A Synthesis of A Posteriori Error Estimation
Techniques for Conforming, Non-Conforming, Mixec
and Discontinuous FEM

Mark Ainsworth
Joint work with Richard Rankin

www. mat hs. strat h. ac. uk/ "Taas98107

Mathematics Department, Strathclyde University, Scatlan

University of

%
Strathclyde

Glasgow

Paris Workshop, October 2008 — p. 1/7



Model Problem

Consider
—div(Agradu) = finQ (Polygonal Domain)
subject to
u=gponl'p; m-Agradu = gy onl'y,
wherel'p N I'y = 002 are disjoint.

Source Term: f e La(Q);
Boundary Flux: gy € Lo(T'n);
Permeability Matrix: A € L. (Q; R?*2)symmetric positive definite

Assume:A piecewise constant on sub-domains
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Initial Finite Element Partition

Initial meshPy consists of

» shape reqgular triangular elements (locally quasi-unijprm
» mMmatches material interfaces;

» non-empty intersection of distinct elements is single cammdge or
single common vertex.

... usual assumptions.
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Refined Finite Element Partitions

For/ € N, P, obtained fronP,_; by

» subdividing a marked set of elemertsinto four congruent
sub-triangles.

... generatebBanging nodes
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Finite Element Partitions—Typical Example
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Finite Element Partitions—Typical Example
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Discontinuous Galerkin FE Approximation

Let P denote a particular megb for ¢ € N, and denote

Xp={veH' (P):vg eP1(K) VK €P}.
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Discontinuous Galerkin FE Approximation

For fixedr € |1, 1], define bilinear form oBp, : Xp x Xp — R by

Br(v,w) = Z (agradp v, gradp w) g
KeP

- 2 [ ) = 7l (o) o

’YESIUgD v

> %L[v][w]ds

’}’Egjugp v

where(o, (v)) is average value of normal derivative, dnglis the value
of jJump on element boundary.
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Discontinuous Galerkin FE Approximation

Define linear forml.- : Xp» — R by

L (w) = Z(f,wK)K-F Z /gNwds

KeP ’765]\7 v

—7 > [ gp (ov(w)) ds

ve€Ep v

K
+ Z ELngds.

’Végp
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Discontinuous Galerkin FE Approximation

SeekUp € Xp:
Br(Up,v) =L,(v) YveXp

Special Cases:
o 7 = 1:Symmetricinterior Penalty Galerkin (Arnold, Wheeler, ...)
o 7 = —1:Non-symmetriqBabuska, Oden and Baumann)
o 7 =0 :Incompletg(Girault, Wheeler, ...)
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Choice ofx

Let .S i denote element stiffness matrix with entries
Sl jp = / (erad \) T A (grad \,) da
K

where{)\; }?:1 denote barycentric coordinates én
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Choice ofx

Theorem 2 (MA & Rankin, 2008)

Let p(S i) denote spectral radius . If

k> (1+7)*maxgep p(Sk), then there exists a unique discontinuous
Galerkin FE approximation.
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Choice ofx

Theorem 3 (MA & Rankin, 2008)
Let p(S i) denote spectral radius . If

k> (1+7)*maxgep p(Sk), then there exists a unique discontinuous
Galerkin FE approximation.

o fully explicit, computable bound on value of interior petyal
parameter;

» boundindependendf number of levels of hanging nodes;
» Improves on bound obtained by Shabazzi (2005);

o different bound obtained by Epshteyn and Riviere (2007) ...
sometimes better, sometimes worse.
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‘Choosex = 10’

Often hear advice to ‘choose= 10’ to ensure that SIPG is stable.
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‘Choosex = 10’

Let A\ = al, and

h2

YCOK

then@ > /3, and spectral radius given by

p(Si) = 50 (Q+ V@ =3).
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‘Choosex = 10’
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‘Choosex = 10’
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large enough forandomtriangle is

IS

10

For SIPG, probability that

48%.
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‘Choosex = 10’

large enough forandomtriangle is

101s

For SIPG, probability that

48%.

Alternatively, if ratioh /p < 3.1, thenx = 10 will be stable for SIPG.
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A Posteriori Error Bounds
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A Posteriori Error Estimation

Aim—To derive computable upper bound for ereot u — unc IN €nergy
norm

ol = 3 [ (gradpe) Agradpc
Kep

and/or DG-Norm
2 2 R 2
Jelfb = lel + 3 7 [ fel? as
y TN

such that
» all constants should be given in upper bound,;
» obtain local lower bounds;

» costis practically negligible compared with cost of obtaghDG
approximation.
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Decomposition of Error

Error in flux may be split as
op(e) =agradpe = o(x) + curly
whereconforming errory € H}.(Q):
(agrad x, gradv) = (agradp e, gradv) Vo € HE(Q)
andnon-conforming error) € H:

(a ! curle, curlw) = (a”top(e), curlw) = (gradp e, curlw) Yw € H.

Orthogonaln broken energy norm

2
* loll* = ) lla"/* gradp v||%
Sirathayde Kep
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Estimation of Conforming Error
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Estimation of Conforming Error

Want: Exploitlocal conservation propergf DGFEM. i.e.

/ ngs—i—/ fdx =20
OK K

where fluxeg)x € Ly(OK) given by

2

pi ({ou(Up)) — kb3 [Up]) onvy € &(K)

gy =g ov(Up) — khy'(Up —gp) onvy € Ep(K)

gN onveé’N(K).

\

Same property holds for averaged flux.
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Estimation of Conforming Error

Letv € H1,(2) be given. Then,

(a grad y, grad v)
= (agradpe,gradv)

(fyv) + /F gnv — (agradp Up, grad v)
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Estimation of Conforming Error

Letv € H1,(2) be given. Then,

(a grad y, grad v)
= (agradpe,gradv)

(fyv) + /F gnv — (agradp Up, grad v)

Now localise to elements using DG-flyx :

(a grad x, grad v)

= {(f,U)KJr/a

gxv — (agradp, Up, grad v)K}
KeP K
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Estimation of Conforming Error

Suppose (see later) can fiag; such that for alb € H},(K)

(or,gradv)g = (f,v)K —1—/ grxv — (agradp, Up, grad v) .
0K
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Estimation of Conforming Error

Suppose (see later) can fiag; such that for alb € H},(K)

(or,gradv)g = (f,v)K —|—/ grxv — (agradp, Up, grad v) .
0K

Then

(agrad y, grad v) = Z (or,gradv) g
KeP

>~ <3
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Estimation of Conforming Error

Suppose (see later) can fiag; such that for alb € H},(K)

(or,gradv)g = (f,v)K —1—/ grxv — (agradp, Up, grad v) .
0K

Then

(agrad y, grad v) = Z (or,gradv) g
KeP

Apply Cauchy-Schwarz and simplify to obtain

2 _
IxII* < ) (A ok, ok).
KePp

Only thevalueof norm of o x mattersnot o i per se
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How to construct j ?

Want: o i such that for alb € H},(K)

(or,gradv)g = (f,v)K —1—/ gxv — (agradp, Up, grad v) k.
0K
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How to construct j ?

Want: o i such that for alb € H},(K)

(or,gradv)g = (f,v)Kk —|—/ gxv — (agradp, Up, grad v) k.
0K

» local conservation property of DG means that data satisfies
compatibility condition

# assume (remove later) that dgtandg are piecewise polynomial
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How to construct j ?

Want: o i such that for alb € H},(K)

(or,gradv)g = (f,v)K —|—/ gxv — (agradp, Up, grad v) k.
0K

e EBG-lUX g IS discontinuougpiecewise polynomial on boundary of

Srathcydfement.
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Special Case: No hanging nodes
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Special Case: No hanging nodes

o DG-flux g Is continuougpiecewise polynomial on each edge,;
# Source terny continuougpolynomial on element;

» Neumann datg continuougolynomial on each edge.

*Means we can find a simple formula for normeof: € RTj(K).
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Special Case: No hanging nodes

Y5l T A-1
My = (£ —x;) A ' (x — xp)dx
4K Jk !

andR = (Ry, Ry, R3), then (c.f. MA, SINUM 2006)
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Special Case: One hanging node per edge.
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Special Case: One hanging node per edge.
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Special Case: One hanging node per edge.
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Special Case: One hanging node per edge.

... chooseR; so that sub-element has compatible data (i.e. prestwabk
~ gpnservation property).
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Special Case: One hanging node per edge.

Let M - denotesamematrix as before, viz.

il ] T A-1
My = 4L\7K]2 K(a:—a:j) A (x — xp) dx
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Special Case: One hanging node per edge.

Let M - denotesamematrix as before, viz.

il ] T A-1
My = 4L\7K]2 K(a:—a:j) A (x — xp) dx

DefineR, = (R}, R%, R3) 2
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Special Case: One hanging node per edge.

Let M - denotesamematrix as before, viz.

il ] T A-1
My = 4L\7K]2 K(a:—a:j) A (x — xp) dx

Let By, ..., R4 denote vectors iik3 formed from residuals on boundaries
of virtual elements, then
4

1 ~
(Ao, oK) _ZZ M i Ry,

.. essentially for free.
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General Case: Arbitrary number of hanging nodes
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General Case: Arbitrary number of hanging nodes
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General Case: Arbitrary number of hanging nodes

Decompose into four sub-domains widhe fewer edge node
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General Case: Arbitrary number of hanging nodes

Decompose into four sub-domains widhe fewer edge node
Proceedecursivelyon each sub-domain to reduce to situation of no edge
nodes.
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General Case: Arbitrary number of hanging nodes

Decompose into four sub-domains widhe fewer edge node
Proceedecursivelyon each sub-domain to reduce to situation of no edge

nodes.
Accumulatenormsof o i over sub-domains to obtain value over original

lement ... again, practically for free.

fiEXI)

!
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Computable Upper Bound on Conforming Error

Theorem 4

2 2
[l < E NCEK
KeP

where
2 1
ek = (A7 0k,0K),

IS computed using recursive procedure.
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Computable Upper Bound on Conforming Error

Theorem 6 (MA & Rankin, 2008)

2
Ixl” < Z NCF. K

KeP
where

77(2:F,K = (A oK, oK),
IS computed using recursive procedure.

» Also local lower bound up to generic constant (depends onoeumf
levels of hanging nodes).

» Case of non-polynomial datAand ¢ introduces usuabscillation
terms (we givall multiplicative constantsxplicitly).

University of &3
Strathclyde
Glasgow Paris Workshop, October 2008 — p. 21/



Estimation of Non-Conforming Error
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Estimation of the Non-conforming Error

Picku* € HL,(Q) ={ve H'(Q):v=00nTp}.
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Estimation of the Non-conforming Error

Picku* € HL,(Q) ={ve H'(Q):v=00nTp}.
Recall,yy € H = {w € H'(Q)/R : w constant ol 5 } satisfies

(A~ curl v, curl w)
= (gradpe,curlw) YweH
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Estimation of the Non-conforming Error

Picku* € HL,(Q) ={ve H'(Q):v=00nTp}.
Recall,yy € H = {w € H'(Q)/R : w constant ol 5 } satisfies

(A~ curl v, curl w)
(gradp e, curlw) Yw e H

(gradp(u™ — Up), curlw) + (grad(u — u™), curl w)
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Estimation of the Non-conforming Error

Picku* € HL,(Q) ={ve H'(Q):v=00nTp}.
Recall,yy € H = {w € H'(Q)/R : w constant ol 5 } satisfies

(A~ curl v, curl w)
(gradp e, curlw) Yw e H
= (gradp(u” — Up),curlw) + (grad(u — u™), curlw)

Observe that

(grad(u — u™), curlw) = / (u—u")— =0.
NS 0s
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Estimation of the Non-conforming Error

Picku* € HL,(Q) ={ve H'(Q):v=00nTp}.
Recall,yy € H = {w € H'(Q)/R : w constant ol 5 } satisfies

(A~ curl v, curl w)
(gradp e, curlw) Yw e H

grad,(u” — Up), curlw) + (grad(u — v™), curl w
P
(gradp(u™ — Up), curlw) 4 0
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Estimation of the Non-conforming Error

Picku* € HL,(Q) ={ve H'(Q):v=00nTp}.
Recall,yy € H = {w € H'(Q)/R : w constant ol 5 } satisfies

(A~ curl v, curl w)
(gradp e, curlw) Yw e H
= (gradp(u” — Up),curlw) + (grad(u — u™), curl w)
= (gradp(u™ — Up),curlw) 40

Choosew = ¢ and apply Cauchy-Schwarz to get

(A~ curl 9, curl ) < (Agradp(u* — Up), gradp(u* — Up)).
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Estimation of the Non-conforming Error

Picku* € HL,(Q) ={ve H'(Q):v=00nTp}.
Recall,yy € H = {w € H'(Q)/R : w constant ol 5 } satisfies

(A~ curl v, curl w)
(gradp e, curlw) Yw e H
= (gradp(u” — Up),curlw) + (grad(u — u™), curl w)
= (gradp(u™ — Up),curlw) 40

Choosew = ¢ and apply Cauchy-Schwarz to get
(A~ curl 9, curl ) < (Agradp(u* — Up), gradp(u* — Up)).
Equality holds when* = v — ¢, SO

~Leurl 4, curl ) = min(A gradp(u” — Up), gradp(u™ — Up)).
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Estimation of the Non-conforming Error

Let u* ~ u beanysmooth (') approximation.
Obtaincomputable upper bourfdr non-conforming error

(A~ curl v, curl ¥) < (Agrady(u* — Up), gradp(u* — Up)).

Question: How to choosg* to obtaingoodbound?
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Construction ot.*

DG FEM approximatior/» known butdiscontinuous
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Construction ot.*
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Construction ot.*
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Construction ot.*
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Construction ot.*

Values at virtual edge nodes obtained by interpolatingasbfu* at two
nearesk or o nodes.
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Construction ot.*

Values at virtual edge nodes obtained by interpolatingasbfu* at two
nearesk or o nodes.

ALHIFLIR

e 269N Dirichlet boundaryp, takeu™® equal to Dirichlet data.
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Estimation of the Non-conforming Error

Theorem 7 Explicit upper boundor non-conforming error

9131 < D e

KeP

where
Mne,k = |[Up — u™|| g -

IS computed using recursive procedure basedan(local stiffness
matrix).
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Estimation of the Non-conforming Error

Theorem 8 Explicit upper boundor non-conforming error

2
|WH?4—1 < Z nnc,K
KeP

where

e,k = [[Up — ' -
IS computed using recursive procedure basedan(local stiffness
matrix).
Also

» |ower bounds:

# non-homogeneous Dirichlet conditions.
(Full details in MA & Rankin, 2008)

IAI
ityof &3
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Estimation of Total Error in Energy Norm

Upper bound on total error

2
lell < ) (e x +ic. i)
KeP
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Estimation of Total Error in Energy Norm

Upper bound on total error

2
lell < ) (e x +ic. i)
KeP

Question:Does this really control error?
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Estimation of Total Error in Energy Norm

Upper bound on total error

2
lell < ) (e x +ic. i)
KeP

Question:Does this really control error?

2
lelI* = > la'/? gradp e[
KeP

l.e. ... broken energy norm does not "see" jumps betweenegitm
Two possibilities ...
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Estimation in DG-Energy Norm

First Possibility:Estimate error in DG-Energy Norm

2 2 K 2
lelbe = llel® + > 7 le]ll5
Y
~yEOP
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Estimation in DG-Energy Norm

First Possibility:Estimate error in DG-Energy Norm

2 2 K 2
lel b = llel® + > 7 le]ll5
Y
~yEOP

Can use the fact tha¢| = [u]| — [Up| = — [Up| is computable.
Then, we obtain

2 2 K 2 2
lelbe < Y érr +mhcr) + h—H[UP]H7 < Clellpg -
KeP ~edP T
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Estimation in DG-Energy Norm

First Possibility:Estimate error in DG-Energy Norm

2 2 K
lellpe = llell” + E | 7 I[el|l?
¥
~yEOP

Can use the fact tha¢| = [u]| — [Up| = — [Up| is computable.
Then, we obtain

2 R 2
lellpe < Z (ner.x + Mic i) + Z h—H[UP]Hg < Cllelpe -
KeP ~edP T

... butwho cares about DG-north
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Estimation of Conforming Error

Second Possibility... observe that estimator for broken energy norm
ALREADYbounds the jump terms.
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Estimation of Conforming Error

Second Possibility... observe that estimator for broken energy norm
ALREADYbounds the jump terms.
For « sufficiently largethere holds

K
Z h—H[e]H% <C Z (er i + TRic.K)
~edP Y KePp
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Estimation of Conforming Error

Second Possibility... observe that estimator for broken energy norm
ALREADYbounds the jump terms.

For « sufficiently largethere holds

K
Z h—H[e]H% <C Z (NEF.1c + MNC I
~edP Y KePp

How large?SAMEbound needed for DGFEM to be well-posed.

Universityof 3 7
Strathclyde
Glasgow Paris Workshop, October 2008 — p. 29/7



Estimation of Conforming Error

Second Possibility... observe that estimator for broken energy norm
ALREADYbounds the jump terms.
For « sufficiently largethere holds

> R < ¢ (e +mic.x)

~edP Y KePp

How large?SAMEbound needed for DGFEM to be well-posed.
Hence, obtain two-sided estimator in more natural norm

2 2
la'? gradpe|® = flell* < D (iR x + k) < Cllell”:
KeP

Generalises result from (MA, SINUM 2007) to case where tlaeee
hanging nodes (see MA & Rankin, 2008).
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Numerical Example—Poisson Problem

—Au=f InQ=(0,1)x (0,1)
u=0 ono

Data f chosen so that true solution is

2

1—z—y?*Q—-2)1—y) faxty>1
u(xvy):<

0 fz+y<1

\

on) = (0,1) x (0,1).
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SIPDG ( = 1, 2-levels of hanging nodes;= 10)
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SIPDG ( = 1, 2-levels of hanging nodes;= 10)
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SIPDG ( = 1, 2-levels of hanging nodes;= 10)
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SIPDG ( = 1, 2-levels of hanging nodes;= 10)
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SIPDG ( = 1, 2-levels of hanging nodes;= 10)
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SIPDG ( = 1, 2-levels of hanging nodes;= 10)
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Performance of Estimators
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Effectivity Index of Estimators
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Numerical Example—L-shaped Domaip-DGFEM

—Au=f InQ=(0,1) x(0,1)
u=0 ono

Data f chosen so that true solution is

u(z,y) = (1 —22)(1 — y?)r?3sin %9

on usual L-shaped domain.
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SIPDG ( = 1; 1-levels of hanging nodes;)
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SIPDG ¢ = 1; 1-levels of hanging nodes;)
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SIPDG ¢ = 1; 1-levels of hanging nodes;)
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SIPDG ¢ = 1; 1-levels of hanging nodes;)
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SIPDG ( = 1; 1-levels of hanging nodes;)
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SIPDG ( = 1; 1-levels of hanging nodes;)
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Performance of Estimators
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