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Localization

Setting
@ O c RY d=2,3, open polygon/polyhedron
@ 7 simplicial mesh of Q, V set of vertices, w, vertex patch
e H'(T) broken Sobolev space, V), elementwise gradient
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Setting
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@ localization of integral norms: for all v € L?(Q)
IvIiZ = lIvilk
KeT
@ localization of dual norms: for all R € H=1(Q)
||RH$-H(Q) ~ ZHRII#(W)
acy

@ localization of distance to H](Q): for all v € H'(T)

m|n ||Vh (v—=QIP ~ Z m|n IVa(v = QIIZ,
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A priori error estimates (appr. up € P,(T) 11 Hy () of u)

@ elementwise localized estimates:

IV (u—up)|® <p D (best approximation of u on K in || V(-)||)?
KeT g

no interface constraints
regularity only in K counts

alternative to (quasi-)interpolation operators
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A priori error estimates (appr. up € P,(T) 11 Hy () of u)

@ elementwise localized estimates:

IV (u—up)|® <p D (best approximation of u on K in || V(-)||)?
KeT g

no interface constraints
regularity only in K counts

alternative to (quasi-)interpolation operators

°
@ <,: only depends on d, shape-regularity of 7, and p
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A posteriori error estimates (appr. up € P,(7) of u)

@ no constant, guaranteed upper bound, fully computable:

IVa(u = up)l® <> nk(un)
KeT

@ local efficiency, data- / polynomial-degree-robustness:

W= D> IVa(u—up), VKeT

acVyg
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@ local efficiency, data- / polynomial-degree-robustness:

) = Y IValu—up)l?, VKeT
acVyg
@ <:only depends on d and shape-regularity of 7
°

-

,,,,,,,,,, S ‘erc
M. Vohralik Estimations d’erreur a priori et a posteriori localisées 3 /50



| Global-local-best A priori Localization A posteriori Tools C

A posteriori error estimates (appr. up € P,(7) of u)

@ no constant, guaranteed upper bound, fully computable:

IVa(u = up)l® <> nk(un)
KeT

@ local efficiency, data- / polynomial-degree-robustness:

<D IVau—-u)lE,  VKeT

acVyg

@ <:only depends on d and shape-regularity of 7
°

[ Minimal regularity: H}(Q), H(div, ), Wy (Q).
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Global-best approx. = local-best approx., H'

Theorem (Equivalence in H', veeser 2016))
Let u € H}(Q) and p > 1 be arbitrary. Then,
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Global-best approx. ~ local-best approx., H'

Theorem (Equivalence in H', veeser 2016))
Let u € H}(Q) and p > 1 be arbitrary. Then,

min  [[V(u—vp)|?
Vh€Pp(T)NH] ()
global-best on )

trace-continuity constraint
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Global-best approx. ~ local-best approx., H'

Theorem (Equivalence in H', veeser 2016))

Let u € H}(Q) and p > 1 be arbitrary. Then,

i 2
min - ([V(u—va)l® ~p Y min [[V(u— va)llk-
VAEP(T)NH (2) Ke 7_1/ EPp(K)
global-best on local-best on each K € T
trace-continuity constraint no trace-continuity constraint

J/

L5 . erc

M. Vohralik Estimations d’erreur a priori et a posteriori localisées 5 /50




@ define discontinuous &, € P,(7) by

(nl=arg min [V(u—=va)llk, (En k= (Uu,1)x YKcT
vh€Pp(K)




@ define discontinuous &, € P,(7) by

(nl=arg min [V(u—=va)llk, (En k= (Uu,1)x YKcT
vh€Pp(K)

o & sh € Po(T) N HY(Q)




_ Equivalence in H'  Constrained equivalence in H(div)
Proof via potential reconstruction

@ define discontinuous &, € P,(7) by

Enlk =arg m|n ||V(U Villlk,  (€m 1)k = (U, 1)k VKT

@ &y sp e Po(T) N HL(Q)
@ global P =p),

1/2
IVa(En—sn)ll Sp IV A(&n— U)H+{Zh 1||n0[[§h]]”F}

FeF
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Proof via potential reconstruction

@ define discontinuous &, € P,(7) by

Enlk = arg n};m IV(u=va)llk, (En k= (u,1)x YK T

p
® &p: Sh € Pp(T) 1 Hy (Q)
@ global (P = p), jump term efficiency + mean &,
1/2
IVh(€n—sn)l Sp [V H(En—u ||+{Zh "Ing [[5h]]||F} SIVa(u=&)||
Fer

@ bound on minimum, triangle inequality

min  [|[V(u— vp)||<IV(U = sp)|| < ||[Vh(u — LIV (& —
o (= )| <V = )| <[ Va( =€l + 1 Vn(En = v

Se [IVa(u = &n)ll
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Global-best approx. ~ local-best approx., H(div)

Theorem (Constrained equivalence in H(div), em, Gudi, Smears, & V. (2018))

Let o € H(div,Q) and p > 0 be arbitrary. Then,
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Let o € H(div,Q) and p > 0 be arbitrary. Then,

2
min ./ +§ he V(ioc—v
VhERTNp(T) (div,Q2) H h” H U h)HK
V-Vhp=T,p(V- o’) KeT

global-best on ©
normal trace-continuity constraint
divergence constraint
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Global-best approx. ~ local-best approx., H(div)

Theorem (Constrained equivalence in H(div), em, Gudi, Smears, & V. (2018))

Let o € H(div,Q) and p > 0 be arbitrary. Then,

2,
min ./ E he V(ioc—v
VhERTNp(T)\ H(div,Q) H h” H U h)HK
V-vp=M,(V o) KeT

global-best on ©
normal trace-continuity constraint
divergence constraint

o O [llo = vall% + H9-(o = v)]

local-best on each K .
no normal trace-continuity constraint
no divergence constraint
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@ define discontinuous &, € RTN,(7) as elementwise
[L?]9-orthogonal projection of o

=ar i —vyl%
€nlk agvhegygmlla Villk  VKeT




_ Equivalence in H'  Constrained equivalence in H(div)
Proof via flux reconstruction

@ define discontinuous &, € RTN,(7) as elementwise
[L?]9-orthogonal projection of o

H 2
=ar min o—V VK €7
Enlki=a gvheRTINp(K)” nllk

@ since Vi, € RTN,(K), Va € Vx,
(0 —€nViba)k=0 VKeT

lrsieim B
LA~ .
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Proof via flux reconstruction

@ define discontinuous &, € RTN,(7) as elementwise
[L?]9-orthogonal projection of o

; 2
IS = ar min o—V VK €7
h‘K than’TNp(K)H h”K

@ since Via € RTN,(K), Va € Vx,
(O'—Eh,vwa)[(zo VKGT

@ as o|., € H(div,wa) and 1z € Hl(wa) (a € V™)

(U7 vd)a)wa - *(VO', ﬂ}a)wa
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Proof via flux reconstruction

@ define discontinuous &, € RTN,(7) as elementwise
[L?]9-orthogonal projection of o

. 2
= ar min -V VK €7
Enlk gvheRTNp(K)HO' nllk

@ since Via € RTN,(K), Va € Vx,
(O'—Eh,v’(/)a)[(zo VKGT

@ as o|., € H(div,w,a) and 1z € H}(wa) (a € VM) =
1 a-0rthogonality
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Proof via flux reconstruction
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[L?]9-orthogonal projection of o

. 2
= ar min -V VK €7
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@ since Via € RTN,(K), Va € Vx,
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@ as o|., € H(div,w,a) and 1z € H}(wa) (a € VM) =
1 a-0rthogonality
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@ global EEETETID (0 = p)
1/2
I = o)l Zo W =<l + { S H V(o - smn%}

KeT




_ Equivalence in H'  Constrained equivalence in H(div)
Proof continuation

o global CEIEEEID (o — p)
1/2
1€n — onll pllﬁh—0||+{ AN CE £h)IIK}

KeT
@ bound on minimum, triangle inequality

min — vy < — < - _
venr T lo = Vel < llo = ol < llo = &l + 16— ol
V-v,,:I'Ip(V~o-) 1/2
Sp{Z[IIU Enllk + il V(o — £h)IIK]}
KeT

oo o
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Proof continuation

@ global (P =p)
1/2
1€h = anll <p 1€n — ol + { > V(o - éh)IIK}
KeT
@ bound on minimum, triangle inequality
i — <llo — <llo — —
errn e = Vol < Dl =l < o~ &l + 1€ — ol
V-Vh:I'Ip(V-o-)
1/2
<p { > lllo = &nllk + Mzl V(o - £h)IIK]}
KeT

@ [L?(K)]%-orthogonal projection consequence

o€l MV €l <p,_min  [lo—valfct iV (o vl E]
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Proof continuation

@ global (P =p)
1/2
1€h = anll <p 1€n — ol + { PN ANECE éh)IIK}
KeT
@ bound on minimum, triangle inequality
[ — <llo — <llo — —
errn e = Vol < Dl =l < o~ &l + 1€ — ol
V-Vh:I'Ip(V-a-)
1/2
<p { > lllo = &nllk + Mzl V(o - £h)IIK]}
KeT

@ [L?(K)]%-orthogonal projection consequence

o€l MV €l <p,_min  [lo—valfct iV (o vl E]

@ divergence constraint

2 2
2 IV T(Vollie< 2, min ., llo=vallc+hlIV-(o—va)li]

KeT s -, P — : ‘erc
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Outline

FEs Laplace MFEs Laplace Stable commuting local proj.

Q A priori estimates (elementwise localized)
@ Conforming finite elements for the Laplace equation
@ Mixed finite elements for the Laplace equation
@ Stable commuting local projector in H(div)
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_ FEs Laplace MFEs Laplace Stable commuting local proj.
Laplace model problem: —Au = fin Q, u =0 on 00

Primal weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

- e ceee—

_Estimations d’erreur a priori et a posteriorilocalisées 10/ 50



| Global-local-best A priori Localization A posteriori Tools C FEs Laplace MFEs Laplace Stable commuting local proj.

Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Conforming finite element approximation
Find uj, € Vi, :=PBp(T) N H{(Q), p > 1, such that

(VUh, VVh) = (f, Vh) Yvh € Vp

erc
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Conforming finite element approximation
Find uj, € Vi, :=PBp(T) N H{(Q), p > 1, such that

(VUh, VVh) = (f, Vh) Yvh € Vp

Theorem (Localized a priori estimate)
From , there holds

IV(u—un)l? <o) min HV(U—Vn)HK
———

VhEPp(K)
> KeT N
min ||V(U B Vh) ” local-best approximation of u on each K

vheVp ; p
no interface constraints
regularity only in K counts

) erc
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Laplace model problem: —Au = fin Q, u= 0 on 022

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L?(Q) such that
(o,v)—(u,V-v) =0 Vv € H(div, Q),
(V-o,q) = (f,q) Vqel*Q)

‘erc

M. Vohralik Estimations d’erreur a priori et a posteriorilocalisées 11 /50



| Global-local-best A priori Localization A posteriori Tools C FEs Laplace MFEs Laplace Stable commuting local proj.

Laplace model problem: —Au = fin Q, u= 0 on 022

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L?(Q) such that
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(V-o,q) = (f.q) VvqeL*Q)
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Dual mixed weak formulation
Find (o, u) € H(div, Q) x L?(Q) such that
(o,v)—(u,V-v) =0 Vv € H(div, Q),

(V-o,q) = (f,q) Vqel*Q)
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Find (o, up) € Vi := RTNp(T) N H(div,Q) x Pp(T), p > 0, s.t.

(O'h, Vh) — (Uh, V'Vh) =0 Vv, € Vh,
(V-on,qn) = (f,qn) VYaqn € Pp(T)

Theorem (Localized a priori estimate)

From , there holds
o — NpZ min [lo vl MV (o valE].
— V hERTNp(K
min ||o — vyl —
vy,eV), local-best approx:mat/on of o on each K
V-vp=Tpf no interface constraints
no divergence constraint "
regularity only in K counts e
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Stable commuting local projector in H(div)

Theorem (Stable commuting local projector, em, cudi, smears, & V. (2018))

Leto € H(div,Q2) and p > 0 be arbitrary. Then, P,o = o,
€ RTN,(T) NH(div, Q) from is locally defined,
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Stable commuting local projector in H(div)

Theorem (Stable commuting local projector, em, cudi, smears, & V. (2018))

Leto € H(div,Q2) and p > 0 be arbitrary. Then, P,o = o,
€ RTNy(T) NH(div, Q) from is locally defined,

MNp(V-o) = V-(Ppo) commuting,
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1/2
1Poe |l <p lloll + { > h|IV-o — Np(V- a)llK} stable.

KeT
Q@ V.o, =Tp(V-a) by construction
Q ¢, =o from , global (o' = p)
1/2
1€n—anll <p 1€n— C’||+{ > V(e €h)||%<} =0 = op=¢§y=0
KeT
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Q ¢, = o from , global (p’/: p)
1/2

1€n—anll Sp €n—0all+ Z hglIV-(o €n)llf<} =0 = op=¢y=0
© triangle inequality ||0'hH < |lo — ol + ||o|| and stability

1/2
— < i
lo—o| Np{K§€T[Vh€,gyn lo—valF+hE|V-o— np(va)nK}}
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Localization of dual norms on W, (1/7 =1 — 1/a)

Theorem (Dual norms localization, sabuskaMiler (1987), Blechta, Malek,&V. (2018))

LetR € [Wg “(Q)]’, 1 < a < oo, be arbitrary subject to
(R,1a) =0 Va e v,
~———

lowest-modes orthogonality

< erc
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Theorem (Dual norms localization, sabuskaMiler (1987), Blechta, Malek,&V. (2018))

LetR € [Wg “(Q)]’, 1 < a < oo, be arbitrary subject to
(R,1a) =0 Va e v,
~———

lowest-modes orthogonality

Then, when1 < o < oo,

1/8
B
IR 7,01 RS IRIY . :
(W} (©)] = (W (wa)]
\—/—’ N—_— ——
sup,_ W% ) |9V lla=1 (R,v) supvewa,a(wa); 19Vl lcsog =t (R,v)
rzia—-
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Localization of dual norms on W, (1/7 =1 — 1/a)

Theorem (Dual norms localization, sabuskaMiler (1987), Blechta, Malek,&V. (2018))

LetR € [Wg “(Q)]’, 1 < a < oo, be arbitrary subject to
<Ra ¢a> =0 Va e Vim.
~—_———

lowest-modes orthogonality

Then, when1 < o < oo,

1/6
IR| ~ IR|?
[ @] 2 (W] |
N— N
SR e (@) v vlla=t (R.v) SR W] (waki 1V Vil wa =1 {Rv)

and, wheno =1,

HRH[ K ~ rgaxH’RH[

Wy (%) W (wa)]
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Localization of dual norms on W, (1/3:=1 - 1/a)

Theorem (Dual norms localization, sasuskaanwmiler (1987), Blechta, Malek, &V. (2018))

LetR € [Wg “(Q)]’, 1 < a < oo, be arbitrary subject to
<Ra ¢a> =0 Va e Vim.
~—_———

lowest-modes orthogonality

Then, when1 < o < oo,

1/8
RN 5 ~ IR|I? , ,
[we )]’ a;, (W3 ()]
—— N—————
SR e (@) v vlla=t (R.v) SR W] (waki 1V Vil wa =1 {Rv)
and, whenoa =1,
R max R /.
H H [ 1 ”(Q)} H H [ 1 ”(w’a)}

Condition (R, a) = 0 is only needed in the left inequalities.

LA~
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Proof (<): partition of unity & Poincaré—Friedrichs in.

o fix v e W, (Q) with [Vv[l, =1 (1 < a < )
@ partition of unity >, 1a = 1, linearity of R, orthogonality:

(R,v) =Y (R,pav) = > (R,a(v— Moy VD (R dav )

acy aevint acyext

mean value € WO1 ¥ (wa)

W, (wa)
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@ partition of unity >, 1a = 1, linearity of R, orthogonality:

(R,v) =Y (R,pav) = > (R,a(v— Moy VD (R dav )

acy aevint acyext

mean value c W(; Y (wa)

eW(;’OL(’W‘a)
o we W! "“(wg) with mean value 0 on w4 or 0 on part of Jwa:
IV(aW)|laws = [[VaW 4+ 1VaV W/ 4 w0,
< | ViballoowalWllawa + [[¥alloo.wallVWI|awa
< (1 + CPF,a,wahwa ‘vwanoowa)uvwna,waa

S Ccont,PF
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Proof (<): partition of unity & Poincaré—Friedrichs in.

o fix v e W, (Q) with [Vv[l, =1 (1 < a < )
@ partition of unity >, 1a = 1, linearity of R, orthogonality:

(R,v) =Y (R,pav) = > (R,a(v— Moy VD (R dav )

acy aevint acyext

mean value € WJ ¥ (wa)

W, (wa)
o we W! "“(wg) with mean value 0 on w4 or 0 on part of Jwa:
IV(¥aW)llaws = IVYaW + aVW|a 0,
< | ViballoowalWllawa + [[¥alloo.wallVWI|awa
< (14 CpFawalla | Vialloowa) VWl awas

SCC()HI,PF
@ Hoélder inequality (finite overlapping to conclude):

1/8 1/a
(R.V) < Cuanor {ZIRHTWJ%)}/} {anng,wa}

acy acy
M. Vohralik Estimations d’erreur a priori et a posteriorilocalisées 14 / 50




@ a-Laplacian lifting of R on patch wj: &2 € W(; Ywa) s.t.
(VA4 2V A, V), = (R,v)  Yve W) (wa)




Proof (=): local a-Laplacian liftings

e a-Laplacian lifting of R on patch wa: # € W,*(wa) s.t.
(VA4 2V A, V), = (R,v)  Yve W) (wa)

@ energy equality:

VA2, = (VA 2VA VA, = (R, A =|RI
(W3 (oa)]

_Estimations d’erreur a priori et a posteriorilocalisées 15 /50
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Proof (2): local a-Laplacian liftings

@ a-Laplacian lifting of R on patch wj: &2 € W& Ywa) s.t.
(VA*2VA,VV),, = (R,Vv) VYve Wg’a(wa)

@ energy equality:

IV Ao = (VA 2V A VA, = (R, A) = RI]
[W" )]

@ setting z:= Y., A € W) (Q):
YIRS D (R, #) = (R, ) < IRl

acy [ng‘*(wa)} o acy

) 1V el

-

&z:’ ..... P— )\ erc
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Proof (2): local a-Laplacian liftings

@ a-Laplacian lifting of R on patch wj: &2 € W& Ywa) s.t.
(VA*2VA,VV),, = (R,Vv) VYve Wg’a(wa)

@ energy equality:
IV Ay = (VA PV AV Ay = (R, #) = |R|I] /
; [Wo’“(wa)]
@ setting z:= Y., A € W) (Q):

STIRII? YR, A = (R.2) < IR| 10
[

acy [ng‘*(wa)} o acy

) 1V el

@ overlapping of the patches:
IV < (d+1)" Y VA5,

acy

-
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M. Vohralik Estimations d’erreur a priori et a posteriorilocalisées 15/ 50



| Global-local-best A priori Localization A posteriori Tools C Dual norms on Wg‘“ Distances to H(1)

Localization of distances to H} ()

Theorem (Localization of distance to H} (), cireta v 2018)
Letv € H'(T) with ([v],1)r = O for all F € F be arbitrary. Then

briia L e
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Theorem (Localization of distance to H} (), cireta v 2018)
Letv € H'(T) with ([v],1)r = O for all F € F be arbitrary. Then

min_[[V(v = ¢)|I?
CeHl ()

global distance to H! ()
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Localization of distances to H} ()

Theorem (Localization of distance to H} (), cireta v 2018)
Letv € H'(T) with ([v],1)r = O for all F € F be arbitrary. Then

min_[[Vn(v —¢)|I?
CeH ()

global distance to H! ()

~ Z m|n HVh(V—C)Hwa

i
acy ce H

J/

local distance to H},(wa) := H' (xa) fora € V" and H},(wa) for a € vt

V.

-

,,,,,,,,,, S ‘erc
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e define s € H}(Q2) by

s? =ang r:lun IVa(aV = Ollway  S:=)_ 7
€




_ Dual norms on WJ"1 Distances to Ha
Proof (<) when ([v],1)r =0forall F € F

e define s € H}(Q2) by
sP:i=arg min [[Vp(taV = Qlluy, = > 8

ce o(‘*’a
@ minimum, partition of unity:
min [[Va(v = Q)I® < [|Va(v - s)|I?
i 19y =)
<(d+1)) [ Va(vav — s9)3,

acy

lrsisim B
CUR—
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Proof (<) when ([v],1)r =0forall F € F

o define s € H](2) by
s?:=arg min )th(z,f,‘av ey 5= _5°
¢

€fy(wa

@ minimum, partition of unity:
man)HVh(v = QI < IVa(v - 9)|?

CeHy(
<(d+1)> [ Va(tav — s7)|3,

acy

® 2 € H}(wa) for any ¢ € H,(wa), definition of s2:
IVh(¥aV — $%)|lw, < inf )th(wa(v = Ol

CGHl(wa

-

&1/,; ,,,,, P —— \ %_érc
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Proof (<) when ([v],1)r =0forall F € F

o define s € H](2) by
si=arg min [Va(taV = e,  S:=)
CEH,(wa)
@ minimum, partition of unity:
man)HVh(V = QI < IVa(v = 9)|?

CeHy(
<(d+1)> [ Va(tav — s7)|3,

acy

® 2 € H}(wa) for any ¢ € H,(wa), definition of s2:
IVh(¥av = s)]lw, < inf [[Vh(ta(V = ()l

CeH, (wa)
@ broken Poincaré—Friedrichs inequality:

inf  [[Va(¥a(v = ))llwa < Ceontopr_Min - [[V4(V = ()|,
¢eH!, (wa) CeHl(wa) "
= P : ‘erc
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Outline

Nonlinear Laplace Transmission Heat Laplace

@ A posteriori estimates (p-robust)
@ Nonlinear Laplace: localization and a-robustness
@ Non-coercive transmission: localization and X-robustness
@ Heat: space-time localization and T-robustness
@ Laplace: hp-adaptivity and exponential convergence

-
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_ Nonlinear Laplace Transmission Heat Laplace
Nonlinear Laplacian

Quasi-linear elliptic problem
—V-o(u,Vu)=f in Q,
u=20 on 0N
0 a>1,8:=-feclP(Q)
@ example: a-Laplacian with o (u, Vu) = |[Vu|*2Vu

u’& zia—
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Nonlinear Laplacian

Quasi-linear elliptic problem

—V.o(u,Vu)=f in Q,
u=2~0 on 99
@ a>1,8:=-2 fclfQ)

a—17
@ example: a-Laplacian with o (u, Vu) = |[Vu|*2Vu
Weak formulation
Find u c W, *(Q) such that

(o(u,Vu),Vv)=(f,v) Vve WS’Q(Q)
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Nonlinear Laplacian

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=0 on 0f2

0 a>1,8:=-2 feclP(Q)

@ example: a-Laplacian with o (u, Vu) = |[Vu|*2Vu
Weak formulation
Find u c W, *(Q) such that

(o(u,Vu),Vv)=(f,v) Vve WS’Q(Q)

Residual 72(u) « [, (Q)]" of uy € W) ™(Q),

(R(up), v) := (f,v) = (o(up, VUp), Vv),  ve Wy*Q)
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Nonlinear Laplacian

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 0f2
0 a>1,8:=-2 feclP(Q)
@ example: a-Laplacian with o (u, Vu) = |[Vu|*2Vu

Weak formulation
Find u c W, *(Q) such that

(o(u,Vu),Vv)=(f,v) Vve WS’Q(Q)
Residual 72 (uy) € [W&""(Q)}/ of u, € Wg *(Q), its dual norm

(R(up), v) := (f,v) = (o(up, VUp), Vv),  ve Wy*Q)

R(u, 1= su R(up), v
| (h)H[WJ’a(m] veWJ‘“(Q);ﬂvVllaﬂ( (tn)- V)

JL i~
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Nonlinear Laplacian

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 0f2
0 a>1,8:=-2 feclP(Q)
@ example: a-Laplacian with o (u, Vu) = |Vu|*2Vu
Weak formulation
Find u c W, *(Q) such that

(o(u,Vu),Vv) = (f,v)  Wve Wy (Q)
Residual 72(u,) ¢ [Wg.u(m}/ of Uy € WS,Q(Q)’ s dual norm
(R(up),v) := (f,v) — (o(Un, Vup), Vv), ve W, Q)

IR T 10 on]” = sup (R(un), v)
e @) veWy (Q); [V V]a=1
localizes from for finite element discretizatighss;zz— 42 =
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Localized a-robust a posteriori error estimates

Theorem (Localized a-robust estimate eiaiaoui, em, & v. (2011))
@ Leto(u,Vu)=0o(Vu) and f € Py(T) for simplicity;

o letu € W, *(Q) be the weak solution;

‘erc
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o letu € W, *(Q) be the weak solution;
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@ Leto(u,Vu)=0a(Vu) andf e Pyo(T) for simplicity;

o letu € W, *(Q) be the weak solution;
® Uy, € Py(7)N Wy*(Q) be arbitrary subject to
(0(VUR), Via)ws = (f,Va)wa VA€ V™
@ &yi=—0a(Vup), f:one RTN(T) N H(div,Q)
Then
1/8
HRH[WJ,Q(Q)]' < { > llo(Vup) +UhHg,K} :

KeT
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o letu € W, *(Q) be the weak solution;
® Uy, € Py(7)N Wy*(Q) be arbitrary subject to
(0(VUR), Via)ws = (f,Va)wa VA€ V™
@ £:=—o(Vup), 2 one RTN;(T) N H(div, Q)
Then

1/8
HRH[WJ,Q(Q)}' < { > llo(Vun) +UhHg,K} :

KeT

lo(Vup) + onllsr = Y ||R||[

1o, | Vo
RS

erc

M. Vohralik Estimations d'erreur a priori et a posteriori localisées 19 / 50



O Introduction
O Global-best — local-best equivalences
o A priori estimates (elementwise localized)
@ Conforming finite elements for the Laplace equation
@ Mixed finite elements for the Laplace equation
@ Stable commuting local projector in H(div)
o Localization of dual and distance norms
e A posteriori estimates (p-robust)
@ Nonlinear Laplace: localization and a-robustness
@ Non-coercive transmission: localization and X-robustness
@ Heat: space-time localization and T-robustness
@ Laplace: hp-adaptivity and exponential convergence
O Tools
@ Potential reconstruction
@ Equilibrated flux reconstruction
@ Conclusions and outlook losia




| Global-local-best A priori Localization A posteriori Tools C Nonlinear Laplace Transmission Heat Laplace

Transmission problems with sign-changing coefficients

Model problem
V- (XVu) = in Q,
u=20 on 022

@ X not positive definite (and symmetric)
@ example: Q=Q,UQ_,04 >0ando_ <0,

Yo, =o4l, Xlo =o0_1

-
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Transmission problems with sign-changing coefficients

Model problem
V- (XVu) = in Q,
u=20 on 022

@ X not positive definite (and symmetric)
@ example: Q=Q,UQ_,04 >0ando_ <0,

Yo, =o4l, Xlo =o0_1

Weak formulation
Find u € H}(Q) such that

(ZVu,Vv)=(f,v) VveH(Q)

-
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Energy norm ||v|2, := (ZVv, Vv) for v € H}(Q)
@ not well-defined: (> v. V) < 0 may happen
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Intrinsic norm and its localization

@ not well-defined
Broken H' seminormwhen X =1, v c H'(7)

IVhvi? = max  (Vav,Ve)?+ min ||Vp(v - Q)|
PEH}(Q); Vel =1 CEHy ()
dual norm distance to HJ ()
&’1/:7 ..... —
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Intrinsic norm and its localization

@ not well-defined
Broken H' seminormwhen X =1, v c H'(7)

IVhvi? = max  (Vav,Ve)?+ min ||Vp(v - Q)|
PEH}(Q); Vel =1 CeHy ()
dual norm distance to HJ ()

Intrinsic seminorm

vl = max  (ZVpv,Ve)+ min [[Va(v - Q)|
PEH; (Q): [|Vell=1 (eHy(Q)

veH(T)
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Intrinsic norm and its localization

@ not well-defined
Broken H' seminormwhen X =1, v c H'(7)

IVhvi? = max  (Vav,Ve)?+ min ||Vp(v - Q)|
PEH}(Q); Vel =1 CeHy ()
dual norm distance to HJ ()

Intrinsic norm

vl = max  (ZVpv,Ve)+ min [[Va(v Q)|
PEH; (Q): [|Vell=1 (eHy(Q)

+ >R INEVIIE v e HY(T)
FeF

-
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Intrinsic norm and its localization

@ not well-defined
Broken H' seminormwhen X =1, v c H'(7)

IVAv|® = max  (Vav,Ve)®+ min IIVh(V— ol
peH}(Q); [Vo|=1 ceHi(@

dual norm distance to HJ ()

Intrinsic norm of error

Il — upll? = max (ZVh(u = Up), Ve)? + min |[Va(up — Q)P
PeH}(Q): || Vepl|=1 CeH(Q)
+ ) htng I[U—uh]]HF up € H'(T)
@ localizes from and for finite glement
discretizations V%7 e
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Localized X-robust a posteriori error estimates

Theorem (Localized X-robust a posteriori estimate ciaret s v. 2018))
o LetX € [Py(T)]?*9 and f € P,_1(T), p > 1, for simplicity;
o letu € H}(Q) be the weak solution;
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Localized X-robust a posteriori error estimates

Theorem (Localized X-robust a posteriori estimate ciariet & v. (2018))
o LetX € [Po(T)]9*% and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(thuh’ vwa)wa = (fa d}a)wa va e Vim;
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Localized X-robust a posteriori error estimates

Theorem (Localized X-robust a posteriori estimate ciariet & v. (2018))
o LetX € [Po(T)]9*% and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(thuh’ vwa)wa = (fa d}a)wa va e Vim;

@ &pi=Up!
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Localized X-robust a posteriori error estimates

Theorem (Localized X-robust a posteriori estimate ciariet & v. (2018))
o LetX € [Po(T)]9*% and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(thuh’ vwa)wa = (fa d}a)wa va e Vim;

® &p = Up: Sp € Pyt (T) N HY(Q) ;
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Localized X-robust a posteriori error estimates

Theorem (Localized X-robust a posteriori estimate ciariet & v. (2018))
o LetX € [Po(T)]9*% and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(thuh’ vwa)wa = (fa d}a)wa va e Vim;

@ &= Up: Sp € P (T) N HY(Q) p
("] Eh = =2V up, f:
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Localized X-robust a posteriori error estimates

Theorem (Localized X-robust a posteriori estimate ciariet & v. (2018))
o LetX € [Po(T)]9*% and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(thuh’ vwa)wa = (fa d}a)wa va e Vim;

@ &pi=Up! Sy E Pp+1 (T) N H&(Q) g
@ £, :=—XVuup, f:on € RTN,(T)NH(div, Q)
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Localized X-robust a posteriori error estimates

Theorem (Localized X-robust a posteriori estimate ciariet & v. (2018))
o LetX € [Po(T)]9*% and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(zvhuh’ v¢a)wa = (fa d}a)wa va e Vim;

@ &= Up: Sp € P (T) N HY(Q) p
@ £, :=—XVuup, f:on € RTN,(T)NH(div, Q)
Then, >- and p-robust localized equivalence holds:

llu— unll®
2 2 10T, 012
< > [I=Vhun + anllZ + [Vn(un — sn)lIE] + > A" INF[unlliz,
KeT FeF
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Localized X-robust a posteriori error estimates

Theorem (Localized X-robust a posteriori estimate ciariet & v. (2018))
o LetX € [Po(T)]9*% and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(zvhuh’ v¢a)wa = (fa d}a)wa va e Vim;

@ &= Up: Sp € P (T) N HY(Q) p
@ £, :=—XVuup, f:on € RTN,(T)NH(div, Q)
Then, >- and p-robust localized equivalence holds:

llu — unl|? [un—u]
——
1
< 1=V htn + onllk + V(s — sp)li] + D b INF[unlllZ,
KeT FeF
IZVhtn+anllk + I Valun—sn)llk < D llu—thllla VK €T.
acVy erc
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Applications

Unified framework for all classical discretization methods

v conforming finite elements

v/ nonconforming finite elements
v discontinuous Galerkin

v/ mixed finite elements

v various finite volumes

-
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Data
@ Q:=(-1,1)x(~1,1)
® O, :=(0,1)x (=1,1), Q_ :=(-1,0) x (=1,1)
@o;=1,0_<0
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Numerics: regular solution

Data
e Q:=(-1,1)x(-1,1)
@ Q, :=(0,1) x (=1,1), Q_ :=(=1,0) x (—1,1)
@0, =1,0_<0

Exact solution

u(x,y) = o x(x+1)(x = 1)(y + 1)(y = 1) for (x,y) € 4,
u(x,y) = x(x+ 1)(x = 1)(y + 1)(y — 1) for (x,y) € Q-

-
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Numerics: regular solution

Data
e Q:=(-1,1)x(-1,1)
@ Q, :=(0,1) x (=1,1), Q_ :=(=1,0) x (—1,1)
@0, =1,0_<0

Exact solution

u(x,y) = o x(x+1)(x = 1)(y + 1)(y = 1) for (x,y) € 4,
u(x,y) = x(x+ 1)(x = 1)(y + 1)(y — 1) for (x,y) € Q-

Discretization

@ conforming finite elements: uy, € H}(Q)
@ unstructured triangular grids
@ uniform h refinement

-
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_ Nonlinear Laplace Transmission Heat Laplace
Exact solution, approximate solution, and mesh
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Robustness with respectto X: 0. = —0.01

Errors and estimators
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Robustness with respect to X: o
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Data

e Q:=(—-1,1)x(-1,1) o
@ O, :=(0,1)x(0,1), Q- :=Q\ Q4
@o;=1,0_<0
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Numerics: singular solution

Data
e Q:=(-1,1)x(—-1,1)
@ Q. :=(0,1)x(0,1),Q2_:=Q\Q
@0, =1,0_<0
Exact solution
u(x,y) = r*(cy sin(A¢) + co sin(A\(r/2 — ¢))) for (x, y) € .,
u(x,y) = r*(dy sin(\(¢ — 7/2)) + da sin(A\(2m — ¢)) for (x,y) € Q_

e uc H'™(Q)
@ o_ = -5 2~ 0.4601069123
@ o =—-3.1: A= 0.1391989493

- i
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Numerics: singular solution

Data
e Q:=(-1,1)x(—-1,1)
@ Q. :=(0,1)x(0,1),Q2_:=Q\Q
@0, =1,0_<0
Exact solution
u(x,y) = r*(cy sin(A¢) + co sin(A\(r/2 — ¢))) for (x, y) € .,
u(x,y) = r*(dy sin(\(¢ — 7/2)) + da sin(A\(2m — ¢)) for (x,y) € Q_
e uc H'™(Q)

@ o_=-5: A~ 04601069123
@ 0 =-3.1: A~ 0.1391989493

Discretization

e conforming finite elements: u, € H} ()
@ unstructured triangular grids
@ adaptive h refinement &'M ‘‘‘‘‘ - erc
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Exact solution, approximate solution, and mesh
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_ Nonlinear Laplace Transmission Heat Laplace
Robustness with respect to X: o
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Robustness with respectto X: 0. = —3.1
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O Introduction
O Global-best — local-best equivalences
O A priori estimates (elementwise localized)
@ Conforming finite elements for the Laplace equation
@ Mixed finite elements for the Laplace equation
@ Stable commuting local projector in H(div)
O Localization of dual and distance norms
e A posteriori estimates (p-robust)
@ Nonlinear Laplace: localization and a-robustness
@ Non-coercive transmission: localization and X-robustness
@ Heat: space-time localization and T-robustness
@ Laplace: hp-adaptivity and exponential convergence
O Tools
@ Potential reconstruction
@ Equilibrated flux reconstruction
@ Conclusions and outlook losia




The heat equation
ou—Au=1f inQx(0,T),
u=0 ondQx(0,T),
u0)=up InQ
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Heat equation

The heat equation
ou—Au=1f inQx(0,T),
u=0 ondQ2x(0,T),

u(0)=up inQ
Spaces
X = L3(0, T; H}(Q)),

(
Vg = /O IVvIPt,
Y = L2(0, T; H}(Q)) n H'(0, T, H1(Q)),

(
VI3 = /0 1012, ) + I9VI2dt + [[v(T)|2

-
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Heat equation

The heat equation
ou—Au=1f inQx(0,T),
u=0 ondQ2x(0,T),

u(0)=up inQ
Spaces
X = L3(0, T; H}(Q)),

)
IVIE = /O Ivvi2at,
Y = L2(0, T; H}(Q)) n H'(0, T, H1(Q)),
T
VI3 = /O 1013, ) + IV VIR dt + [ V(T)|?

Weak solution
Find u € Y with u(0) = up such that

T T
/ (Oru, v) + (Vu,Vv)dt = / (f,v)dt VveX.
0 0 g
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Error and residual

Theorem (Parabolic inf-sup identity)

Foreveryv € Y, we have
2

)
I =] sup / OV, 0) + (Vv, Vi) dt| + V(0|
weX, |lollx=1+/0
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Error and residual

Theorem (Parabolic inf-sup identity)

Foreveryv € Y, we have
2

.
||V||3=[ sup /<3rv,so>+(VV,Vs0)dt + [[v(0)]12.
weX, [lellx=10

Residual of u),. ¢ Y
@ R(up,) € X', the misfit of up, in the weak formulation:

.
(R(Un,), V) = / (£, V) — (Ouldng, V) — (Y, VV) dt
0
@ dual norm of the residual

|R(un)lIx := sup  (R(Unr), V)
veX,|v|x=1

‘erc

M. Vohralik Estimations d’erreur a priori et a posteriorilocalisées 31 /50



| Global-local-best A priori Localization A posteriori Tools C Nonlinear Laplace Transmission Heat Laplace

Error and residual

Theorem (Parabolic inf-sup identity)

Foreveryv € Y, we have

2

.

HVH%=[ sup /<3rv,so>+(VV,Vs0)dt + [[v(0)[[?.
weX, [lellx=10

Residual of u),. ¢ Y
@ R(up,) € X', the misfit of up, in the weak formulation:

.
(R(Un,), V) = / (£, V) — (Ouldng, V) — (Y, VV) dt
0
@ dual norm of the residual

|R(un)lIx := sup  (R(Unr), V)
veX,|v|x=1

Y norm error is the dual X norm of the residual + IC error

lu = unc |l = IR (unr )% + llto — unr(0)]2

‘erc
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_ Nonlinear Laplace Transmission Heat Laplace
A posteriori estimate

Guaranteed upper bound

N 2
VU= unclE, axo.m) = Zonet ket Tk(Unr)
v/ no undetermined constant: error control
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A posteriori estimate

Guaranteed upper bound
2 N 2
v olu— UhT||gY7Q><(07T) <D n=1 ZKGT" n;(um)
v/ no undetermined constant: error control
Local space-time efficiency
4 m’}(Uhf) < lu— UhTHSy,neighbors of Kx(tn=1,)
v optimal space-time mesh refinement

v/ local in time and in space error lower bound using
localization

-
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A posteriori estimate

Guaranteed upper bound
2 N 2
v olu— UhT||gY7Q><(07T) <D n=1 ZKGT" n;(um)
v/ no undetermined constant: error control
Local space-time efficiency
v oni(Unr) = lu— UhTHSy,neighbors of Kx(tn=1,)
v optimal space-time mesh refinement
v/ local in time and in space error lower bound using
localization
Robustness

v < independent of data, domain Q, final time T, meshes,
solution u, polynomial degrees of vy, in space and in time

-
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A posteriori estimate

Guaranteed upper bound
2 N 2
v olu— UhT||gY7Q><(07T) <D n=1 ZKGT" n;(um)
v/ no undetermined constant: error control
Local space-time efficiency
v n}’}(uhT) = u— UhTHSy,neighbors of Kx(tn=1,tm)
v optimal space-time mesh refinement

v/ local in time and in space error lower bound using
localization

Robustness

v < independent of data, domain Q, final time T, meshes,
solution u, polynomial degrees of vy, in space and in time

Small evaluation cost
v estimators can be evaluated cheaply (locally)

2 [ — erc
M. Vohralik Estimations d’erreur a priori et a posteriori localisées 32 /50



O Introduction
O Global-best — local-best equivalences
O A priori estimates (elementwise localized)
@ Conforming finite elements for the Laplace equation
@ Mixed finite elements for the Laplace equation
@ Stable commuting local projector in H(div)
O Localization of dual and distance norms
e A posteriori estimates (p-robust)
@ Nonlinear Laplace: localization and a-robustness
@ Non-coercive transmission: localization and X-robustness
@ Heat: space-time localization and T-robustness
@ Laplace: hp-adaptivity and exponential convergence
O Tools
@ Potential reconstruction
@ Equilibrated flux reconstruction
@ Conclusions and outlook losia




Model problem

—~Au=f inQ:=(0,1)3
u=0 on 990
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Numerics: smooth case

Model problem

—Au=f inQ:=(01)>
u=0 on 990

Exact solution

u(x, y) = sin(2rx) sin(2ry)

lome o &
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Numerics: smooth case

Model problem

—~Au=f inQ:=(0,1)3
u=0 on oQ

Exact solution
u(x,y) = sin(2nx) sin(2wy)

Discretization

@ symmetric interior penalty discontinuous Galerkin method:
Un & Hj ()

@ unstructured triangular grids

@ uniform h and p refinement

-
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h p|  n(un)
R 1] 13




i (Up)
h p n(up)  rel. error estimate ||WVL_IZ,||
hy 1 1.3 2.8 x10™%




h p n(up)  rel. error estimate ”"v(’l’;)” [V (u—up)l|
hy 1 1.3 2.8 x10™% 11




_ Nonlinear Laplace Transmission Heat Laplace
How large is the overall error? (model pb, known sol.)

i n(Up) TV {u=up)
: P n(up)  rel. error estimate W ||V (u — up)]| rel. error W
o

1.3 28 x10'% 1.1 24 x10'%

—_
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How large is the overall error? (model pb, known sol.)

i (up) TV u—up) | jefi — (Up)
h  p| n(up) rel error estimate ”"v—u"h” [IV(u = up)| rel. error I\Vuhlf "= ||V?u—huh)\|
ho 1 1.3 2.8 x 10™% 1.1 24 %x10'% 1.17
P .
&z'ua,— ~
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How large is the overall error? (model pb, known sol.)

(up) TV u—up) | jefi — (Up)
h  p| n(up) rel error estimate ”"W" I [IV(u = up)| rel. error Tvg |” "= ||V?u—huh)\|
ho 1 1.3 2.8 x 10'% 1.1 24><1O1°/o 1.17
~hy/2 |6.1x10" 1.4x10'% 5.6 x 10~! 1.3 x 10'% 1.09
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_ Nonlinear Laplace Transmission Heat Laplace
How large is the overall error? (model pb, known sol.)

(up) TV —up)[[ | jeff — Up)
h p n(up)  rel. error estimate ”"W" i ||V (u — up)]| rel. error IS ” " = ||v(u ol
ho 1 1.3 28x10'% 11 24><10‘% 117
~hy/2 |6.1x10" 1.4x10'% 5.6 x 10~! 1.3 x 10'% 1.09
~hy/4 | 3.1 x 107" 7.0% 2.9 x 101 6.6% 1.06
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_ Nonlinear Laplace Transmission Heat Laplace
How large is the overall error? (model pb, known sol.)

h  p| m(up) rel. error estimate ”"v(‘l’l")” IV (u — up)|| rel. error ”Vl(”u””)” ot = ||v(u L),h)”

ho 1 13 28 % 107% 1 24 % 10'% 147
~hy/2 |6.1x10" 1.4x10'% 5.6 x 10~! 1.3 x 10'% 1.09
~ho/4 | 3.1 %107 7.0% 2.9 x 10~ 6.6% 1.06
~hy/8 |1.5x10" 3.3% 1.4 x 107" 3.1% 1.04

_Estlmatlons d’erreur a priori et a posteriori Iocallsees 34 /50




Global-local-best A priori Localization A posteriori Tools C

Nonlinear Laplace Transmission Heat

How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate ”"v(ﬂ;’)” IV(u— up)]| rel. error ”VH(;;:””)” ot = W?S“jlh)“

ho 1 1.3 28x10'% 11 24 x10% 117
~hy/2 |6.1x107" 1.4 x10'% 5.6 x 101 1.3x10'% 1.09
~hy/4 |3.1x10"" 7.0% 29x 10! 6.6% 1.06
~hy/8 1.5 x 10" 3.3% 1.4 x 10! 3.1% 1.04

he 2[1.6x107T 3.7% 1.5 %1071 3.5% 1.06
~hy/2 2| 42 x 1072 9.5x 10~ 1% 4.1 x 102 9.2 x 107 1% 1.04
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How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate ”"v(m)l IV(u— up)]| rel. error ”VH(;;:“”)” ot = ”vm“jlh)u

ho 1 1.3 28x10'% 11 24 x10'% 117
~hy/2 |6.1x107" 1.4 x10'% 5.6 x 101 1.3x10'% 1.09
~hy/4 |3.1x1071 7.0% 29 x 107! 6.6% 1.06
~hy/8 |1.5x10"" 3.3% 1.4 x 10~1 3.1% 1.04

he 2[1.6x107T 3.7% 1.5 %1071 3.5% 1.06
~hy/2 2| 4.2x 1072 9.5 x 107 1% 41x1072 92x107'% 1.04

ho 3[1.4x102 32x 10 1% 14x102  31x10 % 1.03
~hy/4 3|2.6x10~* 5.9 x 10~3% 2.6 x 1074 5.9 x 1073% 1.01
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How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate ”"v(m)” IV(u— up)]| rel. error ”VH(;;:“”)” ot = ”vm“jlh)u
ho 1 1.3 28 x10'% 1.1 2.4x10'% 117
~hy/2 |6.1x107" 1.4 x10'% 5.6 x 101 1.3x10'% 1.09
~hy/4 |3.1x1071 7.0% 29 x 107! 6.6% 1.06
~hy/8 |1.5x10"" 3.3% 1.4 x 10~1 3.1% 1.04
he 2[1.6x107T 3.7% 1.5 %1071 3.5% 1.06
~hy/2 2| 4.2x 1072 9.5 x 107 1% 4.1 %1072 9.2 x 107'% 1.04
ho 3[1.4x102 32x 10 1% 1.4 %102 31x 107 7% 1.03
~hy/4 3| 2.6x10~* 5.9 x 10~3% 2.6 x 104 5.9 x 1073% 1.01
hy 4[1.0x1073 23 x107%% 9.9 x 104 22 x107%% 1.02
~hy/8 4| 2.6x10~7 5.9 x 1076% 2.6 x 107 5.8 x 107% 1.01

M. Vohralik Estimations d’erreur a priori et a posteriorilocalisées 34 / 50



Model problem

—Au = f in Q= (-1,1)
u = 0 ondQ
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Numerics: smooth case with localized features

Model problem

—Au = f inQ:=(-1,1)72
u = 0 onoQ

Exact solution

u(x,y) = (x* = 1)(y? — 1) exp (=100(x* + y?))

-

&1/,; ,,,,, P —— \ %_érc
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Numerics: smooth case with localized features

Model problem

—Au = f inQ:=(-1,1)72
u = 0 onoQ

Exact solution
u(x,y) = (x* —1)(y® — 1) exp (—100(x® + y?))

Discretization

@ conforming finite elements: u, € H'(Q)
@ unstructured nested triangular grids
@ /p-adaptive refinement

-
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P. Daniel, A. Ern, |. Smears, M. Vohralik, Computers & Mathematics with Applications (2018)
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Where (in space) is the error localized?

Estimated error distribution Exact error distribution
K (Un) IV (u—up)lk

M. Vohralik
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Can we decrease the error efficiently?

P5
P4
VNS
S

([

> P3

4

4
P2

Mesh 7 and pol. degrees px
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Can we decrease the error efficiently?

A,
N

Mesh 7 and pol. degrees px

b
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Model problem

AU = 0 in Q= (—1,1)2\[0,1]3,
u = up onoN




_ Nonlinear Laplace Transmission Heat Laplace
Numerics: singular case

Model problem

AU = 0 in Q= (—1,1)2\[0,1]%,
u = up on N

Exact solution
u(r, 6) = r*?sin(2¢/3)

loe o &
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Numerics: singular case

Model problem

AU = 0 in Q= (—1,1)2\[0,1]%,
u = up onoN
Exact solution
u(r, ¢) = r?/®sin(2¢/3)
Discretization

@ conforming finite elements: u, € H'(Q)
@ unstructured nested triangular grids
@ hp-adaptive refinement

-

M. Vohralik Estimations d’erreur a priori et a posteriori localisées
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_ Nonlinear Laplace Transmission Heat Laplace
Can we decrease the error efficiently?
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_ Nonlinear Laplace Transmission Heat Laplace
Can we decrease the error efficiently?

102
10* i
100 3 8.y ]
10 % i
10?2 i
1077 £ | ..m h-adaptivity, p=1 : 3
—o— hp-adaptivity
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Mesh 7 and polynomial Relative error as a function of
degrees px no. of unknowns

P. Daniel, A. Ern, |. Smears, M. Vohralik, Computers & Mathematics with Applications (201
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Q Introduction
Q Global-best — local-best equivalences
© A priori estimates (elementwise localized)
@ Conforming finite elements for the Laplace equation
@ Mixed finite elements for the Laplace equation
@ Stable commuting local projector in H(div)
o Localization of dual and distance norms
O A posteriori estimates (p-robust)
Nonlinear Laplace: localization and a-robustness
@ Non-coercive transmission: localization and X-robustness
@ Heat: space-time localization and T-robustness
@ Laplace: hp-adaptivity and exponential convergence
G Tools
@ Potential reconstruction
@ Equilibrated flux reconstruction
Q Conclusions and outlook
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Potential reconstruction

Flux reconstruction

02

01

0z

)

05 (45

Potential £, Potential reconstruction sy,

hEPY(T) = sne  Py(T) NHYRQ)

—
p'=por p'=p+1

_Estimations d’erreur a priori et a posteriorilocalisées 41 /50






| Global-local-best A priori Localization A posteriori Tools C Potential reconstruction Flux reconstruction

Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (ConStrUCtion of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))

For each vertex a € V, solve the local minimization problem

sy := arg min IVa( Ya€n — Vh)llwa
VhGVﬁ

M. Vohralik Estimations d’erreur a priori et a posteriorilocalisées 42 / 50
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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (ConStrUCtion of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem

s = arg min IVa( Vaén — Vh)llw, 4

VhE Vﬁ

Yala) = 1, dala) =0
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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (ConStrUCtion of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem
sp :=arg min IVA(  Yaén — Vh)|lwa &

VhE V=P (Ta)NH] (wa)

Yala) = 1, dala) =0
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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (Construction of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem
sp :=arg min IVA(  aén — Vh)|lwa &

VhE Vﬁ:ZPp/ (7~a)ﬂHg (wa)

: S a
and combine Sh = Z Sh-
acy

Yala) = 1, dala) =0
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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (Construction of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem
sj, = arg min IVA(  Gath — Vi)l &

VhE Vﬁ:ZPp/ ('7;)0/‘/9J (i)Ja)

: S a
and combine Sh = Z Sh-
acy

Equivalent form: conforming FEs
Find s2 € VZ such that

(Vsﬁ, VVh)wa = (Va  (Vaéh)s VVh)ws Vv, € Vﬁ.
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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (Construction of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem
s ;= arg min IVa(  (Vaén) — Vi)llwa 4

VhE Vﬁ:ZPp/ ('7;)0/‘/9J (i)Ja)

. 0— a
and combine Sh = Z Sh-
acy

Equivalent form: conforming FEs
Find s2 € VZ such that

(VSE, VVh)wa = (Vi (Valn), VVh)ws  VVhE VE.
Key points
@ localization to patches 7;
@ cut-off by hat basis functions v,
@ projection of the discontinuous 3¢ to conforming space
@ homogeneous Dirichlet BC on dwa: sp € Py (T) N H, ()
o p=p+1
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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (Construction of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem

sj = arg min 19l (o) = Vi)l 4

VhE Vﬁ:ZPp/ ('7;)0/‘/9J (i)Ja)

. 0— a
and combine Sh = Z Sh-
acy

Equivalent form: conforming FEs
Find s2 € VZ such that

(ng, VVh)wa = (Vhlp’(¢a§h)7 VVh)wa Vv € Vﬁ.
Key points
@ localization to patches 7;
@ cut-off by hat basis functions v,
@ projection of the discontinuous 3¢ to conforming space
@ homogeneous Dirichlet BC on dwa: sp € Py (T) N H, ()

ep=p+torp=p

M. Vohralik Estimations d’erreur a priori et a posteriorilocalisées 42 / 50
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_ Potential reconstruction Flux reconstruction
Potential reconstruction in 1D, p =1, p’ =
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_ Potential reconstruction Flux reconstruction
Potential reconstruction in 1D, p =1, p’ =
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_ Potential reconstruction Flux reconstruction
Potential reconstruction in 1D, p =1, p’ =

Ya

Wa

&zm.,..,m.. :
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Stability of the potential reconstruction

Theorem (Local stability em av. 2015, 2016), using > Tools )

There holds
min HVh( (wafh)*vh)”waﬁ mm IV h(lo (aén)—V)llwa-
VhEP (7},)QH (wa) O(Ma
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Stability of the potential reconstruction

Corollary (Global stability; o’ = p + 1)

Up to a jump term, sy, is closer to &, than any u € Hg (Q):

1/2
IVh(€n = sa)ll = [IVa(én — 1)l + { > ! H”g[[ih]]HzF} :

FeF

-

&1/7 ..... p— f erc
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Stability of the potential reconstruction

Corollary (Global stability; p’ = 1)

Up to a jump term, sy, is closer to &, than any u € Hg (Q):

1/2
IVA(&n = sp)ll Sp IVA(En — )]l + { > hE'Ing [[ShllllF} :

FeF

‘erc
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Equilibrated flux reconstruction

1 1
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Flux &, Equilibrated flux reconstruction o,

£,€ RTNy(T), f € L3(Q) — o, € RTNy(T)NH(div,Q), V.o = Nyf

e
(f,ba)wa+(€p, Viba)wa=0 Yacyint p’'=por p'=p+1
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Q Introduction
Q Global-best — local-best equivalences
© A priori estimates (elementwise localized)
@ Conforming finite elements for the Laplace equation
@ Mixed finite elements for the Laplace equation
@ Stable commuting local projector in H(div)
o Localization of dual and distance norms
Q A posteriori estimates (p-robust)
Nonlinear Laplace: localization and a-robustness
@ Non-coercive transmission: localization and X-robustness
@ Heat: space-time localization and T-robustness
@ Laplace: hp-adaptivity and exponential convergence
G Tools
@ Potential reconstruction
@ Equilibrated flux reconstruction
@ Conclusions and outlook losia

[







| Global-local-best A priori Localization A posteriori Tools C Potential reconstruction Flux reconstruction

Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (€h7 v¢a)wa =0 Va e th.
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

op:=arg . min | Va€n — Vhllw.
vheVE A
V~Vh:
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

a .

ol :=arg min a€p — Vo

L VhEVa::RTNp/(’Ta)ﬂHo(di\'.Lua)H h A || N
V~Vh:
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

oj = arg min
vpe Va::RTNp/ (Ta)NHp(div,wa)
V'Vh:np/(fiﬁa‘f'sh‘vwa)

H Uagh - ‘(h||wa
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

oj = arg min
vpe Va::RTNp/ (Ta)NHp(div,wa)
V~vh:I'Ip/(f¢a+£h-Vwa)

H Uagh - VahHwa

o . a
and combine Oh'= Z Oh-
acy
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

oj = arg min
vpe Va::RTNp/ (Ta)NHp(div,wa)
V~vh:I'Ip/(f¢a+£h-Vwa)

H Uagh - Vgh”'ﬂ-‘a

o . a
and combine Oh'i= Z Oh-
acy

Key points ‘
@ hom. Neumann BC on dwa: oy € RTNy/(T) N H(div, Q)
e equilibrium V.o, =) "V-05=) Mp(ftoat&yViba)=I,"

/ acy acy

e p=p+1
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

o} = arg min )H’p’(‘A"aEh) — V.

vpe Va::RTNp/ (Ta)NHop(div,wa
V~vh:I'Ip/(f¢a+£h-Vwa)

o . a
and combine Oh = Z Oh-
acy

Key points ‘
@ hom. Neumann BC on dwa: o, € RTNy(T) N H(div, Q)

e equilibrium V.o, =) "V-05=) Mp(ftoat&yViba)=I,"
/ / acy acy
o p=p+torp=p
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Stability of the flux reconstruction

Theorem (Local stability Braess, Pillwein, Schoberl (2009;2D), Ern, V. (2016;3D), using > T°°'S)

There holds

min 1, (W — V. min ||/ (v —V||p.-
VAERTN,,, (Ta)NHo (div ,VHC., (Va&h)=Vhllwa S Ho(ivWU (Yakh)=Vlla
V-Vh:rlp/(ft,,aJr&h -V1)a) V.v= ﬂ /(f1 atEpViba)

Lo
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Stability of the flux reconstruction

Corollary (Global stability; o’ = p + 1)

o is closer to &;, than any o < H(div.)) such that V.o = f:

1/2
h2
1€n — onll < 1€n — ol + {Z ﬁ“f— ”pf\|';2<} :

KeT

M. Vohralik
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Stability of the flux reconstruction

Corollary (Global stability; p’ = 1)

o is closer to &), than any o < H(div.)) such that V-o = f:

1/2
1€n = anll Sp 1€n— ol + { > hlif - V-Ehllf(} :

KeT

M. Vohralik



Q Introduction
Q Global-best — local-best equivalences
Q A priori estimates (elementwise localized)

Q
o

@ Conforming finite elements for the Laplace equation

@ Mixed finite elements for the Laplace equation

@ Stable commuting local projector in H(div)

Localization of dual and distance norms

A posteriori estimates (p-robust)

@ Nonlinear Laplace: localization and a-robustness

@ Non-coercive transmission: localization and X-robustness
@ Heat: space-time localization and T-robustness

@ Laplace: hp-adaptivity and exponential convergence
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@ Potential reconstruction
@ Equilibrated flux reconstruction




| Global-local-best A priori Localization A posteriori Tools C

Conclusions and outlook

Conclusions
@ global-best — local-best equivalences: optimal a priori error
estimates

@ localization of dual and distance norms: optimal a
posteriori error estimates
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Conclusions
@ global-best — local-best equivalences: optimal a priori error
estimates

@ localization of dual and distance norms: optimal a
posteriori error estimates

@ broken polynomial extension operators: p-robustness
@ unified framework for all classical numerical schemes
Ongoing work

@ extensions to other settings
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Potentials

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:

2D), Muioz-Sola (1997), Demkowicz, Gopalakrishnan, & Schdberl (2009))

Letp>1,K e T,and 7). C Fk. Letr < P,(F}}) be continuous
on FZ. Then

min _[[Vvallk = min Vv
Vh€Pp(K) veH'(K)
vp=rr on all FEFR v=rg on all FEFR

il 1 /2(5K)
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Potentials

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:

2D), Muioz-Sola (1997), Demkowicz, Gopalakrishnan, & Schdberl (2009))

Letp>1,K e T,and 7). C Fk. Letr < P,(F}}) be continuous
on FZ. Then

FEs

IVChkllk = min [[Vvy|x = min [[Vv|x = [|Vikllk-
VhEPp(K) veH(K)
vp=rr on all FEFR v=rg on all FEFR
1717200
Context

“AGk=0  inK,
(k=rF onall FeFg,
—V(ik-ng = 0 onall Fe Fk \ ]:,12 S
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Fluxes

Lemma (H(div) polynomial extension on a tetrahedron costavel & me-

Intosh (2010); Ainsworth & Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, &Schdberl (2012); Ern & V. (2016))

Letp>0,K e T, 7; C Fk. Letr € Pp(F)) x Pp(K), satisfying
ZFE]:K(ro 1)/: = (I’K7 1)K If]:}l}] = Fk. Then

min v < min v
vheRTNp(K) Ivallc = veH(div,K) Iviix
Vp-ng=rg VFEFY v-ng=rg YFEFY
V-vp=rg V-v=rg
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—Vik-Ng = e onall F € F},
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Fluxes

Lemma (H(div) polynomial extension on a tetrahedron costavel & me-

Intosh (2010); Ainsworth & Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, &Schdberl (2012); Ern & V. (2016))

Letp>0,K e T, 7; C Fk. Letr € Pp(F)) x Pp(K), satisfying
ZFEJ_-K(I’F, 1)/: = (I’K7 1)K If]:}l}] = Fk. Then
MFEs . .
= min v < min V|k = .
linli "S5 min Clvalk < min Vi = leklk
Vp-ng=rg VFEFY v-ng=rg YFEFY
V-vp=rg V-v=rg
Context
—ACK =g in K,
—Vik-Ng = e onall F € F},
(k=0 onall F € Fx\ Fx.
Set YK = —VCK. &’2’7 ..... P— A aéri:
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Potentials

Theorem (Broken H' polynomial extension on a patch emav. @o1s,
y

2016))

Forp>1andaec V™, letr c P,(F1"). Suppose the
compatibility

int
rF’Fﬂawazo VFEF;H,

Y trelFle=0  Vee&a

FeFe
Then
min [ Vavhlee = Min ([ VpVe,
VhEPp(Ta) veH' (Ta)
vh=0 VFeFZ" v=0 VFeFg"
|IVh]]:fF VFE]'—{,H[ |[V]]=I’F VFE]'—iam
&1/ ,,,,,,,,,,, i — ’ »érc
2LA—"
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Fluxes

Theorem (Broken H(div) polynomial extension on a patch eress,

Pillwein, & Schéberl (2009; 2D), Ern & V. (2016; 3D))

Forp>0andac V™ letr ¢ Pp(Fa) x Pp(Ta). Suppose the
compatibility

> (e Dk — D (rr 1)e=0.

KeTa FeFa
Then
min IVallwa = min (2
vhERTNp(Ta) veH(div,7a)
Vh-Ne=rg VFEFG" v-ng=rg YFEFZ"
[vi-nel=rr VFeF" [v-ne]=rr VFeFint
Vh-Vhlk=rk VK€Ta Vh-V|xk=rx YKETa
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Localization of distances to H} ()

Theorem (Localization of distance to HJ(£2), cireta v cote))
Let v € H'(T) be arbitrary. Then

min [[Vo(v— Q)2+ > hE'INEIVIIZ
ceHl(@) ,;T F :

global distance to H} (<)

zz{ min Vv -QlE+ Y0 AN }

1
acy CeHL FeF,acF

local distance to H},(wa) := H'(wa) fora € V™ and Hj(wa) fora € Vo

where, for € {—1,0,1},

\1% =Vhpv—20 E [F([[V]])
; " radi Feg
discrete gradient = lifting of the jumps

erc
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