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Goals

Guaranteed a posteriori error estimates efficient and robust with
respect to the strength of nonlinearities:

lllu = well] < 1(Ue) < Ceiil[lu — uelll,  Cets independent of data
—_—— ~——

unknown error  computable estimator

-
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Goals

Guaranteed a posteriori error estimates locally efficient and robust with
respect to the strength of nonlinearities:

Nk (Ue) < Ceill|u — U]l for all K € 7p.
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Goals

Guaranteed a posteriori error estimates locally efficient and robust with
respect to the strength of nonlinearities:

nic(Ue) < Cesilllu — tell|.o e forall K € 7;.

@ what to choose for ||| - |[|?

-
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Model nonlinear elliptic problem
Find v : Q — R such that
-V-(a(|lVu))Vu)=f in Q,
u=0 on 0Q.
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Previous results

Model nonlinear elliptic problem
Find v : Q — R such that
=V-(a(|lVu)Vu)=f in Q,
u=0 on 0Q.

@ Q cRY 1< d < 3, open bounded polytope with Lipschitz boundary 99
@ a strongly monotone (ay) and Lipschitz continuous (ac)

@ f piecewise polynomial for simplicity

@ numerical approximation v,
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Previous results

Model nonlinear elliptic problem
Find v : Q — R such that
=V-(a(|lVu)Vu)=f in Q,
u=0 on 0Q.

Q c RY 1 < d < 3, open bounded polytope with Lipschitz boundary 9Q
a strongly monotone (an,) and Lipschitz continuous (a;)

f piecewise polynomial for simplicity

numerical approximation v,

strength of the nonlinearity (“nonlinear condition number”): a./am
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Sobolev norm
am||V(u — u)|| < n(up) < Ceacl|V(ue — u)||
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Sobolev norm (not robust wrt j—;)
aml|V(ue — u)|| < n(ue) < Cesrac||V(ue — |
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Sobolev norm (not robust wrt Z¢)
am ||V (ue — U)[| < n(ue) < Cesrae||V(ue — )
® Pousin & Rappaz (1994), Verflrth (1994), Kim (2007), Houston, Sili, & Wihler

(2008), Garau, Morin, & Zuppa (2011), Gantner, Haberl, Praetorius, & Stiftner
(2018), Heid & Wihler (2020), ...
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Sobolev norm (not robust wrt 2=)
am||V(ue — u)|| < n(ue) < Ceéo||V(ue — )|
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(2018), Heid & Wihler (2020), ...
Energy difference

K

T (ug) — T (u) < n(w)? < C2

ff?m(j(uf) - J(u))
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Sobolev norm (not robust wrt 2=)
am||V(ue — u)|| < n(ue) < Ceéo||V(ue — )|
® Pousin & Rappaz (1994), Verflrth (1994), Kim (2007), Houston, Sili, & Wihler
(2008), Garau, Morin, & Zuppa (2011), Gantner, Haberl, Praetorius, & Stiftner

(2018), Heid & Wihler (2020), .. .
Energy difference (not robust wrt =)

I (ue) = I (u) = m(un)* < Céé (7 (ue) = T (u))

@ Hlavacek, Haslinger, NecCas, & LoviSek (1988), Zeidler (1992), Han (1994),
Repin (1997), Ladeveze & Moés (1997), Diening & Kreuzer (2008), Bartels &
Milicevic (2020), ...
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Previous results

Sobolev norm (not robust wrt 5—;)
am||V (ue — u)l| < n(ue) < Cetrac||V(ue — U)

Energy difference (not robust wrt Z=)

T(ug) — T () < n(ue)? < Co e 2 (J(Ue) J(u))

Dual norm of the residual
[R(ue) -1 < n(ue) < Cost||R(Ue)|| -1

-
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-
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Previous results

Sobolev norm (not robust wrt g—;)
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Energy difference (not robust wrt Z=)

T (ug) = T (u) < n(ue)? < Cy 2( (ue) — T (u))

Dual norm of the residual (robust wrt aa—;), “bypasses” the nonlinearity, “weak”
IR(ue)l—1 = n(ue) < Cesrl [ R(ue) -1
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Find u € H} () such that
(a(lVu)Vu,Vv) + (f,v) =0 Vv e H(Q).
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A model nonlinear problem |

Find u € H} () such that
(a(lVu)Vu,Vv) + (f,v) =0 Vv e H(Q).

Assumption (Gradient-dependent diffusivity)

Function a : [0, 00) — (0, 00), forall x,y € RY,

la(|x])x — a(|ly])y| < ac|x — y| (Lipschitz continuity),
(a(|x])x — a(ly))y) - (x — y) > am|x — y|? (strong monotonicity).
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A model nonlinear problem |

Find u € H} () such that
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

dc — am

V142

alr) = am+

a(r) with am = 1
100 1

a; =100

0 f .
0 5 10 "
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Example of the nonlinear function a
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Example (Mean curvature nonlinearity)

a — a
a(r) := am + —

V142

100 -

50 1

a(r) with am = 1

1 y

T T

5 10 1

M. Vohralik

a; =100

100 5

50 T

(a(r)r) with an =1

0
0

T

5 107

A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 6 /44



| lteration-dependent norms Augmented energy difference C

Example of the nonlinear function a
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Example (Mean curvature nonlinearity)

ac

Lipschitz continuity

an  strong monotonicity

100 -

50 1

a(r) with am = 1

5
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_ Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics
A model nonlinear problem Il

Find u € H}(Q) such that
(R(u),v) := (rK( a(u) Vu+ q(u) ),Vv)+( f(v) ,v) =0  vve H(Q).
—— —— ——

diffusion advection reaction

s
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A model nonlinear problem Il

Find u € H}(Q) such that
(R(u),v) = (TK( a(u) Vu+ q(u) ),Vv)+( f(u),v)=0  VYve H(Q).
~—~—~ —~—~ ~~
diffusion advection reaction
@ semilinear equations with a=1, K =I5, 7 = 1, g = 0: ignition of gases,
gravitational influences on stars, quantum field theory ...

@ implicit time-discretization of nonlinear (degenerate) parabolic equations
(7 > 0 atime step size): Fischer—KPP, porous medium, Richards, biofilms ...

-
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A model nonlinear problem Il

Find u € H}(Q) such that
(R(u),v) = (TK( a(u) Vu+ q(u) ),Vv)+( f(u),v)=0  VYve H(Q).
~—~—~ —~—~ ~~
diffusion advection reaction
@ semilinear equations with a=1, K =I5, 7 = 1, g = 0: ignition of gases,
gravitational influences on stars, quantum field theory ...

@ implicit time-discretization of nonlinear (degenerate) parabolic equations
(7 > 0 atime step size): Fischer—KPP, porous medium, Richards, biofilms ...

Assumption (Gradient-independent diffusivity)

e la(xy,ur) — a(xz, Uz)| < La(|x1 — Xo| + U1 — t]) VX1, X2 € Qanduy, up € R
o0 < f(x,u)—f(x,u1) < Li(uo—uy) VxeQanduy,u € R, U > Uy

e K is uniformly symmetric positive definite and bounded with eigenvalues am, ac
e q is “small” wrt a
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Find u € H}(Q) such that
(R(u),v) := (KVu,Vv) + (f,v) =0 Vv e H}(Q).
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Linear case

Find u € H}(Q) such that
(R(u),v) == (KVu,Vv) + (f,v) =0 Vv e H}(Q).

Classical choices discussed above
@ Sobolev norm

aml||V(ue — u)|| < n(ue) < Ceac||V(ue — u)||

-
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Linear case

Find u € H} () such that
(R(u),v) == (KVu,Vv) + (f,v) =0 Vv e H}(Q).
Classical choices discussed above
@ Sobolev norm
am||V(ug — u)|| < n(ue) < Cetrac||V(ue — u)||
@ dual norm of the residual

R(ue), v
R+ < () < Conl R Ry = sup LY
veH(Q) Vv

lezia ~* e
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Linear case

Find u € H} () such that
(R(u),v) == (KVu,Vv) + (f,v) =0 Vv e H}(Q).
Classical choices discussed above
@ Sobolev norm
am||V(ug — u)|| < n(ue) < Cetrac||V(ue — u)||
@ dual norm of the residual

R(ue), v
R 1 < n(w) < Con| R 1. [R(w)| 1 = sup B
veH(Q) Vv
Energy norm

R(up),v
llue — ulll = K29 (e = )| = Ry = sup LY
o AT

-
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@ dual norm of the residual

R(ue), v
R 1 < n(w) < Con| R 1. [R(w)| 1 = sup B
veH(Q) Vv
Energy norm

/ R(up),v
llue — ulll = K29 (e = )| = Ry = sup LY
o AT

IIR(uol -1 = 7(ue) < Cerrl[|R(ue)l| -+

N

M. Vohralik A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 8/ 44



Find u € H}(Q) such that
(R(u),v) := (Ka(u)Vu,Vv) + (f,v) =0 Vv e H(Q).

h'ua,- Py



_ Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics
Trivial nonlinear case

Find u € H}(Q) such that
(R(u),v) := (Ka(u)Vu,Vv) + (f,v) =0 Vv e H(Q).
Ideal but impossible choice
-1l = K&l 2(u) v ()
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Trivial nonlinear case

Find u € H}(Q) such that
(R(u),v) == (Ka(u)Vu,Vv) + (f,v) =0 Vv e H(Q).
Ideal but impossible choice
-l == 1K/ 2a 2 (u) v ()

Discretization and fixed-point iterative linearization
@ discretization: finite element subspace V, C H&(Q), find u, € Vp s.t.

(Ka(u))Vue, Vvg)+ (f,vg) =0 Vv, € V.

-

M. Vohralik A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 9/ 44



| Ilteration-dependent norms Augmented energy difference C Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics

Trivial nonlinear case

Find u € H}(Q) such that
(R(u),v) == (Ka(u)Vu,Vv) + (f,v) =0 Vv e H(Q).
Ideal but impossible choice
-l == 1K/ 2a 2 (u) v ()

Discretization and fixed-point iterative linearization
@ discretization: finite element subspace V, C H&(Q), find u, € Vp s.t.

(Ka(u))Vue, Vvg)+ (f,vg) =0 Vv, € V.
@ fixed-point iterative linearization: from uéH e V,, find ué‘ € V), such that
(Ka(u, "Y\Vuf,Vvo) +(f,v)=0 Vv e V.
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Trivial nonlinear case: main idea

Find u € H}(Q) such that
(R(u),v) == (Ka(u)Vu,Vv) + (f,v) =0 Vv e H(Q).
Ideal but impossible choice
-l == 1K/ 2a 2 (u) v ()

Discretization and fixed-point iterative linearization
@ discretization: finite element subspace V, C H&(Q), find u, € Vp s.t.
(Ka(u))Vue, Vvg)+ (f,vg) =0 Yvp € V.
@ fixed-point iterative linearization: from u k eV, find ué‘ € V), such that
(Ka(u, "Y\Vuf,vv,) + (f, Vg)zo Vvp € V.
Iteration-dependent discrete energy norm

Il et = IKY2a 2 (U ) v Ol
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Trivial nonlinear case: main idea

Find u € H} () such that
(R(u),v) == (Ka(u)Vu,Vv) + (f,v) =0 Vv e H(Q).
Ideal but impossible choice
- NIl = K2l 2 (u)v ()
Discretization and fixed-point iterative linearization
@ discretization: finite element subspace V, C H&(Q), find u, € Vp s.t.
(Ka(u))Vue, Vvg)+ (f,vg) =0 Vv, € V.
@ fixed-point iterative linearization: from u k eV, find ué‘ € V), such that
(Ka(u, / DUk, Vv + (f, v@):o Vvp € V.
Iteration-dependent discrete energy and dual norms

-l s = 1K 282N, RNy o o= sup Y
R T

—
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Main idea

Apply in the a posteriori analysis and in adaptivity, to define norms, the iterative
linearization on the discrete level.
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Weak solution

Definition (Weak solution)

Find v € H}(Q) s.t.

Lraln L
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Finite element discretization

Definition (Finite element discretization)

Find u, € V, s.t.
(R(Up),ve) =0 Vv €V,

M. Vohralik A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 12 /44
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Finite element discretization

Definition (Finite element discretization)

Find u, € V, s.t.
(R(U),ve) =0 Vv e V.

@ 7, simplicial mesh of Q

@ p > 1 polynomial degree
® Vi :=Pp(Te) N H(Q)

@ conforming finite elements

Creia L2
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lterative linearization

Definition (Iterative linearization)

Find uf € V; s.t.

((uf — i, Ve)) et = —(R(uEY, ve)  Yvee Vo
increment residual
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lterative linearization

Definition (Iterative linearization)

Find u) € V; sit.

((uf — i, Ve)) et = —(R(uEY, ve)  Yvee Vo
increment residual

@ iterative linearization index k > 1

breeia—
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lterative linearization

Definition (lterative linearization)

Find u) € V; sit.

((uf — i, Ve)) et = —(R(uEY, ve)  Yvee Vo
increment residual

@ iterative linearization index k > 1
e u? € V, agiven initial guess

Crzia
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lterative linearization

Definition (lterative linearization)

Find u) € V; sit.

(uf —u, VZ))U?_1 = —(RUT),ve)  VYvi eV
N———
increment residual

@ iterative linearization index k > 1
e u? € V, agiven initial guess
@ iteration-dependent reaction—diffusion scalar product

(w.v)) o= (L Tw,v) + (A 'Vw, Vv),  w,v e H)(Q)

-
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lterative linearization

Definition (lterative linearization)

Find u) € V; sit.

(uf —u, Vz))ug—1 = —(RUT),ve)  VYvi eV
N———
increment residual

@ iterative linearization index k > 1
e u? € V, agiven initial guess
@ iteration-dependent reaction—diffusion scalar product

(w.v)) o= (L Tw,v) + (A 'Vw, Vv),  w,v e H)(Q)

e A1 Q — R matrix-valued function constructed from uf =", LK=1: Q — R

scalar-valued function constructed from uf~"

-
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lterative linearization

Definition (lterative linearization)

Find u) € V; sit.

(uf —uf™ V) o = —=(R(u ™), ve) Vv € Vi
N—— 4
increment residual
@ iterative linearization index k > 1
e u? € V, agiven initial guess
@ iteration-dependent reaction—diffusion scalar product
(w.v)) o= (L Tw,v) + (A 'Vw, Vv),  w,v e H)(Q)

e A1 Q — R matrix-valued function constructed from uf =", LK=1: Q — R

scalar-valued function constructed from uf~"
o LK=" = 0if f = f(x) (linear, source term) Loass
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lterative linearization

Definition (lterative linearization)

Find uf € V;, s.t.

((uf —u, Vé))ugq = —(RU,ve)  Yv eV
———
increment residual

@ examples for the gradient-dependent diffusivity:
o AT = a(Vuk Iy, LT = 9,f(ufT) (Kaganov)
/ k—1
o A" =a(Vu g+ s VU @ Vi L = duf(uf™") (Newton)

kK—1
[Vu,

o Al = 41y with y > % a constant parameter, LX~' = 0 (Zarantonello)

-
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lterative linearization

Definition (lterative linearization)

Find uf € V; s.t.

((uf — uf", Ve))u§—1 = (R, i) Vv e V.
———
increment residual

@ examples for the gradient-independent diffusivity:
o A~ — rKa(uf ") (fixed point)

lrzéa 22
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lterative linearization

Definition (lterative linearization)

Find uf € V; s.t.

((uf — uf", Vg))ugq = (R, i) Vv e V.
N———
increment residual

@ examples for the gradient-independent diffusivity:

o A~ — rKa(uf ") (fixed point)
o Picard: Lk=! = a,f(uf™")

k—1
o Jager—Kagur: Lf ™" = maxycr (7"(”)4&”}1 )>

u—u,

o L-scheme: Lf~" = cnst > 1supd,f
o M-scheme: LK=" = 9,f(uf=") + 7 x cnst

-
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lterative linearization

Definition (lterative linearization)

Find u;f € Vg s.t.

< dISC (UE) > = ((Ué( - Ué(_1> VK))U§—1 + <R(Ug_1), VZ) =0 VV@ € Vg.
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|||v|||i§_1 = (v, V) gt = (L2012 + (A D2y, ve H(Q)

&&%— Py



|||v|||i§_1 = (v, V) gt = (L2012 + (A D2y, ve H(Q)

@ induced by the linearization scalar product

&’;u'a,-@i;
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An orthogonal decomposition of the total residual/error

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)
For all linearization steps k > 1, there holds

k—1
k—1y((12 k—1 k2 u K112
IRy ™ MIZy v = Mg ™" = Ugllles + M Reise (UM s -
total residual/error linegair%é;tion discretization residual/error
4
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An orthogonal decomposition of the total residual/error

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)
For all linearization steps k > 1, there holds

k—1
k—1y((12 k—1 k2 u K112
IRy ™ MIZy v = Mg ™" = Ugllles + M Reise (UM s -
total residual/error lineaplgation discretization residual/error

error

@ orthogonal decomposition into error components

-
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An orthogonal decomposition of the total residual/error

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)
For all linearization steps k > 1, there holds

k—1
k—1y((12 k—1 k2 u K112
IRy ™ MIZy v = Mg ™" = Ugllles + M Reise (UM s -
total residual/error lineaplgation discretization residual/error

error

@ orthogonal decomposition into error components
@ linearization error is computable

-
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An orthogonal decomposition of the total residual/error

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)
For all linearization steps k > 1, there holds

k—1y((12 k—1 2 K112
IR (U™ MNZy s = Mllug ™ = uflll? - 1+|||7€d.Sc (WZ s -
total residual/error lineg;ir%é;tion discretization residual/error

@ orthogonal decomposition into error components
° Iinearization error is computable

<7zd,sc( ), v) = (uf —uf, v)), 1+ (R(U Uk, vy, ve H{(Q) (0if v e Vi)

-
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An orthogonal decomposition of the total residual/error

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)

For all linearization steps k > 1, there holds
k—1y((12 k—1 2 K112
IR (U™ MNZy s = Mllug ™ = uflll? = 1+|||7€d.Sc (WZ s -
total residual/error linearization discretization residual/error
™" =yl g error g =0yl 1

@ orthogonal decomposition into error components
° Iinearization error is computable

<7zd,sc( ), v) = (uf —uf, v)), 1+ (R(U Uk, vy, ve H{(Q) (0if v e Vi)

-
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An orthogonal decomposition of the total residual/error

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)

For all linearization steps k > 1, there holds
k—1y((12 k—1 2 K112
IR (U™ MNZy s = Mllug ™ = uflll? = 1+|||7€d.Sc (WZ s -
total residual/error linearization discretization residual/error
™" =yl g error g =0yl 1

@ orthogonal decomposition into error components
° Iinearization error is computable

<7zd,sc( ), v) = (uf —uf, v)), 1+ (R(U Uk, vy, ve H{(Q) (0if v e Vi)

@ discretization error is given by a linear reaction—diffusion problem VR~
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A posteriori error estimates in an iteration-dependent norm

Theorem (A posteriori estimate in iteration-dependent norm)

For all linearization steps k > 1,
IIIR(UF)IILW;A < n(uf)-
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A posteriori error estimates in an iteration-dependent norm

Theorem (A posteriori estimate in iteration-dependent norm)

For all linearization steps k > 1,
|||R(Ué"1)ll\,1,u;—1 < n(uy).
Moreover, for all linearization steps k > 1 , there holds
n(uf) < Ceir(d, fs‘T.,p)Cé‘IIIR(UéH)IIL1,u;—1 :
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A posteriori error estimates in an iteration-dependent norm

Theorem (A posteriori estimate in iteration-dependent norm)

For all linearization steps k > 1,
IIIR(U?*1)IIL1,U;4 < ().
Moreover, for all linearization steps k > 1 and for each element K < 7,, there holds

i (Ug) < Cenn(d, 7. PYCKIR(U ™Iy 1

o )
FeliC
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A posteriori error estimates in an iteration-dependent norm

Theorem (A posteriori estimate in iteration-dependent norm)

For all linearization steps k > 1,
IIIR(U?*1)IIL1,U;4 < ().

Moreover, for all linearization steps k > 1 and for each element K < 7,, there holds

k() < Cerr(d, h'vnp)C;’QIIIR(UF)IILLUF

where ]
5 Ak—1 /2
K max. eig. A, |«
CK o= g . K—1
min. eig. A; |

o )
FeliC
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A posteriori error estimates in an iteration-dependent norm

Theorem (A posteriori estimate in iteration-dependent norm)

For all linearization steps k > 1,
IIIR(U?*1)IIL1,U;4 < ().

Moreover, for all linearization steps k > 1 and for each element K < 7,, there holds

k() < Cerr(d, fmp)C;’QIIIR(UF)IILLUF

where 1/2
. Ak /
K max. eig. A, |«
CK o= 2 . K—1
min. eig. A; |

o )
FeliC

v/ Cf = 1 for Zarantonello => robustness wrt the strength of nonlinearities
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A posteriori error estimates in an iteration-dependent norm

Theorem (A posteriori estimate in iteration-dependent norm)

For all linearization steps k > 1,
IIIR(U?*1)IIL1,U;4 < ().

Moreover, for all linearization steps k > 1 and for each element K < 7,, there holds

k() < Cerr(d, fmp)C;’QIIIR(UF)IILLUF

where ]
5 Ak—1 /2
K max. eig. A, |«
CK o= g . K—1
min. eig. A; |

o )
FeliC

v/ Cf = 1 for Zarantonello => robustness wrt the strength of nonlinearities
v C,’§ given by local conditioning of the linearization matrix Aéf*1 (and scalar
Lk71 )
) )
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A posteriori error estimates in an iteration-dependent norm

Theorem (A posteriori estimate in iteration-dependent norm)
For all linearization steps k > 1,

IRy gt < ().
Moreover, for all linearization steps k > 1 and for each element K < 7,, there holds

ni(Ug) < Cenn(d, . PYCKIR (U ™Iy g1,

WK ’

where ]
5 Ak—1 /2
K max. eig. A, |«
CK o= g . K—1
min. eig. A; |

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities
v C,’§ given by local conditioning of the linearization matrix Aéf*1 (and scalar
Lf*‘ ): typically much better than global conditioning (= worst-case scenario)
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A posteriori error estimates in an iteration-dependent norm

Theorem (A posteriori estimate in iteration-dependent norm)

For all linearization steps k > 1,
IIIR(U?*1)IIL1,U;4 < n(uf)-

Moreover, for all linearization steps k > 1 and for each element K < 7,, there holds

() < Conld, w7, PYCRIR(UE My ot ,

where

1/2
iy Ak—1
ck . [ max. eg. Ao
K -— 2 F K—1
min. eig. A; |

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities

v C,’§ given by local conditioning of the linearization matrix Aéf*1 (and scalar
Lf*‘ ): typically much better than global conditioning (= worst-case scenario)

v C,’§ computable: we can affirm robustness a posteriori, for the given case
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A posteriori error estimates in an iteration-dependent norm

Theorem (A posteriori estimate in iteration-dependent norm)
For all linearization steps k > 1,
IIIR(U?*1)IIL1,U;4 < n(uf)-
Moreover, for all linearization steps k > 1 and for each element K < 7,, there holds

i (Uf) < Cer(d, v, PYCKIR(US g 1., :

K
where 12
max. eig. AK—1|
ck — - C9- Ay ek
K -— g . K—1
min. eig. A; |

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities
v C,’§ given by local conditioning of the linearization matrix Aéf*1 (and scalar

Lf*‘ ): typically much better than global conditioning (= worst-case scenario)
v C,’§ computable: we can affirm robustness a posteriori, for the given case
v/ local efficiency
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_ Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics

Gradient-dependent diffusivity

Setting

@ mean curvature with a(r) := ay, + =2

V1412

o ac ::am+1,am ::27' i:1‘i_OS%s;6[17103]

' am

@ f(x,6) =vé—g(x),r=1072

o Q(X) = (1+()\r)\_1)2)%

@ weak solution u(x) := r* cos(\0)

p1 A=A + vr* | cos(A0), \ := 4/7

g

A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 17 / 44



_ Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics
Solution u

IsoValue

g

Y/~
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How large is the error?

Y
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Y
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A posteriori estimates robust wrt nonlinearities & orthogonal decomposition

[ oo

Zarantonello, 7 = 0.01

- =1
—of =2|]
-0 ¢ =4

£ BEEEEGED G600 8506880088000 |
1 6_0.090009600090069009600090
L@

K. Mitra, M. Vohralik, preprint (2023)

lrezia—~
19/ 44

A\




)
I
-
-
o
]
P
N
I
—
H
o
H
H
M

éanov

Ka

0.01,
K. Mitra, M. Vohralik, preprzgozs)

VT =

Exact error, 7 = 1

canov

v

7=0.01, Ka

Estimated error,

&




IsoValue

A
—
o
|
1 1
w
D
SO

[{e]
o

(I AT Y

QIO—= W H 0D
oL OUI

)
~
-t

NwoR
0ON
[\J_L—L

EEEE TEEEE
RN W WO

2.
-2,
-
:

QOON =~
wWwwnro

Estimated error, - = 0.01, Zarantonello Exact error, - = 1, 7 = 0.01, Zarantonello

K. Mitra, M. Vohralik, prepr' t (2023)
A —



_ Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics
Robustness wrt the nonlinearities

Kacanov Zarantonello
2 T T 2 T T
_+_€ = 1 o TSRO ') _+_£ = 1
@ areresmeemssmmmsereeee
1,g>—ﬂ--€ = ] 1.8 -l =2
.96 — 4 S Q. -e-,e — 4
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_ Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics
Error components and adaptivity via stopping criteria

Errors & Estimators
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Gradient-independent diffusivity

Setting
@ one time step of the Richards equation
@ unit square Q = (0, 1)?
@ realistic data

f(x,u) = S(u) = S(uf (%)), a(x,u) = ~(S(u)), q(x,u)=—r(S(v))g,
K= [01.2 012] 9= <g)>
e van Genuchten saturation and permeability laws
S(u) = (1+(2- u)%\)”, w(s) == vs (1-(1- s%)k)z, A=05

@ time step length 7 € [1073,1] .
leeia L2
M. Vohralik A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 23 / 44



| Ilteration-dependent norms Augmented energy difference C

Solution u

1=2,t=1

Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics

IsoValue

lux T

No Flux
Time step length 7 =1

M. Vohralik
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_ Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics
How large is the error? Robustness wrt the nonlinearities

Picard M-Scheme N L-Scheme

K. Mitra, M. Vohralik, preprint (2023)

bezia—

_ A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 25/ 44



_ Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics

Where is the error localized?

ni MS 1=2,t=1,i=9
Ka e

Estimated error, 7 = 1

IsoValue
m-4.01
m-3.77
m-3.53

DO —
RNOO =~

Error MS 1=2,t=1,1i=9 Isol\{agg
N m-4.

b m-3.86

m-3.64

Exact error, 7 = 1

-
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_ Setting Motivation Discretization & linearization Orthogonal dec. Estimates Numerics
Error components and adaptivity via stopping criteria
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Outline

e Augmented energy difference

Setting

@ Discretization and iterative linearization
@ Augmented energy difference

@ A posteriori error estimates
°
°

Fenchel conjugate, dual energy, estimator, flux equilibration
Numerical experiments

lrzéa 22
M. Vohralik A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 27 / 44



| lteration-dependent norms Augmented energy difference C Setting Discretization & linearization Augmented energy diff. Estimates Duality Numerics

A model nonlinear problem

Nonlinear elliptic problem
Find v : Q2 — R such that

=V-(a(|Vu))Vu)=f in Q,
u=0 on 09Q.

@ Q c RY 1< d < 3, open bounded polytope with Lipschitz boundary o9
@ f piecewise polynomial for simplicity

-
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A model nonlinear problem

Nonlinear elliptic problem
Find v : Q2 — R such that
=V-(a(|Vu))Vu)=f in Q,
u=0 on 09.

@ Q c RY 1< d < 3, open bounded polytope with Lipschitz boundary o9
@ f piecewise polynomial for simplicity

Assumption (Gradient-dependent diffusivity)

Function a : [0, 00) — (0,00), forall x, y € RY,

la(|x])x — a(|ly])y| < ac|x — y| (Lipschitz continuity),
(a(|x|)x — a(ly))y)- (x —y) > an|x — y|>  (strong monotonicity).
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A model nonlinear problem

Nonlinear elliptic problem
Find v : Q2 — R such that
=V-(a(|Vu))Vu)=f in Q,
u=0 on 09.

@ Q c RY 1< d < 3, open bounded polytope with Lipschitz boundary o9
@ f piecewise polynomial for simplicity

Assumption (Gradient-dependent diffusivity)

Function a : [0, 00) — (0,00), forall x, y € RY,

la(|x])x — a(|ly])y| < ac|x — y| (Lipschitz continuity),
(a(|x|)x — a(ly))y)- (x —y) > an|x — y|>  (strong monotonicity).

® an < alr) < a,am < (alrr) < a lreia L2
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| lteration-dependent norms Augmented energy difference C Setting Discretization & linearization Augmented energy diff. Estimates Duality Numerics

Weak solution

Definition (Weak solution)

u € H}(Q) such that

(a(|Vu|)Vu,Vv) = (f,v) Vv e H(Q).
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Energy and energy minimization

Definition (Energy functional)
J:H{(Q) - R
TW)i= [ A9V~ (V). Ve H@),

with function ¢ : [0, 00) — [0, o) such that, for all r € [0, c0),

o(r) = /Ora(s)sds.
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Energy and energy minimization

Definition (Energy functional)
J:H{(Q) - R
TW)i= [ A9V~ (V). Ve H@),

with function ¢ : [0, 00) — [0, o) such that, for all r € [0, c0),

o(r) = /Ora(s)sds.

Equivalently

u=arg min J(v)
veH}(Q)
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Finite element approximation

Definition (Finite element approximation)

up € Vy such that
(@(|Vu)Vu,, Vvg) = (f,ve)) Vv e V.
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Finite element approximation

Definition (Finite element approximation)

up € Vy such that
(@(|Vu)Vu,, Vvg) = (f,ve)) Vv e V.

Equivalently

;= arg min 7 (v;)
(4 4
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Energy difference

JI(ur) = J(u)

@ J(w)—J()>0,T(u)—J(u)=0ifand only if uy = u
@ physically-based error measure
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lterative linearization

Definition (Linearized finite element approximation)

uk € V, such that
(AU V) = (f,ve) + (Bf ', Vv)  Yv e V.
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lterative linearization

Definition (Linearized finite element approximation)

uk € V, such that
(AU V) = (f,ve) + (Bf ', Vv)  Yv e V.

e u? € V, agiven initial guess
@ iterative linearization index k > 1
k—1

o A" Q — R matrix-valued function constructed from uf~",
bl Q — RY vector-valued function constructed from uf~
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Examples

Example (Picard (fixed-point))

A = a(VuS T Dlg, b =0.
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Examples

Example (Picard (fixed-point))

A =gV Ty, b =0.

Example (Zarantonello)

AN =1y, bl = (v —a(vVulT))) VUi
a constant parameter

with v > =& ""2
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Examples

Example (Picard (fixed-point))
A =gV Ty, b =0.

Example (Zarantonello)

A =1y, b = (v—a(|Vu )V
withy > & ""2 a constant parameter.
4
Example (Newton)
a(|vu!
AT = a(|VuE g + MV%‘* ® Vuy~
Vu, |
b= = 2 (VU )) vk vk
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Main idea

Apply in the a posteriori analysis and in adaptivity, to define the way how we
measure the error, the iterative linearization on the discrete level.
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Main idea

Apply in the a posteriori analysis and in adaptivity, to define the way how we
measure the error, the iterative linearization on the discrete level.

TS HN Q) - R

2
TE(v) (AL DEvv| = (hv) = (B V), ve Hi(Q).

=l

-
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Main idea

Apply in the a posteriori analysis and in adaptivity, to define the way how we
measure the error, the iterative linearization on the discrete level.

TS HN Q) - R

T (v) 2H (Ak- VVHZ—(f, v)— (b5, Vv), veH\(Q).

Equivalently

uf = arg min jgkq(Vg)
VgEVg

-
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Main idea

Apply in the a posteriori analysis and in adaptivity, to define the way how we
measure the error, the iterative linearization on the discrete level.

T HNQ) - R

T (v) 2H (A VVHZ—(f, v)— (b5, Vv), veH\(Q).

Equivalently

uf = arg min ‘]gkq(Vg)
VgGVg

Continuous minimizer of the linearized energy functional

k k—1
Uy =arg min J, (V) ;
veHy () Creia L2
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Augmented energy difference

Augmented energy difference

1 . 1 . ,
E,f‘ = éenergy difference + )\f X E(Imeanzed energy difference)

£ = 2 J() -~ I(w) )

energy difference

-
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Augmented energy difference

Augmented energy difference

1 . 1 . ,
E,f‘ = éenergy difference + )\f X E(Imeanzed energy difference)

gk = %( T(uk) — 7 (u) )+A2‘%( T ) = T (ufy) )

energy difference linearized energy difference

-
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Augmented energy difference

Augmented energy difference

1 . 1 . ,
E,f‘ = éenergy difference + )\f X E(Imeanzed energy difference)

gk = %( T(uk) — 7 (u) )+A2‘%( T ) = T (ufy) )

i K N .
energy difference<ny , linearized energy difference<n/ ,
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Augmented energy difference

Augmented energy difference

1 . 1 . ,
E,f‘ = éenergy difference + )\f X E(Imeanzed energy difference)

Fom 2 g~ () ) NG T - g ) )

i K N .
energy difference<ny , linearized energy difference<n/ ,

° Af: Lk computable weight = the two components comparable

'/L l + Thiter ¢

-
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Augmented energy difference

Setting Discretization & linearization Augmented energy diff. Estimates Duality Numerics

Augmented energy difference

1

energy difference + X x

2

! (linearized energy difference)

gk = %( T(uk) — 7 (u) )+A’g%( T ) = T (ufy) )

@ \fi=

energy difference<n¥ ,

K

W) .
% computable weight = the two components comparable
ML, + Titer,¢

linearized energy difference<nf ,

@ the associated a posteriori error estimator /) is equivalent to the usual
energy difference estimator 77{\(1,4 up to a factor %
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Augmented energy difference

Augmented energy difference

gk = %energy difference + \K x %(Iinearized energy difference)

gk = %( T(uk) — 7 (u) )+A’g%( T ) = T (ufy) )

i K N .
energy difference<ny , linearized energy difference<n/ ,

k
IINW)
L‘fk computable weight = the two components comparable

Kk

e + Miter, ¢

@ the associated a posteriori error estimator /) is equivalent to the usual
energy difference estimator 77{\(1,4 up to a factor %

° -

5; _ j(ué‘) — J(u) at convergence Y/~
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Augmented energy difference

Augmented energy difference

gk = 1energy difference + A x 1(Iinearized energy difference)

2 2
1 L
o | 1
—e— )\ (linearized en. diff.) s 1001
(Newton) f:_’, r i
. diff) (N g ] -
—— (en. diff.) (Newton) % 100§ 21 >
Q. r b
S 10.99
O 01} ;
—— )\ (Newton) ’ ’ 0.99
Lol vl ol vl 3l 0l mi

TRRTTIT 1L 1L 1L 1L TR TNHTITT S
10 10" 102 103 10% 105 108 107

ac/am &IZ ., ;
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Augmented energy difference

Augmented energy difference

gk = 1energy difference + A x 1(Iinearized energy difference)

2 2
e e e A i B Al A
o o
—e— )\ (linearized en. diff.) s 1001
(Zarantonello) 2 5 1,0
-e- (en, dif.) (Zarantonello) & ol 10 x>
s 100
Q = B
E 1101
o1k
—— \K (Zarantonello) a ] 100
;\ | vl ol vl 3l 0l mi ;
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)

For all linearization steps k > 1,
EF < g
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)
For all linearization steps k > 1,
EF <y
Moreover, for all k > 1, there holds
15 < Ceif(d, 57)CFES :
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)

For all linearization steps k > 1,
EF < g
Moreover, for all k > 1, there holds
5 < Ceii(d, 57)CLES ,
where
=1 Zarantonello
Cf
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)

For all linearization steps k > 1,
EF < g
Moreover, for all k > 1, there holds
5 < Ceii(d, 57)CLES ,
where
=1 Zarantonello
Cf

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)

For all linearization steps k > 1,
& <ny.
Moreover, for all k > 1, there holds
5 < Ceii(d, 57)CLES ,
where
) max. eig. Aéf_%a =1 Zarantonello
C/ := max —
acVe \ min. eig. A;” |

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)

For all linearization steps k > 1,
& <ny.
Moreover, for all k > 1, there holds
5 < Ceii(d, 57)CLES ,
where
) max. eig. Aéf_%a =1 Zarantonello
C/ := max —
acVe \ min. eig. A;” |

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities
/ C¥ given by local conditioning of the linearization matrix AX—':
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)
For all linearization steps k > 1,

EF < nf.
Moreover, for all k > 1, there holds
s < Ce(d, k7)CEES :
where

CK := max

acyy,

max. eig. Ak~ - =1 Zarantonello
< ) in general.

min. eig. AK~1| .
p o

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities
/ C¥ given by local conditioning of the linearization matrix A¥~':
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)
For all linearization steps k > 1,
EF < g
Moreover, for all k > 1, there holds
e < Ce(d, 1) CLES ,
where

CK := max
acy,

<max. eig. Ak ‘w:”) =1 Zarantonello

min. eig. A}~z in general.

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities

/ C¥ given by local conditioning of the linearization matrix A¥~": typically
much better than a./an,
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)
For all linearization steps k > 1,
EF < g
Moreover, for all k > 1, there holds
e < Ce(d, 1) CLES ,
where

CK := max
acy,

(max. eig. Ak w) =1 Zarantonello

min. eig. A}~z in general.

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities

/ C¥ given by local conditioning of the linearization matrix A¥~": typically
much better than a;/a., improves with mesh refinement
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)
For all linearization steps k > 1,
EF < g
Moreover, for all k > 1, there holds
e < Ce(d, 1) CLES ,
where

CK := max

acyy,

max. eig. Ak~ - =1 Zarantonello
( ) in general.

min. eig. AK~1| .
gl

v/ Cf =1 for Zarantonello => robustness wrt the strength of nonlinearities

/ C¥ given by local conditioning of the linearization matrix A¥~": typically
much better than a;/a., improves with mesh refinement

v Cé‘ computable: we can affirm robustness a posteriori, for the given case
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Fenchel conjugate, dual energy, estimator, flux equilibration

Definition (Fenchel conjugate)
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Fenchel conjugate, dual energy, estimator, flux equilibration

Definition (Fenchel conjugate)

Definition (Dual energy)
T'W)i= = [ ¢ IV), v e Hev.9).
Q
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Fenchel conjugate, dual energy, estimator, flux equilibration

Definition (Fenchel conjugate)

¢*(-,8) = sup (sr—o(-r)).

ref0,00) y

Definition (Dual energy)

T (V) = —/ 6*(.|v]), v e H(div,Q).
Q y
Definition (Estimator)
1 . 1 _ K
g = 5(T(W) = T (@) + N5 (T W) - I (eh))

en. diff.‘gstimate linearized en?rdiff. estimate J
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Fenchel conjugate, dual energy, estimator, flux equilibration

Definition (Fenchel conjugate)

¢*(‘=S) ‘= sup (sr—¢(',r)).

ref0,00)

Definition (Dual energy)
TW) == [ IV, Ve Hdv.9).
Q

.

Definition (Estimator)

nl = L(T(Ul) - T(oh)) + Ak

> T () - 3" ()

en. diff. estimate linearized en. diff. estimate

Definition (Flux equilibration: of =

ak ] k—1\—1/ arTRTN [ pk—1 k  pk—1 2

o, =ar min A 2 (11, )Y (A,” 'Vu,—b +Vvy .

¢ & Ve ERTp11(Ta)NHo(div,wa) It ¢ )2 442 1l ¢ o ) )Hwa
Vove=Mg p(2f—Vy2-(A T vuk—bky)
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Smooth solution

Setting Discretization & linearization Augmented energy diff. Estimates Duality Numerics

Setting
@ unit square Q = (0,1)>?

@ known smooth solution u(x,y) :=10x(x —1)y(y — 1)

ep=1
o effectivity indices

M. Vohralik

O ELCa i )5

Ny =

J(uf)—T(u)

energy c]ﬂ‘ference

. A
leia L2
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How large is the error? Robustness wrt the nonlinearities
(a(r) = am+ \/—)

Picard Zarantonello Newton
1.120 ey 1.120 e AL R
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How large is the error? Robustness wrt the nonlinearities

3,2
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How large is the error? Robustness wrt the nonlinearities

B2

1-e 2"
(a(r) = am + (a; — am)—=—=, robustness only for Zarantonello)
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Singular solution

Setting
@ L-shaped domain Q = (—1,1)2\ ([0,1) x (—1,0])

@ known singular solution u(p,8) = p3 sin(26)

1o ¥
@ a(r)=am+(a — am);;?

e p=1
@ uniform or adaptive mesh refinement

A\
leia L2
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How large is the error? Robustness wrt the nonlinearities
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Conclusions

Conclusions

a posteriori certification of the error for nonlinear problems

robustness with respect to the strength of nonlinearities

employing iteration-dependent norms

orthogonal decomposition based on iterative linearization

augmenting the energy difference by the (discretization) error on the given
linearization step

-
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Conclusions

Conclusions
@ a posteriori certification of the error for nonlinear problems
@ robustness with respect to the strength of nonlinearities
@ employing iteration-dependent norms
@ orthogonal decomposition based on iterative linearization
@ augmenting the energy difference by the (discretization) error on the given

linearization step
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posteriori estimates for Lipschitz and strongly monotone elliptic problems. HAL
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Conclusions

Conclusions
@ a posteriori certification of the error for nonlinear problems
@ robustness with respect to the strength of nonlinearities
@ employing iteration-dependent norms
@ orthogonal decomposition based on iterative linearization
@ augmenting the energy difference by the (discretization) error on the given

linearization step

[4 HARNIST A., MITRA K., RAPPAPORT A., VOHRALIK M. Robust augmented energy a
posteriori estimates for Lipschitz and strongly monotone elliptic problems. HAL
Preprint 04033438, 2023.

[1 MITRA K., VOHRALIK M. Guaranteed, locally efficient, and robust a posteriori
estimates for nonlinear elliptic problems in iteration-dependent norms. An orthogonal
decomposition result based on iterative linearization. HAL Preprint 04156711, 2023.
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