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Motivation

General motivation

development and analysis of efficient numerical methods

simulation of flow and contaminant transport in porous and
fractured media (e.g. depollution or GdR MoMaS problems)
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Motivation

General motivation

development and analysis of efficient numerical methods

simulation of flow and contaminant transport in porous and
fractured media (e.g. depollution or GdR MoMaS problems)

Underground water flow

u = —-K(Vp+ Vz)
V-u = ¢
p pressure head K hydraulic conductivity tensor
u Darcy velocity z elevation

g sources and sinks
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Motivation

General motivation

development and analysis of efficient numerical methods

simulation of flow and contaminant transport in porous and
fractured media (e.g. depollution or GdR MoMaS problems)

Underground water flow

u = —-K(Vp+ Vz)
V-u = ¢
p pressure head K hydraulic conductivity tensor
u Darcy velocity z elevation

g sources and sinks
Difficulties

high contrasts of parameters
complex domains
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09.12.2004, Orsay Méthodes numériques pour des équations elliptiques et paraboliques non linéaires — p.3/69



Motivation

General motivation

development and analysis of efficient numerical methods
simulation of flow and contaminant transport in porous and
fractured media (e.g. depollution or GdAR MoMasS problems)

Underground water flow

sand, K=1 04
I

"\}_\
"

—| clay, K=10"

sand and gravel, K=107

Porous media

Fracture network
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Motivation

Contaminant transport

05(c)
ot

— V- (SVe)+V.-(cv)+ F(c)=q (1)

chemical reactions
sources and sinks

c unknown concentration of a contaminant
B time evolution and equilibrium adsorption
t time

S diffusion—dispersion tensor

v velocity field

F

q

KBeEH
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Motivation

Contaminant transport

Difficulties

nonlinear, degenerate parabolic problem
convection dominates over diffusion 05
inhomogeneous and anisotropic (nonconstant full-matrix) tensor S
general unstructured meshes (local refinement possible)

0
gic) — V- (SVe)+V.-(cv)+ F(c)=q (1)

c unknown concentration of a contaminant
£ time evolution and equilibrium adsorption2 ]
t time
S diffusion—dispersion tensor .
v velocity field |
F chemical reactllons L B(c) = c 4 P, p € (0,1)
q sources and sinks

8(0) = +o0
0.5

16(a) — B(b)| = cgla —b|

C

0.5 1

09.12.2004, Orsay
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Chapter 1, part A: A combined finite volume—nonconforming/mixed-
hybrid finite element scheme for degenerate parabolic problems

Chapter 1, part B: A combined finite volume—finite element scheme
for contaminant transport simulation on nonmatching grids

Chapter 2: Discrete Poincarée—Friedrichs inequalities

Chapter 3: Equivalence between lowest-order mixed finite element
and multi-point finite volume methods

Chapter 4: Mixed and nonconforming finite element methods
on a fracture network

Perspectives and future work
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Nonlinear convection—reaction—diffusion equation

c
3
t
S
\%
F
q

Equation

dp(c)
ot
unknown concentration of a contaminant

time evolution and equilibrium adsorption
time

diffusion—dispersion tensor

velocity field

chemical reactions

sources and sinks

—V-(SVe)+V.-(cv)+ F(c)=q (1)

09.12.2004, Orsay
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Nonlinear convection—reaction—diffusion equation

Equation

dp(c)
ot
unknown concentration of a contaminant

C

£ time evolution and equilibrium adsorption2
t time
S
Vv

—V-(SVe)+V.-(cv)+ F(c)=q (1)

diffusion—dispersion tensor
velocity field

F chemical reactions

q sources and sinks

1.5 F

B(c) =c+cP,pec(0,1)

(0) = +
Difficulties 0.5 F(0) = oo

nonlinear, degenerate parabolic problem

16(a) — B(b)| = cgla —b|

convection dominates over diffusion 05 0.5 1€
inhomogeneous and anisotropic (nonconstant full-matrix) tensor S
general unstructured meshes (local refinement possible)
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FEMs and FVMs for degenerate parabolic problems

Finite elements for degenerate parabolic problems

Barrett & Knabner (1997); %ﬂf) — Ac = g, a priori error estimates
Nochetto, Schmidt, & Verdi (1999); ‘9%—(;3) — Ac¢ = ¢, a posteriori
error estimates

Chen & Ewing (2001); 2¢ — Ap(c) + V - (6(c)v) = 0, a priori error
estimates

KBeEH
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FEMs and FVMs for degenerate parabolic problems

Finite elements for degenerate parabolic problems

Barrett & Knabner (1997); %(tc) — Ac = g, a priori error estimates

Nochetto, Schmidt, & Verdi (1999); ‘9%—(750) — Ac¢ = ¢, a posteriori
error estimates

Chen & Ewing (2001); 2¢ — Ap(c) + V - (6(c)v) = 0, a priori error
estimates

Cell-centered finite volumes for degenerate parabolic problems

Eymard, Gallouét, Hilhorst, & Nait Slimane (1998);

8%(;) — Ac = ¢, convergence

Eymard, Gallouét, Herbin, & Michel (2002);
% — Ap(c)+ V- (08(c)v) = 0, convergence

KBeEH
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FEMs and FVMs for convection—diffusion problems

Finite elements for convection—diffusion problems
@ no restrictions on the mesh, discretization of full diffusion tensors

& oscillations in the velocity dominated case

KBeEH
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FEMs and FVMs for convection—diffusion problems

Finite elements for convection—diffusion problems
@ no restrictions on the mesh, discretization of full diffusion tensors

& oscillations in the velocity dominated case

Finite volumes for convection—diffusion problems

O restrictions on the mesh, how to discretize full diffusion tensors?

~_ /

/ SVc-np dvy(x)

S=1d ~ZL"DLispp
dp.E

S # Id ?

KB e
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FEMs and FVMs for convection—diffusion problems

Finite elements for convection—diffusion problems
@ no restrictions on the mesh, discretization of full diffusion tensors

& oscillations in the velocity dominated case

Finite volumes for convection—diffusion problems
O restrictions on the mesh, how to discretize full diffusion tensors?

¢ upwind technigues: no oscillations in the velocity dominated case

KBeEH
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FEMs and FVMs for convection—diffusion problems

Finite elements for convection—diffusion problems
@ no restrictions on the mesh, discretization of full diffusion tensors

& oscillations in the velocity dominated case

Finite volumes for convection—diffusion problems
O restrictions on the mesh, how to discretize full diffusion tensors?

¢ upwind technigues: no oscillations in the velocity dominated case

Solution: combined schemes

>

finite elements finite volumes

KBeEH
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Combined finite volume—finite element schemes

Combined FV-FE method

Feistauer, Felcman, Medvidova-Lukacova, & Warnecke (1997,
198k % — Ac+ V - (0(c)v) = 0, convergence, error estimates

KBeEH
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Combined finite volume—finite element schemes

Combined FV-FE method

Feistauer, Felcman, Medvidova-Lukacova, & Warnecke (1997,
198k % — Ac+ V - (0(c)v) = 0, convergence, error estimates

Combined FV-nonconforming FE method

Angot, Dolejsi, Feistauer, Felcman, & Klikova (1998, 2000);
9¢ — Ae+ V- (6(c)v) = 0, convergence, error estimates

KBeEH
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Combined finite volume—finite element schemes

Combined FV-FE method

Feistauer, Felcman, Medvidova-Lukacova, & Warnecke (1997,
198k % — Ac+ V - (0(c)v) = 0, convergence, error estimates

Combined FV-nonconforming FE method

Angot, Dolejsi, Feistauer, Felcman, & Klikova (1998, 2000);
9¢ — Ae+ V- (6(c)v) = 0, convergence, error estimates

Our aims
extend these ideas to degenerate parabolic problems
include inhomogeneous and anisotropic diffusion tensors

consider general meshes (namely: local refinement possible, no
maximal angle condition, no orthogonality condition)

consider also space dimension three
combine the finite volume with the mixed-hybrid method
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Continuous problem

Problem
Equation (1) in a polygonal domain 2 C R9, d = 2, 3, on a time interval
(0, T, with initial and boundary conditions
c(x,0) = co(x) x € () (2)
c(x,t) =0 x eI, te(0,T) (3)
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Continuous problem

Problem
Equation (1) in a polygonal domain 2 C R9, d = 2, 3, on a time interval
(0,7, with initial and boundary conditions

c(x,0) = cp(x) x € () (2)
c(x,t) =0 x eI, te(0,T) (3)

Weak solution
Function ¢ is a weak solution of the problem (1) — (3) if (F. Otto)

ce L?(0,T; H}(R)), B(c) € L>=(0,T; L*(N)),

/ /ﬁ sotdxdt—/ﬁ(:o )dx+/ /Svc-wdxdt—
/ /cv Vgodxdt+/ / gpdxdt—/ /qudxdt

for all o € L*(0,T; Hy () with ¢, € L= (Qr), =0.

KBeEH
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Combined FV-nonconforming/mixed-hybrid FE scheme

05(c)
ot

— V- (SVe)+V

- (cv) + F(c) = ¢

09.12.2004, Orsay
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Combined FV-nonconforming/mixed-hybrid FE scheme

05(c)
ot

~ V- (SVe)+ V- (ev)+ F(e) = ¢

L
‘ T

KBeEH

09.12.2004, Orsay Méthodes numériques pour des équations elliptiques et paraboliques non linéaires — p.11/69



Combined FV-nonconforming/mixed-hybrid FE scheme

98(c)

ot

~ V- (SVe)+ V- (ev)+ F(e) = ¢

09.12.2004, Orsay

KBe

Méthodes numériques pour des équations elliptiques et paraboliques non

inéaires —p.11/69



Combined FV-nonconforming/mixed-hybrid FE scheme

98(c)

ot

— V- (SVc¢)

£V (ev) + Fle) = g

09.12.2004, Orsay
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Combined FV-nonconforming/mixed-hybrid FE scheme

98(c)

~ V- (SVe)+ V- (ev)+ F(e) = ¢

ot

Find ¢, D € Dy, n € {0,1,...,N}:

ny __ n—1
HBL =P ip— S Spse — cp) +

EeN (D)
+ Y Vb hpt F(ch)IDI=db D]
EeN (D)
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Combined FV-nonconforming/mixed-hybrid FE scheme

98(c)

~ V- (SVe)+ V- (ev)+ F(e) = ¢

ot

Find ¢, D € Dy, n € {0,1,...,N}: FV: loD,E]

dp . E

n n—1
HB) 2D D 1p) S s (e — ) +

Nt,
EeN (D)
+ Y Vb hpt F(ch)IDI=db D]
EeN (D)
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Combined FV-nonconforming/mixed-hybrid FE scheme

98(c)

~ V- (SVe)+ V- (ev)+ F(e) = ¢

ot

Find ¢y, D € Dy, n € {0,1,...,N}: NCFE: — Z (S"Ver,Vep)o i

KeT,,
B(c) — B(cly S

) mn mn mn
N |D| — Z Sp,e(cE —cp) +

EeN (D)
+ Y Vb hpt F(ch)IDI=db D]
EeN (D)
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Combined FV-nonconforming/mixed-hybrid FE scheme

98(c)

~ V- (SVe)+ V- (ev)+ F(e) = ¢

ot

Find ¢, D € Dy, n € {0,1,...,N}: MHFE: Schur complement

B(CTIZ)) . 6(0%_1 D S K—J
N | | E D.E CE — CD)
" EeN (D)

+ Y Vbehp+F(ch) DI =g Dl
EeN (D)

KBeEH
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Combined FV-nonconforming/mixed-hybrid FE scheme

98(c)

~ V- (SVe)+ V- (ev)+ F(e) = ¢

ot

Find ¢, D € Dp,n € {0,1,...,N}: MHFE: - Y (SkVer, Vep)o.x

KeT,,
B(c) — B(cs™) o

At £ |D| Z SDECE—CD)

EeN (D)
+ Y Vb hpt F(ch)IDI=db D]
EeN (D)
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Local Peclet upstream weighting

Flux through a side op g:

1 tn
Vh g = / / v(x,t) -np pdy(x)dt
7 At” th—1 J0D,E ,

KBeEH
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Local Peclet upstream weighting

Flux through a side op g:

1 [t
Vhei=ar [ vxO)-nppdyedr
cp — (1 —a)ep + acg
1-D: — <
v SN a = 0: full upstream weighting
CEI ............ _ ) .
: : a = 0.5: centered weighting
D E

KBeEH
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Local Peclet upstream weighting

Flux through a side op g:

1 [t
Vhei=ar [ vxO)-nppdyedr
cp — (1 —a)ep + acg
1-D: — <
. v SN a = 0: full upstream weighting
" i : a = 0.5: centered weighting
D E

Local Péclet upstream weighting:

09.12.2004, Orsay

I n n - n n n n
it vpep=0 ¢pg = (l—app)h + appch
Y
I n n - n n n n
it vp e <0 ¢pg = (—app)p + oppch
max {min{S"]) 3|V E|},O}
ap g = ’ ’ vp g # 0
D, E - | n | ) D, E
VD.E
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Discrete properties of the scheme

Existence of the discrete solution

Brouwer topological degree

KBeEH
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Discrete properties of the scheme

Existence of the discrete solution
Brouwer topological degree
Uniqueness of the discrete solution

[ 1s non decreasing

KBeEH
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Discrete properties of the scheme

Existence of the discrete solution
Brouwer topological degree
Uniqueness of the discrete solution

[ 1s non decreasing
Local conservativity

FE/FV conservative — combined scheme conservative

KBeEH
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Discrete properties of the scheme

Existence of the discrete solution
Brouwer topological degree
Uniqueness of the discrete solution
[ 1s non decreasing
Local conservativity
FE/FV conservative — combined scheme conservative
Discrete maximum principle

under assumption S%, , > 0 for all D € D, E € N(D),
0<cp <M

satisfied e.g. when S is scalar and when all angles between n, .,
op € Ek for all K € 7;, are greater or equal to 7 /2

KBeEH
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A priori estimates

A priori estimates

L>(0,T; L*(2)) cg Hax Z (cp)?|D| < Cae
ne{l,2,..., }DEDh
MRS Z B(cB)?ID] < Cac

ne{l,2,....N} DeD,

N
cs Z AthcZH%(h < Che

n=1

KBeEH
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A priori estimates

A priori estimates

L>(0,T:; L?*(Q)) ¢ max V2Dl < Cu
(0,T; L2()) ane{l,z,...,N}Dgf 2)2|D)
"N2|ID| < Cu
nE{EIQE?XJV} Z [6(CD)] | ‘ >~

DeDy,
N

L?(0,T; H}(Q)) CSZAthC?};H%{h < C.
n=1

KBeEH
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A priori estimates

A priori estimates

L>(0,T:; L?*(Q)) ¢ max V2Dl < Cu
(0.T:L*(®)) ep _max %f 2)2|D)
"N2|ID| < Cu
nE{{I}QETXJV} Z [B(CD)] ‘ ‘ >~

DeDy,
N

L?(0,T; H}(Q)) CSZAthCZH%(h < C.
n=1

Approximate solutions piecewise constant in time, ¢, A; piecewise
linear on 73, ¢, A+ piecewise constant on Dy

lch,at — Ch.atllo,gr — 0 as h—0

KBeEH
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Time and space translate estimates

Lemma (Time translate estimate) There exists a constant C; > 0,
such that for all T € (0,T),

T—T 2
/ / (5h,At(X7 t -+ ’7') — Eh,At(X, t)) dX dt S Ctt (T —+ At) .
0 Q

KBeEH
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Time and space translate estimates

Lemma (Time translate estimate) There exists a constant C; > 0,
such that for all T € (0,T),

T—T1 2
/ / (5h,At(X7 t -+ 7') — Eh,At(X, t)) dX dt S Ctt (7' —+ At) .
0 Q

Lemma (Space translate estimate) There exists a constant C; > 0,
such that for all ¢ € R?, with ¢, p¢(x,t) := 0 forx ¢ €,

g 2
./0 /Q(éh,At(X +&,t) — Ch ne(X, t)) dx dt < C|€](|€] + 2h).

KBeEH
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Time and space translate estimates

Lemma (Time translate estimate) There exists a constant C; > 0,
such that for all T € (0,T),

T—T1 2
/ / <5h,At(X7 t -+ 7') — Eh,At(X, t)) dX dt S Ctt (7' —+ At) .
0 Q

Lemma (Space translate estimate) There exists a constant C; > 0,
such that for all ¢ € R?, with ¢, p¢(x,t) := 0 forx ¢ €,

g 2
./0 L(éh,&t(x + &,t) — Ch.nt(X, t)) dx dt < C|€](|€] + 2h).

Proofs: use of the discrete schemes and the a priori estimates.

KBeEH
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Convergence

Theorem (Strong convergence in L*((Q)1)) Subsequences of &, s,
and ¢, n¢ converge strongly in L?(Qr) to some function
c e L2(0,T; HL(Q)).

Kolmogorov compactness theorem: a priori estimates and time

. : . L*(Q
and space translate estimates imply ¢, A, ch At Ca ¢

space translate estimate: ¢ € L*(0,T; H}(2))

KBeEH
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Convergence

Theorem (Strong convergence in L*((Q)1)) Subsequences of &, s,
and ¢, n¢ converge strongly in L?(Qr) to some function
c e L2(0,T; HL(Q)).
Kolmogorov compactness theorem: a priori estimates and time
and space translate estimates imply ¢n A, ch At oG c
space translate estimate: ¢ € L*(0,T; H}(2))

Theorem (Convergence to a weak solution) The function c is a weak
solution of the continuous problem.

strong convergence: passage to the limit in nonlinearities

KBeEH
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Numerical experiments

For Q2 =(0,1) x (0,1) and T' = 1, we consider:

8(61/2)
ot

—V - (6Ve)+ V- (cv,0) =0

KBeEH
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Numerical experiments

For Q2 =(0,1) x (0,1) and T' = 1, we consider:

O 1/2
(gt ) —V - (6Ve)+ V- (cv,0) =0
Initial and Dirichlet boundary conditions given by the solution (traveling
wave)
. 2
clr,y,t) = (1 — eﬁ(w_”t_0'2)> for x <wvwt+0.2,
c(r,y,t) = 0 for x >vt+0.2

KBeEH
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Numerical experiments

For Q2 =(0,1) x (0,1) and T' = 1, we consider:

O 1/2
(gt ) —V - (6Ve)+ V- (cv,0) =0
Initial and Dirichlet boundary conditions given by the solution (traveling
wave)
. 2
clr,y,t) = (1 — eﬁ(w_”t_(m)) for x <wvwt+0.2,
c(r,y,t) = 0 for x >vt+0.2

Implementation: search for discrete unknowns corresponding to 5(c)

permits to avoid parabolic regularization

resulting matrices are diagonal for the part where ¢ = 0

KBeEH
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Numerical experiments

Initial triangulation

KB e
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Numerical experiments

Solution for § =0.01, v =0.8,andr =3 att = 0.25

—p.19/69

linéaires

lliptiques et paraboliques no

Méthodes numériques pour des équations e
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Numerical experiments

1
3
r=5

exact sol.

r
r

+ O o

0.9

0.8f

o
0.6f o¥

©0.5F
0.3f =t

0.1f

1& . S 1_~Dauw®o o P
osf g -
08k Cay exact sol. 08k - . Cé exact sol.
0.7r : 0.7r D of °
0.6f 0.6f

©0.5F ©0.5F
0.4r 0.4r
0.3f 0.3f
0.2f 0.2f
0.1 0.1
(0] . ot . . . .
0 0.1 0 01 02 03 04
X X

Solution at ¢t = 0.5, § = 0.05 (left) and 6 = 0.0001 (right)

<
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Outline

Motivation

Chapter 1, part A: A combined finite volume—nonconforming/mixed-
hybrid finite element scheme for degenerate parabolic problems

Chapter 1, part B: A combined finite volume—finite element scheme
for contaminant transport simulation on nonmatching grids

Chapter 2: Discrete Poincarée—Friedrichs inequalities

Chapter 3: Equivalence between lowest-order mixed finite element
and multi-point finite volume methods

Chapter 4: Mixed and nonconforming finite element methods
on a fracture network

Perspectives and future work
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Combined FV-FE scheme for nonmatching grids
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Combined FV-FE scheme for nonmatching grids
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Nonmatching grid and dual triangular grid
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Combined FV-FE scheme for nonmatching grids
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Nonmatching grid and dual triangular grid

Combined FV-FE scheme
finite elements on 7;,, finite volumes on Dy,
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Nonmatching grid and dual triangular grid

Combined FV-FE scheme
finite elements on 7;,, finite volumes on Dy,
Local conservativity
FE/FV conservative — combined scheme conservative
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Combined FV-FE scheme for nonmatching grids
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Combined FV-FE scheme

finite elements on 73, finite volumes on D;,
Local conservativity

FE/FV conservative — combined scheme conservative
Discrete maximum principle

under assumption S%, > 0
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Implementation in the TALISMAN code

TALISMAN

finite volume code of the society HydroExpert, Paris
developed in cooperation with the group of D. Hilhorst, Orsay

multi-layer approach

KBeEH

09.12.2004, Orsay Méthodes numériques pour des équations elliptiques et paraboliques non linéaires — p.23/69



Implementation in the TALISMAN code

TALISMAN

finite volume code of the society HydroExpert, Paris
developed in cooperation with the group of D. Hilhorst, Orsay

multi-layer approach

sand clay I permeable layer
sand and gravel </ //—‘ semi-permeable layer
7 ¥ 4
=T A —
| e LT 4 ] |

KB e
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Implementation in the TALISMAN code

Simulation of the lle-de-France region

KBeEH
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Implementation in the TALISMAN code

how to work with full diffusion tensors ?

KBeEH
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Implementation in the TALISMAN code

I

how to work with full diffusion tensors ?

nonconsistent approximation of gradients at the refinements

KBeEH
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Implementation in the TALISMAN code

7/>
\/ -

how to work with full diffusion tensors ?

nonconsistent approximation of gradients at the refinements

Solution: combined scheme

KB e
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Model problem with known solution

Concentration
error

0.035
0.032
0.028

10.025

10.021

10.018

10.014

10.011

0.007
0.0035
0

Errors on unrefined (left) and locally refined (right) grids

KBeEH
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Contaminant transport simulation

Piezometric
head [m]
140

1304

1389 H

11383 H

11378 H

1373 §

11367 H

11362 H

1356 i

1351

1345 §

Piezometric head

KBeEH
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Contaminant transport simulation
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Contaminant transport simulation

Concentration
[kg/m’]

10

9

8

Concentration
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Conclusions and future work

Conclusions

combined schemes integrate the advantages of the finite volume
and finite element methods

B enable robust, efficient, conservative, and stable discretization

KBeEH
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Conclusions and future work

Conclusions
combined schemes integrate the advantages of the finite volume
and finite element methods
B enable robust, efficient, conservative, and stable discretization

given convergence proof
B almost no regularity of data required
B no maximal angle condition, local refinement possible

B extensions of the “finite volume techniques” for negative
transmissibilities and general meshes
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Conclusions and future work

Conclusions

combined schemes integrate the advantages of the finite volume
and finite element methods

B enable robust, efficient, conservative, and stable discretization

given convergence proof
B almost no regularity of data required
B no maximal angle condition, local refinement possible

B extensions of the “finite volume techniques” for negative
transmissibilities and general meshes

Future work
error estimates

complete flow — transport model

KBeEH
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Outline

Motivation

Chapter 1, part A: A combined finite volume—nonconforming/mixed-
hybrid finite element scheme for degenerate parabolic problems

Chapter 1, part B: A combined finite volume—finite element scheme
for contaminant transport simulation on nonmatching grids

Chapter 2: Discrete Poincaré—Friedrichs inequalities

Chapter 3: Equivalence between lowest-order mixed finite element
and multi-point finite volume methods

Chapter 4: Mixed and nonconforming finite element methods
on a fracture network

Perspectives and future work

KBeEH
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Discrete Poincaré—Friedrichs inequalities

Friedrichs (Poincaré) inequality

/ ) e € / Vox)Pdx Vg e HL(Q)
) )

KBeEH
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Discrete Poincaré—Friedrichs inequalities

Friedrichs (Poincare) inequality
| Foax<er [ [VoPax vy @)
Q Q
Nonconforming approximation of H ()

W)= {g e [T #'(K)s [gbanx) =0 voe e

KeT,, o
[ kar = [ gldi)  vows €&
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Discrete Poincaré—Friedrichs inequalities

Friedrichs (Poincare) inequality
| Foax<er [ [VoPax vy @)
Q Q
Nonconforming approximation of H ()

W)= {g e [T #'(K)s [gbanx) =0 voe e

KeT,, o

/0 9l K (x) dvy(x) =/ glr(x)dv(x) Vo€ 5fibnt}

OK,L

Discrete Friedrichs inequality

/g2(x)dX§C'F S / Vox)[2dx Vg € Wo(T), Yh >0
Y KeTy, -

KBeEH
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Known results and opened problems

Literature overview

Temam (1979); piecewise linear functions, inverse assumption,
convex bounded domains

Dolejsi, Feistauer, & Felcman (1999); piecewise linear functions,
Inverse assumption, nonconvex bounded domains

Knobloch (2001); general spaces, no inverse assumption,
nonconvex bounded domains

Brenner (2003); extensions to nonmatching grids and fully
discontinuous functions

KBeEH
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Known results and opened problems

Literature overview

Temam (1979); piecewise linear functions, inverse assumption,
convex bounded domains

Dolejsi, Feistauer, & Felcman (1999); piecewise linear functions,
Inverse assumption, nonconvex bounded domains

Knobloch (2001); general spaces, no inverse assumption,
nonconvex bounded domains

Brenner (2003); extensions to nonmatching grids and fully
discontinuous functions

Problems opened up to now

value of the constant Cr ?

domains only bounded in one direction ?

KBeEH

09.12.2004, Orsay Méthodes numériques pour des équations elliptiques et paraboliques non linéaires — p.33/69




Known results and opened problems

Literature overview

Temam (1979); piecewise linear functions, inverse assumption,
convex bounded domains

Dolejsi, Feistauer, & Felcman (1999); piecewise linear functions,
Inverse assumption, nonconvex bounded domains

Knobloch (2001); general spaces, no inverse assumption,
nonconvex bounded domains

Brenner (2003); extensions to nonmatching grids and fully
discontinuous functions

B Eymard, Gallouét, & Herbin (1999); piecewise constant functions

Problems opened up to now
value of the constant Cr ?

domains only bounded in one direction ?

KBeEH
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Proof of the discrete Friedrichs inequality

Interpolation operator W (7,) — Yy (Dp,)

Holp == [ s a0 vDED,

KBeEH
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Proof of the discrete Friedrichs inequality

Interpolation operator W (7,) — Yy (Dp,)

Holp == [ s a0 vDED,

Pw linear nonconforming function Its pw constant approximation

KB e
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Proof of the discrete Friedrichs inequality

Interpolation operator W (7,) — Yy (Dp,)

Holp == [ s a0 vDED,

Theorem (Discrete Friedrichs inequality for piecewise constant
functions) /t holds that

lgllg.e < c(d, kT, Dlgli 7ase Y9 € Yo(Dn).

KBeEH
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Proof of the discrete Friedrichs inequality

Interpolation operator W (7,) — Yy (Dp,)

Holp == [ s a0 vDED,

Theorem (Discrete Friedrichs inequality for piecewise constant
functions) /t holds that

6.0 < cld kT, Dlgli rasc Y9 € Yo(Dn).

g

Theorem It holds that

(9T raisc < c(dssT, Dgli 7 Vg€ Wo(Th).

KBeEH
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Constant in the discrete Friedrichs inequality

Theorem (Discrete Friedrichs inequality) /t holds that

| Foax<ce 3 [ Vg ax Yo e WolTi), h 0.
L KeTy, -

KBeEH
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Constant in the discrete Friedrichs inequality

Theorem (Discrete Friedrichs inequality) /t holds that

| Foax<ce 3 [ Vg ax Yo e WolTi), h 0.
L KeTy, -

Constant C'r ford = 2

c(d) L . | K|
— 7/ >
Cr oz 2|, where k7 is given by I?él%b diam(K) = kT Yh >0

KBeEH
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Constant in the discrete Friedrichs inequality

Theorem (Discrete Friedrichs inequality) /t holds that

| Foax<ce 3 [ Vg ax Yo e WolTi), h 0.
Q K

KeT,,

Constant C'r ford = 2

c(d) L . | K|
— 7/ >
Cr oz 2|, where k7 is given by Ilgél% diam(K) = kT Yh >0

Constant C'r ford = 2,3

Cr = C(d, mT)[i%f{diamb(Q)}F, where b is a unit vector

{7}, satisfying the inverse assumption: C(d, k1) ~ 1/k2(%

h
< h
1o Gamx) =7 >0

{71 }r only shape-regular: more complicated dependence on xr
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Extensions, discrete Poincareé inequality, conclusions

Extensions
can be extended to functions only fixed to zero on a part of the
boundary
can be extended to domains only bounded in one direction

simplified form for Crouzeix—Raviart finite elements in two space
dimensions

optimality of C'r» shown via examples

KBeEH
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Extensions, discrete Poincareé inequality, conclusions

Extensions
can be extended to functions only fixed to zero on a part of the
boundary
can be extended to domains only bounded in one direction

simplified form for Crouzeix—Raviart finite elements in two space
dimensions

optimality of C'r» shown via examples

Theorem (Discrete Poincaré inequality) For all g € W (7;) and h > 0,

| P cldnr ) 3 [ 9ot de+@(/ yx)dx)

KeTy,

KBeEH
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Extensions, discrete Poincareé inequality, conclusions

Extensions
can be extended to functions only fixed to zero on a part of the
boundary
can be extended to domains only bounded in one direction

simplified form for Crouzeix—Raviart finite elements in two space
dimensions

optimality of C'r» shown via examples

Theorem (Discrete Poincaré inequality) For all g € W (7;) and h > 0,

| P cldnr ) 3 [ 9ot 12dx+ﬁ(/ yx)dx)

KeTy,

Importance

analysis of nonconforming methods (nonconforming FEs,
discontinuous Galerkin methods)

KBeEH
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Outline

Motivation

Chapter 1, part A: A combined finite volume—nonconforming/mixed-
hybrid finite element scheme for degenerate parabolic problems

Chapter 1, part B: A combined finite volume—finite element scheme
for contaminant transport simulation on nonmatching grids

Chapter 2: Discrete Poincarée—Friedrichs inequalities

Chapter 3: Equivalence between lowest-order mixed finite element
and multi-point finite volume methods

Chapter 4: Mixed and nonconforming finite element methods
on a fracture network

Perspectives and future work
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RT Mixed FEM for second-order elliptic problems

Second-order elliptic problem:
-V -SVp = ¢ in Q,
p = pp 0ono

KBeEH
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RT Mixed FEM for second-order elliptic problems

—V -SVp
p

Second-order elliptic problem:

q in 2, u = —-SVp InQ,
pp onofl — V-u = g in 0,
p = pPp on o2

09.12.2004, Orsay

KBeEH
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RT Mixed FEM for second-order elliptic problems

Second-order elliptic problem:

-V -SVp = ¢ in 2, u = —-SVp InQ,
p = pp ondl — V.-u = g in O,
p = Pp on o)

Mixed approximation: find u; € V; and p;, € ®;, such that

(S™tap,vi)o — (V- v, pr)a = —(vh -0, pp)aq Vv € Vy,
—(V-up, dn)a = —(¢, Pn)a Von € Oy,

KBeEH
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RT Mixed FEM for second-order elliptic problems

Second-order elliptic problem:

-V -.-SVp = ¢ In O, u = —-SVp InQ,
p = pp OonNdl — V-u = g in Q.
P = Pp on o)

Mixed approximation: find u; € V; and p;, € ®;, such that

(S~ ap,vi)o — (V v, pr)a = —(vh -0, pp)aq Vv € Vy,
—(V-up, dn)a = —(¢, Pn)a Von € Oy,

Velocity basis function v,

KBeEH
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RT Mixed FEM for second-order elliptic problems

Second-order elliptic problem:

-V -.-SVp = ¢ In O, u = —-SVp InQ,
p = pp OonNdl — V-u = g in Q.
P = Pp on o)

Mixed approximation: find u; € V; and p;, € ®;, such that

(S™tap,vi)o — (V- v, pr)a = —(vh -0, pp)aq Vv € Vy,
—(V-up, dn)a = —(¢, Pn)a Von € Oy,

Associated matrix problem:
A B uy\ |(F
B 0 P G

KBeEH
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Implementation and equivalences: known results

Equivalence with the nonconforming finite element method

Lagrange multipliers, mixed-hybrid FEM — MA =J
B Arnold & Brezzi (1985)
® Chen (1996)

KBeEH
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Implementation and equivalences: known results

Equivalence with the nonconforming finite element method

Lagrange multipliers, mixed-hybrid FEM — MA =J
B Arnold & Brezzi (1985)
® Chen (1996)

Equivalence with the finite volume method

using numerical integration ~» SP = H
B Russell & Wheeler (1983); rectangles, S diag.

B Agouzal, Baranger, Maitre, & Oudin (1995); triangles &
rectangles, S diag.

B Arbogast, Wheeler, & Yotov (1997); rectangles, S full

KBeEH
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Implementation and equivalences: known results

Equivalence with the nonconforming finite element method
Lagrange multipliers, mixed-hybrid FEM — MA =J
B Arnold & Brezzi (1985)
B Chen (1996)

Equivalence with the finite volume method

using numerical integration ~» SP = H
B Russell & Wheeler (1983); rectangles, S diag.

B Agouzal, Baranger, Maitre, & Oudin (1995); triangles &
rectangles, S diag.

B Arbogast, Wheeler, & Yotov (1997); rectangles, S full
exact —SP=H

B Youneés, Mose, Ackerer, & Chavent (1999); triangles

KBeEH
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Expressing fluxes through edges using scalar unknowns

D) -

KBeEH
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Expressing fluxes through edges using scalar unknowns

"o

A B
B 0

)

Local linear system in Cy:

U

>_

F
G

) — SP=H

Cluster Cv/

09.12.2004, Orsay

Ay Cy Uit _ ([ BBy +Fv
DV ]IV U‘G/Xt GV
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Expressing fluxes through edges using scalar unknowns

Aim:

(

A B
B 0

)

U
P

|

F
G

) — SP=H

Cluster Cv/

Local linear system in Cy:

Ay Cy \ /[ U
Dy Iy s

Eliminating U&': (Ay — CyDy ULt
|

—IB%I‘S/PV + Fy

o)

—B!, Py + Fy — CGy

My

local condensation matrix

09.12.2004, Orsay
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Remark: the finite volume method

4-point finite volume scheme (orthogonality condition, S scalar):
| Wpong=— Y} / Vpomg - Y ok

S LEN(K)YIKL Lyf{)
~_

KBeEH
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Remark: the finite volume method

4-point finite volume scheme (orthogonality condition, S scalar):

KBeEH
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Remark: the finite volume method

4-point finite volume scheme (orthogonality condition, S scalar):

OK LEN(K) KL LeN(K)

Multi-point finite volume scheme (7;, and S general): U

—/ SVan%— Z f(pK7pL7pM7pN7"')|O-K7L
0K

\ LEN(K) o Dur /

KBeEH
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Remark: the finite volume method

4-point finite volume scheme (orthogonality condition, S scalar):

— Vp -ng =— Z / Vp -ng ~ —

0K LEN(K) VKL LEN(K)

Multi-point finite volume scheme (7;, and S general):

UKL
_/ SVp -ng ~ — Z f(pK,pL:PM; pN,D
oK LEN(K)

\ ® P

KBeEH
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Equivalence between RT MFEM and multi-point FVM

Theorem (Equivalence between RT MFEM and multi-point FVM)
Let the matrices My, be invertible for all VV € V;,. Then the lowest-order

Raviart—Thomas mixed finite element method is equivalent to a
particular multi-point finite volume scheme.

KB e
09.12.2004, Orsay
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Equivalence between RT MFEM and multi-point FVM

Theorem (Equivalence between RT MFEM and multi-point FVM)

Let the matrices My, be invertible for all VV € V;,. Then the lowest-order
Raviart—Thomas mixed finite element method is equivalent to a
particular multi-point finite volume scheme.

Remark (Comparison with a classical multi-point FVM)

not only the scalar unknowns, but also the sources and possibly
boundary conditions associated with the neighboring elements
are used to express the flux of u = —SVp through a given side

one has to solve a local linear problem

KBeEH
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Properties of the global system matrix S

Theorem (Stencil) Let My, be invertible for all V- € V,. Then Sk 1, is
possibly nonzero only if K and L share a common vertex.

The flux through a side o is expressed only using the scalar
unknowns of the elements sharing a common vertex with o.

KBeEH
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Properties of the global system matrix S

Theorem (Stencil) Let My, be invertible for all V- € V,. Then Sk 1, is
possibly nonzero only if K and L share a common vertex.

The flux through a side o is expressed only using the scalar
unknowns of the elements sharing a common vertex with o.

Theorem (Positive definiteness) Let My, be positive definite for all
V € V,. ThenS is also positive definite.

criterion for the positive definiteness of My : geometry of each
triangle, tensor S

KBeEH
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Properties of the global system matrix S

Example (Positive definiteness for a deformed square)

1

1

; . e
oaf U Y R NN
S S

-l S R NN
N T LY s

0.2p N S NN\
- | U IRNNNRNRNRNRNRNNS

: : : : ol— ; ; ; ; :
0—0.8 -06 -04 -0.2 0 02 04 06 0.8 1 -1 -08 -06 -04-02 0 02 04 06 08 1
X

X

Theoretical limit Experimental limit
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Properties of the global system matrix S

Example (Positive definiteness for a deformed square)

1

o8 o Y Y S
”m NI ENNNNNNNNN
o NS NN\
S MANANANANANNANNNN | e AANNNNNNRN
NN
o2r N B NN\
S NS NNV
0—0.8 -06 -04 -02 0 02 04 06 08 1 -1 -08 -06-04-02 0 02 04 06 08 1
Theoretical limit Experimental limit

Example (Singular local condensation matrix)

KB e
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Properties of the global system matrix S

Theorem (Stencil) Let My, be invertible for all V- € V,. Then Sk 1, is
possibly nonzero only if K and L share a common vertex.

The flux through a side o is expressed only using the scalar
unknowns of the elements sharing a common vertex with o.

Theorem (Positive definiteness) Let My, be positive definite for all
V € V,. ThenS is also positive definite.

criterion for the positive definiteness of My : geometry of each
triangle, tensor S

Theorem (Symmetry) Let My, be invertible and symmetric for all
V € V. ThenS is also symmetric.

satisfied if 7;, consists of equilateral simplices and if S is pw
constant and scalar

KBeEH

09.12.2004, Orsay Méthodes numériques pour des équations elliptiques et paraboliques non linéaires — p.43/69



Numerical experiments: linear elliptic case

For 2 = (0,1) x (0,1), we consider:
—Ap=gq,

q= —2e"e’.

KBeEH
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Numerical experiments: linear elliptic case

For 2 = (0,1) x (0,1), we consider:
—Ap=gq,

q= —2e"e’.

Dirichlet BC given by the solution

p(x,y) =e"ev .

KBeEH
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Numerical experiments: linear elliptic case

0.8
4
0.7
0.6 13.5
>~0.5
13
0.4
0.3 2.5
0.2
2
0.1
0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Initial triangulation and solution
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Numerical experiments: linear elliptic case

Ref. | Unkn. | Cond. | Bi-CGS lter.

-
*% 4 | 4096 | 2882 1.43 | 1475

o 16384 | 11523 | 12.55 | 295.5

§ 6 | 65536 | 46093 | 117.58 | 555.5

= Ref. | Unkn. | Cond. | Bi-CGS lter. CG lter.
@ 4 | 6080 | 5616 243 | 2305 | 1.75| 316
E 24448 | 22499 | 23.40 | 4495 | 16.87 | 623
>

T 6 | 98048 | 89995 | 227.04 | 864.0 | 162.09 | 1226

Ref. | Unkn. | Cond. | Bi-CGS Iter. CG | lter.
4 4096 | 5268 144 | 211.5 1.03 | 297
5 | 16384 | 21089 12.96 | 431.5 8.30 | 586
6 | 65536 | 84356 | 139.73 | 893.5 | 92.23 | 1151

Finite volumes

KBeEH
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Application to nonlinear parabolic problems

Nonlinear parabolic convection—reaction—diffusion problem

0 .
a—ZZ+V-u+F(p):q in Q,

u=—SVo() +¢@Ew in Q,
p=po in Qfort=0,p=pp on 002 x(0,T).

KBeEH
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Application to nonlinear parabolic problems

Nonlinear parabolic convection—reaction—diffusion problem

0 .
a—ZZ+V-u+F(p):q in Q,

u=-SVp(p)+(pw in Q,
p=po In Qfort=0,p=pp on 90 x(0,T).
Mixed approximation: define p? by po; on each discrete time ¢,, find
u; € Vy, and pp € &, such that
(S™Huh, vi)a — (V- va, 0(0h))a — (¥(pp)w, S™ vi)a
= —(vy-n,p(Pp))aa  Vvi €V,
(pZ —pp
JAN S

,on)a + (V-up, én)a + (F(py), dn)a

= (q,¢n)0 Vo € @y, .

KBeEH
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Application to nonlinear parabolic problems

Nonlinear parabolic convection—reaction—diffusion problem

0 .
a—ZZ+V-u+F(p):q in Q,

u=-SVp(p)+(pw in Q,
p=po In Qfort=0,p=pp on 90 x(0,T).
Mixed approximation: define p? by po; on each discrete time ¢,, find
u; € Vy, and pp € &, such that
(S™Huh, vi)a — (V- va, 0(0h))a — (¥(pp)w, S™ vi)a
= —(vy-n,p(Pp))aa  Vvi €V,
(pZ‘ —pp
JAN S

,On)a + (V-uy, én)a + (F(pr), on)o
= (¢, on)a  Von € @p.

Assemblage and inversion of local condensation matrices only once;
linearization and time steps—only scalar unknowns as in the FVM.

KBeEH
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Numerical experiments: nonlinear parabolic case

For Q2 = (0,2) x (0,1) and T' = 1, we consider:

N[

d(p +p?)
ot

p

— =0.
2

— V- (SVp)+ V- (pw) +

KBeEH
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Numerical experiments: nonlinear parabolic case

For Q2 = (0,2) x (0,1) and T' = 1, we consider:

o 2 2
PEP?) . (sVp)+ V- (pw) + B —0.
Ot 2
Case A:
1 0 _ _
S:( )m Q, w=(3,0)in Q.
0 1
Case B:
1 0 8 —7
S = forx <1, S= for x > 1,
0 1 -7 20

w=(3,0) forx <1, w=(3,12) for z > 1.

KBeEH
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Numerical experiments: nonlinear parabolic case

For Q2 = (0,2) x (0,1) and T' = 1, we consider:

o 2 2
PEP?) . (sVp)+ V- (pw) + B —0.
Ot 2
Case A:
1 0 _ .
S:( )m Q, w=(3,0)in Q.
0 1
Case B:
1 0 8 —7
S = forx <1, S= for x > 1,
0 1 -7 20

w=(3,0) forx <1, w=(3,12) for z > 1.

Initial and Dirichlet BC given by the solution

1 =1
p(:lf,y,t) — 6_36%63/6 :

KBeEH
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Numerical experiments: nonlinear parabolic case

Initial triangulations, case A (top), case B (bottom)

KB e
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Numerical experiments: nonlinear parabolic case A

Condensation
Unkn. St. Cond. Bi-CGS lter. CPU ILU PBi-CGS lter.
128 14 39 0.02 27.0 0.02 0.01 0.01 2.0
512 14 116 0.07 56.5 0.02 0.01 0.01 2.5
2048 14 311 0.38 825 0.11 0.06 0.05 3.5
8192 14 768 265 139.0 0.75 0.41 0.34 5.5
32768 14 1782 1714 1915 485 2.95 190 7.0

Standard MFE
Unkn. St. Cond. Bi-CGS lter. CPU ILU PBi-CGS lier.

204 5 405 0.06 5.5 0.02 0.01 0.01 2.0
792 5 917 0.22 153.0 0.07 0.03 0.04 3.0
3120 5 1949 1.36 282.0 0.34 0.14 0.20 4.0
12384 5 4016 8.47 406.5 2.57 094 1.63 5.0
49344 5 8181 51.18 553.0 17.63 6.94 10,69 6.0
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Numerical experiments: nonlinear parabolic case B

Condensation
Unkn. St. Cond. BIi-CGS lter. CPU ILU PBi-CGS lter.
128 14 470 0.04 70.0 0.02 0.01 0.01 2.0
512 14 1665 0.21 1495 0.03 0.01 0.02 25
2048 14 4824 147 3225 0.12 0.07 0.05 3.5
8192 14 12523 866 4745 0.88 0.56 0.32 5.0
32768 14 31368 61.53 7875 7.47 5.46 2.01 5.5
Standard MFE
Unkn.  St. Cond. Bi-CGS lter. CPU ILU PBi-CGS lter.
204 5 13849 0.23 412.5 0.02 0.01 0.01 2.0
792 5 39935 1.38 1105.5 0.04 0.02 0.02 25
3120 5 131073 12.12  2419.5 0.41 0.18 0.23 3.0
12384 5 250923 103.42 5390.5 3.06 1.32 1.74 3.5
49344 5 586375 61726 71455 29.88 14.96 1492 4.0

09.12.2004, Orsay
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Comparison of different schemes, case A

I I I 1T 11 I * 1T T
» - - FV ¢
10 o —= PFV e’
-A - CMFE Did
—v- PCMFE s?*
—- FV-FE %
| —e— FV-NCFE

-2

10

Discrete L™(0,T:L%(Q)) relative error

10

| I | | | I |
10 10~ 10
Space and time step

Precision comparison of different schemes, case A
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Comparison of different schemes, case A

T TTT [ I T TTTIT [ T TTTIH I
| L - FV
10 Y. —= PFV i
*) -A- CMFE [
Yo —v—- PCMFE [
= *A ——- FV-FE H
—e- FV-NCFE |

-2

10

Discrete L™(0,T:L%(Q)) relative error

10

[ IIII| | [ IIII| | [ IIII|
10° 10’ 10° 10
CPU time (s)

Efficiency comparison of different schemes, case A
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Comparison of different schemes, case B

! ! T T 11 I I A T T
L|[-a- CMFE p
-v- PCMFE -
—— FV-FE .-
—— FV-NCFE -7

10

g
| IIIIII|

2

10

Discrete L=(0,T;L3(Q)) relative error

10 10~ 10
Space and time step

0

Precision comparison of different schemes, case B
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Comparison of different schemes, case B

10

-2

10

Discrete L=(0,T;L3(Q)) relative error

Efficiency comparison of different schemes, case B

-A - CMFE
-v- PCMFE
———- FV-FE
-~ FV-NCFE

¢
|

]
| L 1L il

10° 10

CPU time (s)

10° 10°

09.12.2004, Orsay
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Comparison of different schemes, case B

I I T T
5 _1_ + CMFE I T T i
=10 H - Fv-FE -
q>_) H —-@— FV-NCFE ]
8 [ |
o
c I~ —
9
_EIJ_J"lO_Z_— —]
o — ]
o - _]
S _

N__L i |
|_.-.
o
107 E
Q u N
9 I —]
a | I
2

C L [

107 107" 10°
Space and time step
Precision comparison of different schemes (projection), case B
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Comparison of different schemes, case B

-v- CMFE
—— FV-FE
- FV-NCFE

Discrete L°°(O,T;L2(Q)) projection relative error

IIIIIII| | IIIIII| IIIIIII|_
10’ 10° 10°
CPU time (s)

—
o
o

Efficiency comparison of different schemes (projection), case B
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Conclusions and future work

Main idea

first decompose the problem into scalar and flux unknowns and
guarantee the accomplishment of the inf—sup condition

KBeEH
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Conclusions and future work

Main idea

first decompose the problem into scalar and flux unknowns and
guarantee the accomplishment of the inf—sup condition

then eliminate the added fluxes
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Conclusions and future work

Main idea

first decompose the problem into scalar and flux unknowns and
guarantee the accomplishment of the inf—sup condition

then eliminate the added fluxes

mixed finite element precision for the finite volume price
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Conclusions and future work

Main idea

first decompose the problem into scalar and flux unknowns and
guarantee the accomplishment of the inf—sup condition

then eliminate the added fluxes

mixed finite element precision for the finite volume price
Properties

reduction of the number of unknowns by 1/3 (1/2 in 3D)

resulting matrices: very well conditioned, positive definite for not
distorted meshes

substantial savings of CPU time for nonlinear parabolic problems
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Conclusions and future work

Main idea

first decompose the problem into scalar and flux unknowns and
guarantee the accomplishment of the inf—sup condition

then eliminate the added fluxes

mixed finite element precision for the finite volume price
Properties

reduction of the number of unknowns by 1/3 (1/2 in 3D)

resulting matrices: very well conditioned, positive definite for not
distorted meshes

substantial savings of CPU time for nonlinear parabolic problems
Future work
analysis of the singularities

extensions to higher-order schemes
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Outline

Motivation

Chapter 1, part A: A combined finite volume—nonconforming/mixed-
hybrid finite element scheme for degenerate parabolic problems

Chapter 1, part B: A combined finite volume—finite element scheme
for contaminant transport simulation on nonmatching grids

Chapter 2: Discrete Poincarée—Friedrichs inequalities

Chapter 3: Equivalence between lowest-order mixed finite element
and multi-point finite volume methods

Chapter 4: Mixed and nonconforming finite element methods
on a fracture network

Perspectives and future work
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Fracture flow problem

Fracture network

S::Uag

teL

KBeEH
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Fracture flow problem

Fracture network

Rock fractures

S =

U

teL

87

Approximation by a system of polygons

09.12.2004, Orsay
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Fracture flow problem

Fracture network

S::UOzg

el
Governing equations
u = —-K(Vp+Vz) inay,lel,
V-u = q Ina,lel,
p = pp onlp, u-n=uy only
p pressure head K hydraulic conductivity tensor
u Darcy velocity z elevation

g sources and sinks

KBeEH
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Fracture flow problem

Fracture network

Governing equations
u =
V.-u =
p =
p pressure head

u Darcy velocity

Continuity

—K(Vp+Vz) N oy, £ € L,

q
PD

S

in oy, £ €L,

onI'p, u-n=uy only

K hydraulic conductivity tensor

z elevation

g sources and sinks
plaz on f  Vfe&™ Vi,jely,
0 onf Vfe&™

::Uozg

teL

09.12.2004, Orsay
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Known results and our aims

Literature overview
Baca, Arnett, & King (1984); finite elements

Koudina, Gonzalez Garcia, Thovert, & Adler (1998);
vertex-centered finite volumes

Reichenberger, Jakobs, Bastian, & Helmig (2004);
multi-dimensional vertex-centered finite volumes

Our aims

definition of mixed finite element methods on fracture networks

KBeEH
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Known results and our aims

Literature overview
Baca, Arnett, & King (1984); finite elements

Koudina, Gonzalez Garcia, Thovert, & Adler (1998);
vertex-centered finite volumes

Reichenberger, Jakobs, Bastian, Helmig (2004);
multi-dimensional vertex-centered finite volumes

® Arnold & Brezzi (1985)
B Chen (1996)
Our aims
definition of mixed finite element methods on fracture networks

B relation between the lowest-order mixed and nonconforming finite
element methods (theoretical aspects and implementation)

KBeEH
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Function spaces

Continuous function spaces

LP(8) = | LP (), LP(S) := LP(S) x LP(S)

leL
HY(S) = {v e L*S); v|a, € H (o) ,

(V]a;) f = (/U‘Oéj)‘f Vi€ gintvw;vj < If}

H(div,S) := {V € L*(S); v|a, € H(div, ay), Z<V

iEIf

a; *Noa, 902'>(904i =0

Vs € Hhon 1(0) s @ils = osls Vi, € I, VF € €7}

KBeEH
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Function spaces

Continuous function spaces

LP(8) = | LP (), LP(S) := LP(S) x LP(S)

e
Hl(S) — {v = LQ(S); V|a, € Hl(ozg) :

(V]a;) f = (’U‘aj)‘f Vi€ gint7Vivj < If}

H(div,S) := {V € L*(S); v|a, € H(div, ay), Z<V

iEIf

a; *Noa, 9075>(9ozi =0

Vipi € Haoon 1), @ily = @l Vi, 5 € I, Vf € £ }
Discrete function spaces
M?°(7;,) constant by elements
M?° (&, p) constant by edges, zero on I'p
X5 (&n.p) linear by elements, continuous in edge centers, zero on T'p
RT" , (7;,) Raviart-Thomas space, no continuity requirement
RT8,N(Th) RT space, normal trace continuity, no flux through I'" »

KBeEH
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Weak mixed solution

Weak mixed solution: functions u = ugp + u, ug € Hy y(div,S), and
p € L*(S) such that

(K~"ug,v)o,s — (V- V,p)o,s = —(V-n,pplas + (V- v, 2)o,s
—(v-n,2)ss — (K1, v)os Vv e Hy n(div,S),

_(V ~Up, ¢)O,S — _(Q7 ¢)0,S -+ (v | ﬁ) ¢)0,S \V/¢ S L2 (S)

KBeEH
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Weak mixed solution

Weak mixed solution: functions u = ugp + u, ug € Hy y(div,S), and
p € L*(S) such that

(K~ 'up,v)os — (V- v,p)os = —(v-n,pplas + (V- v,2)o.s

—(v-n,2)ss — (K1, v)os Vv e Hy n(div,S),

_(V ~Up, ¢)O,S — _(Q7 ¢)0,S -+ (v | ﬁ) ¢)O,S \V/¢ S L2(8)

Theorem (Existence and uniqueness of the weak mixed solution)
There exists a unique weak mixed solution.

key ingredient: definition of the function spaces

the fulfillment of the essential inf—-sup condition follows from the
existence and uniqueness of the primal weak solution

KBeEH
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Mixed FEM, relation to the nonconforming FEM

Basis of the dual space to RT(7,)

There are |I;| — 1 functionals for each interior edge f.

KBeEH
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Mixed FEM, relation to the nonconforming FEM

Basis of the dual space to RT(7,)

There are |I;| — 1 functionals for each interior edge f.

Duality

There are |I+| — 1 dual basis functions for each interior edge f.
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Mixed FEM, relation to the nonconforming FEM

Basis of the dual space to RT(7,)

There are |I;| — 1 functionals for each interior edge f.

Duality

There are |I¢| — 1 dual basis functions for each interior edge f.
A

Velocity basis function for |I¢| = 3

KBeEH
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Mixed FEM, relation to the nonconforming FEM

Basis of the dual space to RT(7,)

There are |I;| — 1 functionals for each interior edge f.

Duality

There are |I+| — 1 dual basis functions for each interior edge f.

Theorem (Commuting diagram property)
H(grad,S) <%  L*(S) . |
Existence and uniqueness
lﬂ'h lPh = , L
of the mixed approximation

RTY(7,) <% M°,(Tp)

KBeEH
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Mixed FEM, relation to the nonconforming FEM

Basis of the dual space to RT(7,)

There are |I;| — 1 functionals for each interior edge f.

Duality

There are |I¢| — 1 dual basis functions for each interior edge f.

Theorem (Commuting diagram property)
H(grad, S) v, L?(8S)
lﬂ'h lPh —

RTY(7,) <% M°,(Tp)

Existence and uniqueness
of the mixed approximation

Algebraic reduction of the mixed-hybrid method
K pw constant: system matrix, Dirichlet and Neumann BC, and

gravity term completely coincide with the nonconforming method
source term: mixed-hybrid method employs average

KBeEH
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Numerical experiment

Vi

-0.25

Vi
System for a model problem with known solution
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Numerical experiment

N Triangles |[lp—pnllos o= Aullos [lu— up, || e (div,s)
2 8x4 0.4445 0.1481 1.2247
4 32x4 0.2212 0.0389 0.6263
8 128x4 0.1102 0.0098 0.3150
16 512x4 0.0550 0.0025 0.1577
32 2048 x4 0.0275 6.18-10~4 0.0789
64 8192x4 0.0138 1.54.10~4 0.0394
128  32768x4 0.0069 3.87-10° 0.0197
256 131072x4 0.0034 9.73.107° 0.0099

Approximation errors
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Fracture flow simulation

Whole mesh view

Testing setting, flow between vortexes

Piezometric
head [10”2m]

- 0.379

1.523

Visualized using the POV-Ray svsiem

Simulation of a nuclear waste repository
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Conclusions and future work

Conclusions
definition of the mixed finite element method on fracture networks

relation to the nonconforming method (efficient implementation)
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Conclusions and future work

Conclusions
definition of the mixed finite element method on fracture networks
relation to the nonconforming method (efficient implementation)
Future work

contaminant transport simulation in fracture networks

KBeEH

09.12.2004, Orsay Méthodes numériques pour des équations elliptiques et paraboliques non linéaires — p.67/69



Outline

Motivation

Chapter 1, part A: A combined finite volume—nonconforming/mixed-
hybrid finite element scheme for degenerate parabolic problems

Chapter 1, part B: A combined finite volume—finite element scheme
for contaminant transport simulation on nonmatching grids

Chapter 2: Discrete Poincarée—Friedrichs inequalities

Chapter 3: Equivalence between lowest-order mixed finite element
and multi-point finite volume methods

Chapter 4: Mixed and nonconforming finite element methods
on a fracture network

Perspectives and future work
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Perspectives and future work

Perspectives and future work

error estimates for the combined finite volume—finite element
schemes

rigorous study of the combined schemes for nonmatching grids

analysis of the singularities in the condensation of the mixed finite
element method

extension of the condensation to higher-order schemes

contaminant transport simulation on fracture networks
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