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Abstract

We consider iterative algebraic solvers for saddle-point mixed finite element discretizations
of the model Darcy flow problem. We propose a posteriori error estimators of the algebraic
error as well as a nonoverlapping domain decomposition algorithm. The estimators control
the algebraic error from above and from below in a guaranteed and fully computable way.
The distinctive feature of the domain decomposition algorithm is that it produces a locally
mass conservative approximation on each iteration. Both the estimate and the algorithm
rely on a coarse grid solver, a subdomain Neumann solver, and a subdomain Dirichlet solver.
The algorithm also employs a line search to determine the optimal step size, leading to
a Pythagoras formula for the algebraic error decrease in each iteration. We suppose that
the fine mesh is a refinement of a coarse mesh, where both meshes need to be formed by
simplices or rectangular parallelepipeds. Numerical experiments illustrate the theoretical
developments and confirm the efficiency of the algebraic error estimates and of the domain
decomposition algorithm.

Keywords: mixed finite elements, saddle-point system, iterative algebraic solver, algebraic
error, a posteriori estimate, domain decomposition method, coarse grid solver, subdomain Neu-
mann solver, subdomain Dirichlet solver, balancing, local mass conservation, line search.

1 Introduction

Saddle-point systems arise in many scientific and technical applications, such as fluid mechanics,
structural mechanics, and electromagnetism. One typically seeks to find algebraic vectors U and
P that satisfy the following system of linear algebraic equations:

A BY\ (/U 0
(2 0) ()= () =
Here, the matrix A is symmetric and positive definite and B has a full (row) rank, whereas F
is a right-hand side vector. The overall system matrix is indefinite, of saddle-point type, posing
difficulties for numerical solvers, cf. the overview paper Benzi, Golub, and Liesen [6].

Domain decomposition solvers allow for iterative algebraic approximation of the solution
to (1.1) where smaller systems are solved on each iteration in parallel on smaller subdomains.

"Inria, 48 rue Barrault, 75647 Paris, France
(manuela.bastidas-olivares@inria.fr, akram.beni-hamad@inria.fr, martin.vohralik@inria.fr).
$CERMICS, Ecole nationale des ponts et chaussées, IP Paris, 77455 Marne la Vallée, France.
$Department of Mathematics, University of Pittsburgh, Pittsburgh, PA 15260, USA (yotov@lmath.pitt.edu).
Partially supported by Inria Paris Visiting Professorship and NSF grants DMS 2111129 and DMS 2410686.


mailto:manuela.bastidas-olivares@inria.fr, akram.beni-hamad@inria.fr, martin.vohralik@inria.fr
mailto:yotov@math.pitt.edu

In the context of saddle-point systems arising from mixed finite elements, the early works of
Glowinski and Wheeler [19], Ewing and Wang [17], Mandel [22], Mathew [23], and Cowsar,
Mandel, and Wheeler [11] laid important grounds. Since then, numerous related approaches
appeared, see, e.g., Toselli [36], Arbogast et al. [4], Tu [37], Ganis and Yotov [18], Sousedik [35],
Sistek, Bfezina, and Sousedik [33], Ciarlet, Jamelot, and Kpadonou [10], Oh et al. [27], Dobrev et
al. [13], Solovsky, Fucik, and Sistek [34], Boon et al. [8], and the references therein. However,
to our knowledge, no available nonoverlapping domain decomposition solver preserves on each
iteration the basic physical property behind (1.1): the local mass conservation expressed by
BU =F.

Whenever one considers (an iterative) approximate solution (U7, P7)* to the exact solution
(U, P)Y, there arises the misfit between them, the algebraic error. Algebraic error is a central
notion in numerical linear algebra but, somehow surprisingly, computable and guaranteed a
posteriori error estimates on it are seldom available, namely for bounding the error from above
(bounds from below are typically easier); we refer to the discussion and references in Rey,
Gosselet, and Rey [32] and Papez et al. [29, 28]. In the context of saddle-point systems and
domain decomposition methods, this question was partly treated in Ali Hassan et al. [1], where
an a posteriori error estimate on the overall error (distance between the piecewise polynomial
u{l associated with U’ and the exact solution w of the underlying partial differential equation)
has been derived, with a component associated with the algebraic error.

In our first main result, Theorem 7.1, we derive a guaranteed upper bound on the algebraic
error

(U= U)AU = U) = [l — ul]|]? < (), (1.2)

where 1)/ is an a posteriori error estimate fully computable from (U7, PY)! (or, equivalently, the
associated piecewise polynomials (w},p7)). This result is complemented in Theorem 8.3, where
we also present a lower bound on the algebraic error of the form

()" < (U=U)AU - ) = ||[us — uj |- (1.3)

In our second main result, Algorithm 8.1, we design a nonoverlapping domain decomposition
solver with the following properties: 1) on each iteration j, upon using Construction 5.1 in (8.2),
we obtain an approximate solution satisfying the local mass conservation BUJ = F, or, more
precisely, ‘ A

up, € Vi C Hyy (div,Q), V-uy =/, (1.4)

on each iteration j > 1. 2) As per the Theorem 8.3, we have the guaranteed a posteriori algebraic
error estimates (1.2)—(1.3) on each iteration j > 1. This in particular makes it suitable for use
in mesh adaptive methods with inexact algebraic solvers, see, e.g., [15, 20] and the references
therein. 3) The line search (8.3) gives the error decrease formula of Theorem 8.2 on each iteration
j > 1. 4) Algorithm 8.1 essentially employs a coarse-grid solver in combination with subdomain
Neumann and Dirichlet solvers in an additive Schwarz manner. All are formulated as quadratic
constrained energy minimizations associated with the current residual, which is natural both
from mathematical and physical perspective. 5) The built-in coarse-grid solver of step 2 of
Construction 5.1 is a solution to the “balancing” problem for domain decomposition in mixed
formulations [11]. Tt is closely related to the equilibration technique used in a posteriori analysis
for numerical discretizations of partial differential equations [16, 28]. This also prevents the
appearance of other issues such as “interior node compatibility” linked to Neumann conditions,
nonconforming discretizations, or non-nested spaces. 6) Algorithm 8.1 uses functional writing
by relying directly on the piecewise polynomial spaces and functions therein and is thus basis-
independent, in contrast to a writing like (1.1), where the bases of the piecewise polynomial
spaces need to be chosen first and potentially influence the solver behavior and properties.
Congruently, we develop a basis-independent analysis where we exploit information and tools
from function spaces, in contrast to being confined to linear algebraic information and tools.



This contribution is organized as follows. In Section 2, we introduce the model Darcy flow
problem, the function spaces on the continuous level, and the weak formulation. Section 3 then
settles the discrete level. Section 4 then presents the nonoverlapping domain decomposition
configuration. Our key technical tool, the equilibrated flux of Construction 5.1 (yielding the
local mass conservation), is presented in Section 5. The reconstruction of the scalar variable
(potential) is then based on trace lifting of Construction 6.1 and elementwise postprocessing of
Construction 6.2 of Section 6. Theorem 7.1 yielding the guaranteed upper bound on the algebraic
error (1.2) is presented in Section 7, and our nonoverlapping domain decomposition solver of
Algorithm 8.1 is detailed in Section 8. These theoretical results are numerically illustrated
in Section 9. Finally, some technical details of elementwise postprocessing are collected in
Appendix A.

2 Continuous setting

We introduce here the model Darcy flow problem, the function spaces on the continuous level,
and the weak formulation.

2.1 Problem

Let Q c R% 1 < d < 3, be an open bounded connected domain (interval for d = 1, polygon for
d = 2, polyhedron for d = 3), with Lipschitz boundary 99 such that 992 = TpUTN. We suppose
that I'p and I'y are also Lipschitz, relatively open, and correspond to a set of mesh boundary
faces as defined below. We denote by ng the outward unit normal vector to 92 and consider
the following diffusion problem: find p : 2 — R such that

—V-(SVp)=f in Q, (2.1a)
p=0 on I'p, (2.1b)
—SVpng = gn on I'y. (2.1c)

In (2.1), the primal unknown p is called the potential, whereas the dual variable
u:=—-SVp (2.2)

is called the flux. This is a basic model in countless applications, namely thermo-diffusion
processes and groundwater flow.

2.2 Assumptions on the data

For the sake of simplicity, with respect to the mesh 7; of Section 3.1 and with reference to the
piecewise polynomial spaces from (3.3), (3.4) and (3.5a) below, we assume for the data in (2.1):

Assumption 2.1 (Piecewise polynomial data). The data S, f, and gx are such that:

Assl The diffusion tensor S is bounded and symmetric positive definite. It is constant elemen-
twise on simplices and constant elementwise and diagonal on rectangular parallelepipeds.

Ass2 The source term f satisfies f|x € Wh i (K) for all K € Ty

Ass8 The Neumann boundary condition gy satisfies gy € (Vh7k)'nQ‘1“N.



2.3 Domain and spaces

For a general open bounded connected domain D C R, we denote by |D| its Lebesgue measure
and by L?(D) the space of scalar-valued and square-integrable functions. We let (-, -)p represent
the inner product on L?(D) and ||-||p the corresponding norm; we set L?(D) := [L?(D)]¢, where
we use the same notation for the inner product and norm as in the scalar case. When D = ),
we drop the subscripts. We let (-, ), be the scalar product for L?(v), where v = D or a subset
of it.

Let H'(D) be the Sobolev space of L?(D) functions whose weak derivatives are square
integrable, H'(D) := {v € L*(D) : Vv € L*D)}. Further, let H(div,D) be the space of
vector-valued functions in L?(D) whose weak divergences are square integrable, H (div, D) :=
{v e L}D) : V-v € L*(D)}. We also use H}(R), the subspace of H'(Q) formed by the
functions vanishing on I'p in the sense of traces. VSimilarly, define the set

H,, (div,Q) := {v € H(div,Q) : v-ng = gx on I'n}, (2.3)

where v-ng = gn on I'y means that (v, Vo) + (V- v,¢) = (9N, ®)aa = (9N, ¢)ry for all functions
o € H&,D(Q). Similarly, the space Hy(div, ) is defined as Hg (div,) in (2.3) but with gn
replaced by 0. We define the energy norm of a function ¥ € L?(D) by

llllp == |8~ 2%l p-

We suppose
(f,1) = {gn, D)oo (2.4)

when 'y = 0Q. Congruently, L2(2) := L?(2) when I'x # 09; when I'y = 99, L%(9) stands for
those L?() functions whose mean value vanishes.

2.4 Weak formulation

In mixed form, problem (2.1) is equivalent to the following quadratic constrained minimization
problem: seek for a function w such that

w= argmin |lof|? (2.5)
veHg (div,Q)
V-v=f

cf., e.g., [7). The Euler-Lagrange optimality conditions for (2.5) read: find u € H(div, ()
with V-u = f in Q satisfying

(S7lu,v) =0 Vo € Hy(div,Q) with V-v =0 in Q.

If we introduce a Lagrange multiplier associated with the constraint V-u = f in €2, we can
equivalently seek for the pair (u,p) € Hyy(div, Q) x L2(2) such that

(Siluv ’U) - (P, V- 'U) =0 Yov € HQ(diV, Q),
(Vow,q) = (f,9)  VYge Li(Q).

When I'y = 01, the Neumann compatibility condition (2.4) is important to guarantee the
existence and uniqueness of the solutions.

3 Discrete setting

This section lays down the discrete setting: meshes, discrete (piecewise polynomial) spaces, and
the mixed finite element discretization together with its equivalent hybridization.



3.1 Meshes

Let 75, be a partition of the domain {2 into a finite number of nonoverlapping elements K. We
assume that the elements K € T, are either simplices or rectangular parallelepipeds. Let |73|
be the number of elements in 7, and denote by hx the diameter of the element K € T,. We
assume that adjacent elements completely share their common vertex, edge, or face, so we avoid
hanging nodes. Denote the set of all vertices (for d = 1), edges (for d = 2), or faces (for d = 3)
of T, by Fp, := FXt U f}Lm, where F** is the set of boundary vertices, edges, or faces lying on
0 and F}lnt is the set of interior vertices, edges, or faces. Henceforth we only speak of faces.
We assume that each boundary face is entirely contained either in I'p or in I'y. Consequently,
we denote .7-"}? and .7-"}:I the sets of faces lying on I'p and I'y, respectively. Moreover, for each
K € Ty, we denote by Fx the set of its faces. For each I’ € F,, np is a fixed face normal,
coinciding with ng on 90 and otherwise arbitrary but fixed. The shape-regularity parameter of
the mesh 7Tj, is the positive real number

where pg is the diameter of the largest ball contained in K.

For a sufficiently smooth function 1 that is not necessarily univalued on the faces F' € f}bm
with F € Fg N Fi and ng pointing from K to K', with K € T, and K’ € Ty, its jump and
average are defined as follows:

1

[V] = Ylkp =¥k, and £} =5 (Vx| + Yl (3.1)

To achieve robustness with respect to diffusion inhomogeneities, we consider diffusivity-dependent
weighted averages as in, e.g., [14]. For all F' € F"*, we let

o = 0K wt .= Ok
F. 5K—|—6K/’ F- 6K+6K/7

where 0 :=np - S|gnp, and define
o = wpdlk)e + wptlk .- (3.2)

3.2 Piecewise polynomial spaces

For k > 0, we define the piecewise polynomial pressure space

Wh,k = {qh S L2(Q) : qh]K S Wk(K) for all K € 771},
Wik = {qh S Wh,k : (qh, 1) =0 when I'y = 89},

where

Pr(K) K simplex,
Wi(K) := (3.3)
Ok...k(K) K rectangular parallelepiped,

with Py (K) being the space of polynomials of total degree at most k on K and Qj, ., being
the space of polynomials of degree at most ki in 1, ..., kg in zq4.
Similarly, for & > 0, the piecewise polynomial velocity space is

V}Si = {Uh € L2(Q) cvplg € RTNR(K) for all K € E},



where the space RTN;(K) is the Raviart-Thomas-Nédélec mixed finite element space of order
k proposed in [31, 26] and defined on each element K € 7}, as follows:

Pir(K) + xPr(K) K simplex,
RTN.(K) := Qpt1.5(K) X Qg jo11(K) K rect. par., d =2, (3.4)
Qb 1,k (K) X Qp k1 b (K) X Qpprr1(K) K rect. par., d =3,
with P (K) := [Pr(K)]?. This defines the so-called broken Raviart-Thomas-Nédélec spaces,

without any normal continuity imposed.
The discrete subspaces/subsets of H (div,2), Hy(div,2), and Hy (div,2) are then written

as
Vig = {vp € H(div,Q) : vp|x € RTNi(K) for all K € Ty}, (3.5a)
Vh(?k = {’Uh < Vh,k: : ’Uh'l'lQh"N = 0}, (3.5b)
Vi = {vn € Vi : vpmalry = gn}- (3.5¢)

Finally, we define the pressure trace space

U= [ wel®), (3.6)
FeFy,
where for all faces F' € Fy, one has
Pr(F) K simplex ,
Up(F) =4 Pp(F) K rectangular parallelepiped, d = 2, (3.7)

Qi k(F) K rectangular parallelepiped, d = 3.

Similarly, we denote \Ilgck, the broken pressure trace space

v o= I TI @) (3.8)

KeT, FeFk

The above spaces are constructed in a way that V- RTN(K) = Wi(K) together with
(RTN,(K)ng)|p = U (F) for all K € T, and F € Fg. Later we will also use a postprocessing
pressure space My, = Hger, My, 1 (K) as defined in [3, 5, 9, 38].

3.3 S-weighted L*(K)-orthogonal projection

For every K € T, and v € L?(K), the S-weighted L?(K)-orthogonal projection onto the
Raviart-Thomas-Nédélec space RTNj(K) is a function HZ‘TNU such that

(S ' (v —TIR™p), wy)xk =0 V), € RTNG(K). (3.9)
Below, we also apply it elementwise to v € L?(Q).
3.4 Mixed finite elements
The discrete counterpart of the minimization problem (2.5) is, cf., [7],
wy, == argmin |||vp||. (3.10)
v eV, Y

V"Uh:f

6



The Euler-Lagrange optimality conditions for (3.10) read: find uy € th’}j with V-up = f in Q
and satisfying
(S up,vp) =0 Vo, € Vi), with V-v), =0 in Q. (3.11)

Problem (3.11) is equivalent to finding (up,pn) € Vi) x Wy such that

(Sfluh,'vh) — (ph, V- Uh) =0 Yoy, € Vfgkv (3.12&)
(Veunan) = (fran)  VYan € Wy, (3.12b)

The Lagrange multiplier p, approximates the potential p on the mesh elements.

3.5 Hybridization

Imposing indirectly the normal trace continuity and Neumann boundary conditions, prob-
lem (3.12) is further equivalent to finding (wp, pp, A\n) € Vh‘},cc X W;{k x Uy, 1 such that A\p, = 0 on
I'p and

(S’_luh, ’Uh) — (ph, V- ’Uh) + Z </\h, vh-nK>5K =0 Yoy, € ‘/;ldj;, (3.13&)
KeTy
(V Up, Qh) = (f7 qh) VQh € W}ikv (313b)
> (wnmk, pn)ok = (gn, pn)ry Vi € Upk and gy, = 0 on T'p.
KeT,
(3.13¢)

This is the so-called hybridized version of (3.12). The Lagrange multiplier A, approximates the
potential p on the mesh faces.

4 Nonoverlapping domain decomposition configuration

Our results on a posteriori algebraic error estimation are generic but fit best the domain decom-
position framework that we anyhow adopt for our iterative solver below.

4.1 Meshes

We henceforth suppose that the domain  is decomposed into N nonoverlapping subdomains
Q;, it =1,...N. Here, the subdomains €); are simplices or rectangular parallelepipeds forming
a mesh of € in the sense of Section 3.1; we will call it a coarse mesh. We request that the
subdomains §2; match with the mesh 7, and we denote the mesh of each subdomain €2; as
Th;, := Tula,. For all i = 1,... N, let n; be the unit normal pointing outward 9€2;, and denote
the interface between two adjacent subdomains €2; and €2; by I'; ;. We also denote the set of all

faces of Ty, by Fp,, and in ,7:,1: “J we collect the faces that belong to the interface I ;. By Fu,
we denote the set of all faces of Ty. All Ty, Ty, and Ty are matching meshes without hanging
nodes, and we interpret 7;, and 7j, as a refinement of the coarse mesh 7x, where h, h;, and H
are the largest diameters of the elements in the meshes 7y, 7Tp,, and Ty respectively.

4.2 Piecewise polynomial spaces

We define the local spaces

Wink = {an € L*(Q) : qnlx € Wi(K) for all K € T, }, Wi, := Wine N L2(),



where L2(Q;) stands for those L?(§;) functions whose mean value vanishes over §; when |9§2; N
I'p| = 0 (“interior” and “Neumann” subdomains) and L?(2;) otherwise. Moreover, on the coarse
mesh Tz, we will use the spaces

Wio = {qu € L*(Q) : qulo, € Wo() for all Q; € Ty}, and Wiy := Wy N L2(Q).

Note that these are the lowest-order spaces in which Wy (£2;) denotes constant functions in €;.
We let TT¥ denote the L?-orthogonal projection onto Wi o- We will also use

Vink = {vp € H(div,Q;) : vp|x € RTNL(K) for all K € Ty, },
V-Oh’k = {vp € H(div, ;) : vp|x € RTNi(K) for all K € Ty, and vp'n; =0 on 9Q; \I'p},

2y

V}S’,o = {vy € H(div,Q) : vylg, € RTN(;) for all Q; € Ty and vg'n; =0 on I'n}.

5 Equilibrated (balanced) flux reconstruction

Let (u%,p}l) € V4 x W), be an arbitrary approximation to the solution of (3.12). Note
that it does not have to be included in the approximation space thlg x Wy .; in particular,

uil can be normal-trace discontinuous and p{l does not have to satisfy the zero-mean value
constraint (pi, 1) = 0 when I'y = 9. By the superscript j > 0, we precede that later on, in
Section 8 below, these approximations will be obtained by an iterative domain decomposition
algorithm with iteration index j. As the domain decomposition is nonoverlapping, normal-trace
discontinuous iterates indeed naturally arise. In this section, we present our central tool, an
equilibrated flux reconstruction and the corresponding potential reconstruction, formalizing the
approach of [1, Section 5.3]. This yields Rp(uj,p]) € V,fg with V- (Rp(ui,pz)) = f and
Rp (u{17 pfl) € Wy, L.e., in particular a flux which is conforming (normal-trace continuous) and
equilibrated (balanced, locally mass conservative).

5.1 Coarse—fine mesh construction of an equilibrated (balanced) flux and of
a corresponding potential

Recall the definition of the average (3.1). The heart of our approach is the following construction:

Construction 5.1 (Equilibrated (balanced) flux and the corresponding potential). Let (uiL7 piL)
€ Vhdg X Wh i be arbitrary. Proceed in four steps:

1. Averaging on mesh faces.

From u{l € Vh i, create an auziliary function u V such that for each K € Ty, u’ !
satisfies

{{uflnp}} F ¢ Fint,
u%l ‘np = ’U/gl'nF FeFP, (5.1a)
9N FeFy
for all faces F' € Fi and, if the polynomial degree k > 1,
(™Yl vp) i = (S~ ), o) Vo € Pr1(K). (5.1b)

The fluz u%’l 18 normal-component continuous, belongs to the set thg, but a priori does

1
not have the correct divergence,V- u 7é fin Q. If 'y = 09, set p;” = pil (p’}a ), so

thatpgl € Wy .. Otherwise, set py~ = p{L



2. Coarse grid solver.

Solve the coarse grid residual problem: Seek for (5};2, 7 2) € VHO X Wi o such that

(5*15992 vg) — (TH,V UH) (ph ,Vevg) — (S~ 1uh ,vg) Yug € VH,O,

(5.2)
(V 6H 7QH) (f V- uh aCIH> Vqu € WH,()-
We update
Ji2 . Js2
wl? =l + 837 € VY,
h h ok (5.3a)
ph’ ::ph’ +7“h’, Eth.
This update now fulfils
(V- Uh > qn) = (frqw) Vam € Wh o, (5.3b)

which is a weak dwergence constraint on the coarse mesh. Moreover, using Lemma 5.5
below, if additionally V- u = f, we get

5 o 5
lun — w7 = [llun — w17 = (1167112

3. Subdomain Neumann solver
On each subdomain €;, we seek for (5%3, J 3) eVvy ok X Wi ks such that
(S—16J3 vh)Q, — (Th , V- 'vh) (ph ,V-vp)a, — (8™ l’u,?l’ ,vp)q, Yo, € V ks
(V' 6 7Qh)Q = (f V- uh 7Qh) Vg € VV@h’k

4 . (5.4)
Setting 5{1’3|Qi = 5{5’ and 7“ |Q = Tfl’?’, we update
i3 3
uiL = uh 5% € thlg, (5.50)
= p;l + rh S Wh,k;
and observe
St (5.5b)

This flur update is thus normal-component continuous and satisfies the divergence con-
straint (is balanced). Moreover, using Lemma 5.4 below, if additionally V-u?f = f, we
get

5 5 5
lun = w317 = [llun — gl = (165702,

4. Coarse grid correction
Compute (6}}4, 4 4) € Vi o x Wi such that
(5—15%4 vy) — (TH V- UH) (P}, V-vr) — (S’ vg) Yog € VY,
We finally update

(5.6)

Rp(uh,ph) = uh (5%]4 c thz,
RP(uh’ph) _ph +ry Eth,

where we also denote Rpp(uh,p%) = (RF(uh,pi),RP(uhvpi))’ and observe V-(S}f =0
and thus

(5.7a)

V- (Re(u,py)) = 1. (5.7b)
The flux reconstruction is thus normal-component continuous and satisfies the divergence
constraint (is balanced). Moreover, using Lemma 5.3, we get

j j ‘73 A74
lun — R (g, p )1 = [l — " |[* — [[167;

I2.




5.2 Correctness of Construction 5.1

Construction 5.1 is correct, as the following lemma establishes:

Lemma 5.2 (Construction 5.1). Prescription (5.1) is well defined and problems (5.2), (5.4),
and (5.6) are well-posed, satisfying (5.3), (5.5), and (5.7). In particular, the reconstructed fluzx
RF(uh,ph) belongs to the set thlz with V- RF(uh,ph) fin Q and the reconstructed potential

Rp(uh,ph) belongs to the space Wy ..

Proof. 1) The formulas (5.1) are exactly the prescription of the degrees of freedom in the space
Vi i from (3.5a), cf., e.g., [7], leading to ugll e VL.

2) When I'p # (Z) the problem (5.2) is well posed, there is no condition to verify. When
I'p = 0, the Neumann compatibility condition

(5.1a) 2.4)

(f = Vet 1) = (f,1) = (u) mo, Voo - = (f,1) = (gn, on 2 0 (5.8)

holds, which guarantees the existence and uniqueness of the corrector 6}}2 from (5.2). Moreover,
(5.8) together with the second equation in (5.2) yield

(V'E%}Zv(IH) (f=V- Uh 'am) Vam € Who (5.9)

in both cases I'p # () and I'p = 0.

3) On each subdomain €; such that [0Q N I'p| = 0, problem (5.4) is a (homogeneous)
Neumann problem and one needs to ensure that it satisfies the Neumann compatibility condition,
ie.,

(f = V-l 1), =0. (5.10)

This is immediate from (5.2)—(5.3) by construction: indeed, (5.9) ensures that, for each subdo-
main €;, we can take a test function gy which is one in ; and zero elsewhere. Consequently,
the solution Jff’ of (5.4) exists and is unique. The reconstructed flux u{l’g given by (5.5) belongs
to RTN(K) for all K € T;, and the normal fluxes are continuous for all F' € Fi — here the
zero normal fluxes of 5{;3 on 0%); are crucial. Therefore, u23 € th,ll\;' Moreover, the second
equation in (5.4) together with (5.10) yield

(V'(Si’fv%) =(f—=V-ul? qn)a, Yan € Wipp (5.11)

Thus, from (5.4)—(5.5a), there holds

(V-ul® qn)a, = (fran)a: Yan € Wik

for all subdomains €, i.e., (5.5b).

4) When I'p # 0 the problem (5.6) is well posed, there is no condition to verify. When
I'p = (), the problem (5.6) is a (homogeneous) Neumann problem, and the solution 5%}4 exists
and is unique since both the divergence constraint and the normal trace value are 0. As above,
this allows to see that the second equation in (5.6) actually holds true for all gz € Wy and
thus 5;}4 is divergence-free.

5) Summarizing (5.1a), (5.3), (5.5), (5.7) leads to Ry(uj, p}) € Vi with V- Ry (uj,,p}) = f
and Rp(ui,pi) € Wy, as stated in (5.7). O

5.3 Error decrease formulas in Construction 5.1

We now show the boxed error decrease formulas in Construction 5.1. We use the equivalences
recalled in Section 3.4

10



Lemma 5.3 (Error decrease formula for the coarse solve). Let up, € V7Y be the solution of
problem (3.11), let ui’l € thl,: such that V- ui’l = f be arbitrary, and let 5;1’,2 € VI?I,O be given by

61}2 := arg min |HuiL + g%,
vaEV)
V-vg=0
or, equivalently, 51}2 € VI%O such that V- 5}}2 =0 and
(5_16%}2,1111) = —(.S’_lufl,vH) Yog € V&O such that V-vg = 0.
Then, we have
lfan — (" + )1 = lleen — |1 =[5
Proof. By choosing vy = 6}}2 in (5.13), we obtain
8311 = — (S~ uy", &77).
Also, since 6‘711’,2 € Vf(},o C Vh?k and V- 5;}2 =0, one gets from (3.11)
(S~ Lup, 8%7) = 0.
Therefore,

j,1 j,2 j,1 — 7,1 j,2 j,2
lun — (g + SO = Nl — wp (1P = 2087w, — uf), 877) + 11167

(5.16) o Sl g2 2
=7 lun — w17 + 208 M, 697) + 169711

(5.15) i1 2
=7 s — w112 = (1167

I

>

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

O]

Lemma 5.4 (Error decrease formula for the subdomain Neumann solve). Let up € V7 be the
solution of problem (3.11), let ui’Q e V7% be such that V-u{f = f, and let 52’3 e V0, and

5%’1_3 € Vioh i for each subdomain §2; be given by

5%’3]91, = 6{;;3 := argmin |||vy, + uiﬁ]”%z

or, equivalently, 6{1’3\91, = 5?;_3 € V;?h,k such that V- 6%’1_3 = 0 with
(S‘Wﬁ,vh)gi = —(S_lui’Z?vh)Qi Yy, € Vi?h,k such that V-vy = 0.

Then, we have

5 s - 5
s = (up™ + 630G, = lllwn — wh IS, — 1167,

5 ' -
llun = (uh™ + 8P = Nl — w1 — 11157

|5227;7
>

Proof. On each subdomain 2;, by taking v, = 5%;3 in (5.19), we get

" i s
83711, = — (8™ uy™, 8,7)a,-

(5.18)

(5.19)

(5.20a)
(5.20b)

(5.21)

In addition, since Ji’f € V;-Oh  and V- 6%’1_3 = 0, which we extend by zero outside of §2;, one gets

from (3.11) ‘
(S~ up, 677)0, = 0.

11

(5.22)



Therefore,

= (uf + 821, = llen — w113, — 205~ (un — uf®), 670)a, + 11677112,
C2 lap — wd? (3, + 205 ud?, 6720, + 183212, (5.23)
C2 aap — 13, 1187112,
This is (5.20a); the result (5.20b) is obtained by summing over all subdomains €2;. -

6 Trace lifting and elementwise postprocessing

Let (ufl,p{l) € Vh‘fg x Wp, i be arbitrary, typically an approximation to the solution of (3.12)
obtained on step j of an iterative algebraic domain decomposition solver as that in Section 8
below to which Construction 5.1 has been applied. Trace lifting and elementwise postprocessing
will be based on the two following procedures.

6.1 Trace lifting

Recall the spaces Wi (F) from (3.7) and ¥ from (3.8). We first elementwise construct an
approximation to the face pressures in the discontinuous trace space \I/%Ck_

Construction 6.1 (Trace lifting). Let (uiL,piL) € V}% X Wh be arbitrary. For each element
K € Ty, and each face F € Fk such that F ¢ FP, define ()\%|K)|F € U(F), and consequently
PYRS \Il?fk by

<)\i, v NK)F = —(S_lui, vp)K + (p{L, V-vp) Kk (6.1)

for all v, € RTN,(K) with (vynk)|p =0 for all F' € Fg, F # F', and (v, 1)k = 0 for all
T, € Pr—1(K) if k > 1. On each F € FP the function X, is defined as zero, i.e., X} |p := 0.

Note that /\gz are a priori double valued on all subdomain inter(faces) F' € .7-",1; “J. When,

however, (uj,pj,) coincides with the solution of (3.12), then the definition of /\fl in (6.1) is
univalued on each face F' € Fi"* and coincides with Aj, from (3.13).

6.2 Elementwise postprocessing

In this section, we give a recipe for an elementwise postprocessing ﬁfl that is a higher-order
piecewise polynomial on the mesh 7}, and that is weakly continuous over the mesh faces. We more
precisely construct p) in some of the available spaces My, = Hge7, Mp i (K) from [3, 5, 9, 38],
recalled in Appendix A below. We highlight that this elementwise postprocessing is independent
of the algebraic method that produced (uj,pj).

Recall the definition of the average (3.1). Then we define:

Construction 6.2 (Elementwise postprocessing). Let (ufl, p{l) € Vhdz X Wh i, be arbitrary, and
let )\{l € \Ifffk be given by Construction 6.1. Then for each K € Tp, define ]5{1 € Mpy by
prescribing p) |k € Mp,(K) via
Bhyan) ik = (0] an) i Van € Wi(K), (6.2a)
XY e Fer™,
(Bl pn)F =14 0 F e FP, Vup € Vi (F) and F € Fr. (6.2b)
<)\gb, ,uh)p F e f}l\l

12



The reconstructed potential ﬁi in particular satisfies

<[[]3i]],uh>F =0 forall F'e f}L“t and pp € Vi (F), (6.3a)
@{L’Mh)F =0 forall Fe ]:,]? and pp € Ui (F). (6.3b)

We define ~ o '
Rp(u%,p,’l) = ﬁfl.

7 A posteriori estimate of the algebraic error

Let (u%, piL) € L?(Q) x L?(2) be arbitrary. Notice that here, the approximate solution “%, does

not necessarily lie in the space V}%¥ i.e. u) can be normal-trace discontinuous, but it can also not

be piecewise polynomial. Similarly, pfl does not need to satisfy the zero-mean value constraint
and be piecewise polynomial. Later in Section 8, though, (ufl, p{b) is still obtained on step j of
a domain decomposition solver and belongs to VhC};é X Wh k.

Recall the S-weighted L2-orthogonal projection of Section 3.3. Our first main result states
a guaranteed and fully computable a posteriori estimate of the algebraic error in (ui, p{l) with
respect to (wp, pr):

Theorem 7.1 (A posteriori estimate of the algebraic error). Let (up,pp) € thg x Wiy be
the solution of problem (3.12) and let (ui,pﬂ) € L?(Q) x L*(Q) be arbitrary. Let U‘g S
with V'O'{l = f and ]5;1 € My, satisfying (6.3) be arbitrary. Then, the following bound for the
algebraic error holds

. 9 N\ 2 NP
N = whlI? < ()" = ()" + ()" (7.1a)
=, = ol and b =, + TEMS VR (7.1b)

Proof. Since u{l does not necessarily belong to the space thf,\i and does not necessarily satisfy
the divergence constraint, we construct, for the purpose of the proof, its orthogonal projection
to Vhfflg, where divergence equal to f is imposed. This is realized by the solution of the following
quadratic constrained minimization problem

wy, 1= argmin H]u% — vyl (7.2)
'UhEth}E
V-vp=f

The minimization (7.2) is equivalent to finding wy, € thg with V-wj, = f in Q that satisfies
(S Hwp, —ul),vn) =0 Vo, € Vi, with V-v, =0in Q. (7.3)

The fact that (wp — up) € Vho’,g with V- (wp — up) = 0 together with (7.3) implies that
(S~ (wy — uib),wh —up) = 0. Consequently, using wy, from (7.2), we obtain the orthogonal

decomposition

e, = walll® = llletf, — w + wp, — ||
= [llezf, = wall[* + [[[wn — walll® +2(S~" (u}, — wh), wp — up) (7.4)
= I, — wnll* + [lleon — wall*.
Now, we split the analysis into the two parts related to the two terms on the right-hand side
of (7.4).

13



1. Flux bound. (First term in (7.4)) Since wy, is the solution to (7.2), for an arbitrary afl €
V2% with V.o = f in Q, there holds

[y, = wlll < [|lwg, — o[l = 7

2. Potential bound. (Second term in (7.4)) Recall that (wy, —up) € Vi?,k with V- (w, —up,) =
0. Then, the formulations (3.11) and (7.3) lead to

(3.11) (73)

(S wp, wp, —up) =" (S, wh — up).

(7.5)
For any function ﬁiL € My, using Green’s theorem separately on each mesh element
K € T, one has, for all vy, € Vf?k with V-v, =0 in ,

llws, — upll* = (S~ (wp, — up), wy — up)

Z (V) vn)k = Z ((p),, veni)ax — (7, V-0n) k)

KeTy, KeTy
= > ([#lovnr)r+ Y (7, vnnp)r.
FeFnt FeFp

Moreover, if ﬁ% satisfies (6.3) we obtain

> (Vi) vn)k =0 (7.6)

KeT,,

for all vy, € th with V-v, = 0 in 2. In particular, (Vp{l, wyp, — up) = 0. This, together
with (7.5) and the definition of the projector HRTN from (3.9) leads to

‘2 (7.5),(7.

llwn—unl|? TP (87 + V5L, wp—wy) = (87 (ul +TIRTMSVEL)), wh—up). (7.7)

Applying the Cauchy—Schwarz inequality finally yields

[ — wp|| < |||, + TRTMSVE||| = 17

O]

Remark 7.2 (Possﬂole construction of a’h and ph) A possible construction, when (uh,ph)

V,'Ldz X Wh, is 0, = Rp(uh,ph) from Construction 5.1 and thenp;l = Rp(ah, Rp(uh,ph)) from
Construction 6.2.

Remark 7.3 (Consmtency check). Note that if uh = uy and p{l = pp, the estimator n’ = 0
for the choices O'h = uh and pfl obtained from C’onstructwn 6. 2 Indeed, on the one hand,
if uh thk with V- uh = f in Q, then we can choose crh = uh to obtain 77F = 0. On the

other hand, when (uh,ph) th,% x Wy . satisfies (3.12), thg corresponding pj, € My is such
that (6.3) holds. For this choice in (7.1), we conclude that nj, = 0.

8 Nonoverlapping domain decomposition algorithm with local

mass conservation on each step

Recall the definition of the weighted average (3.2). We can now present our second main result,
a domain decomposition algorithm producing a physically correct (locally mass conservative)
approximation on each step:

14



Algorithm 8.1 (Nonoverlapping domain decomposition algorithm with local mass conserva-
tion on each step). Let € > 0 be a user-specified tolerance. Let an arbitrary initial guess
(u%,pg) € Vhdz X Wi be given; recall that this means that the initial flux u% can be normal-trace

discontinuous with a wrong divergence and the initial potential p?L can be non mean value-free if
I'n = 9. Proceed in initialization and four steps:

0. Initialization by flux equilibration.

Compute the reconstructed flux and potential using (u,lz,p,ll) = RFp(ug,pg) from Con-
struction 5.1. This gives a starting flux u}L which is normal-trace continuous and with the
correct divergence and a starting potential which is of mean value zero if I'n = 052,

1 gN 1 _
uh € ‘/vh’k7 V"U;h = f,

‘ (8.1)
p}b S Wh,k'

All the following iterations will retain these properties.

Set j =1 and perform the following four steps:

1. Trace lifting.
From the solution (ui,p}l), compute the associated intermediate Lagrange multiplier )\{L €
\I/ffk by Construction 6.1.

2. Subdomain Dirichlet solver.
Construct the intermediate fluz 5] € Vhdg and the intermediate potential TfL € Wh i such

that 5%\9 = 52 and rh]Q = riL where for all subdomains Q;, (6% ,rh ) € Vingk X Wink

s the solution of the subdomain Dirichlet problems

— (X, Uh'n>aszmag Vo, € ‘/i,h,ka
(V-8 ,an)0, =0 Van, € Wipp-

3. Fluz equilibration and line search.

From Steps 1 and 2, ui + (Sj would not have continuous normal component on the subdo-
main interfaces, which we now correct by Construction 5.1. We in particular first define
the flux and potential as (uh,pfl) RFP(’th + 5],ph + rh) from Construction 5.1. Thus
iy, € Vg with V-4) = f and p] € Wiy and 4y, — uy, € Vi3 with V- (@) —ul) =0 and
Pl —py € Wi . We then finally update

%H = uh +ad (uh — uh) (8.2)

p, =)+ 0l (B, — p)),

where S .
aj — _(Siluﬁvﬁ’% ._ ugz) (83)

Il — wllI®

is the optimal step-length parameter obtained by line search. This in particular yields uj

which is normal-trace continuous and with the correct divergence (mass conservative) and

1 . .
pgf which is of zero-mean value when I'n = 01,

+

J+1 gN J+1 _
€ th, Vow,™ = f,

(8.4)
pf_l € Wiy

15



4. Algebraic error estimate and stopping criterion.
Estimate the algebraic error from below by
(S~ uh,ui u))?

AT

()% = GRS (8.5)

If n < e, then stop the solver. Otherwise go to Step 1.

Thanks to the line search giving the optimal step size (8.3), we have the following link of the
two consecutive errors:

Theorem 8.2 (Error decrease formula). There holds

(Sl 4] — u))?

]+1|H2 i i
7, — w3 [||?

(8.6)

[lwn — = [l —w [II” —

Proof. This follows from the definition of o/ in (8.3). Indeed, developing from the first equation
n (8.2),

j+1
llun — " I? =

= [l = (u, + o/ (@, —uf))|
= lllun — wplll® — 207 (S (un —up) @), —up) + (o/)[laf, — wf P (8.7)

= [llun — wlI[* + 207 (S~ uf, @), — ) + (o)?[| 2], — uh|\|2
where the last step follows since '&{L - u{b e VY, and V- (11 - uh) = 0, so that (3.11) gives
(S Ly, 11?I — u{l) = 0. (8.8)

Therefore, inserting formula (8.3) into (8.7), we get the error decrease (8.6). Actually, (8.7)
shows that o/ given by formula (8.3) gives the largest error decrease between all real parameters
a: (8.7) is a quadratic function in this parameter, so that the optimal step-size o/ is such that
the derivative of this quadratic function vanishes,

2(5*1%,@{1 - u{l> + 2076 — wl|||2 = 0. (8.9)
O

Combining Theorems 7.1 and 8.2, we also fully control the algebraic error by computable
quantities:

Theorem 8.3 (Guaranteed upper and lower bound on the algebraic error). Let nj be given
by (8.5) and let n’ be given by 1 := H|u HRTN(SV~J+1)\|| with ﬁzﬂ = ﬁp( g+l p] Y from
Construction 6.2. Then, for j > 1, there holds

< llun — gl <o’

Moreover, the a posteriori error estimators admit the following elementwise structure:

()? = (@)?|laf, — wp |1 = > (of)?[lJ 4], — w|I[% (8.10)
KeTy
. - 1 - 1
()2 = llluf, + TEFMSVELIIP = > ], + TSV (8.11)
KeTy,
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Proof Using Theorem 7.1, where we choose a’h = uh (this is possible since uh € th » Wwith

V- uh = f for j > 1), we get the upper bound. Theorem 8.2, in turn, immediately gives the
lower bound employing the definition gj by (8.5). O

Finally, similarly to [24, Theorem 5.3], we have:

Theorem 8.4 (Equivalence of error contraction and efficiency of the lower a posteriori alge-
braic error estimate). For j > 1, if (w j+1,ph ) is constructed using one step of the iterative

Algorithm 8.1, then there holds
1
llun =y | < Clfs, — | (8.12)

for some 0 < C < 1 if and only if

V= )llun = upll < (). (8.13)
Proof. By Theorem 8.2, we have

. . ‘
llean, = w17 = [l — wh P = (). (8.14)

Then

lun = HI1? < C2lllun — wp ||
(8 14) j
= llun = wp|IP = (7)* < 2w, — ui||I”
= (1= C)|lun — > < ()
O

Remark 8.5 (Round-off errors). Above, we have assumed an idealistic exact arithmetics without
round-off errors. In practice, round-off errors, particularly when considering high ratio contrasts
in the coefficients, can have an (important) influence on computational accuracy. A full analysis
of this aspect is beyond the scope of the present study, and it is left as a consideration for future
work.

Remark 8.6 (Other models). The addition of a zero-th order term or the introduction of time
discretization in the Darcy flow problem (2.1) does not modify the structure of Algorithm 8.1.
Incorporating a zero-order term modifies the variational formulation, affecting the calculation of
a posteriori errors, the determination of the parameter ol in the line search, and the calculation
of the intermediate Lagrange multiplier X} — the underlying scalar product needs to be changed.
Howewver, the basic properties of the method remain unchanged. Similarly, introducing time
discretization allows the method to naturally extend to the time-dependent framework.

Remark 8.7 (Pressure estimates). Our theoretical results are limited to the velocities ui, and

we do not have corresponding theoretical results for the errors in the pressures pil These could
be obtained but would not be constant-free (the inf-sup condition comes into play).

9 Numerical experiments

In this section, we numerically illustrate our a posteriori error estimates on the algebraic error of
Theorem 8.3 and the nonoverlapping domain decomposition solver of Algorithm 8.1. We consider
problem (2.5) on the domain Q being the unit square (0,1)? in two situations: S an identity
diffusion tensor and S a piecewise constant diffusion tensor with a varying contrast. We consider
d = 2, triangular meshes, and the mixed finite element discretization (3.12) with polynomial
degree k = 0. For the spaces My, o(K), we use (A.14) from Appendix A.2.3 below. The numerical
experiments are performed with FreeFem++ https://freefem.org/, see Hecht [21].
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Figure 3: [Test 1] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: 521’2.
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Figure 4: [Test 1] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: u?f = 52}2.
Center: ug’g = u%z + 52’3. Right: Rp(u?,p)) =u} = uz’?’ + 5?{’4.

Figure 5: [Test 1] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: p2’2 = 7“%’,2.

Center: p2’3 = pg,z + 7’2’3. Right: Rp(ug,pg) = p,ll = 10(,);3 + 7’2}4.

nice progress from the initial zero guess to the target approximate solution of Figure 2 in all
steps; the coarse grid correction of step 4 seems to primarily affect the potential.

9.1.2 Convergence

In Figure 6, we trace the algebraic error ||uj, — uiLH and the contraction factor defined as

Jun — ™|
L i (0.1
Joan — |

as a function of the iteration index j. We see a substantial reduction of the algebraic error
on each step of Algorithm 8.1 and a fast convergence, which validates the effectiveness of our

domain decomposition algorithm.
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Figure 6: [Test 1] Algebraic error ||uj, — u%” (blue solid line, left scale). Contraction factor given
by (9.1) (red dashed line, right scale).

9.1.3 A posteriori estimates of the algebraic error

We now investigate the quality of the a posteriori error estimates of Theorem 8.3. In Figure 7,
we report the lower bound error estimator 77, the error ||u — uj ||, and the upper bound error
estimator n?, again in function of the iteration index j. We observe a close match, especially for
the lower bound. The quality of our a posteriori error estimators is then more closely examined
in the subsequent Figure 8, where we report the lower bound and the upper bound effectivity
indices given respectively by
MZlandIeﬁ::L_ .
Ui [un — uy |

Lg:= (9.2)

Especially I .4 is very close to the optimal value of 1 and confirms the sharpness of the estimates.

Error

-10+

-12¢

-14 ¢ ‘ ‘
0 5 10 15
Iteration j

Figure 7: [Test 1] Algebraic error ||uy — ule (blue solid line), upper bound 7’ (red dotted line),
and lower bound Qj (green dashed line).

In Figure 9, we then plot the spatial distribution of the error ||uj, — u}||, the algebraic
error lower estimators a!l|4; — u} ||k, and the elementwise algebraic error upper estimators
Hu}L+H§TN’(Vﬁ%) || on the 1st iteration, j = 1. We see a very close prediction of the distribution
of the algebraic error, namely for the lower estimators. In Figure 10, the same results are plotted
for iteration j = 14, again with a very close match. For illustration, we also plot the elementwise
errors ||pn, — p} ||k and ||pn — pit||k in Figure 11.
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Figure 8: [Test 1] Effectivity indices I g (green solid line) and I.g (red dashed line) from (9.2).
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Figure 9: [Test 1] Left: elementwise 1st iteration flux errors ||uj, — u},||x. Center: elementwise
1st iteration algebraic error lower estimators a!||da; — u}||x. Right: elementwise 1st iteration

algebraic error upper estimators ||u; + HZQTN(Vﬁ%L)H K-

Figure 10: [Test 1] Left: elementwise final flux errors ||uj, — u}!| k. Center: elementwise final
algebraic error lower estimators o'4||a}* —u}?| k. Right: elementwise final algebraic error upper

estimators ||u}t + HZ{TN’(V@?) -
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Figure 11: [Test 1] Left: elementwise 1st iteration potential errors ||ps, — p} || k. Right: element-
wise final potential errors ||p, — prt|| k.

9.1.4 Behavior of Algorithm 8.1 for refinements of the coarse mesh 75 and of the
fine mesh 7,

We now perform a (laptop) scalability test of Algorithm 8.1: we fix the coarse mesh Ty and refine
the fine mesh Tp, fix the fine mesh 7; and refine the coarse mesh Ty, and refine simultaneously
the coarse mesh 7y and the fine mesh 7;. In this section, we actually replace the calculation of
lup, —ul || by ||u—uj|, so that we avoid the “exact” solution of (3.12) for the evaluation of the
algebraic error (the committed error is negligible).

Refining the fine mesh for a fixed coarse mesh

Here we fix the coarse mesh Ty to 512 triangular subdomains and consider the fine meshes Tj,
with respectively 32768, 294912, and 819200 triangles (82176, 738048, and 2049280 unknowns).
We report the results in Figure 12. Similar convergence rates are achieved, though the contrac-
tion factor slightly increases with the fineness of the mesh 7p,.

o
o

Contraction factor
I~ o
£ ()]

o
o

0 5 10 15 0 5 10 15

Iteration j Iteration |
Figure 12: [Test 1] Left: approximate algebraic error ||[u — u{bH Right: the corresponding
contraction factor given by (9.1). Coarse mesh Ty of 512 triangular subdomains fixed, fine

meshes 7, with respectively 32768 (green dashed line), 294912 (blue solid line), and 819200 (red
dotted line) triangles (respectively 82176, 738048, and 2049280 unknowns).
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Refining the coarse mesh for a fixed fine mesh

Now we fix the fine mesh 7, to 819200 triangles (2049280 unknowns) and vary the coarse mesh
T to respectively consist of 512, 2048, and 4608 triangular subdomains. In Figure 13, we
observe that as we increase the number of subdomains, the convergence rates get slightly better.

2 08 ~v-v—
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0 5 10 15 0 5 10 15
Iteration j Iteration |

Figure 13: [Test 1] Left: approximate algebraic error ||[u — ule Right: the corresponding
contraction factor given by (9.1). Fine mesh 7, of 819200 triangles (2049280 unknowns) fixed,
coarse meshes Tg with respectively 512 (green dashed line), 2048 (blue solid line), and 4608 (red
dotted line) triangular subdomains.

Refining simultaneously the fine and the coarse meshes

We suppose finally that we have three coarse meshes 7 with respectively 648, 5832, and 10368
triangular subdomains and associated three fine meshes 7;, with respectively 209952, 472392,
and 839808 triangles (respectively 525528, 1181952, and 2100816 unknowns). In Figure 14, the
convergence rates (contraction factors) seem to be rather stable in this setting.
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Figure 14: [Test 1] Left: approximate algebraic error ||[u — ugl|| Right: the corresponding
contraction factor given by (9.1). Coarse meshes Ty and fine meshes 7, with respectively 648
triangular subdomains and 209952 triangles (green dashed line), 5832 triangular subdomains
and 472392 triangles (blue solid line), and 10368 triangular subdomains and 839808 triangles
(red dotted line) (respectively 525528, 1181952, and 2100816 unknowns).
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9.1.5 Behavior of Algorithm 8.1 for non-Cartesian coarse and fine meshes

In this test, we use non-Cartesian coarse and fine meshes. We still use the same data as in
[Test 1]. The coarse and fine meshes are illustrated in Figure 15; the number of unknowns in

the liner system (3.12) is 37650.

Figure 15: [Test 1, unstructured meshes| Left: the coarse mesh 7z with 6 triangular subdomains

;. Right: the fine mesh 7; with 15000 triangles.

Convergence

In Figure 16, we trace the algebraic error ||uj — ui” and the contraction factor defined by
(9.1). A comparison between Figure 16 and Figure 6 shows a similar behavior. Although the
convergence is not as fast as in Figure 6, it remains uniform, confirming the effectiveness of our

domain decomposition algorithm.
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Figure 16: [Test 1, unstructured meshes] Algebraic error ||uj — u{LH (blue solid line, left scale).
Contraction factor given by (9.1) (red dashed line, right scale).

A posteriori estimates of the algebraic error

Similarly to Figure 7, Figure 17 presents the lower bound error estimator 7)’, the error |luy, —ufl I,
and the upper bound error estimator 1/, all as functions of the iteration index j. We observe
a close correspondence, particularly for the lower bound. The quality of our a posteriori error
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estimators is illustrated more closely in Figure 18, where we show the effectivity indices of both
the lower and upper bounds, as defined in (9.2). Here, we observe the influence of non-Cartesian
subdomains on the error and a posteriori error estimators. Although a close correspondence is
still observed, the Cartesian case, shown in Figures 7 and 8, yields better results.

Error
Jo)

-10

0 5 10 15
Iteration |

Figure 17: [Test 1, unstructured meshes|] Algebraic error ||uj, — uiLH (blue solid line), upper
bound 7/ (red dotted line), and lower bound 7 (green dashed line).

Effectivity index
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Figure 18: [Test 1, unstructured meshes| Effectivity indices I g (green solid line) and I.g (red
dashed line) from (9.2).

9.2 Test 2: piecewise constant diffusion tensor aligned with the coarse mesh

We now consider a second test case with a piecewise constant diffusion tensor S = c(x,y)I,
where the variations of ¢(z,y) are illustrated in Figure 19. We first consider the values of ¢(x, y)
equal to 1 and 107 but later we let this contrast vary in a robustness study. A similar test case is
used in Anciaux-Sedrakian et al. [2, Section 5.3]. We set the source term f = 1 and the Dirichlet
boundary condition p(z,y) = 0 on I'p = Q. The coarse mesh Tz of 32 triangular subdomains
of Figure 19 together with a fine mesh of 12800 triangles (32160 unknowns) will be used for all
the numerical simulations below. The zero initial guess (u),p}) = (0,0) will still be employed
in Algorithm 8.1.

25



1.0e+07
[ 9e+6
— 8etb
—Tet+é
__ be+b
| B S5e+6
— deté

— Je+b

2eté

[ Teté
1.0e+00

Figure 19: [Test 2] Variations of the coefficient ¢(x,y) across the domain.

9.2.1 Convergence for a fixed diffusion contrast

IsoValue
m-0.000537452

Figure 20: [Test 2] Left: exact mixed finite element flux u;, from (3.12). Right: exact mixed
finite element potential py, from (3.12).

In Figure 20, we present the exact solution (wp,pp) of the mixed finite element discretiza-
tion (3.12). We observe a formation of very narrow and strong Darcy flow fields in the subdomain
tips caused by the huge contrast 1 : 107.

In the initialization step 0 of Algorithm 8.1, the use of Construction 5.1 yields a normal-trace
continuous flux u}l lying in thf,i, with divergence equal to f, together with the corresponding
potential p}b in Wy .. In Figures 21, 22, and 23, we illustrate the corrections made in Construc-
tion 5.1 by respecti’vely the coarse-grid solver of step 2, the subdomain Neumann solver of step 3,
and the coarse grid correction of step 4. As in Section 9.1.1, we observe a nice progress from
the initial zero guess to the target approximate solution of Figure 20 in all steps.

In Figure 24, we trace the algebraic error |||u;, — ||| and the corresponding contraction
factor defined as in (9.1) (using the energy error). We see a substantial reduction of the algebraic
error on each step of Algorithm 8.1 (except for the initialization) and a fast convergence, which
validates the effectiveness of our algorithm. A

In Figure 25, we report the lower bound error estimator 7/, the error |||u, — uj |||, and the
upper bound error estimator 77 of Theorem 8.3. In the consecutive Figure 26, we plot the lower
bound effectivity index .4 as well as the upper bound effectivity index Iog, defined as in (9.2).
We observe very good results, even for the huge diffusion contrast 1 : 107,

In Figure 27, we then plot the spatial distribution of the error |||uy, — u}|||, the algebraic
error lower estimators a!||4} — u}|||k, and the elementwise algebraic error upper estimators
||w), + HzaTN(SVﬁ%)\H K on the 1st iteration, j = 1. We again observe a very close prediction of
the distribution of the algebraic error, even for the huge diffusion contrast 1 : 10”. In Figure 28,
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Figure 21: [Test 2] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: 52}2.
Center: 52’3. Right: 621’4.
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Figure 22: [Test 2] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: wu,,

6?{’2. Center: u2’3 = u?l’z + 62’3. Right: Rp(u?,p)) =ui = u2’3 + 6%4.

IsoValue

Figure 23: [Test 2] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: pg’z = r?f.
Center: py® = p)? + 7%, Right: Rp(u),p)) = ph = py® + r5t.

the same results are plotted for iteration j = 14, again with a very close match. For illustration,
we also plot the elementwise errors ||p, — pi||x and ||pn, — pit||x in Figure 29.

9.2.2 Robustness with respect to a varying diffusion contrast

We now let ¢(x,y) be still piecewise constant as in Figure 19, but we let the diffusion contrast
vary from 10! to 10%. Table 1 shows the iteration numbers needed to reduce the initial algebraic
error estimator n! by the factor 10°, i.e., five orders of magnitude. The number of iterations
remains constant (or even decreases with increasing the diffusion contrast), clearly indicating
that Algorithm 8.1 is in this case robust with respect to the diffusion contrast. This is an
excellent property for a domain decomposition solver for applications in porous media.

27



o

S
2
. 11z
S o
i
105¢
(@]
O

0

0 5 10 15

Iteration |

Figure 24: [Test 2] Algebraic error |||uy, — u{t||| (blue solid line, left scale). Contraction factor
Jwn — w1 /lllwn — ||| (red dashed line, right scale).
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Figure 25: [Test 2] Algebraic error |||uj, — 'u;ZL|H (blue solid line), upper bound 7/ (red dotted
line), and lower bound 7’ (green dashed line).

9.3 Test 3: piecewise constant diffusion tensor not aligned with the coarse
mesh

In this test, we continue similarly as in the above Test 2, inspired by [2, 25]. The aim is to
study two situations, the first where the discontinuities in ¢(x,y) do not correspond to the
coarse mesh, and the second where the interfaces of the coarse mesh cross the discontinuities.
Figure 30 illustrates these two settings; we let c(x,y) vary respectively in the range 1,...,10%
and 10°,...,108. .

As in Figure 24, we plot in Figure 31 the algebraic error [[|uj, — ||| and the corresponding
contraction factor for the two test cases. We again observe a substantial reduction in the
algebraic error at each step of Algorithm 8.1, and a fast convergence, confirming the efficiency
of our algorithm. .

As in Figure 25, Figure 32 illustrates the lower-bound error estimator 1/, the error |||u,—u} ||,
and the upper-bound error estimator 7’ for the two test cases. Finally, similarly, as in Figure 26,
Figure 33 represents the lower effectivity index I g and the upper effectivity index Iog for both
test cases. Similar overall behavior is observed.
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Figure 26: [Test 2] Effectivity indices I g = |Huh—ui|H /n’ (green solid line) and Ieg = 17 /|||up —
u?l||| (red dashed line).

Figure 27: [Test 2] Left: elementwise 1st iteration flux errors |[|us, —u} |||x. Center: elementwise
1st iteration algebraic error lower estimators a'|||@} — u} |||x. Right: elementwise 1st iteration
algebraic error upper estimators |||u} + H?TN(SV]?%)M K-

Figure 28: [Test 2] Left: elementwise final flux errors |||u, — uit||| k. Center: elementwise final

algebraic error lower estimators o'|||a}* — w}|||x. Right: elementwise final algebraic error

upper estimators |||u,1L4 + szTN’(SVﬁ;lZS)mK-
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IsoValue

IsoValue
m-3.75286-09
m1.8764e-09
m562926-09

6118
026196
0317571

Figure 29: [Test 2] Left: elementwise 1st iteration potential errors ||ps, — p} || k. Right: element-
wise final potential errors ||p, — prt|| k.

Diffusion contrast [10f[102[103]10%[10°[10%]107]10%
Number of iterations| 19 | 16 | 15 | 15| 15| 15| 15| 15

Table 1: [Test 2] Number of iterations needed to reduce the initial algebraic error estimator n'
by the factor 10°, depending on the diffusion contrast.

9.4 Test 4: piecewise constant diffusion tensor not aligned with the coarse
mesh and with irregular interfaces

In this test, we still build upon the Test 2 above, using this time the coarse and fine meshes
shown in Figure 1 while varying the parameter c¢(x,y). The variations in ¢(z,y) are depicted
in Figure 34 — we consider values of c(z,y) equal to 1 and 107. The objective is to study a
situation where the interfaces of the coarse mesh cross the discontinuities of ¢(z,y) and where
the interfaces of the discontinuities are irregularly shaped. .

As in Figure 24 and Figure 31, we plot in Figure 35 the algebraic error ||uj — wj ||| and
the corresponding contraction factor. We again observe a substantial reduction in the algebraic
error at each step of Algorithm 8.1, and a fast convergence, though a less “smooth”.

As in Figures 25 and 32, Figure 36 illustrates on the left the lower-bound error estimator
1’ and the error |||u;, — uj ||| and on the right the lower effectivity index I.q. Similar overall
behavior is observed. For the upper bound error estimator n?, we were not able to obtain
pertinent results with our code due to difficulties in computing the gradient across irregularly
shaped discontinuity interfaces.

10 Conclusions and perspectives

In this paper, we have introduced a nonoverlapping domain decomposition algorithm for saddle-
point mixed finite element discretizations of the Darcy flow problem. We have also designed a
posteriori error estimators that control the algebraic error from above and from below in a fully
computable way (assuming round-off errors are neglected), and this for any iterative algebraic
solver. The contraction of the domain decomposition algorithm and the reliability and efficiency
of a the posteriori error estimates have been demonstrated on different 2D numerical examples.

This work can be extended in several directions. Firstly, a proof of contraction of the domain
decomposition algorithm and of the efficiency of the a posteriori error estimates is to be given.
Next, it would be interesting to extend the numerical validation to 3D cases in order to confirm
the theoretical results beyond the 2D examples presented in this work. Finally, it would be
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Figure 30: [Test 3] Variations of the coefficient c¢(z,y) (in log;q scale) across the domain for the
Skyscraper test case: Left: the discontinuities do not correspond to the coarse mesh. Right: the
interfaces of the coarse mesh cross the discontinuities.
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Figure 31: [Test 3] Algebraic error |||up — ui\” (blue solid line, left scale). Contraction factor
|[|wep, — ufflm/ llwn, — u} ||| (red dashed line, right scale): Left: the discontinuities do not corre-

spond to the coarse mesh. Right: the interfaces cross the discontinuities.
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Figure 32: [Test 3] Algebraic error |||uy, — u%\” (blue solid line), upper bound 7/ (red dotted
line), and lower bound 7/ (green dashed line): Left: the discontinuities do not correspond to the
coarse mesh. Right: the interfaces cross the discontinuities.

interesting to investigate the use of a step in the proposed algorithm as a preconditioner for
Krylov subspace methods [30], which may accelerate their convergence.
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Figure 33: [Test 3] Effectivity indices I 4 = |Huh—u§1|H /n’ (green solid line) and Iog = 1/ /|[|up —
w) ||| (red dashed line): Left: the discontinuities do not correspond to the coarse mesh. Right:
the interfaces cross the discontinuities.
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Figure 34: [Test 4] Variations of the coefficient ¢(x,y) (in log;, scale) across the domain.
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Figure 35: [Test 4] Algebraic error |||up — ui\” (blue solid line, left scale). Contraction factor

[[wn —

Jj+1
h

I /|l|wn — ufl|]| (red dashed line, right scale).

A The lowest-order space M), on simplices

In this appendix, we discuss several points related to the elementwise postprocessing space My, j,
used Section 6.2; we focus on simplicial meshes. We consider

M =g, Mpp(K),
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Figure 36: [Test 4] Left : Algebraic error |||uy — ui||| (blue solid line) and lower bound 7/ (green
dashed line). Right: Effectivity index Ig = |||usn, — uj|||/77.

where My, ,(K) is a polynomial space on each mesh element K € 7j such that a function
Pn € My (K is uniquely prescribed by

(Phs qn) ik = (Phs Gn) K Van € Wi(K), (A.2a)
Py i) F = (An, bh) F Vup € Ui (F) and F € Fk (A.2b)

for some (pn, \n) € Wi(K) X [[per, Yr(F). Suitable spaces My, (K ) are developed in [3, 5, 38];
we detail some prominent possibilities in the lowest-order case k£ = 0 in Section A.2. Before, in
Section A.1, we state an equivalence result for a general class elementwise postprocessings we
are interested in.

A.1 Equivalent postprocessing properties

Recall the S-weighted L?(K)-orthogonal projection of (3.9). The following equivalence holds
true for an arbitrary function py, in the Sobolev space H'(K) (unrelated to any polynomial space

My i (K)).

Lemma A.1l. (Equivalent postprocessing properties) Let a mesh element K € Ty be fixed and
let (wn,ph, An) € RTN(K) x Wi(K) X [Iper, Yi(F) be such that

nyvnng)ox = — (S tup, vp)k + (pn, V-on) i (A.3)

for all v, € RTNi(K), as in (3.13a) or, when k = 0, in (6.1). Then, a function p,, € H'(K)
satisfies

(Phs qn) ke = (Phsan)e Yan € Wi(K), (A.da)
(Dryn)p = Anspn)r - Vpn € Wi(F) and F € Fi (A.4b)
if and only if
(Phs an) ik = (Phs ) K Van € Wi(K), (A.5a)
—(STIR™MSVEL), o)k = (S up, o) Vo, € RTNG(K), (A.5b)

or, equivalently for (A.5b),
~IIF™N(SVE,) = uy,. (A.6)
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Proof. We follow [3, 5, 9, 38] and show two implications, using the definition of the projector
HZQTN’ from (3.9) and Green’s theorem, leading to

_ _ 3.9 - N .
—(S 1HZ‘TA/(SVph),vh)K (22 —(VPn,vn)k = (Pn, V- U)Kk — (Ph, Vn'DK )oK (A7)
for all v, € RTN,(K). Recall also that V- RTN,(K) = Wi(K) and (RTNi(K)ng)|p =
U (F) for all F € Fik and that (A.4a) and (A.5a) coincide.

1. =. ((A.4) implies (A.5)) Let v, € RTN;(K) be arbitrary. We have

_ . AT) .
—(ST'IFTMS Vi), vn) K (D (Pn: Vo) — (P, vpng)ok

A
(A (Ph, V-vr) Kk — (An, V0K )oK

A3)
=y (S~ up, vp) ks
which is (A.5b).

2. <. ((A.5) implies (A.4)) Let F € Fi and take vy, € RTN,(K) such that (v, ng)|m =0
for all F' € Fi, F # F'. We have

5 AT } i
(D, vpnK)F (LD (ST'IR™MSVL), vn) i + (s V- on) i
A5b _ )
(A2 — (S up, v i + (P, V-vn)x
A.ba _
(2 —(S 1"h,vh)K + (pn, V-op) K
(A3)

(An,vpng)p

which is (A.4D).

A.2 Choices for the space M, in the lowest-order case

Let K € Tp, be a simplex. From [3, 5, 9, 38], the following are prominent possibilities for the
polynomial space My, o(K):

A.2.1 Nonconforming Ps-bubbles

From [3, 5] it is known that one choice for the lowest-order space My, o(K) is
Mpo(K) :=Pi(K) ® By (K).

Here, recall, P1(K) is the space of polynomials of total degree less than or equal to 1 defined
in the simplex K. For the basis, we choose the Crouzeix—Raviart functions ¢r € P;(K) [12]
satisfying
1 1)/
WZl and W:O for all F' € Fg, F # F'. (A.8)
The space Bo(K) is then the span of the following nonconforming Ps-bubble function (see [3,
Sections 4.1 and 10))

(x) + 93 (@) + vi(x)) if d =2,

bgyK(w) = %
2(x) + 3 () + 3 (x) + 3 (x)) if d =3.



Here ); are the hat functions, i.e., the affine functions that take value one at the vertex ¢ and
zero at the other vertices of K. The functions b i vanish at the Gauss points of each F' € Fy
and are of mean value 1 in K, or equivalently

(bo,k, 1) F (bar, 1)K
WA g 2Ky g all Fe F (A.9)
| F| | K|

From the above, we want to construct a function pj, by using the definition (A.2) for k = 0.
This function is such that

DPh = Z apYr + Brbz i (A.10)
FeFg

for some constants ar and Sx. To determine the constants ar and Sk, we use (A.8) and (A.9)
and obtain

P, )r = ap(W¥r, 1)F + Br(bok, 1) = ap|F| VF € Fg,

Bk = | Y app, 1| +BklK|.
FeFk K

This together with (A.2) yields

(A.2b) (A, D)

(A-2a) (pn, 1)K FEFK K
ral '

and ﬁK
K] K]

ap

If (A.3) holds, we know from Lemma A.1 that the construction of p, is equivalent to finding
Pr € My o(K) such that

(Vi = (prs D and = TIFTV(SVp) = .
A.2.2 Potential space of STIRTA(K)
From [38], we know that we can define the space M, o(K) such that
SVMy,o(K) = RTNy(K). (A.12)
This is indeed possible from Assumption 2.1, item Assl, and yields
Mpo(K) C Po(K).

If (A.3) holds, we know from Lemma A.1 that the construction of p;, € My o(K) using defini-
tion (A.2) is equivalent to finding pj, € My, o(K) such that

(Pr, )k = (pn, 1)k and  — SV, = up, (A.13)

where we have crucially used (A.12) which gives —HZzTNS Vpn, = —=SVpy,.
In detail (for d = 2), let up = (a1 + Sz,a2 + By). In order to satisfy (A.13), the function
Pr = p12° + p2y® + p3wy + paw + psy + pe is such that

o= _ BS2 Dy = _BSu s = BS12 by — 22512 — 2152 s = 1812 — @281
2|8 2|8 S| S| 7 S| ’

and pg is given so that (pp, 1)k = (pn, 1)k is satisfied. Here S;; and |S| denote the elements
and the determinant of S, respectively. Similar algebraic manipulations give a unique function
P, satisfying (A.13) also in the case d = 3.

35



A.2.3 Ps-bubbles
For d = 2, another possible choice for the space My, o(K) is, following [3, 5],

Mio(K) == P1(K) & Bs(K). (A.14)

The space P;1(K) is as defined in Section A.2.1 and B3(K) is the span of the following Ps-bubble
function

bs, i () = 1(x)h2(2)Ps(x).

Note that the bubble function b3 i vanishes on each edge of the triangle K. We can thus use
the same arguments as in Section A.2.1 to construct an appropriate py € My, o(K).

A.2.4 Remarks

We finish by two remarks.

Remark A.2 (Uniqueness). As it follows from the above, the choice of the space My, o(K) is
not unique. However, for each fized space My, o(K), the construction of py, satisfying (A.2) is
UNIqUe.

Remark A.3 (Approaches of Sections A.2.1 and A.2.2). In the case of d = 2, S = ol with
a € R, and for equilateral triangles, the spaces My, o(K) discussed in Sections A.2.1 and A.2.2
turn out to be equal, see [9, Lemma 4.2]. In general, though, approaches of Section A.2.1 and
Section A.2.2 generate different spaces My, o(K) and thus different functions py,.
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