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1 The Stefan problem  Muliphase flow in porous media C
The Stefan problem

The Stefan problem
ou—Ap(u)y=f inQx(0,T),
u(-,0) = u in Q,
B(u)y=0 on 9Q x (0, T)
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The Stefan problem

The Stefan problem
owu—Ap(u)y=f inQ x (0, 7),
u(-,0) = up in Q,
B(u)y=0 on 9Q x (0, T)

Nomenclature

@ u enthalpy, 5(u) temperature

@ [3: Ls-Lipschitz continuous, (s) = 0in (0, 1), strictly

increasing otherwise
@ phase change, degenerate parabolic problem
@ Uy € L3(Q), f € L3(0, T; L2(Q))
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The Stefan problem

The Stefan problem
ou—Ap(u) ="~ inQx (0, T),
u(-,0) = up in Q,
B(u)y=0 on 9Q x (0, T)

Nomenclature

@ u enthalpy, 5(u) temperature

@ [3: Ls-Lipschitz continuous, (s) = 0in (0, 1), strictly

increasing otherwise
@ phase change, degenerate parabolic problem
@ Uy € L3(Q), f € L3(0, T; L2(Q))

Context
@ Ph.D. thesis of Soleiman Yousef
@ collaboration with IFP Energies Nouvelles 7 i
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Numerical practice: regularization

Regularization of 5, parameter ¢
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Discretization

o ...
What is a good of the
regularization parameter ¢ ?
?

?
@ What is a good stopping criterion for the

@ nonlinear solver?
e linear solver?

How big is the error on time step n, space
mesh K", regularization parameter ¢, linearization step k,
and algebraic solver step | ? How are the
? How is error in and T e
—
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Questions

Discretization
o ...

Question (Stopping and balancing criteria)

@ What is a good choice of the
e reqularization parameter ¢ ?
e time step?
@ space mesh?
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Questions

Discretization
o ...

Question (Stopping and balancing criteria)

@ What is a good choice of the
e regularization parameter ¢ ?
e time step?
@ space mesh?
@ What is a good stopping criterion for the
e nonlinear solver?
e linear solver?

A\

Question (Error)

@ How big is the error |u|;, — uZ;jf’”H on time step n, space

mesh K", regularization parameter ¢, linearization step k,
and algebraic solver step i? How big are the individual
components? How is error distributed in time and space? |-

A —
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Previous results — a posteriori error estimates

Nonlinear steady problems
@ Ladeveéze (since 1990’s), guaranteed upper bound
@ Verflrth (1994), residual estimates
@ Carstensen and Klose (2003), p-Laplacian
@ Chaillou and Suri (2006, 2007), linearization errors
@ Kim (2007), guaranteed estimates, loc. cons. methods
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Previous results — a posteriori error estimates

Nonlinear steady problems

@ Ladeveéze (since 1990’s), guaranteed upper bound

@ Verflrth (1994), residual estimates

@ Carstensen and Klose (2003), p-Laplacian

@ Chaillou and Suri (2006, 2007), linearization errors

@ Kim (2007), guaranteed estimates, loc. cons. methods
Linear unsteady problems

@ Bieterman and Babuska (1982), introduction

@ Verfirth (2003), efficiency, robustness wrt the final time
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Previous results — a posteriori error estimates

Nonlinear steady problems

@ Ladeveéze (since 1990’s), guaranteed upper bound

@ Verflrth (1994), residual estimates

@ Carstensen and Klose (2003), p-Laplacian

@ Chaillou and Suri (2006, 2007), linearization errors

@ Kim (2007), guaranteed estimates, loc. cons. methods
Linear unsteady problems

@ Bieterman and Babuska (1982), introduction

@ Verfirth (2003), efficiency, robustness wrt the final time
Nonlinear unsteady problems

@ Verfiirth (1998), framework for energy norm control

@ Ohlberger (2001), non energy-norm estimates
Degenerate parabolic problems

@ Nochetto, Schmidt, Verdi (2000), Stefan problem

@ Dolejsi, Ern, Vohralik (2013), ADR, Richards, robustness jn ,

7 mathematics
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Previous results — adaptive strategies

Stopping criteria for algebraic solvers
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid
stopping criterion
@ Arioli (2000’s), comparison of the algebraic and
discretization errors by a priori arguments
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Previous results — adaptive strategies

Stopping criteria for algebraic solvers
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid
stopping criterion
@ Arioli (2000’s), comparison of the algebraic and
discretization errors by a priori arguments
Adaptive inexact Newton method
@ Bank and Rose (1982), combination with multigrid
@ Hackbusch and Reusken (1989), damping and multigrid
@ Deuflhard (1990’s, 2004 book), adaptive damping and
multigrid
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Previous results — adaptive strategies

Stopping criteria for algebraic solvers
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid
stopping criterion
@ Arioli (2000’s), comparison of the algebraic and
discretization errors by a priori arguments
Adaptive inexact Newton method
@ Bank and Rose (1982), combination with multigrid
@ Hackbusch and Reusken (1989), damping and multigrid
@ Deuflhard (1990’s, 2004 book), adaptive damping and
multigrid
Model errors
@ Ladeveéze (since 1990’s), guaranteed upper bound
@ Bernardi (2000’s), estimation of model errors
@ Babuska, Oden (2000’s), verification and validation - o
o ... zea—
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Functional spaces
X :=L20,T;Hi(Q), Z=H(0,T;H'(Q)
Weak formulation
ue”Z with 5(u) € X
u(-,0) = up in Q
(O, )(8) + (VB(U), Ve)(8) = (f,0)(8) Ve € Hy(Q)
e (
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Weak formulation

Functional spaces
X =130, T;H}(Q), Z:=H'(0,T;H'(Q)
Weak formulation
ue”Z with 5(u) € X
u(-,0) = uop inQ

(O, 9)(5) + (VB(U), Ve)(8) = (F,0)(8) Yy € H3(Q)
ae. se(0,7)
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Assumptions

Assumption A (Approximate solution)

The function uy,, is such that

Unr €Z,  Owpr € L2(0, T;L2(Q),  B(un) € X,
Un: |, is affine in time on I, vi<n<N.
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Assumptions

Est. Err. comp. Efficiency En. est. Num. res.

Assumption A (Approximate solution)
The function uy,, is such that

Unr € Z,  Owp € L2(0, T; L3(Q)),  Blup,) € X,
Un:|y, is affine in time on I, vi<n<N.

Assumption B (Equilibrated flux reconstruction)

For all1 < n < N, there exists a vector field t] ¢ H(div; Q) such
that

(V'tZJ)K: (f”,1)K—(6tuﬁT,1)K VK ¢ K".

We denote by t),, the space—time function such that tp.|;, := t}.

Informatics g mathematics
V72,77 2
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A posteriori error estimate

Theorem (A posteriori error estimate)
Let Assumptions A and B hold. Then

IR(une )l x + [[Uo = Une(:, 0l -1,

N 2
S{;/I > (08 k +nl k(D) dt} + e

nKeKn
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A posteriori error estimate

Theorem (A posteriori error estimate)
Let Assumptions A and B hold. Then

IR(unr) lxe + [lUo — tnr (-, O) -1,
N z
< {Z/ > (0 k +nlk(t)? dt} + nic,
n=1"In Kexcn
MRk = Cpkhi|f" — Orup, — Viilik,
nk k(1) = [IVB(Un- (1)) + ik,
e = [[Uo — Unr(+, 0)|[y-1(q)-

with
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A posteriori error estimate

Theorem (A posteriori error estimate)
Let Assumptions A and B hold. Then

IR(une )l x + [[Uo = Une(:, 0l -1,

{Z/ Z MRk T 1IE K t))zdt} + e,

In kexcn

with
MRk = Cpkhi|f" — Orup, — Viilik,

nk k(1) = [IVB(Un- (1)) + ik,
e = ||Uo — Unr (- 0) || 4-1(q)-

Residual R(up,) € X', defined for ¢ € X, and its dual norm
(R(Un)s )0 x /{ (DU Un), @)+ (VA1) —V B(un.), Vo)) (5) ds

[R(un)llx == sup  (R(Un:), ) x x S
PEX, ||l x=1 &1’740/‘
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Distinguishing different error components

Theorem (An estimate distinguishing the error components)
For time n, linearization k, and regularization ¢, there holds

n,e,k

k k k k
IR xy < ng + i + nieg™ + 1

L d
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Distinguishing different error components

Theorem (An estimate distinguishing the error components)
For time n, linearization k, and regularization ¢, there holds

) 7k 5 ,k ) »k 5 7k ) 7k
IR(Up s < nBH 4+ mims™ + ek 4+ me™.

o 17“¥ a scheme linearized flux (not H(div, 2)), tP<¥
reconstructed H(div, Q) flux, M interpolation op.

2
ek e,k ek
(kP =" 3 (e I+ 1 )

Kexn
k k NN
(0 = [ 3 IVOBREY0 - T ) et
nKekn
) 7k /. 5 7k
G S O v LT O YO W v LN (P YO 9
Kexn
k ‘ k ek
S S S\ LR s [T B )
K n informatics , # mathematics
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Efficiency assumptions

Assumption C (Technicalities)

All the meshes are shape-reqular and all the approximations
are piecewise polynomial.

—
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Efficiency assumptions

Assumption C (Technicalities)

All the meshes are shape-reqular and all the approximations
are piecewise polynomial.

Residual estimators

2
N,en,kn . ..n 2 1| £N n,en,kn n,en,kn |2
(nres,l ) =T § : hKHf —81‘Uh7_ +v'|h ”K?
Keicn—1,n

2
K K
(m2s") =" >0 el L g2
Fe]:i,nftn

—
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Efficiency assumptions

Assumption C (Technicalities)

All the meshes are shape-reqular and all the approximations
are piecewise polynomial.

Residual estimators

2
N,en,kn . ..n 2 1| £N n,en,kn n,en,kn |2
(nres,l ) =T § : hKHf —81‘Uh7_ +v‘|h ”K?
Keicn—1,n

2
K K
(mess™)"=7" X2 el Lol
Fe]:i,nftn

Assumption D (Approximation property)

For all1 < n < N, there holds

2 2

n n,en,k n,en,kn |12 n,en,kK n,en,kK,

"SIt < o () + ()
Kelcn—Ln
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Efficiency assumptions

. Num. res.

Theorem (Efficiency)

Let, for all1 < n < N, the stopping and balancing criteria be
satisfied with the parameters [, ['..., and I, small enough.
Let Assumptions C and D hold. Then

M+ ™ gk e S R (U .

reg lin

L d
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Relation residual-energy norm

Energy estimate (by the Gronwall lemma)
L L
U= une 5+ I = Un) G -1 ) + 18() = Bune) I,

<5 26T 1) (IR )+ 1 - tn) (- OBy 1)

eeeeeee
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Relation residual-energy norm

Energy estimate (by the Gronwall lemma)

L L
U= une 5+ 7 = Un )G 1 + 1) = Bun) I,

L
<2 (267 = 1) (IR (us) 5 + (U = unr) (- O3 1y
Theorem (Temperature and enthalpy errors, tight Gronwall)
Let up, € Z such that 5(up,) € X be arbitrary. There holds

L L
U= Une 5+ U = ) T s ) +118(u) = Blun) I,

i
+2 [ (1) - B(emip, + / 15(0) ~ Ben) 12, ¢ as)at

L
< ;{(ZeT — DI = unr ) O F1qy + IR (Unr) 15

+2/ (R unr) %, + / 1R (uhe) 15,8 Sds> dt}

—
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Linearization stopping criterion

Linearization stopping criterion

n,E,k n, ,k n,fyk n, 7k
Min < rlin (77sp6 +Mm - + nreg )

" F T T T T el space
o 10" ? .\0—0—0—0—0—0—0—0—0 ’% - time
S o2 T %= = = mo=—=—= | e regularization
3 | |- linearization
O 1n-3 L ]
k2] 10
C [ -
Q 10~ 8 |
8 | |
g£107°} y
8 | :
- 1076} ]
o 5 :
@107 E |
L ! | | | | Bl

2 4 6 8 10
Number of Newton iterations [ —
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Regularization stopping criterion

Regularization stopping criterion

n,e,k n,e,k, n,e, K
nreg " S rreg (nsp "+ Thm n)

™
B

—o— space
—a— time
——regularization

101

102

103

10—

Error components estimators

105

Ll Ll Lol Lol
10! 102 108 104

—1 V4
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Equilibrating time and space errors

Est. Err. comp. Efficiency En. est. Num. res.

Equilibrating time and space errors

9
o
®

Error components estimators
3

)
N

n,en,K n,en,K n,en,K
’ytm’r/spen "< Tem < rtmnspen 5

—
—e—Space
—u— time

104 10°
Total number of space—time unknowns

M. Vohralik

90—1 8 i
o
5]
£

—19 [ -
Q0
S
2102} 1
o
o —e—space over-ref.
Qo-21|—= time over-ref. i

—— equilibrating
L il M il L L TR R i |

104 10°
Total number of space—time unknowns
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Error and estimate (dual norm of the residual)

T T T T
LR —e— err. unif. —m—est. unif.
-e- err. ad. -=- est. ad.
o 100 ]
© = il
£ I ]
= L 4
(0] - 4
S g |
=
0] L |
=
o
= L 4
L
10_1 Ll Lol Lol Ll I

104 10° 108 107
Total number of space—time unknowns
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Effectivity indices (dual norm of the residual)

T T T T TTTT T T
—— effectivity unif.
4+ —— effectivity ad. |
x
[0}
°
£
Py 3+ .
=
3]
Q
w
2 I |
Liril Lol Lol Lol I
10* 10° 108 107
Total number of space—time unknowns
4 Informatics, ; # mathematics
lrsia
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Error and estimate (energy norm)

T T T T T T T T T TTTTT
o= —e—err. unif. —=— est. unif. |
“~gl-e- err. ad. -=- est. ad.
2 ol
© 10 [
£ i
» i
0] | ]
<}
=
()
= - i
o
w
10~ | B
ol Lol Lol Lol ]

104 10° 108 107
Total number of space—time unknowns
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Effectivity indices (energy norm)

T T T T TTTT T T
—+— effectivity unif.
121 —— effectivity ad. ||
x
[0}
©
£
2 10| 1
=
3]
Q2
w
8 I |
Liril Lol Lol Lol
10* 10° 108 107
Total number of space—time unknowns
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Err. comp. Efficiency

En. est.

Actual and estimated error distribution

Num. res.

P

e

5
(L]
ST

Kl
5
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o
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il e
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Multiphase compositional flows

Governing partial differential equations
@ conservation of mass for components

atlc + V‘I’c - qc, VC € C
@ + boundary & initial conditions
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Multiphase compositional flows

Governing partial differential equations
@ conservation of mass for components

Otle + V-®¢ = qc, VecelC

@ + boundary & initial conditions
Constitutive laws
@ phase pressures — reference pressure — capillary pressure
Pp:= P+ P, (S)
@ Darcy’s law
Vo(Pp, Cp) := —A (VP — pp(Pp, Cp)g)
@ component fluxes
o= Ppo, Bpoi=1p(Pp. S, Cp)Cp,cVp(Pp, Cp)
pEPe

@ amount of moles of component ¢ per unit volume

le:=¢ Z ¢p(Pp: Cp)SpCp.c S

pEPe &'L7ta/—
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Multiphase compositional flows

Closure algebraic equations
@ conservation of pore volume: >, » Sp =1

@ conservation of the quantity of the matter: Zcec,, Cpc=1
forallpe P
@ thermodynamic equilibrium
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Multiphase compositional flows

Closure algebraic equations
@ conservation of pore volume: >, » Sp =1
@ conservation of the quantity of the matter: > .. Cp.c =1
forallpe P
@ thermodynamic equilibrium
Mathematical issues
@ coupled system
@ unsteady, nonlinear
@ elliptic—parabolic degenerate type
@ dominant advection
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Weak solution

Energy spaces
X = L3((0, ); H'(Q)),
Y := H'((0, t); L3(Q2))
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Weak solution

Energy spaces
X = L2((0,); H'(Q)),
Y .= H'((0, &); L3(Q))

Definition (Weak solution)
F|nd (P, (Sp)pep, (Cp7c)p€’[)’cecp SUCh that
l.eY Ve e,
Py(P,S) e X Vp e P,
. e [L2((0,5); L2(Q)]Y Vvcec,
tF tF
{0k 0)(0)-(@e. Vo)D) at - /O (e, 2)(1)dt Vg € X, Vo e,
the initial condition holds,
the algebraic closure equations hold.

v
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Estimate distinguishing different error components

Theorem (Estimate distinguishing different error components)
Consider

@ time step n,
@ linearization step k,
@ jterative algebraic solver step i,
and the corresponding approximations. Then

(dual error + nonconformity);, < n%%! + il + nﬂnkoj + ne"’lg";
4 Informatics, 7 mathematics
V2507 5
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Estimate distinguishing different error components

Theorem (Estimate distinguishing different error components)
Consider

@ time step n,
@ linearization step k,
@ jterative algebraic solver step i,
and the corresponding approximations. Then

(dual error + nonconformity), < n5%:! + nill + nihle!

sp,a

n,K,i
alg,a”

+n

Error components
@ nk!: spatial discretization

® 7! temporal discretization

@ Min o linearization

n.k,i H y4
® 1., .. algebraic solver N
g V2507 5
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Test case and numerical setting

Test case

@ two-spot setting
@ two phases and three components
@ homogeneous/heterogeneous permeability distribution

L d
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Test case and numerical setting

Test case

@ two-spot setting
@ two phases and three components
@ homogeneous/heterogeneous permeability distribution

Discretization and resolution
@ fully implicit cell-centered finite volumes
@ Newton linearization
@ GMRes with ILUO preconditioning algebraic solver

L d
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Estimators and stopping criteria

Weak solution & estimates Numerical experiments

’ —e— total —m— space —¢— time —— linearization —a— algebraic ‘

Error component estimator

10-10

\‘\‘(q adaptive stopping criterion

classical stopping criterion
 Lctesie topping crterion P

0

5 10 15 20 25 30 35
PETSC-GMRes iteration

Estimators w.r.t. GMRes iterations

M. Vohralik

Error component estimator

104

1072

1074

106 L

adaptive stopping criterion

‘ classical stopping criterion }\k
\ \ \ \ \

2 3 4 5 6
Newton iteration

Estimators w.r.t. Newton iterations
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Newton iterations

Weak solution & estimates Numerical experiments

Newton iterations

T T
—e—classical
—=—adaptive | |

Time -108
Per time step

M. Vohralik

(2]
c
.g T T T T
g — classical 1758 iterations P
=, 5o ||~ adaptive |
5 9
=
2
1,000 |- N
o
9]
Qo
§ s00| |
c
el
< 853 iterations
S o |
E Il Il Il Il Il
3 0 05 1 15 2
Time 108
Cumulated
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GMRes iterations

Weak solution & estimates Numerical experiments

GMRes iterations

30 - B
—e—classical
20 - —=— adaptive ||
10f .
.hm rrorr
O Il Il Il Il Il
0 2 4 6 8
Time/Newton step 108

Per time and Newton step

M. Vohralik

Cumulated number of GMRes iterations

10

T T
— classical
—— adaptive

Time 108

Cumulated
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Conclusions

Complete adaptivity
@ only a necessary number of algebraic solver / linearization
iterations, optimal choice of the regularization parameter

@ “smart online decisions”: algebraic solver step /
linearization step / regularization / time step refinement /
space mesh refinement

@ important computational savings
@ guaranteed upper bound via a posteriori error estimates

L d

hh,,;,.,,,,mmmm

M. Vohralik Adaptive regularization, linearization, and algebraic solution



| The Stefan problem Multiphase flow in porous media C

Conclusions

Complete adaptivity
@ only a necessary number of algebraic solver / linearization
iterations, optimal choice of the regularization parameter

@ “smart online decisions”: algebraic solver step /
linearization step / regularization / time step refinement /
space mesh refinement

@ important computational savings
@ guaranteed upper bound via a posteriori error estimates

Future directions
@ other coupled nonlinear systems
@ convergence and optimality
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Thank you for your attention!
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