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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (Construction of Sh Ern & V. (2015), ~ Carstensen and Merdon (2013))

For each vertex a € V, solve the local minimization problem

Sp = arg min IVa( vaén — vh)llw.
VhGVﬁ
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Stability of the potential reconstruction

Theorem (Local stability em s v. 2015, 2020), using @HIGED)
There holds

min_ [[Va(lp (agh) = Vi)llws = min HVh(/p'(waéh)— V)lwa-

VhEP (Ta)NH] (wa) veH] (wa)

Corollary (Global stability; o’ = p + 1)
Up to a jump term, sy, is closer to &, than any u € Hg) (Q):

1/2
IVh(&n = sn)ll = [IVa(&n — U)[| + { > hE! ||”(’):[[fh]]||2F} ~

FeF

Corollary (Global stability; p’ = 1)
Up to a jump term, sy, is closer to &, than any u € H1 (Q): .
IVi(&n = sn)ll Sp [IVA(En = U)I + { > he'Ing [[én]]H%} :

FeF
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1/2
IVr(&n = sn)ll = [IVa(&n — U)[| + { > hE! ||”(’):[[fh]]||2F} ~

FeF

sn so good that no u € H}(2) can do better

-
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

Uhizre Eles (f,%a)us + (€n, Viba)u =0 Vae V™
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Equivalent form: mixed FEs
Find (o2,72) € Vi x Py/(Ta) such that

(Uga Vh)wa - (’Vﬁa V'Vh)wa = (Ip’('lpaﬁh)’ Vh)wa vVh S Vg,
(va‘g7 Qh)wa = (f¢a + Sh‘v¢aa qh)wa VQh € Pp’ (7;)

e
Y2577 3
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Equilibrated flux reconstruction
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Stability of the flux reconstruction

Theorem (Local stability sraess, ilwein, schoberl (2009; 2D), Ern & V. (2020; 3D), using @HISOED)

There holds

min 1, -V min ||l V||,..
v,,an’TN (Ta)"Ho(div, JL)p (wagh) hHwa ~ veH (div WU P (wagh) Hwa
V-vyp=My (fba+&nViba) V-v=Il, (f¢a+€h Via)

Corollary (Global stability; o’ = p + 1)
oy is closer to &y, than any o « H(div, ) such thatV-o = f:

1/2
h2
1€n — onll = [1€n — ol + {Z —E||f - ”pflli} :
KeT (p+1)

Corollary (Global stability; p’ = )
oy is closer to &y, than any o < H(div, ) such thatV-o = f:

1/2
1€n = anll Sp 1€n — ol + { > hgllf - V-&H%} :
KeT P N
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Stability of the flux reconstruction

Corollary (Global stability; o’ = p + 1)

oy is closer to &y, than any o « H(div, ) such thatV-o = f:

1/2
h2
1€n —onll = [1€n — ol + {Z T"Ugllf* ”pflli} :

KeT (p

o so good that no o € H(div, Q) with V-0 = f can do better
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C

Stability of the flux reconstruction

Corollary (Global stability; p’ = )

oy is closer to &y, than any o « H(div, ) such thatV-o = f:

1/2
1€n — onll pIISh—all+{Zh ||f—V£hIIK} :
KeT
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Outline

@ A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — local-best equivalence in H(div)
@ Stable commuting local projector in H(div)
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e A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — local-best equivalence in H(div)
@ Stable commuting local projector in H(div)

O A posteriori estimates
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Numerical illustration

@ Tools (hp-optimality, p-robustness)

O Conclusions and outlook




_ H' H(div) Stable commuting local projector in H(div)
Equivalence of local- and global-best approximations in Hj(2): 1D
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Equivalence of local- and global-best approximations in H}(2): 1D
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Equivalence of local- and global-best approximations in H} ()

Theorem (EQUIValenCG n H1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiller, Page, Praetorius

(2013), Veeser (2016))

bigger ~ smaller
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Equivalence of local- and global-best approximations in H} ()

Theorem (EqUivalence in I"I1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2018), Veeser (201 6))

min A  min
smaller space  bigger space
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Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in I'I‘I , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (201 6))

min &~ min
CG space DG space

,,,,,,,,,,,,,,,,,,,,,,
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Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in I'I‘I , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (201 6))

Let u € HI(Q) and p > 1 be arbitrary. Then,
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Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in I'I‘I , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (201 6))
Let u € HI(Q) and p > 1 be arbitrary. Then,

min IV (u = vp)|?
Vh€Pp(T)NH] ()

global-best on )
trace-continuity constraint
CG space (much smaller)
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Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in I'I‘I , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (201 6))
Let u € HI(Q) and p > 1 be arbitrary. Then,
min )||V(u— va)l[2 ~p Y min )||V(u— vi)|% .

VhEPp(T)NH] (2 Ker VhEPp(K b
global-best on local-best on each K € T,
trace-continuity constraint no trace-continuity cqnstra/nt
CG space (much smaller) DG space (much bigger)
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C H' H(div) Stable commuting local projector in H(div)

Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in I'I‘I , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (201 6))
Let u € HI(Q) and p > 1 be arbitrary. Then,
min )||V(u— va)l[2 ~p Y min )||V(u— vi)|% .

VhEPp(T)NH] (2 Ker VhEPp(K
global-best on local-best on each K € T,
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger)

@ =~,: up to a generic constant that only depends on space dimension d,
shape-regularity of the mesh 7, and polynomial degree p

-
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Equivalence of local- and global-best approximations in H} ()

Theorem (EQUivalence in I'I‘I , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius

(2013), Veeser (201 6))
Let u € HI(Q) and p > 1 be arbitrary. Then,
min )||V(u— va)l[2 ~p Y min )||V(u— vi)|% .

VhEPp(T)NHJ (22 Ker VhEPp(K
global-best on local-best on each K € T,
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger)

@ =~,: up to a generic constant that only depends on space dimension d,
shape-regularity of the mesh 7, and polynomial degree p

@ proof taking £p|x 1= arg miny, cp, (k)| V(U — Vi)l k With ({4, 1)k = (u, 1)k for all
K € T, applying with p’ = p, and using its

-

&Z% ,,,,, P metrentis : ‘erc
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Primal weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VveHI(Q)
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Conforming finite element approximation
Find u, € Vi :=P,(T) N H(Q), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy

‘erc
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Conforming finite element approximation
Find u, € Vi :=P,(T) N H(Q), p > 1, such that

(VUh, VVh) = (f, Vh) Yvp € Vy

Corollary (Localized a priori error estimate)

IV (u — up)]®
|
IV (u — va)|I?

min
VheVy

‘erc

V.
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Conforming finite element approximation
Find u, € Vi :=P,(T) N H(Q), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy

Corollary (Localized a priori error estimate)

From , there holds
_ 2 < i _ 2
IV(u—un)l®  $p > th;)LQK)IIV(u vi)ll'k

KeT

~=
local-best approximation of u on each K

no interface constraints
regularity only in K counts erc

V.

min ||V(u — Vh)H2
VheVy
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Conforming finite element approximation
Find u, € Vi :=P,(T) N H(Q), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy

Corollary (Localized a priori error estimate)

From , there holds
_ 2 i _ 2 o
IV(u—un)l®  $p > th;JLQK)IIV(u vi)llk Su b

KeT

~=
local-best approximation of u on each K

no interface constraints
regularity only in K counts erc

V.

min ||V(u — Vh)H2
VheVy
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation @ no interpolate
Find u € H;(Q) such that e avoids the stability of the interpolate
(Vu,Vv) = (f,v_ e holds in H}(Q) (minimal regularity)

Conforming finite element approximati @ leads to optimal hp estimates
Find u, € Vi :=P,(T) N H(Q), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy

Corollary (Localized a priori error estimate)

From , there holds
— 2 < i - 2 <, hP.
[V(u—upn)l® <o ;; th%LTK)”V(“ vi)llk Su

. _ 2 e

VmEID HV(U Vh) H local-best approximation of u on each K
LISHL no interface constraints

regularity only in K counts erc
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hp interpolantion/stable local commuting projectors

hp interpolation estimates
@ Demkowicz and Buffa (2005): log(p) factors
@ Bespalov and Heuer (2011): low regularity but still not H(div)
@ Ern and Guermond (2017): H(div) regularity but not commuting and only
optimal in h
@ Melenk and Rojik (2019): optimal hp approximation estimates (no log(p)
factors) but higher regularity requested

-

,,,,,,,,,, PR N
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hp interpolantion/stable local commuting projectors

hp interpolation estimates
@ Demkowicz and Buffa (2005): log(p) factors
@ Bespalov and Heuer (2011): low regularity but still not H(div)
@ Ern and Guermond (2017): H(div) regularity but not commuting and only
optimal in h
@ Melenk and Rojik (2019): optimal hp approximation estimates (no log(p)
factors) but higher regularity requested
Stable local commuting projectors defined on H(div)
@ Schéberl (2001, 2005): not local
@ Christiansen and Winther (2008): not local
@ Falk and Winther (2014): local and H(div)-stable but not L?-stable
@ Ern and Guermond (2016): not local
@ Licht (2019): essential boundary conditions on part of 02 e A ik
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C  H' H(div) Stable commuting local projector in H(div)

Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cudi, smears, & v. (2021))

bigger ~ smaller
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Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021))

min = min
smaller space with constraints ~ bigger space without constraints
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Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cudi smears, & v. (2021))

~
~

min min
MFE space with constraints ~ broken MFE space without constraints
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Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021))
Let o € H(div,Q2) and p > 0 be arbitrary. Then,
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Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021))

Let o € H(div,Q2) and p > 0 be arbitrary. Then,
: w2
min di\v.Q)HU v+

2
S L
VhERTNo(T) H( = (p+1)?
V-vp=Mp(V-o) €T

~=
global-best on )
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)
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Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021))
Let o € H(div,Q2) and p > 0 be arbitrary. Then,

he
- 2 K 2
min o—Vp|°+ g —2 _||\V.o—-T,V-o
v,,eRTNp(T)ﬁH(div.Q)H hl = (p+1)? | pV-olk
V-vhp=M,(V-o) €T

~=
global-best on )
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)
2

h
2
o = Vall+ K V-0 — Vo 7]

(p+1)2

local-best on each K .
no normal trace-continuity constraint
no divergence constraint
broken MFE space (much bigger)

~p [ Fr;nrlpl K
Ker VS p(K)
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Global-best approximation ~ local-best approximation in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & v. (2021))
Let o € H(div,Q2) and p > 0 be arbitrary. Then,

he
- 2 K 2
min o—Vp|°+ g —2 _||\V.o—-T,V-o
vheRTN,,(T)mH(diy.Q)H hl = (p+1)? | pV-olk
V-vhp=M,(V-o) €T

~=
global-best on )
normal trace-continuity constraint
divergence constraint
MFE space (much smaller)
2

h
2
o = Vall+ K V-0 — Vo 7]

(p+1)2

local-best on each K .
no normal trace-continuity constraint
no divergence constraint
broken MFE space (much bigger)

~p [ Fr;nrlpl K
Ker -Vn€ p(K)

@ =, only depends on d, shape-regularity of 7, and p
@ proof using with p = p &
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Optimal hp approximation estimate

Theorem (Localized hp approximation, em, cudi, smears, & v. (2021))

Forany v € H(div.Q) s.t., locally on all K € T,
v|k € H¥(K), s > 0,
there holds
2 2
-V — v — 1 v
vheRTNp(T)ﬁH(dn Q) Iv =+ Z (p+ 1)2||V p(V-¥)lik
V-vp=Mp(V-V) KeT
h2m|n(sp+1 h2 .
Sker Eomm VI + o IVVIE s <1,
SS h2m|n(s p+1) .
> KeT WHVHHS(K ifs>1.
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Optimal hp approximation estimate

Theorem (Localized hp approximation, em, cudi, smears, & V. (2021))

Forany v € H(div.Q) s.t., locally on all K € T,
v|k € H¥(K), s > 0,
there holds
2 2
-V ——||V-v — Vv
vheRTNp(T)mH(dn Q) Iv =+ Z (p+ 1)2 | Mol )ik
V-vp=Mp(V-V) KeT
h2m|n(sp+1 h2 .
Sker Eomm VI + o IVVIE s <1,
SS h2m|n(s p+1) .
2okeT (pr1)% HV||HS(K ifs>1.

@ <: only depends on d, shape-regularity of 7, and s

° of withp =p&p =p+1

@ fully optimal /ip approximation estimate (minimal elementwise regularity, no
logarithmic factor in p)
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools G| H' H(div) Stable commuting local projector in H(div)
Laplace model problem: —Au = fin Q, u= 0 on 00
Dual mixed weak formulation
Find (o, u) € H(div, Q) x L2(Q) such that
(o,v)—(u,V-v)=0 Vv € H(div,Q),
(V-o,q) = (f,q) Vqel*Q)
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Laplace model problem: —Au = fin Q, u= 0 on 022

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L?(Q) such that
(o,v)—(u,V-v)=0 Vv € H(div,Q),
(V-o.q) = (f,q) VqeL*Q)
Mixed finite elements
Find (o, up) € Vi := RTNp(T) N H(div,Q) x Pp(T), p > 0, s.t.
(oh, Vh) — (Up, V-vp) =0 Yvp e Vp,
(V-on,qn) = (f,qn) Vaqn € Pp(T)

erc
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Laplace model problem: —Au = fin Q, u= 0 on 022

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L?(Q) such that
(o,v)—(u,V-v)=0 Vv € H(div,Q),
(V-o.q) = (f,q) VqeLl*Q)
Mixed finite elements
Find (o, up) € Vi := RTNp(T) N H(div,Q) x Pp(T), p > 0, s.t.

(oh, Vh) — (Up, V-vp) =0 Yvp e Vp,
(V-on,qn) = (f,an) Vaqn € Pp(T)

Theorem (Optimal hp a priori error estimate, em, cudi, smears, & v. (2021))

o—opll= min |lo—V
| mll oy | |

V~vh:I'Ipf

‘erc
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C  H' H(div) Stable commuting local projector in H(div)

Laplace model problem: —Au = fin Q, u= 0 on 022

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L?(Q) such that
(o,v)—(u,V-v)=0 Vv € H(div,Q),
(V-o.q) = (f,q) VqeLl*Q)
Mixed finite elements
Find (o, up) € Vi := RTNp(T) N H(div,Q) x Pp(T), p > 0, s.t.

(oh, Vh) — (Up, V-vp) =0 Yvp e Vp,
(V-on,qn) = (f,an) Vaqn € Pp(T)

Theorem (Optimal hp a priori error estimate, em, cudi, smears, & v. (2021))

From , there holds
Rmin(s,p+1)
g — 0 = min o—V < —_— .
o= anll = min llo = Vil oo =55
V~vh:I'Ipf
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Laplace model problem: —Au = fin Q, u= 0 on 022

Dual mixed weak formulation @ no interpolate
Find (o, u) € H(div, Q) x L?(Q) such that
(o,v) — (U, V-V) =0

(V'O', q) = (1

@ avoids the stability of the interpolate
@ holds in H(div,Q2) (minimal regularity)

) L @ leads to optimal hp estimates
Mixed finite elements

Find (o1, Up) € Vi := RTN(T) N H(div, Q) x Bo(T), p = 0, 5.t
(oh,Vh) — (Up, V-vp) =0 Vv e V,
(V-on,qn) = (f,an) Van € Pp(T)

Theorem (Optimal hp a priori error estimate, em, cudi, smears, & v. (2021))

From , there holds
hmin(s,p—H)
o—opll= min o—Vy| S50 ——.
o —onll = min o= Vil <o <5

V'Vh:npf
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2021))
Let v € H(div,Q) and p > 0 be arbitrary. Then, P,v = o, € RTNy(T)

NH(div, Q) = Of £1,|ic 1= arg miny, cRTN,(K), V-vy=o(v-v) |V — Val% for
all K € T with p’ = p is locally defined,
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2021))
Let v € H(div,Q) and p > 0 be arbitrary. Then, P,v = o, € RTNy(T)

NH(div, Q) = Of £1,|ic 1= arg miny, cRTN,(K), V-vy=o(v-v) |V — Val% for
all K € T with p’ = p is locally defined,

V-(Ppv) =Np(V-v) commuting,
Pov = v ifv e RTN,(T)N H(div,Q2) projector,

1/2

h2

1PVl Sp HVII+{ > (p+1)2HV V- ﬂp(V-V)H"’K} stable up to osc.
KeT

&1}7 ,,,,, P — : ‘erc
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2021))

Let v € H(div,Q) and p > 0 be arbitrary. Then, P,v = o, € RTNy(T)

NH(div, Q) = Of £1,|ic 1= arg miny, cRTN,(K), V-vy=o(v-v) |V — Val% for
all K € T with p’ = p is locally defined,

V-(Ppv) =Np(V-v) commuting,
Ppv = v ifv e RTNp(T) N H(div,Q2) projector,
1/2

h2
1PV Sp v+ 9 Y —E5IIV-v—Np(V-v)|% ¢ stable up to osc.
i (p+1)

Comments
@ P, defined on the entire H(div, (2) (no additional regularity)
@ <,: only depends on d, shape-regularity of 7, and p
@ hkl||[V-v —Tp(V-v)||k/(p+ 1): data oscillation term, disappears when V-v is
a piecewise p-degree polynomial Crzia ol
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Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge (1947), Ladeveze (1975), Dari, Duran,

Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), V. (2007), )

@ Letu € H}(Q) be the weak solution;
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Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge (1947), Ladeveze (1975), Dari, Duran,

Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), V. (2007), )

@ Letu € H}(Q) be the weak solution;

@ uy € Py(T), p>1, be arbitrary subject to
(Vhth, Via)ey = (f,Ya)s VA€ V™

o éh = Up. Sy € Pp+1( )ﬂ H1( )

@ &; = —Vhup, f:ope RTNp(T) N H(div, Q)

‘erc

M. Vohralik Equivalence of local- and global-best approximations 24 / 34




| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C  Reliability Efficiency Numerical illustration

Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge (1947), Ladeveze (1975), Dari, Duran,

Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), V. (2007), )

@ Letu € H}(Q) be the weak solution;
@ uy € Py(T), p>1, be arbitrary subject to
(Vhth, Voa)ws = (f,%2)ws V@€ V™,
@ &pi=Up: Sp € Ppit(T) N H(Q)
@ &; = —Vhup, f:ope RTNp(T) N H(div, Q)
Then

h 2
IVn(u—un)l2 < 37 ([ Vnth + onllic+ ~I1f = Myl )
N——————

KeT constitutive relation

equilibrium/data osc.

+ > [ Valun—sn)l% -
KeT

primal constraint
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency; f € P,_1(7") for simplicity sraess, pitwein,

and Schaberl (2009), Ern & V. (2015, 2020))

Let u € H}() be the weak solution. Then

1/2
IVn(un = sp)ll = [[Va(u = un)l| + { > hEtng I[uh]]HF} ,

FeF

IVatn + onll = IVa(u — up)ll
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency; f € P,_1(7") for simplicity sraess, pitwein,

and Schaberl (2009), Ern & V. (2015, 2020))

Let u € H}() be the weak solution. Then
1/2
IVa(un = su)ll < IVn(u = un)ll+ 5 > e INGTunllE ¢
FeF
[Vt + ol = [Va(u — up)]-
Remarks
@ immediate consequence of and withp =p+1

@ p-robustness
@ local efficiency on patches

@ maximal overestimation guaranteed (computable bounds on the constants)

,,,,,,,,,, P ‘erc
V2577 5
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How large is the overall error? (model pb, known smooth solution)
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How large is the overall error? (model pb, known smooth solution)

n(Un)

rel. error estimate

n(Up)
[V upll

[V up]|

[V (u — up)]|| rel. error I¥=unll

Ieff _ n(up)
— IV(u=up)]|

ho
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How large is the overall error? (model pb, known smooth solution)
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How large is the overall error? (model pb, known smooth solution)

h  p| n(us) rel error estimate A% | ||V (u — up)|| rel. error NG| o = i)

ho 1 1.3 28 x10'% 1.1 2.4 x10'% 1.17
~hy/2 |6.1x107" 1.4 x 10'% 5.6 x 107" 1.3 x10'% 1.09
~hy/4 [31x107" 7.0% 29x 107" 6.6% 1.06
~hy/8 |1.5x107" 3.3% 1.4 x 107" 3.1% 1.04
~h/2 2|42 x 1072 9.5x10 "% 41x1072  92x10'% 1.04
~ho/4 3[2.6 x10~* 5.9 x 10 %% 26x107%  59x107°% 1.01
~hy/8 4|26 x 1077 5.9 x 10 %% 26x1077 58x10°% 1.01

A. Ern, M. Vohralik, SIAM Journal on Numerical Analysis (2015)
V. Dolejsi, A. Ern, M. Vohralik, SIAM Journal on Scientific Computing (2016)
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C  Reliability Efficiency Numerical illustration

Where (in space) is the error localized?

%10 <10

Estimated error distribution 7 () Exact error distribution || V(v — up) |«
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Can we decrease the error efficiently? f1p adaptivity, (smooth solution)
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Mesh 7, and pol. degrees px
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Mesh 7, and pol. degrees px Exact solution

M. Vohralik Equivalence of local- and global-best approximations 28 / 34



Mesh 7, and polynomial degrees px



| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C  Reliability Efficiency Numerical illustration

Can we decrease the error efficiently? /1p adaptivity, (singular solution)

Mesh 7, and polynomial degrees px

M. Vohralik
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| Potential reconstruction Flux reconstruction A priori estimates A posteriori estimates Tools C

Potentials: one element

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987: 20), Mufioz-Sola (1997),

Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1,K €T, and 7 C Fk. Letr € ’,(F}}) be continuous on F2. Then

min [VVallk = min — [[VVv]k
VhePp(K) veH!(K)
Vh=r¢ on all FEFR v=rr on all FEFP
||f||H1/2(aK)
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v
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Letp>1,K €T, and 7 C Fk. Letr € ’,(F}}) be continuous on F2. Then

FE: . .
IVehklk = min IV Vhllk < min  [|Vvik = [[V<k|k-
v

VhePp(K)
Vp=rr on all FEFR

eH(K)

v=rg on all FEFR
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Potentials: patch

Theorem (Broken H' polynomial extension on a patch ems v. o1s, 2020))

Forp>1andaec V™, letr c P,( 7). Suppose the compatibility

rF’Fﬂawa =0 VF e f;m,

Z LF,erF’e:O Ve € &,.

FeFe
Then
min IVavhllws = min IV AV ||w,-
Vh€Pp(Ta) veH' (Ta)
vp=0 VFeFg" v=0 VFeFg"
[val=re VFeF [Vl=rr YFeFiM
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & Me-intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & V. (2020))

Letp>0,K e T, 7y CFk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:N = .FK. Then

min - [[Vallk = min [k
VLERTN,(K) veH(div,K)
Vh-NgK=IF VFE]‘—}I}I V-ng=rg VFE]:,I%I
V-Vp=rg V-v=rk
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Letp>0,K e T, 7y CFk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:N = .FK. Then

min - |[Vallk = min flv][k
VLERTN,(K) veH(div,K)
Vyp-Ng=rg VFE]‘—}I}I V-Nk=rg VFE]:,I%I
V-vp=rg V-v=rg
Context

—Alk = rx in K,

—Vik-Nk = rr onall F € F},

(k=0 onall F € Fx \ Fg.
Set gy = —Vik. L5 )
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & Me-intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & V. (2020))

Letp>0,K e T, 7y CFk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:N = .FK. Then

min Vhllk g min Vik = K-
VLERTN,(K) H H veH(div,K) H H “SOKH
Vyp-Ng=rg VFE]‘—}I}I V-Nk=rg VFE]:,I%I
V-Vp=rg V-v=rk
Context
—Alk = rx in K,
—Vik-Nk = rr onall F € F},
(k=0 onall F € Fi \ Fx.
Set Pk = —V(k. &1/7 ,,,,, - )
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & Me-intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & V. (2020))

Letp>0,K e T, 7y CFk. Letr c Pp(F)) x Pp(K), satisfying
> Fer (rF 1)F = (rk, 1)k if Fi¢ = Fk. Then

lenkl "S5 min fvale s min [k = [exllk-
: vihERTN,(K) veH(div,K)
Vyp-Ng=If VFE}—}}I V-Nk=IF VFE]:,I%I
V.-vp=rg V-v=rg
Context
—Alk = rx in K,
—Vik-Nk = rr onall F € F},
(k=0 onall F € Fi \ Fx.
Set gy = —Vik. s ‘
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Fluxes: patch

Theorem (Broken H(div) polynomial extension on a patch eraess, piiwein, & schaver (2009; 2), Em

&V, (2020; 3D))

Forp>0andaec V™, letr c P,(F2) x Py(72). Suppose the compatibility

> (k= Y (re, 1)F =0.

KeTa FeFa
Then
iy IVhllwa = min |V,
VhERTNy(Ta) veH(div, Ta)
Vh-Ne=rg VFEFG" v-ng=rg YFEFZ"
[vh-nel=re VFEFM [v-ng]=re VFeFint
Vh‘Vh|K:rK VKeTa Vh'V|K:I’K VKeTa
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Conclusions and outlook

Conclusions
@ simple proof of global-best — local-best equivalence in H'
global-best — local-best equivalence in H(div), removing constraints
incidentally leads to stable local commuting projectors
optimal hp a priori error estimates
elementwise localized a priori error estimates under minimal regularity

p-robust a posteriori error estimates (unified framework for all classical
numerical schemes)

@ extensions to nonmatching meshes (robust wrt number of hanging nodes),
mixed parallelepipedal-simplicial meshes, varying polynomial degree, general
BCs, H~' source terms, and others carried out

-
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Conclusions and outlook

Conclusions
@ simple proof of global-best — local-best equivalence in H'
global-best — local-best equivalence in H(div), removing constraints
incidentally leads to stable local commuting projectors
optimal hp a priori error estimates
elementwise localized a priori error estimates under minimal regularity

p-robust a posteriori error estimates (unified framework for all classical
numerical schemes)
@ extensions to nonmatching meshes (robust wrt number of hanging nodes),
mixed parallelepipedal-simplicial meshes, varying polynomial degree, general
BCs, H~' source terms, and others carried out
Ongoing work
@ extensions to other settings lora erc
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