - estimate adapt. [

< EI-
5 105
3 1 310 -
5] 1 5] B
& & ]
107 . _ ]
3 *oa E ]
[ A ) ] ]
-2 | | ° | " il L
10 L L L 10 L
10° 10° 10* 10° 10° 10° 10! 10°
Number of triangles Number of triangles
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Effectivity indices in uniformly/adaptively refined
meshes

T T
16 T == officiency uniform 41— —=— efficiency uniform
155 -4 - efficiency adapt. 3.8— -4 - efficiency adapt.
— —
La 3oy ]
5 T B4 B
1451 - 32— -
14 5. |
> 1. —
2 5 So8- A -
(o}
S135 Y - 226 A 4
i dipg A -
13- A i A
\ 2.2 A —
1.25 N —
2
A
12 | 18 -
AL 1.6 -
115 e Y ST |
1.4
11 | Ll Lo 1.2 Ll | L
10° 10 10° 10° 10 10°
Number of triangles Number of triangles
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Convection-dominated problem

@ consider the convection—diffusion—reaction equation
—eAp+V-(p(0,1))+p=Ff in Q=(0,1)x(0,1)

@ analytical solution: layer of width a

p(x,y)=0.5 (1 - tanh(O‘Sa_ X))

@ consider

ec=1,a=05
e c=10"2, a=0.05
e c=10"*%a=0.02

@ unstructured grid of 46 elements given,
uniformly/adaptively refined
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Analytical solutions

y 00 X y 00 ’ x

Casec=1,a=05 Caseec=10"% a=0.02
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Error distribution on a uniformly refined mesh, ¢ = 1,
a=>0.>5

1

” >
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. 745% A 4
§'A‘v Vgg&b

0
0 01 02 03 04 05 06 07 08 09 1

Estimated error distribution Exact error distribution

0
0 01 02 03 04 05 06 07 08 09 1
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Estimated and actual error and the effectivity index,
e=1,a=05

T T e 20 g
10° & —e— error uniform H —=— efficiency uniform
E —=— est. uniform H L |
F est. res. uniform 19
= —4— est. nonc. uniform ||
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The different estimators Effectivity index
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Error distribution on a uniformly refined mesh,
e=10"2,a=0.05
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CRD &nonc. Compl. C

Approximate solution and the corresponding
adaptively refined mesh, e = 104, a = 0.02
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Estimated and actual error in uniformly/adaptively
refined meshes

10 g T n T T
E —e— error uniform i 4 —e— error uniform
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Cases=10"2,a=0.05 Cases=10"% a=0.02
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A reaction—diffusion problem

Problem

—Ap+rm = f inQ,
p = 0 on0Q
Assumptions

@ Q CcRY d=2,3,is apolygonal domain

@ r e L*°(Q) such that for each K € 75,0 < ¢, x < r, a.e.
in K
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Bilinear form, energy norm, and weak solution

Definition (Bilinear form B)

We define a bilinear form B for p, ¢ € HI () by
B(p,¢) == (Vp,Ve)a + (r'/2p,r'2p)q .
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Bilinear form, energy norm, and weak solution

Definition (Bilinear form B)

We define a bilinear form B for p, ¢ € HI () by
B(p,¢) == (Vp,Ve)a + (r'/2p,r'2p)q .

A\

Definition (Energy norm)

The associated energy norm for ¢ € HS(Q) is given by

llellif = Bleo, ).

\
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Bilinear form, energy norm, and weak solution

Definition (Bilinear form B)

We define a bilinear form B for p, ¢ € HI () by
B(p,¢) == (Vp,Ve)a + (r'/2p,r'2p)q .

Definition (Energy norm)

The associated energy norm for ¢ € HS(Q) is given by

llellif = Bleo, ).

Definition (Weak solution)
Weak solution: p € H}(£2) such that

Bp,p) = (f.9)a Vo€ H(Q).

A
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Residual and diffusive flux estimators

Define:
@ residual estimator

nr,p := Mpl|f =V -th — rpallp

@ diffusive flux estimator

: 1 2
"IDF,D ‘= min {77([)[)-'7D777(D,)E,D} )

where
"Ipg,D = VPn + tallo
2\ 2
2 L1 1
771()F),D = Z My ||App + 'V - thl|k +mi Z CZ(Vpn+ty)-n|,
Kesp TEEKNG
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Robust a posteriori error estimates for —Ap+rp=f

Theorem (A posteriori error estimate)

There holds 1
2
llp = pallla < { Z (77R,D+77DF,D)2} :

DeDy,
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Robust a posteriori error estimates for —Ap+rp=f

Theorem (A posteriori error estimate)
There holds

llp = pallla < { > (o +77DF,D)2}

DEDh

1
2

N

Theorem (Local efficiency)
There holds

"r,0 + oE,0 < Clllp = palllzy,
where only , 7, and
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Robust a posteriori error estimates for —Ap+rp=f

Theorem (A posteriori error estimate)
There holds

llp = pallla < { > (o +77DF,D)2}

DEDh

1
2

N

Theorem (Local efficiency)

There holds
o+ mor < Clllp — palllz, -

where only , 7, and
Properties

o

o and

Qo

° evaluation
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Problem and exact solution

50007€-01 1+ S000E400
—r—

— —=
Q0800E-05 TO00E-00 Zoo0en

Problem

—Ap+rp =0, in Q
P = Po, on 99

Solution

po(x,y) =e V™" +e VY
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Effectivity indices

Compl. C

effectivity index

nization est.
nininization est. r:
nininization est. r=:

r=1, uniforn ——
8, uniforn
12, uniforn ——

10 108 1680
nunber of triangles

10880 1008

Uniform refinement

M. Vohralik

effectivity indes

nininization est. r=i, adaptive —s—
nininization est. r=100, adaptive ——
mininization est. r=lel?, adaptive —e—

1 18 108 1000 10000 100800 1e+06

nunber of triangles

Adaptive refinement
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Estimated and actual errors, r = 100

1680 T r r
nininization estimator, r=188, uniforn ——
nininization estinator, r=108, adaptive —+—
exact error, r=108, uniforn —s—
exact error, r=168, adaptive
10 -
e
5
£
£
5
i 1r
&
&
5
2
H
R
.61 ; ; ; ;
1 10 108 1080 10668 100060 16+86

number of triangles

Estimated and actual errors, r = 100
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Estimated and actual errors, r = 10'2

1e+a7 ———— T- —
nininization estinator, r=1e12, uniforn —&—
nininization estinator, r=ile12, adaptive —s—
exact error, r=lel2, uniforn —s—
exact error, r=lel2, adaptive
1e+06 -
e
5
£
£
5
-, 10888 |
&
&
5
2
H
16088
1008 . L L i
1 10 1680 1080 16868 106806¢

nunber of triangles

Estimated and actual errors, r = 102
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 onoQ
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 onoQ

Algebraic problem

@ at some point, we shall solve AX = B
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 onoQ

Algebraic problem

@ at some point, we shall solve AX = B
@ we only it :
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 onoQ
Algebraic problem

@ at some point, we shall solve AX = B
@ we only it :
@ we know the ,
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 nﬁ,K} " { 5 n;iE,K} |

KeTy KeT, KeT,
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 m%,K} " { 5 n;iE,K} |

KeTy KeT, KeT,

@ nonconformity estimator
("]
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds . . .
2 2 2
= 2 2 2
lllp = PRIl < { Z UNC,K} + { Z WR,K} + { Z nAE,K} :
KeTy KeT, KeT,
@ nonconformity estimator
("]
@ residual estimator
"]
] mf( = CPC’:iKK
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds . . .
2 2 2
= 2 2 2
lllp = PRIl < { Z 77NC,K} + { Z WR,K} + { Z nAE,K} :
KeTy KeT, KeT,
@ nonconformity estimator
("]
@ residual estimator
"]
h2
] m%( = Cpﬁ
@ algebraic error estimator
("]
° is such that V- ty|x = £

@ Ris the residual vector
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Finite volume estimates including inexact linear

systems solution

10°
Error
ne
R L
\ n
\ T
\ ---n
" efficiency
0 Il
10° o
107F -
10°
10°F
10'4 L L L L L
0 5 10 15 20 25 30

Different estimators, error, and effectivity index
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Time-dependent and nonlinear problems

Time-dependent problems
VERFURTH, R., A posteriori error estimates for finite element
discretizations of the heat equation, Calcolo 40 (2003),

195-212.
@ divide the estimate into time and space estimators
@ use the time estimator to refine the time step
@ use the space estimator to refine the space mesh
@ mesh refinement and coarsening (“moving meshes”)

M. Vohralik A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C

Time-dependent and nonlinear problems

Time-dependent problems
VERFURTH, R., A posteriori error estimates for finite element
discretizations of the heat equation, Calcolo 40 (2003),
195-212.

@ divide the estimate into time and space estimators

@ use the time estimator to refine the time step

@ use the space estimator to refine the space mesh

@ mesh refinement and coarsening (“moving meshes”)
Nonlinear problems
Kim, K. Y., A posteriori error estimators for locally conservative
methods of nonlinear elliptic problems, Appl. Numer. Math. 57
(2007), 1065—1080.

@ a posteriori error estimates for monotone elliptic operators

@ applies directly to all our results
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Comments on the estimates and their efficiency

General comments

@ p < H'(Q), no additional regularity
@ no convexity of Q2 needed

@ no saturation assumption

® no Helmholtz decomposition

°

no shape-regularity needed for the upper bounds (only for
the efficiency proofs)

polynomial degree-independent upper bound

@ no “monotonicity” hypothesis on inhomogeneities
distribution

@ the only important tool: optimal Poincare—Friedrichs and
trace inequalities

@ holds from diffusion to convection—diffusion—reaction cases

_ A posteriori error estimates in numerical approximation of PDEs
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Essentials of the estimates

Essentials of the estimates

@ nonconformity estimate: the approximate solution
to a

@ diffusive flux estimate: the flux of the approximate
solution toa

° the for

@ for , I, has to be

@ in (bn € H'(Q)), there is

@ in (—SVpp € H(div, Q)), there is

° for

@ use problem-dependent

M. Vohralik A posteriori error estimates in numerical approximation of PDEs
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Conclusions and future work

Conclusions

@ guaranteed, locally efficient, and robust (in some cases) a
posteriori error estimates

@ directly and locally computable

@ almost asymptotically exact

@ optimal framework (exact and robust)
@ works for all major numerical schemes
@ based on local conservativity

_ A posteriori error estimates in numerical approximation of PDEs



| 1D & FEs Pure dif. & conf. CRD & nonc. Compl. C

Conclusions and future work

Conclusions

° , locally , and (in some cases) a
posteriori error estimates

@ directly and

o

° (exact and robust)
@ works for all major

@ based on

Future work
@ asymptotic exactness
@ nonlinear (degenerate) cases
@ extensions to other types of problems (Stokes, Maxwell)
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