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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE.
@ Let uy, be its approximate numerical solution.

@ A priori error estimate: ||u — up||q < f(u)h9. Dependent on
u, not computable. Useful in theory.

@ A posteriori error estimate: ||u — up|lq < f(up). Only uses
up, computable. Great in practice.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE.
@ Let uy, be its approximate numerical solution.

@ A priori error estimate: ||u — up||q < f(u)h9. Dependent on
u, not computable. Useful in theory.

@ A posteriori error estimate: ||u — up|lq < f(up). Only uses
up, computable. Great in practice.
Usual form

o f(up)? = D TeT, nt(up)?, where nr(up) is an element
indicator.

@ Can be used to determine mesh elements with large error.
@ We can then refine these elements: mesh adaptivity.
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

© [[u—upl§ < Xreq, n7(Un)?
@ no undetermined constant: error control
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)
© [[u—upl§ < Xreq, n7(Un)?
@ no undetermined constant: error control
o remark (reliability): ||u — up|l < CY ez n7(uUn)?
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)
® [lu—unllg < Xreq, n7(Un)?
@ no undetermined constant: error control
o remark (reliability): ||u — up||3 < C Y req n7(Un)?
Local efficiency (local error lower bound)

2 2 2
® nT(Uh) < Ceff,T ZT’closetoT ”U - uh”T’
@ necessary for optimal mesh refinement

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG



| Abstract framework Pure dif. Conv.—react.—dif. C Classical a posteriori estimates

What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [lu—unllg < Xreq, n7(Un)?

@ no undetermined constant: error control

o remark (reliability): ||u — up|l < CY ez n7(uUn)?
Local efficiency (local error lower bound)

° ?7T(Uh)2 < Ct?ff,T ZT’closeto T ”U - Uh”%—/

@ necessary for optimal mesh refinement
Asymptotic exactness

® Y req nr(Un)?/|lu— uplf — 1
@ overestimation factor goes to one with mesh size
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

© [[u—upl§ < Xreq, n7(Un)?

@ no undetermined constant: error control

o remark (reliability): ||u — up|l < CY ez n7(uUn)?
Local efficiency (local error lower bound)

® ?7T(Uh)2 < Ct?ff,T ZT’closeto T ”U B Uh”%—/

@ necessary for optimal mesh refinement
Asymptotic exactness

® Y req nr(Un)?/|lu— uplf — 1

@ overestimation factor goes to one with mesh size
Robustness

@ C, 7 does not depend on data, mesh, or solution
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [lu—unllg < Xreq, n7(Un)?

@ no undetermined constant: error control

@ remark (reliability): ||u — up||3 < C>rer, n7(Up)?
Local efficiency (local error lower bound)

® 07(Un)? < Coi 7 27 closero 7 11U — Unl[F

@ necessary for optimal mesh refinement
Asymptotic exactness

© S req, nr(un)?/|lu — up|3 — 1

@ overestimation factor goes to one with mesh size
Robustness

@ C, 7 does not depend on data, mesh, or solution
Negligible evaluation cost

@ estimators can be evaluated locally
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Previous results on a posteriori error estimation in DG

DG, pure diffusion case
@ Karakashian and Pascal (2003), Becker, Hansbo, and
Larson (2003), residual-based estimates
@ Riviére and Wheeler (2003), [*-estimates
@ Ainsworth (2007), reconstruction of side fluxes

@ Kim (2007), Cochez-Dhondt and Nicaise (preprint, 2008),
Lazarov, Repin, and Tomar (preprint, numerical
experiments, 2008), reconstruction of equilibrated
H(div, Q)-conforming fluxes
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Previous results on a posteriori error estimation in DG

DG, pure diffusion case
@ Karakashian and Pascal (2003), Becker, Hansbo, and
Larson (2003), residual-based estimates
@ Riviére and Wheeler (2003), [*-estimates
@ Ainsworth (2007), reconstruction of side fluxes

@ Kim (2007), Cochez-Dhondt and Nicaise (preprint, 2008),
Lazarov, Repin, and Tomar (preprint, numerical
experiments, 2008), reconstruction of equilibrated
H(div, Q)-conforming fluxes

DG, convection—diffusion—-reaction case

@ Sun and Wheeler (2006), L2-estimates
@ Schétzau and Zhu (2008, preprint), res.-based estimates
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Previous results

Equilibrated fluxes estimates

@ Prager and Synge (1947)

@ Ladevéze and Leguillon (1983)
@ Repin (1997)

@ Destuynder and Métivet (1999)
@ Luce and Wohimuth (2004)
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Previous results

Equilibrated fluxes estimates

Prager and Synge (1947)
Ladevéze and Leguillon (1983)
Repin (1997)

Destuynder and Métivet (1999)
@ Luce and Wohimuth (2004)

Problems with discontinuous coefficients

@ Bernardi and Verflrth (2000), conforming finite elements
@ Ainsworth (2005), nonconforming finite elements
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Previous results

Equilibrated fluxes estimates

Prager and Synge (1947)
Ladevéze and Leguillon (1983)
Repin (1997)

Destuynder and Métivet (1999)
@ Luce and Wohimuth (2004)

Problems with discontinuous coefficients

@ Bernardi and Verflrth (2000), conforming finite elements
@ Ainsworth (2005), nonconforming finite elements

Convection—diffusion problems

@ Verfiirth (1998, 2005), conforming finite elements
@ Sangalli (2008), conforming finite elements
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Residual estimates for —Au = f

Corollary (Classical residual error estimate in FEs)
There holds (cf. Verfiirth 96)

1/2
IV(u—=un) < G Zh"%llerAUthr}
TeTy

1/2
+Cz{ > hFlI[[VUh'"]]HZF} :

FE}—h
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Residual estimates for —Au = f

Corollary (Classical residual error estimate in FEs)
There holds (cf. Verfiirth 96)

1/2
IVu—un)l < Ciq> hzrl!f+AUh|!27}
TeTy

1/2
+Cz{ > th[[wh-n]w%} .

FeFn

Drawbacks
@ What are C; and C»?
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Residual estimates for —Au = f

Corollary (Classical residual error estimate in FEs)
There holds (cf. Verfiirth 96)

1/2
IVu—un)l < Ciq> h2r|!f+AUh|!2r}
TeTy

1/2
+Cz{ > th[[wh-n]w%} .

FeFn

Drawbacks

@ What are Cqy and C»?
@ If Cy and C, evaluated: overestimation by a factor of 30
(uniform refinement) and 60 (adaptive refinement).
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Residual estimates for —Au = f

Corollary (Classical residual error estimate in FEs)
There holds (cf. Verfiirth 96)

1/2
IVu—un)l < Ciq> h2r|!f+AUh|!2r}
TeTy

1/2
+Cz{ > th[[wh-n]w%} .

FeFn

Drawbacks

@ What are Cqy and C»?
@ If Cy and C, evaluated: overestimation by a factor of 30
(uniform refinement) and 60 (adaptive refinement).

@ Aup = 0: hr|/f||+ as estimator gives no good sense.
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Residual estimates for —Au = f

Corollary (Classical residual error estimate in FEs)
There holds (cf. Verfiirth 96)

1/2
IVu—un)l < Ciq> hzrl!f+AUh|!27}
TeTy

1/2
+Cz{ > th[[wh-n]w%} .

FeFn

Drawbacks

@ What are C; and C»?

@ If Cy and C, evaluated: overestimation by a factor of 30
(uniform refinement) and 60 (adaptive refinement).

@ Aup = 0: hr||f||r as estimator gives no good sense.
@ Not robust for inhomogeneities.
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FEs residual constants Cy and C»

Constants C; and C,, Carstensen & Funken °00

1
Cinhr, VeV

Cy = 7
CEr oahr, VeVEY,
'
:
Cro=mE 2 v
C: = 3C; maxmax{hr/hph /| T|}

+3 3202max max{hr/hph /ITI(B+ hg/|T)}.
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Zienkiewicz—Zhu averaging estimate for —Au = f

Corollary (Zienkiewicz—Zhu averaging error estimate in FEs)
There holds (cf. Zienkiewicz—Zhu '87)
IV(u = up)ll S IVup +tal],

where t;, is an averaged smooth flux (but not
H(div, Q)-conforming).
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Zienkiewicz—Zhu averaging estimate for —Au = f

Corollary (Zienkiewicz—Zhu averaging error estimate in FEs)
There holds (cf. Zienkiewicz—Zhu '87)
IV(u = up)ll S IVup +tal],

where t;, is an averaged smooth flux (but not
H(div, Q)-conforming).

Drawbacks

@ No error upper bound (neither guaranteed, nor reliable).
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Zienkiewicz—Zhu averaging estimate for —Au = f

Corollary (Zienkiewicz—Zhu averaging error estimate in FEs)
There holds (cf. Zienkiewicz—Zhu '87)
IV(u = up)ll S IVup +tal],

where t;, is an averaged smooth flux (but not
H(div, Q)-conforming).

Drawbacks

@ No error upper bound (neither guaranteed, nor reliable).
@ Not robust for inhomogeneities.
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Equilibrated residuals estimate for —Au = f

Corollary (Equilibrated residuals error estimate in FEs)

Let o1 € H'(T), o7 =00n0Q, T € Ty, be the solutions of the
local problems

(Vor,Vvr)r = (f,vr)r — (Vun, Vvr)T + (97, VT)oT
Yvr € H'(T), vr = 0 on dQ.

Then there holds (cf. Ainsworth & Oden '00) e

IV(u—up)ll < {Z IIV¢TIIT}

TET,
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Equilibrated residuals estimate for —Au = f

Corollary (Equilibrated residuals error estimate in FEs)

Let o1 € H'(T), o7 =00n0Q, T € Ty, be the solutions of the
local problems

(Vor,Vvr)r = (f,vr)r — (Vun, Vvr)T + (97, VT)oT
Yvr € H'(T), vr = 0 on dQ.

Then there holds (cf. Ainsworth & Oden '00) e

IV(u—up)ll < {Z IIV¢TIIT}

TET,

Drawbacks

@ Infinite-dimensional local problems would need to be
solved to get a guaranteed upper bound.
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Equilibrated residuals estimate for —Au = f

Corollary (Equilibrated residuals error estimate in FEs)

Let o1 € H'(T), o7 =00n0Q, T € Ty, be the solutions of the
local problems

(Vor,Vvr)r = (f,vr)r — (Vun, Vvr)T + (97, VT)oT
Yvr € H'(T), vr = 0 on dQ.

Then there holds (cf. Ainsworth & Oden '00) e

IV(u—up)ll < {Z IIV¢TIIT}

TET,

Drawbacks

@ Infinite-dimensional local problems would need to be
solved to get a guaranteed upper bound.
@ Their approximation may be quite expensive.
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Motivations and key points

Motivations

@ establish an optimal abstract framework for a posteriori
error estimation in potential- and flux-nonconforming
methods

@ derive estimates satisfying as many as possible of the five
optimal properties
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Motivations and key points

Motivations

@ establish an optimal abstract framework for a posteriori
error estimation in potential- and flux-nonconforming
methods

@ derive estimates satisfying as many as possible of the five
optimal properties

Key points

@ focus on inhomogeneous and anisotropic diffusion
@ case of nonmatching meshes
@ singular regimes of dominant convection or reaction
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Energy norm A first computable estimate Augmented norm

e Abstract framework

@ Optimal energy norm abstract framework
@ A first computable estimate

@ Optimal augmented norm abstract framework
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
—V-(KVu)+B-Vu+pu = f inQ,
u = 0 onoQ
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
—V(KVu)+3-Vu+uu = f inQ,
u = 0 onoQ
Bilinear form
B(u,v) = (KVu,Vv) + (8-Vu,v) + (uu,v),  u,veH (T
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
—V(KVu)+3-Vu+uu = f inQ,
u = 0 onoQ
Bilinear form
B(u,v) = (KVu,Vv) + (8-Vu,v) + (uu,v),  u,veH (T

Weak solution
Find u € H}(Q) such that B(u, v) = (f,v) Vv e HJ(Q).
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
—V-(KVu)+B-Vu+pu = f inQ,
u = 0 onoQ
Bilinear form
B(u,v) = (KVu,Vv) + (8-Vu,v) + (uu,v),  u,veH (T
Weak solution
Find u € H}(Q) such that B(u, v) = (f,v) Vv e HJ(Q).
Energy norm
Decompose B into 5 = Bs + 34, where
Bs(u,v) = (KVu,Vv) + ((t — V-B)u, v),
Ba(u,v) == (B-Vu+ 3(V-B)u, v).
@ Bs is symmetric on H'(T3); put ||| v[||? := Bs(v, v)
@ 134 is skew-symmetric on H} ()
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Optimal abstract estimate in the energy norm

Theorem (Optimal abstract framework, energy norm

(Vohralik '07, Ern & Stephansen ’08))
Let u € H}(Q) and u, € H'(75) be arbitrary. Then

lu=vill< ot {lln=sll+  sup  {Bu-une)
seHy (€2) peHY(Q), lllelll=1

+ Ba(up — s, w)}}

<2[|u — unll
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Optimal abstract estimate in the energy norm

Theorem (Optimal abstract framework, energy norm

(Vohralik '07, Ern & Stephansen ’08))
Let u € H}(Q) and u, € H'(75) be arbitrary. Then

lu=vill< ot {lln=sll+  sup  {Bu-une)
seHy (€2) peHY(Q), lllelll=1

+ Ba(up — s, w)}}

<2[|u — unll

@ specific to the nonconforming and nonsymmetric (CDR)
case
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Optimal abstract estimate in the energy norm

Theorem (Optimal abstract estimate, energy norm)

Let u be the weak sol. and let u, € H'(7) be arbitrary. Then

llu=nll < _inf {llun sl
seHy (2)

Fo, s (=Y —ps )
tEH(dv.Q) e Ht(Q), llell=1

—(KVup+t, Vo) + (0 — 3V-8) (s — up), go)\}

< 2|[ju — unlll-

Properties
@ Guaranteed upper bound, quasi-exact, and robust.
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Optimal abstract estimate in the energy norm

Theorem (Optimal abstract estimate, energy norm)

Let u be the weak sol. and let u, € H'(Tp,) be arbitrary. Then

llu=nll < _inf {llun sl
seHy (2)

+ inf sup ‘(f_v.t—B-Vs—MS, )
tEH(dv.9) peH (@), llpll=1

—(KVup +t, Vo) + (1 — 3V-8) (s — un), ¢) \}

< 2|[ju — unlll-

Properties

@ Guaranteed upper bound, quasi-exact, and robust.
@ Holds uniformly for any mesh (anisotropic) and polynomial
degree of up.
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Optimal abstract estimate in the energy norm

Theorem (Optimal abstract estimate, energy norm)

Let u be the weak sol. and let u, € H'(7) be arbitrary. Then

llu=nll < _inf {llun sl
seHy (2)

Fo, s (=Y —ps )
tEH(dv.Q) e Ht(Q), llell=1

—(KVup+t, Vo) + (0 — 3V-8) (s — up), go)\}

< 2|[ju — unlll-

Properties

@ Guaranteed upper bound, quasi-exact, and robust.
@ Holds uniformly for any mesh (anisotropic) and polynomial
degree of up.
@ Not computable (infimum over an infinite-dim. space).
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A first computable estimate in the energy norm

Theorem (A first computable estimate, energy norm)

Let u be the weak solution and let up, € H'(7},) be arbitrary.
Take any t, € H(div, Q) and any s, € H}(Q). Then

. Chq 1
llu— upl] SH\Uh—ShHHm'”{ — 12 172
minTey, G MinTey, Cﬁ uT

X Hf — Vi, - B-Vsh — ,uShH

1 1
+ (|KEVun -+ K3t 24 (1= 19-8)E (wn — sw)|[)

v
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A first computable estimate in the energy norm

Theorem (A first computable estimate, energy norm)

Let u be the weak solution and let up, € H'(7},) be arbitrary.
Take any t, € H(div, Q) and any s, € H}(Q). Then

. Chq 1
llu— upl] SH\Uh—ShHHm'”{ — 12 172
MiNTeT, &,y MNTe7,C3 , 1

X Hf — Vi, - B-Vsh — ,uShH

1 1
+ (|KEVun -+ K3t 24 (1= 19-8)E (wn — sw)|[)

v

Properties
@ Guaranteed upper bound (Crq < 1).
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A first computable estimate in the energy norm

Theorem (A first computable estimate, energy norm)

Let u be the weak solution and let up, € H'(7},) be arbitrary.
Take any t, € H(div, Q) and any s, € H}(Q). Then

. Chq 1
llu— upl] SH\Uh—ShHHm'”{ — 12 172
minTey, G MinTey, Cﬁ uT

X Hf — Vi, - B-Vsh — ,uShH

1 1
+ (|KEVun -+ K3t 24 (1= 19-8)E (wn — sw)|[)

v

Properties
@ Guaranteed upper bound (Crq < 1).

° HK%Vu/ﬁK*%thH results from —KVuy, ¢ H(div, Q).
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A first computable estimate in the energy norm

Theorem (A first computable estimate, energy norm)

Let u be the weak solution and let up, € H'(7},) be arbitrary.
Take any t, € H(div, Q) and any s, € H}(Q). Then

. Chq 1
llu— upl] SH\Uh—ShHHm'”{ — 12 172
minTey, G MinTey, Cﬁ uT

X Hf — Vi, - B-Vsh — ,uShH

1 1
+ (|KEVun -+ K3t 24 (1= 19-8)E (wn — sw)|[)

v

Properties
@ Guaranteed upper bound (Crq < 1).
° HK%Vu/ﬁK*%thH results from —KVuy, ¢ H(div, Q).
@ |||\up — spl|| results from uy & Hi ().
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A first computable estimate in the energy norm

Theorem (A first computable estimate, energy norm)

Let u be the weak solution and let up, € H'(7},) be arbitrary.
Take any t, € H(div, Q) and any s, € H}(Q). Then

. Chq 1
llu— upl] SH\Uh—ShHHm'”{ — 12 172
MiNTeT, &,y MNTe7,C3 , 1

X Hf — Vi, - B-Vsh — ,uShH

1 1
+ (|KEVun -+ K3t 24 (1= 19-8)E (wn — sw)|[)

v

Properties
@ Guaranteed upper bound (Crq < 1).
° “K%VUh+K7%th“ results from —KVuy, ¢ H(div, Q).
@ |||\up — spl|| results from uy & Hi ().
@ Advantage: scheme-independent (promoted by Repin).
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A first computable estimate in the energy norm

Theorem (A first computable estimate, energy norm)

Let u be the weak solution and let up, € H'(7},) be arbitrary.
Take any t, € H(div, Q) and any s, € H}(Q). Then

. Chq 1
llu— upl] SH\Uh—ShHHm'”{ — 12 172
minTey, G MinTey, Cﬁ uT

X Hf — Vi, - B-Vsh — ,uShH

1 1
+ (|KEVun -+ K3t 24 (1= 19-8)E (wn — sw)|[)

v

Properties
@ Guaranteed upper bound (Crq < 1).
° HK%Vu/ﬁK*%thH results from —KVuy, ¢ H(div, Q).
@ |||\up — spl|| results from uy & Hi ().
@ Advantage: scheme-independent (promoted by Repin).

@ Disadvantage: no info. from computation used, too rough.
A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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_ Energy norm A first computable estimate Augmented norm
A dual norm augmented by the convective derivative

@ define

Bp(u,v) === > (Bnefu]. {Mov})e-

FeFy
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A dual norm augmented by the convective derivative

@ define

Bo(u,v) == = Y (B-neu], {Mov})r.

FeFy

@ introduce the augmented norm

[Vllle = lllvill+  sup {Ba(v,¥) + Bo(v, ¥)}
pEH}(Q), llll=1
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A dual norm augmented by the convective derivative

@ define

BD(U, V) = Z (,B'nFllu]], {{I—IO‘/})F'
FeF,
@ introduce the augmented norm

[Vllle = lllvill+  sup {Ba(v,¥) + Bo(v, ¥)}
pEH}(Q), llll=1

@ when ||V-8||«,7 is controlled by (. — $V-B) on T forall T
and when v € H}(Q), recover the augmented norm
introduced by Verfiirth 05
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| Abstract framework Pure dif. Conv.—react.—dif. C Energy norm A first computable estimate Augmented norm

A dual norm augmented by the convective derivative

@ define
BD(U, V) = Z (,B'nFllu]], {{I—IOV})F'
FeF,
@ introduce the augmented norm

[Vllle = lllvill+  sup {Ba(v,¥) + Bo(v, ¥)}
pEH}(Q), llll=1

@ when ||V-8||«,7 is controlled by (. — $V-B) on T forall T
and when v € H}(Q), recover the augmented norm
introduced by Verfiirth 05

@ 3p contribution is new and specific to the nonconforming
case
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Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)

Let u be the weak sol. and let u, € H'(7p,) be arbitrary. Then

llu— unllle

<2 inf {|||uhs|||+ inf sup (F—Vt—pB-Vs—pus, o)
seH(Q) teH(dv. Q) e (@), \|w||:1{

— (KVuh+1, V) + (1 — 4V-8) (s — uh),go)}} L sup
pEHI(Q), lllolll=1

{t, Hl(rilf Q){(f —Vit—B-Vu,— pup,o)—(KVup + 1, Vo) —Bp(up, ,:)}

<5[[[u — unllle-

v

Comments
@ only the highlighted terms are new
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Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)

Let u be the weak sol. and let u, € H'(7p,) be arbitrary. Then

llu— unllle

<2 inf {|||uh—s|||+ inf sup (F—Vt—pB-Vs—pus, o)
seH(Q) ‘EHWWJ”weHMQLMwm=i

— (KVur+ 1, Vo) + ((p— 3V-B)(s - uh),<p)}} + sup
peR (@), llellI=1

{t, Hl(gf Q){(f —Vit—B-Vu,— pup,o)—(KVup + 1, Vo) —Bp(up, ,:)}

<5|[[u — unll|e-

v

Comments
@ only the highlighted terms are new
@ their form is similar to the energy estimate
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Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)

Let u be the weak sol. and let u, € H'(7p,) be arbitrary. Then

llu— unllle

<2 inf {|||uh—s|||+ inf sup (F—Vt—pB-Vs—pus, o)
seH(Q) ‘EHWWJ”weHMQLMwm=i

— (KVup + 1, Vo) + (1 — %V-ﬂ)(s—uh),g))}} + sup
PEH(Q), lllell|=1

{t, Hl(gf Q){(f —Vit—B-Vu,— pup,o)—(KVup + 1, Vo) —Bp(up, ,:)}

<5|[[u — unll|e-

v

Comments
@ only the highlighted terms are new
@ their form is similar to the energy estimate

@ necessary for robustness in the convection-dominated case
A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Discontinuous Galerkin method for —V-(KVu) = f

Discontinuous Galerkin method
Find up, € Px(7p) such that for all v, € Px(7p)

(KVUh, Vvh)

— > Ae{KVuph, [val)F + O(np-{KV Vi, [unl)F}
FeFh

+ > (er ik rhe [unl, [veDF = (f, v).-
FeFn
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Discontinuous Galerkin method for —V-(KVu) = f

Discontinuous Galerkin method
Find up, € Px(7p) such that for all v, € Px(7p)

(KVUh,VVh)

— Z {(ne-{KV U}, [V F + 0(ne-{KV Vi o, [unl)F}
FeFn

+ > (arrhg Tunl, [val)F = (f, vi).
FeFn

@ jump operator [v] = v~ — v*

e average operator {v} = J(v~ + v7)

o diffusivity-weighted av. operator {v}, = (v v +w'v")

@ diffusivity-dependent penalties 1k r (Ern, Stephansen, and
Zunino 08)

@ ¢: different scheme types (SIPG/NIPG/IIPG/OBB)
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Discontinuous Galerkin method for —V-(KVu) = f

Discontinuous Galerkin method
Find up, € Px(7p) such that for all v, € Px(7p)

(KVUh, Vvh)

— > Ae{KVuph, [val)F + O(np-{KV Vi, [unl)F}
FeFh

+ > (er ik rhe [unl, [veDF = (f, v).-
FeFn

@ jump operator [v] = v~ — v*

e average operator {v} = J(v~ + v7)

o diffusivity-weighted av. operator {v}, = (v v +w'v")

@ diffusivity-dependent penalties 1k r (Ern, Stephansen, and
Zunino 08)

@ ¢: different scheme types (SIPG/NIPG/IIPG/OBB)

@ Up € HS (Q), —KVuy, Q H(di\/, Q)

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Potential- and flux-conforming reconstructions

Choice of s;: the Oswald interpolate of up
® Zo, : Pk(Th) — Pu(Th) N HY(R)
@ prescribed at Lagrange nodes by arithmetic averages

Tos(v)(V) = #(1%) S vl (V)
TeTy

@ one can also use diffusivity-weighted averages
(Ainsworth ’'05)
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Potential- and flux-conforming reconstructions

Choice of s;: the Oswald interpolate of up
® Zo, : Pk(Th) — Pu(Th) N HY(R)
@ prescribed at Lagrange nodes by arithmetic averages

Tos(v)(V) = #(17V) S vl (V)
TeTy

@ one can also use diffusivity-weighted averages
(Ainsworth ’'05)
Choice of t,: a new H(div, Q) flux reconstruction

@ Ern, Nicaise & Vohralik '07 (matching meshes)
@ the present work (nonmatching meshes)

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Diffusive flux reconstructions for DG

Previous work by Bastian and Riviére 03

@ cheap (local) construction

@ use the neighboring values of —KVuy, but not the DG
scheme

@ projection onto the Brezzi-Douglas—Marini space
@ [2-norm a priori estimate
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Diffusive flux reconstructions for DG

Previous work by Bastian and Riviére 03

@ cheap (local) construction

@ use the neighboring values of —KVuy, but not the DG
scheme

@ projection onto the Brezzi-Douglas—Marini space
@ [2-norm a priori estimate
Present work

@ cheap (local) construction

@ use the DG scheme

@ projection onto the Raviart—-Thomas—Nédélec space
@ H(div)-norm a priori estimate

@ can be used for many DG schemes (not only SIP)

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Diffusive flux reconstruction

RTN/(7;): Raviart—-Thomas—Nédélec spaces of degree /
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Diffusive flux reconstruction

RTN/(7;): Raviart—-Thomas—Nédélec spaces of degree /

=0 =1
Construction of t, « RTN/(7,), | = k or | = k — 1
@ normal components on each side: Vg, € P/(F),
(tane, gn)F = (—ne-{KVupl. + arrc chg [unl, gn) £

@ on each element (only for / > 1): vr, € P (T),

(th, th) 7 = —(KVUp,tp)7 + 60 Y wr r(ne-Kry, [us])r
FeFr

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Diffusive flux reconstruction property

Crucial diffusive flux reconstruction property

@ note that all the terms of the DG scheme are used in the
construction of tj
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Diffusive flux reconstruction property

Crucial diffusive flux reconstruction property

@ note that all the terms of the DG scheme are used in the
construction of tj

@ denote by I, the L2-orthogonal projection onto Py (75)
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Diffusive flux reconstruction property

Crucial diffusive flux reconstruction property

@ note that all the terms of the DG scheme are used in the
construction of tj

@ denote by I, the L2-orthogonal projection onto Py (75)

@ the above construction yields V-t, = I1/(f)
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Diffusive flux reconstruction property

Crucial diffusive flux reconstruction property
@ note that all the terms of the DG scheme are used in the
construction of tj
@ denote by I, the L2-orthogonal projection onto Py (75)
@ the above construction yields V-t, = I1/(f)

Proof: (V-tn, &n) 1 = —(th, VEn)T + (tpn, En)ar =
Bn(un,&n) = (f,8n)T
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Diffusive flux reconstruction property

Crucial diffusive flux reconstruction property
@ note that all the terms of the DG scheme are used in the
construction of tj
@ denote by I, the L2-orthogonal projection onto Py (75)
@ the above construction yields V-t, = I1/(f)
Proof: (Vtn,&n) 1 = —(th, VER) T + (tpn, En)aT =
Bn(un, &n) = (f,&n)T

@ diffusive flux as in the Raviart-Thomas—Nédélec mixed
finite element method of order /, by local postprocessing

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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A post. estimate for —V-(KVu) = f

Towards an a posteriori error estimate
@ recall that the energy norm framework gives

llu—unlll < llun—snlll+  Sup  [(F=Vth, )~ (KVtptth, Vo)
PEH (), lll#lll=1
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A post. estimate for —V-(KVu) = f

Towards an a posteriori error estimate
@ recall that the energy norm framework gives

llu—unlll < llun—snlll+  Sup  [(F=Vth, )~ (KVtptth, Vo)
PEH (), lll#lll=1

@ note that, by the Cauchy—Schwarz inequality:

1 1
(KVup +th, Vo)1 < [K2Vup + K2t 7ll0ll| 7
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A post. estimate for —V-(KVu) = f

Towards an a posteriori error estimate
@ recall that the energy norm framework gives

llu—unlll < llun—snlll+  Sup  [(F=Vth, )~ (KVtptth, Vo)
PEH (), lll#lll=1

@ note that, by the Cauchy—Schwarz inequality:

1 _1
(KVup +th, Vo)1 < [[K2Vup + K™ 2t rlll¢ll| 7
@ local conservativity of tj:

(f = Vtn, @)1 = (f = Vitn, o — Mo(9)) 7
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A post. estimate for —V-(KVu) = f

Towards an a posteriori error estimate
@ recall that the energy norm framework gives

[lu—unlll < llun—=snlll+  sup  |[(F=V-th, ©)—(KVUp+tn, Vo)
PEH (), lll#lll=1

@ note that, by the Cauchy—Schwarz inequality:

1 1
(KVup +th, Vo)1 < [K2Vup + K2t 7]l| ol 7
@ local conservativity of tj:
(f=Vitn, o)1 = (f = Vth, 0 —To(9)) 1
@ Poincaré inequality (Cp = 1/7%), energy norm definition:
cy/2h

1
3 T
e —Mo(@)llT < CENT|IVel T < WIII@HIT
K,T
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A post. estimate for —V-(KVu) = f

Towards an a posteriori error estimate
@ recall that the energy norm framework gives

llu—unlll < llun—snlll+  Sup  [(F=Vth, )~ (KVtptth, Vo)
PEH (), lll#lll=1

@ note that, by the Cauchy—Schwarz inequality:

1 _1
(KVup +th, Vo)1 < [[K2Vup + K™ 2t rlll¢ll| 7
@ local conservativity of tj:

(f=Vitn, o)1 = (f = Vth, 0 —To(9)) 1
@ Poincaré inequality (Cp = 1/7%), energy norm definition:

1 C1/2h
e =To(@)llT < CEhr[|VellT < 1;17/2T|||90H|T

K,T
@ notation: o, v (Ck 1) is the min (max) eigenvalue of Kon T

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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A post. estimate for —V-(KVu) = f

Theorem (A posteriori error estimate, pure diffusion case)
There holds

o= unll? < 3 {rke.r + (7 + mor, 1)}
TeTy
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A post. estimate for —V-(KVu) = f

Theorem (A posteriori error estimate, pure diffusion case)
There holds

o= unll? < 3 {rke.r + (7 + mor, 1)}
TeTy

@ nonconformity estimator

® nne, T = |[|un — Zos(un)||| T
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A post. estimate for —V-(KVu) = f

Theorem (A posteriori error estimate, pure diffusion case)
There holds

o= unll? < 3 {rke.r + (7 + mor, 1)}
TeTy

@ nonconformity estimator
® e, = |[|[un — Zos(un) |||
o diffusive flux estimator
® "pE,T = HK%VUh + ngthHT
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A post. estimate for —V-(KVu) = f

Theorem (A posteriori error estimate, pure diffusion case)
There holds

o= unll? < 3 {rke.r + (7 + mor, 1)}
TeTy

@ nonconformity estimator

® e, = |[|[un — Zos(un) |||
o diffusive flux estimator

® "pE,T = HK%VUh + ngth\\r
@ residual estimator

ct/2h
@ IR, T = Icwerff n/(f)HT
K, T

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Local efficiency of the estimates for —V-(KVu) = f

Theorem (Local efficiency, pure diffusion case)

There holds
1/2
~ kT
e, T < C—s-llu = unlll« 37,
Ok, 5y
1/2 1/2
~ UK T
no,7 < C 1/2 lu — unlll«7r + Z |HU uplllr |,
Ok, T'eTy CK T/
where

1/2
VIR = Y v 2IvII .

FeF
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Local efficiency of the estimates for —V-(KVu) = f

Residual estimator 7 7

@ g 7 is a higher-order term (equal to the data oscillation)
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Local efficiency of the estimates for —V-(KVu) = f

Residual estimator 7 1
@ g 7 is a higher-order term (equal to the data oscillation)
Diffusive flux estimator 7pr 7

@ robust w.r.t. inhomogeneities
@ the weights wr r play a key role
@ anisotropy ratios remain local
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Local efficiency of the estimates for —V-(KVu) = f

Residual estimator 7 1
@ g 7 is a higher-order term (equal to the data oscillation)
Diffusive flux estimator 7pr 7

@ robust w.r.t. inhomogeneities

@ the weights wt r play a key role

@ anisotropy ratios remain local
Nonconformity estimator nyc 1

@ with “monotonicity around vertices” assumption (Bernardi
& Verfirth ’00) and using the weighted Oswald interpolate
(Ainsworth '05) can be made robust w.r.t. inhomogeneities
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Nonmatching grids

Oswald interpolate on nonmatching grids

@ consider a matching simplicial submesh fh of 7,
@ consider uj, € Px(75) as function in Px(75)
@ take Zos(up) on 7A77
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Nonmatching grids

Oswald interpolate on nonmatching grids

@ consider a matching simplicial submesh fh of 7,
@ consider up € P(7p) as function in P(7p)
@ take Zos(up) on 7y
Reconstruction of t, by direct prescription
e directly prescribe t, € RTN/(7},) by the values of uj,

@ this gives (V-ty, &)1 = (f,ép) 7 forall T € 7, and all
ép € ]P)/(T)
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Nonmatching grids

Oswald interpolate on nonmatching grids
@ consider a matching simplicial submesh fh of 7,
@ consider up € P(7p) as function in P(7p)
@ take Zos(up) on 7y

Reconstruction of t, by direct prescription

e directly prescribe t, € RTN/(7},) by the values of uj,

@ this gives (V-ty, &)1 = (f,ép) 7 forall T € 7, and all
ép € ]P)/(T)

Reconstruction of t; by solving local linear systems

@ consider the simplicial submesh R of each T

@ solve a local minimization problem (local linear system) on
each T

@ getin particular V-t, = I,f

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Numerical experiments: smooth solution

@ consider the pure diffusion equation

~Au=f in Q=(0,1)x(0,1)
@ analytical solution:

u(x,y) = cos(0.57x) cos(0.57y)

@ k =1, unstructured meshes

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG



| Abstract framework Pure dif. Conv.—react.—dif. C

Flux. rec.

Nonmatching grids  Numerical experiments

Estimated and actual errors, smooth solution

/=0 /=1
N llu— unll| NC R pF eff. 7R npF eff.
112 3.16e-1 1.25e-1 7.01e-2 3.60e-1 1.2 5.13e-3 3.58e-1 1.2
448 1.58e-1 6.85e-2 1.76e-2 1.82e-1 1.2 6.90e-4 222e-1 1.5
1792 7.88e-2 3.53e-2 4.40e-3 9.10e-2 1.2 8.05e-5 9.43e-2 1.3
7168 3.93e-2 1.77e-2 1.10e-3 4.55e-2 1.2 1.01e-5 4.76e-2 1.3
order 1.1 11 2.1 11 - 3.2 1.1

e 7pr Similar in both cases

@ 7nc and npr optimally convergent
@ 7R superconvergent
@ choice of I

e nr by one order sharper for | = 1

A. Ern, A. F. Stephansen & M. Vohralik

Guaranteed and robust estimates for DG
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Discontinuous diffusion tensor

@ consider the pure diffusion equation
—~V-(KVu)=0 in Q=(-1,1)x(-1,1)

@ discontinuous and inhomogeneous K, two cases:

1 1

52=1 s‘=5 52=1 s‘=|00

$,=5 s,=1 53:100 s,=1

- 0 FR 0 1

@ analytical solution: singularity at the origin

u(r,0)|q, = r*(a;sin(ad) + b;cos(ab))

e (r,0) polar coordinates in Q
@ a;, b; constants depending on ©;
e o regularity of the solution: u € H'*

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Analytical solutions
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| Abstract framework Pure dif. Conv.—react.—dif. C Flux. rec. Nonmatching grids Numerical experiments

Estimated and actual errors, case 1

=0 =1
N llu—unlll 7N nor  eff.  pp eff.
112 6.11e-01 8.70e-1 7.43e-1 1.9 6.00e-1 1.7
448 4.28e-01 6.09e-1 5.35e-1 1.9 432e-1 1.7
1792 2.97e-01 4.23e-1 3.74e-1 1.9 3.05e-1 1.8
7168 2.01e-01 2.92e-1 2.60e-1 1.9 2.12e-1 1.8

order 0.53 0.53 0.53 - 0.52

@ nr = 0in both cases
@ npr slightly sharper for / = 1

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Estimated and actual errors, case 2

Flux. rec. Nonmatching grids Numerical experiments

/=0 =1
N JJu—uplll nne  nor  eff. npp  eff,
112 3.27 11.8 239 3.7 1.89 3.7
448 3.11 11.3 2.33 3.7 1.84 3.7
1792 2.93 10.8 223 3.8 1.77 3.7
7168 2.75 10.3 2.12 3.8 1.68 3.8
order 0.09 0.08 0.08 - 0.07 -

@ nr = 0in both cases
@ npr slightly sharper for [ = 1

@ nnc dominates

A. Ern, A. F. Stephansen & M. Vohralik

Guaranteed and robust estimates for DG
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Series of refined meshes, case 1

1 1
08 08
0.6l 06l
0.4f 04f
02 02l
0 0
-02 -02
-04 -04
-06 -06
08 -08
= -05 0 05 1 E 05 0 05 1
Mesh with 342 elements Mesh with 494 elements

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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@ Convection—diffusion-reaction case
@ Energy norm error estimates
@ Augmented norm error estimates
@ Numerical experiments
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Discontinuous Galerkin method

Discontinuous Galerkin method for the CDR case
Find up, € Px(75) such that for all vy, € Px(73)

(KVup, Vvi) + (1 — V- B8)un, va) — (Up, B-V vp)

— > A {KVup b, [val)F + 0(np-{KV Vi, [un])F}

FeFn

+ {((OéF’YK,FhE1 +76.7)unl, [val)F + (ﬁ‘nF{Uh}}vﬂVh]])F}

FeFy
= (f, Vh).

@ -5 . upwind-weighting stabilization

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Convective flux reconstruction

Diffusive flux reconstruction t; ¢ RTN’(?;,), I=korl=k-1

@ as in the pure diffusion case

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Convective flux reconstruction

Diffusive flux reconstruction t; ¢ RTN’(777), I=korl=k-1
@ as in the pure diffusion case
Convective flux reconstr. g € RTN’(777), I=korl=k-1

@ normal components on each side: Vg, € P/(F),

(An'ne, gn)r = (B-Ne{un} +vp,Flunl, gn)F

@ on each element (only for / > 1): ¥r, € PY (T),

(Qnth)T = (Un, B-tp)T

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Convective flux reconstruction

Diffusive flux reconstruction t; ¢ RTN’(777), I=korl=k-1
@ as in the pure diffusion case
Convective flux reconstr. g € RTN’(777), I=korl=k-1

@ normal components on each side: Vg, € P/(F),
(dn'ne, gn)F = (B-ne{unt + v Flunl. an)F
@ on each element (only for / > 1): ¥r, € PY (T),
(@n. tn)T = (Un, BTh)T
Crucial property

(VA +-V-apt(u=V-B)un, én)T = (F,€n) T VT € Th, ¥§h € PY(T)

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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A post. estimate for —V-(KVu) + 38-Vu + uu = f

Theorem (A posteriori error estimate, energy norm)
There holds

llu = unlll < n,
1/2 %
n:=2> mker +4 D RT + MR T + nc1,T + e, T +10,7)2 s
TeTy TeTy

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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A post. estimate for —V-(KVu) + 38-Vu + uu = f

Theorem (A posteriori error estimate, energy norm)
There holds

Ilu = unlll < n,
1/2 2
= {Z Wﬁc,r} +{Z(77R,T + 1R, T+ 11C,1,T + T, T + "U,T)z}’
TeTh TeTy
where

® nne,7 = |l|un — Zos(un)|l|7 (nonconformity),

@ nor,r = min {5} -, n& 1 (ditusive lux),

@ nr.7 = mr||f — Vtp — V-dn — (u— V-B)upllo.7 (residual),
® nc,1,1 = mrl|(ld — To)(V-(an — Bsp))llo,7 (convection),

@ NeaT = cg,L/,ZTH%(V-ﬁ)(uh — 8h)||o.r (convection),

® 1u,T = X rer, MFlMNo,F((An — Bsh)-Ne)l[F (upwinding).

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG



Diffusive flux estimator /g 7

L

"

: 1 2
NpE, T = MM {771()F),T7771()F),T}

1 1
) = K2V iy + K2ty
> 02 = mr||(Id = No)(V-(KVtp + tn)) 0.7 +

~1)2 1/2
My " > rer, O T FI(KVUL +th)-nE[[F

cutoff fcts of local Péclet and Damkdéhler numbers in ;;(2)

DF.T:
1/2 -1/2 —1/2
mr = min{Cp'“Nrcx 17, €5, 7}
~ 1/2 . T - —-1/2 —1/2
mr = min{(Cp + Cp'")hrcg 1. h7 5, 7+ C5,, 70k 7 /2}

1/SF)_T alone cannot be shown semi-robust (Verfurth '08)

the idea of defining of npg 7 using a min has recently been
proposed in Cheddadi, Fucik, Prieto, Vohralik '08 in context
of conforming FEM and reaction—diffusion problems



_ Energy norm Augmented norm Numerical experiments
Individual estimators

Diffusive flux estimator /g 7

: 1 2
@ 7pp,7 = Min {771()1:),%771()1:)1}

1 1
° 771(31p)j = |K2Vup + K™ 2tpllo, 7



| Abstract framework Pure dif. Conv.—react.—dif. C Energy norm Augmented norm Numerical experiments

Individual estimators

Diffusive flux estimator 7pg 7
@ 7pp,7 = Min {USF),Tf ”/ézp),T}
¢ n](;F),T — |K2Vup + K_%thHO,T
© 1y = mrl|(ld = Mo)(V-(KV ty + t))llo,7 +

~1/2 1/2
mY? S rer, Ce(KVUn + th)ne| £

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG



| Abstract framework Pure dif. Conv.—react.—dif. C Energy norm Augmented norm Numerical experiments

Individual estimators

Diffusive flux estimator 7pg 7
@ 7pp,7 = MiN {7/813)77 7/£)213).T}
® il s = [KeVup + K 2tflo 7
® iy 7 = mr|(Id — No)(V-(KVty +th) 0.7 +
mY? S rer, Ce(KVUn + th)ne| £
@ cutoff fcts of local Péclet and Damkd&hler numbers in 771(32}:),71
mr = min{Cy/?hre 12, 50 3},

~ . 1/2 _ 1 —1/2 —1/2
mr = min{(Ce + Co/®)hrer hr ' e5), 7 + 65 2a 12 /2)

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG



| Abstract framework Pure dif. Conv.—react.—dif. C Energy norm Augmented norm Numerical experiments

Individual estimators

Diffusive flux estimator 7pg 7

g, T = Min {”/SF).T- ’/EZF).T}

nl()1F),T — |K2Vup + K 2t 7

o = mrl|(1d = To)(V-(KVun + t))lo.7 +

mY? S rer, Ce(KVUn + th)ne| £

cutoff fcts of local Péclet and Damk&hler numbers in 771(32}:),71
mr = min{Cy/?hre 12, 50 3},

M = min{(Ce + G/ *) 76 !r, e, 1 + G, 70t /2]

ngF{T alone cannot be shown semi-robust (Verflrth '08)
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Individual estimators

Diffusive flux estimator 7pg 7

TIDF,T = M {’/&:).r ’/£>2F).T}

771()1F),T — |K2Vup + K_%thHO,T

7 = mrl|(fd = o) (V-(KV i + t4)) o.7 +
M2 Y per, CLEEl(KVup + th) Nl

cutoff fcts of local Péclet and Damk&hler numbers in 771(32}:) T
mr = min{Cy/?hre 12, 50 3},

mr = min{(Cp + Cy/2)hrey by cp ) o+ 5/ Fac 12 /2)
ngF{T alone cannot be shown semi-robust (Verflrth '08)

the idea of defining of npr 7 using a min has recently been

proposed in Cheddadi, Fucik, Prieto, Vohralik 08 in context
of conforming FEM and reaction—diffusion problems

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG



Upwinding estimator 7,y 1

@ nu,T =D rer, MellNo F((An — Bsn)-NE)|lF
cutoff function of local Péclet and Damkdhler numbers:

) F|h2 { I }
m2 = max < Cr ,max< ———
) {T;TF { I>T‘F‘T Ck.T TeTr ‘T‘Cﬂ-ﬂ-T
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Individual estimators

Upwinding estimator 7y 1

® nu,T = rer, MrllMo,F((An — Bsh)NF)l F
@ cutoff function of local Péclet and Damkdhler numbers:

. F|h2 F
m2 = min { max CRT,FHiT , max {"}
TeTr ITlek,7 | "Teze | TICa T

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Properties of the estimate

Principal properties

@ guaranteed upper bound

@ no constants in principal estimators, known constants in
the other ones

@ cutoff functions of local Péclet (hTHﬁHoo,TCE}) and
Damkshler (h%.cg,., 7¢ ) numbers (here cg,, 7 is the
(essential) minimum of (x — 2V-3))

@ explicit dependence on the mesh and data

@ valid for arbitrary polynomial degree and data

@ nonmatching meshes

@ residual estimator ng 7 is a higher-order term (data
oscillation)

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Loc. efficiency for —V-(KVu) + 3-Vu+ uu = f

Theorem (Local efficiency, energy norm)

There holds

nNe, T +NpE,T + 1R, T+ 1,1, T+ 1c2, T+ 10,7 < Cer, 7| U — Uh|||*,gT .

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Loc. efficiency for —V-(KVu) + 3-Vu+ uu = f

Theorem (Local efficiency, energy norm)

There holds

nNe, T +NpE,T + 1R, T+ 1,1, T+ 1c2, T+ 10,7 < Cer, 7| U — Uh|||*7gr .

Properties
@ the estimates are locally efficient

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Loc. efficiency for —V-(KVu) + 3-Vu+ uu = f

Theorem (Local efficiency, energy norm)

There holds

nNe, 7 +1pr, T+ 1R, T+ 11,7+ 12,7 +1u,T < Cetr, 7ll|U— Uh|||*7gr .

Properties
@ the estimates are locally efficient

@ only semi-robustness: overestimation is a function of local
Péclet and Damkéhler numbers

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Augmented norm a posteriori error estimate

Theorem (A posteriori error estimate, augmented norm)
There holds

1/2
llu—upllle <n:=2n+ { > (77R,T+77DF,T+77C,1,T+5U,T)2} :
Fed

where n has been defined previously for the energy norm and
nc,1,7 = mrl|(Id — No)(V-(an — Bun))llo, T

ot =Y me|Nor(va.rlunl)lle
FE]'—T
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Augmented norm a posteriori error estimate

Theorem (A posteriori error estimate, augmented norm)
There holds

1/2
llu—upllle <n:=2n+ { > (77R,T+77DF,T+77C,1,T+5U,T)2} :
Fed

where n has been defined previously for the energy norm and

nc,1,7 = mrl|(Id — No)(V-(an — Bun))llo, T

ot =Y me|Nor(va.rlunl)lle
FE]'—T

@ 7)c1,7 and 7y, are only slight modifications of nc ; r and
nu,T, respectively
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Augmented norm a posteriori error estimate

Theorem (A posteriori error estimate, augmented norm)
There holds

1/2
llu—upllle <n:=2n+ { > (77R,T+77DF,T+77C,1,T+5U,T)2} :
Fed

where n has been defined previously for the energy norm and
nc,1,7 = mrl|(Id — No)(V-(an — Bun))llo, T

ot =Y me|Nor(va.rlunl)lle
FE]'—T

@ 7)c1,7 and 7y, are only slight modifications of nc ; r and
nu,T, respectively

@ the term 5p(up. ) added in the definition of ||| - ||| is
crucial so that 7y, 7 has its present (optimal) form with the
cutoff function mg

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Efficiency of the augmented norm estimate

Global jump seminorm

@ define

FIvINE

-3 ¥ {2

TeT, Fe3r

—1
+ ¢, ThellIVIIE + M7, 1812 7, 1 [[V]]\lé,mgr}v
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Efficiency of the augmented norm estimate

Global jump seminorm

@ define

F VIR

-3 ¥ {2

TeTy, FeE3T
—1 2
+ o, Thel VIR + M7, 18I 7 hr [[V]]Ho,fmgr}v

@ the first two terms are natural for DG methods

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Efficiency of the augmented norm estimate

Global jump seminorm

@ define

F VIR

-3 ¥ {2

TeT, Fe3r
—1 2
+ g, ThEllIVINE + M7 | 815 7 hr [[V]]Ho,fmgr}v

@ the first two terms are natural for DG methods
@ the third term is not, but at least contains the cutoff factor

mz,
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Efficiency of the augmented norm estimate

Global jump seminorm

@ define

F VIR

-3 ¥ {2

TeT, Fe3r
—1 2
+ g, ThEllIVINE + M7 | 815 7 hr [[V]Ho,fmgr}v

@ the first two terms are natural for DG methods

@ the third term is not, but at least contains the cutoff factor
mz,
@ ||| - |[|,7, is similar to the jump seminorm introduced in

Schétzau & Zhu '08 but contains the cutoff factor

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Efficiency of the augmented norm estimate

Theorem (Fully robust a posteriori estimate)

There holds
llu = unllle + lllu — unl|

.7, <1+ |[|unlll,7,
< C(lllu = unllle + lllu = uplll4.7,)-

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Efficiency of the augmented norm estimate

Theorem (Fully robust a posteriori estimate)

There holds
llu = unllle + lllu — unll

.7, <1+ |[|unlll,7,
< C(lllu = unllle + lllu = uplll4.7,)-

@ fully robust with respect to convection- or reaction
dominance

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Efficiency of the augmented norm estimate

Theorem (Fully robust a posteriori estimate)

There holds
llu = unllle + lllu — unl|

.7, <1+ |[|unlll,7,
< C(|llu — unllle + llu — uplllx.z,)-

@ fully robust with respect to convection- or reaction
dominance

@ sharper than Schétzau & Zhu '08 because of the cutoff
factor in the jump seminorm
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Efficiency of the augmented norm estimate

Theorem (Fully robust a posteriori estimate)

There holds
llu = unllle + lllu — unl|

.7, <1+ |[|unlll,7,
< C(|llu — unllle + llu — uplllx.z,)-

@ fully robust with respect to convection- or reaction
dominance

@ sharper than Schétzau & Zhu '08 because of the cutoff
factor in the jump seminorm

@ only global efficiency
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Efficiency of the augmented norm estimate

Theorem (Fully robust a posteriori estimate)

There holds
llu = unllle + lllu — unl|

.7, <1+ |[|unlll,7,
< C(|llu — unllle + llu — uplllx.z,)-

@ fully robust with respect to convection- or reaction
dominance

@ sharper than Schétzau & Zhu '08 because of the cutoff
factor in the jump seminorm

@ only global efficiency
@ the norm ||| - ||| is a dual norm and cannot be evaluated
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Efficiency of the augmented norm estimate

Theorem (Fully robust a posteriori estimate)

There holds

[l = unllle + [[lu = unl]

.7, <1+ |[|unlll,7,
< C(lllu — unllle + llu — unlll4,7,)-

@ fully robust with respect to convection- or reaction
dominance

@ sharper than Schétzau & Zhu '08 because of the cutoff
factor in the jump seminorm

@ only global efficiency
@ the norm ||| - ||| is a dual norm and cannot be evaluated

@ rather theoretical importance, since the estimators for both
the energy and the augmented norm are (almost) the
same (hence the adaptive strategies are the same)

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Convection-dominated problem

@ consider the convection—diffusion—reaction equation
—eAu+V-(u(0,1))+u=f in Q=(0,1)x(0,1)

@ analytical solution: layer of width a

u(x,y)=0.5 (1 — tanh(o'sai X))

@ consider
e c=10"%a=0.02
@ k =1, uniformly refined structured grid

A. Ern, A. F. Stephansen & M. Vohralik Guaranteed and robust estimates for DG
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Analytical solutions

y 00 M y 00 T

Casec=1,a=05 Caseec=10"% a=0.02
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Conv.—react.—dif. C

Energy norm Augmented norm Numerical experiments

Estimated and actual errors, e = 102

N [llu = upll| 7INC ef., =0 eff. /=1

128 1.72e-3 2.73e-3 80 89

512 5.68e-4 6.74e-4 124 128

2048 2.14e-4 1.66e-4 145 152

8192 1.00e-4 6.78e-5 126 127

order 1.1 1.3 - -

/=0 /=1

N R R mgp) 1y R 711()11:) nuy nc,1
128 7.77e-2 6.84e-2 1.06e-3 6.98e-2 1.92e-2 1.03e-3 6.98e-2 6.55e-2
512 3.90e-2 3.41e-2 6.20e-4 3.60e-2 3.44e-3 5.71e-4 3.60e-2 3.38e-2
2048 1.87e-2 1.63e-2 3.23e-4 1.47e-2 2.01e-3 2.86e-4 1.60e-2 1.46e-2
8192 6.69e-3 5.80e-3 1.60e-4 6.70e-3 3.66e-4 1.45e-4 6.70e-3 5.68e-3
order 1.5 1.5 1.0 1.1 2.5 1.0 1.1 1.5

(1)

@ 7y takes small values in both cases
@ 7c, =0since V.8 =0
@ 7y and nc,; dominate (nc,; = 0 for / = 0)
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@ Optimal energy norm abstract framework
@ A first computable estimate
@ Optimal augmented norm abstract framework

Pure diffusion case

@ Diffusive flux reconstruction
@ Nonmatching grids

@ Numerical experiments

@ Convection—diffusion-reaction case

@ Energy norm error estimates
@ Augmented norm error estimates
@ Numerical experiments
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Comments on the estimates and their efficiency

General comments

@ uc H'(Q), no additional regularity
@ no saturation assumption
@ no Helmholtz decomposition

@ no shape-regularity and polynomial data needed for the
upper bounds (only for the efficiency proofs)

@ the only important tools: Cauchy—Schwarz and optimal
Poincaré—Friedrichs and trace inequalities

@ based on local conservativity (no global Galerkin
orthogonality used)
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Essentials of the estimates

Essentials of the estimates
@ nonconformity estimate: compare the approximate solution
up to a H'(Q)-conforming potential sy,

@ diffusive flux estimate: compare the flux of the approximate
solution —KV uj, to a H(div, ©2)-conforming flux t;,

@ evaluate the residue for t;,
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Conclusions

Conclusions

@ guaranteed, locally efficient, and robust a posteriori error
estimates

@ directly and locally computable
@ almost asymptotically exact
@ optimal framework (exact and robust)

@ works for all major numerical schemes (FDs, FVs, FEs,
NCFEs, MFEs)

@ based on local conservativity
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Open questions
@ are the energy/augmented norms optimal?

@ can a robust estimate without the jump seminorm be
obtained?

@ can a robust estimate in the energy norm be obtained?
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Open questions and future work

Open questions
@ are the energy/augmented norms optimal?

@ can a robust estimate without the jump seminorm be
obtained?

@ can a robust estimate in the energy norm be obtained?

Future work

@ nonlinear (degenerate) cases: in collaboration with Linda
El Alaoui in the framework of the MoMa$S project

@ estimates of quantities of interest
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