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What is an a posteriori error estimate

A posteriori error estimate

@ Let v be a weak solution of a PDE.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE.
@ Let uy, be its approximate numerical solution.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE.
@ Let uy, be its approximate numerical solution.

@ A priori error estimate: ||V(u — up)|| < hE.
Useful in theoretical assessment of
convergence.

I d
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What is an a posteriori error estimate

A posteriori error estimate

@ Let v be a weak solution of a PDE.
@ Let uy, be its approximate numerical solution.
@ A priori error estimate: | V(u — up)]|| < h~.
Useful in theoretical assessment of
convergence.
@ A posteriori error estimate: [|V(u — up)|| < Cn(up). Only
uses up, computable. Great in practical calculation.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let u be a weak solution of a PDE.
@ Let uy, be its approximate numerical solution.

@ A priori error estimate: | V(u — up)]|| < h.
Useful in theoretical assessment of
convergence.

@ A posteriori error estimate: [|V(u — up)|| < Cn(up). Only
uses up, computable. Great in practical calculation.
Usual form
@ Element indicators nk(up), K € Th.
@ Can be used to determine mesh elements with large error.
@ We can then refine these elements: mesh adaptivity.
: m[néau;,mamemnms
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Model problem

-Au=f in Q,
u=20 on 912

@ Q c RY d = 2,3 polygon/polyhedron
e fcl?(Q)
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Model problem

Model problem

-Au=f in Q,

u=20 on 0N

@ Q c RY d = 2,3 polygon/polyhedron

e fcl?(Q)

Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VveHI(Q)

pd
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Model problem

Model problem

-Au=f in Q,
u=0 on 090

@ Q c RY d = 2,3 polygon/polyhedron

e fcl?(Q)
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Finite element solution

Find up € Vi, :=Pp(7) 1 H (), p > 1, such that

(Vun, Vvn) = (f,vn)  Vvh €V 7 o
142577 5
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What an a posteriori error estimate should fulfill

Optimal estimate
@ guaranteed upper bound: 1

IV ( UUh)<{Z77K Up) }

KeTh
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What an a posteriori error estimate should fulfill

Optimal estimate
@ guaranteed upper bound: 1

2
IV(u—up)ll < D nk(un)?
KETh
@ local efficiency:

Nk (Un) < Cerl| V(U — Un)|lwy VK € Th

hm%,..u,m.mm
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What an a posteriori error estimate should fulfill

Optimal estimate
@ guaranteed upper bound: 1

2
IV(u—up)l < 4 nk(un)?
KETh
@ local efficiency:

Nk (Un) < Cerl| V(U — Un)|lwy VK € Th

@ asymptotic exactness:
.

{ZKeTh 77K(Uh)2} :
IV(u = up)|

&Zw;ﬂ.u,mmm
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What an a posteriori error estimate should fulfill

Optimal estimate
@ guaranteed upper bound: 1

2
IV(u—up)l < 4 nk(un)?
KETh
@ local efficiency:

Nk (Un) < Cerl| V(U — Un)|lwy VK € Th
@ asymptotic exactness:

{ZKeTh 77K(Uh)2} :
IV(u — up)l
@ robustness: C.i independent of the parameters (size and
shape of Q, regularity of u, refinement of 75, polynomial
degree of up)

N 1
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What an a posteriori error estimate should fulfill

Optimal estimate
@ guaranteed upper bound: 1

2
IV(u—up)l < 4 nk(un)?
KETh
@ local efficiency:

nk(un) < Cet| V(U — Up)llwx YK € Th
@ asymptotic exactness:

{ZKeTh 77K(Uh)2} :
IV(u — up)l
@ robustness: C.i independent of the parameters (size and
shape of Q, regularity of u, refinement of 75, polynomial
degree of up) (final time, singular perturbation .. .)
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What an a posteriori error estimate should fulfill

Optimal estimate
@ guaranteed upper bound: 1

2
IV(u—up)l < 4 nk(un)?
KETh
@ local efficiency:

nk(un) < Cet| V(U — Up)llwx YK € Th
@ asymptotic exactness:

{ZKeTh 77K(Uh)2} :
IV(u — up)l
@ robustness: C.i independent of the parameters (size and
shape of Q, regularity of u, refinement of 75, polynomial
degree of up) (final time, singular perturbation .. .)
@ small evaluation cost of 7« (up)

N 1
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What an a posteriori error estimate should fulfill

Optimal estimate
@ guaranteed upper bound: 1

IV (u—up)ll < <D nx(un)?
KETh
@ local efficiency:

nk(un) < Cet| V(U — Up)llwx YK € Th
@ asymptotic exactness:

{ZKeTh 77K(Uh)2} :
IV(u — up)l
@ robustness: C.i independent of the parameters (size and
shape of Q, regularity of u, refinement of 75, polynomial
degree of up) (final time, singular perturbation .. .)
@ small evaluation cost of 7« (up)
@ error components identification: discretization, alifraui
2L —
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What an a posteriori error estimate should fulfill

Optimal estimate
@ guaranteed upper bound: 1

2
IV(u—up)l < 4 nk(un)?
KETh
@ local efficiency:

nk(un) < Cet| V(U — Up)llwx YK € Th
@ asymptotic exactness:

{ZKeTh 77K(Uh)2} :
IV(u = up)|

@ robustness: C.i independent of the parameters (size and
shape of Q, regularity of u, refinement of 75, polynomial
degree of up) (final time, singular perturbation .. .)

@ small evaluation cost of 7« (up)

@ error components identification: discretization, algebraic
(linearization, time stepping .. .) ipu’a/-
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Residual-based estimates

Theorem (Residual-based estimate, veriirtn (1989))

Let u € H}() be the weak solution and let uy, = V), be its FE
approximation. Then there exists Cy, > 0 only depending on d
(space dimension) and r.7, (shape-regularity of Tp) such that

1

1 3
IV (u=un)l| < Cup{ > (hkllf + Auplik + h;%ll[[VUh]]-nKllafg)z} -

K vV
€7 Thes,K
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Residual-based estimates

Theorem (Residual-based estimate, veriirtn (1989))

Let u € H}() be the weak solution and let uy, = V), be its FE
approximation. Then there exists Cy, > 0 only depending on d
(space dimension) and r.7, (shape-regularity of Tp) such that

1

1 3
IV (u=un)l| < Cup{ > (hkllf + Auplik + h;%ll[[VUh]]-nKllafg)z} -

K vV
€7 Thes,K

For Cy, additionally depending p (polynomial degree),
Tlres,K < C]OW(HV(U - Uh)HwK + Hf - rlprwK) VK € 7;7

I d
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Residual-based estimates

Theorem (Residual-based estimate, veriirtn (1989))

Let u € H}() be the weak solution and let uy, = V), be its FE
approximation. Then there exists Cy, > 0 only depending on d
(space dimension) and r.7, (shape-regularity of Tp) such that

1

1 3
IV (u=un)l| < Cup{ > (hkllf + Auplik + h;%ll[[VUh]]-nKlafg)z} -
KeTh

Thes,K

For Cy, additionally depending p (polynomial degree),
Tlres,K < C]OW(HV(U - Uh)HwK + Hf — rlprwK) VK € 7;7

Properties

@ rigorous
@ cheap (explicit)
what is ? )
depends on g -
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Averaging estimates

Theorem (Averaging estimate, zieniewicz and zhu (1987))

Letu e H&(Q) and let u, < V), be the FE approximation. Then
[V(u—un)ll S 1IVun+ anl,

where o € [Py (Th) N H'(Q)]9 is obtained by local averaging
(smoothing) of —V up,.

ld

&Z.n,;..u,m.mm

M. Vohralik Energy a posteriori error estimators 7 /52



| Equilibrated fluxes Inexact Newton Adaptivity Eigenproblems R&B Optimal properties The landscape

Averaging estimates

Theorem (Averaging estimate, zienkiewicz and zhu (1987))

Letu e H&(Q) and let u, < V), be the FE approximation. Then
[V(u—un)ll S 1IVun+ anl,

where o € [Py (Th) N H'(Q)]9 is obtained by local averaging
(smoothing) of —V up,.

Properties
@ cheap (explicit)
@ often asymptotically exact
@ problem-independent

(may be severely violated on coarse
meshes), (under certain conditions, however,
equivalence with residual-based estimates can be s wn),
2L —
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Functional estimates

Theorem (FU nctional eStimate, ~ Prager and Synge (1947), Hlavacek, Haslinger, Negas,

and Lovisek (1979), Repin (1997))

Let u € H}(Q2) be the weak solution and let uy, = H} (<) be
arbitrary. Let o, € H(div, Q) be arbitrary. Then

IV(u—up)ll < [[Vup + ol + hallf — V-0

I d
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Functional estimates

Theorem (FU nctional eStimate, ~ Prager and Synge (1947), Hlavacek, Haslinger, Negas,

and Lovisek (1979), Repin (1997))

Let u € H}(Q2) be the weak solution and let uy, = H} (<) be
arbitrary. Let o, € H(div, Q) be arbitrary. Then

IV(u—un)ll < [IVUn+ anll + hallf = V-on.

Properties

@ general (no requirement on uy)
@ guaranteed upper bound

potentially expensive ( for o)

I d
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The current landscape

Optimal properties The landscape

Estimator Guar. Loc. Asymp. Rob. Rob. Cost Maximal
exact. data p

Err.

overest. comps.

bound eff.
Residual X v
Averaging X
Hierarchical v
Functional v
Equil. res. X v
Geometric
Equil. flux v v

NN NN NN

v

explicit
explicit

implicit
explicit
implicit

X
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Equilibrated flux a posteriori estimate

Properties of the weak solution
@ u € H{(Q) (constraint)
@ o = —Vu (constitutive relation)
@ V.o = f (equilibrium)
@ o < H(div, Q) (constraint)

—
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Equilibrated flux a posteriori estimate

Properties of the weak solution
@ u € H{(Q) (constraint)
@ o = —Vu (constitutive relation)
@ V.o = f (equilibrium)
@ o < H(div, Q) (constraint)

Theorem (Equilibrated flux estimate, ~ prager and synge (1947))

o Letu € H}(Q) be the weak solution;
@ up € H'(Ty) (piecewise H'(K)) be arbitrary;
@ Sy € HS(Q), oOh € H(diV,VQ), (V~0’h. 1)K = (f,1)K VK € Tp.

A —
M. Vohralik Energy a posteriori error estimators 10 /52




| Equilibrated fluxes Inexact Newton Adaptivity Eigenproblems R&B Reliability Efficiency Applications Numerics

Equilibrated flux a posteriori estimate

Properties of the weak solution
@ u € H{(Q) (constraint)
@ o = —Vu (constitutive relation)
@ V.o = f (equilibrium)
@ o < H(div, Q) (constraint)

Theorem (Equilibrated flux estimate, ~ prager and synge (1947))

o Letu € H}(Q) be the weak solution;
@ up € H'(Ty) (piecewise H'(K)) be arbitrary;
@ Sy € HS(Q), oOh € H(diV,,Q), (V~0’h. 1)K = (f,1)K VK € Tp.
Then h »
IV(u—un)2< Y (IVun + onllc + < 1f = V-onllx)

KeTh constitutive relation

equilibrium

+ > IV(un = sn)l% -
—_—

KeTh

ooooooo

constraint

M. Vohralik Energy a posteriori error estimators 10/ 52



_ Reliability Efficiency Applications Numerics
Global potential and flux reconstructions

Ideally

op = ar min Vup+vVv
h thGVh,V-ththf” h h”

Sp = arg Vgéif\}hHV(Uh Sl

@ V;, C H(div,Q), Qy C L3(Q), Vi C HI(Q)
@ too expensive, global minimization problems (the
hypercircle method)

pd
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Local potential and flux reconstructions

Partition of unity localization

a .
o = ar min VaVUup+ Vall.
h gthVa,V-vh:?H @ h hH @

s2:=arg min ||V (vVaup — vp)||.
h gv,,ev,?H (Valn — Vh)l|w

@ cut-off by hat basis functions 5 € P1(75) N H'(Q)

ay

az V4

patch w, Informatics g mathematics
Uala) = 1, vala) = 0 2L —
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Local potential and flux reconstructions

Partition of unity localization

a .
o = ar min VaVUup+ Vall.
h gthVa,V-vh:?H @ h hH @

s2:=arg min ||V (vVaup — vp)||.
h gv,,ev,?H (Valn — Vh)l|w

@ cut-off by hat basis functions 5 € P1(75) N H'(Q)

OO'hZ:ZO'z, Sh::ZS?, 7

acVy acVy

az V4

patch w, Informatics g mathematics
a Va(a) =1, Pa(a,) =0 7@-—
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Local potential and flux reconstructions

Partition of unity localization

a .
o = ar min VaVUup+ Vall.
h gthVa,V-vh:?H @ h hH @

s2:=arg min ||V (vVaup — vp)||.
h gv,,ev,?H (Valn — Vh)l|w

@ cut-off by hat basis functions 5 € P1(75) N H'(Q)

OO'hZ:ZO'z, Sh::ZS?, i~
acVy acVy
@ local minimizations

az rd

patch w, Informatics g mathematics
a Va(a) =1, Pa(a,) =0 7@-—
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

,
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

V2 x Q2: MFE spaces (hom. Neumann BC for a € V}",
homogeneous Dirichlet BC on dwa N 02 fora € ;")

a—
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

V2 x @Q2: MFE spaces (hom. Neumann BC fora € V",
homogeneous Dirichlet BC on dwa N 02 fora € ;")

Definition (Constr. of o, pestuynder and Metivet (1999) & Braess and Schaberl (2008))

Let Assumption A be satisfied. For each a € V), prescribe
o2 € V2 and 72 € Q2 by solving the local mixed FE problem

o2 = arg min )WaVUh + Vhllwa
h

VhEVE, V~vh:HQ?(uaf7Vua-Vu
n

ooooooo
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

V2 x @Q2: MFE spaces (hom. Neumann BC fora € V",
homogeneous Dirichlet BC on dwa N 02 fora € ;")

Definition (Constr. of o, pestuynder and Metivet (1999) & Braess and Schaberl (2008))

Let Assumption A be satisfied. For each a € V), prescribe
o2 € V2 and 72 € Q2 by solving the local mixed FE problem

ol .=ar min Vup+v
h gVhEVZ,V~Vh:[—|og(l,'af7VL’a-VUh)H¢a h h”wa
(027vh)wa - (Ffan V'vh)wa = —(anUth)wa vVh S V/a~,7
(VUZ’ qh)wa = (/l "af - vlw’a'VUh, qh)wa th € Qﬁ .......
/
M. Vohralik
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V2: FE space (hom. Dirichlet BC on 0w, for alla € V)

0
(VS%, Vvh)wa = (V(l,lauh), VVh)wa Vvp € Vﬁ

v d
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Local potential reconstruction

VE: FE space (hom. Dirichlet BC on dw, for alla € V)

Definition (Construction of Sh, ~ Carstensen and Merdon (2013))

Let uy, « H'(75). For each a € Vp, prescribe s2 € V2 by solving
the local conforming finite element problem

s :=arg min ||V (¢atp — Vh)l|ws
VhEVﬁ

I d
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Local potential reconstruction

VE: FE space (hom. Dirichlet BC on dw, for alla € V)

Definition (Construction of Sh, ~ Carstensen and Merdon (2013))

Let uy, « H'(75). For each a € Vp, prescribe s2 € V2 by solving
the local conforming finite element problem

s :=arg min ||V (¢atp — Vh)l|ws
VhEVﬁ

()
(VS2, VVh)wa = (V(¥alp), VVh)wa Vvp € VE. ]

I d
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Assumptions

Assumption B (Weak continuity)

There holds ([up, Ve =0 Ve € &,

I d
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Assumptions

Assumption B (Weak continuity)

There holds ([up, Ve =0 Ve € &,

Assumption C (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum | are piecewise
polynomial. The degrees of the MFE reconstructions o, and s,
are chosen correspondingly. The meshes 7T, are shape-regular.

I d
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)
Let u be the weak solution. Under Assumptions A, B, and C,

”VUh aF U'hHK < CsthontfPF Z ||V(U - Uh)”waa
acVyx

“V(Uh - Sh)HK < Cslccom.bl’l-' Z HV(U - Uh)Hwa'

acVy

I d
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)
Let u be the weak solution. Under Assumptions A, B, and C,

||VUh o UhHK < CstccontﬁPF Z ||V(U - Uh)”waa

acVyg

HV(Uh — Sh)HK < Cst Ceont,bPF Z HV(U - uh)Hwa'

acVyg

Remarks

@ Ceonipr: & 1+ 2/m on convex patches wa
@ C, can be bounded by solving the local Neumann
problems by conforming FEs: find r2 € V2 C H] (wa) s.t.

(Vrﬁa vvh)uia = _(¢avuh7 Vvh)wa+(waf_v¢a'vuh7 Vh)Wa Vv € V/?’
then the first C, < [[aVup, + o, /| Vi

— H’w‘a

. . . 7
@ = maximal overestimation factor guaranteed &Z7’i
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@ Applications

@ Numerical results

O Adaptive inexact Newton method
@ Guaranteed a posteriori error estimate
@ Stopping criteria, efficiency, and robustness
@ Numerical results

O Full adaptivity for unsteady nonlinear problems

O Guaranteed bounds for Laplace eigen-values and -vectors

@ References and bibliography 7 e
/%77



Conforming finite elements
Find u, € Vj, such that

(Vup, V) = (f, vp) Yvp € Vp.

‘ Informatics g mathematics



_ Reliability Efficiency Applications Numerics
Conforming finite elements

Conforming finite elements
Find u, € Vj, such that

(Vup, Vvp) = (f, vn) Yvp € V.

o Vj:=Py(Th) N HL(Q), p > 1
@ Assumption A: take vj = 93
@ Vi, C HY(Q): sp := up, no need for Assumption B

pd

: informatics gFmathematics
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Nonconforming finite elements

Nonconforming finite elements
Find u, € Vj, such that

(Vunp, Vvp) = (f,vn) Yvp € Vp.

pd

: informatics gFmathematics
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Nonconforming finite elements

Nonconforming finite elements
Find up € Vj, such that

(VUh,VVh) = (f, Vh) Yvp € Vp.

@ Vp:=Pu(Th), p>1, vy € V) satisfy
(Ivel,gn)e =0 Van € Pp_1(€), Ve € &,

@ Assumption A: take vy = 13
@ Assumption B: building requirement for the space Vj,

I d

&Z.n,;..u,m.mm

M. Vohralik Energy a posteriori error estimators 18 /52



| Equilibrated fluxes Inexact Newton Adaptivity Eigenproblems R&B Reliability Efficiency Applications Numerics

Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ > {ahg '[upl, [Val)e = (f. V) YVh € Vh.

ecéy

I d

h.gm,mmm
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ > {ahg '[upl, [Val)e = (f. V) YVh € Vh.

ecéy
@ Assumption A: take vj, = 4 for 8 = 0,

I d

h.gm,mmm
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, V)= Y {{{Vun}ne, [Val)e+-0({VVn}-Ne, [unl)e}

KeTh ecéy
+ > {ahg '[upl, [Val)e = (f. V) YVh € Vh.

ecéy
@ Assumption A: take vi = 14 for 8 = 0, otherwise estimates
for the discrete gradient &(up) := Vup — 03¢, le([Un])

I d

informatics gFmathematics
V122,77 5
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, V)= Y {{{Vun}ne, [Val)e+-0({VVn}-Ne, [unl)e}

KeTh ecéy
+ > {ahg '[upl, [Val)e = (f. V) YVh € Vh.

ecéy
@ Assumption A: take vi = 14 for 8 = 0, otherwise estimates
for the discrete gradient &(up) := Vup — 03¢, le([Un])
@ NIPG, IIPG: broken Poincaré—Friedrichs inequality & jumps

I d

informatics gFmathematics
V122,77 5
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, V)= Y {{{Vun}ne, [Val)e+-0({VVn}-Ne, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy

[+ Vh = Pp('Th), p=> 1

@ Assumption A: take vi = 14 for 8 = 0, otherwise estimates
for the discrete gradient &(up) := Vup — 03¢, le([Un])

@ NIPG, IIPG: broken Poincaré—Friedrichs inequality & jumps

@ symmetric version:

||®(Uh) + U'h”K < C\‘tccont.PF Z ||®(U - Uh)Hwa’
acVy
H@(Uh — Sh)HK g Cxl Ccnnl.l’ Z H@(U - Uh)Hwa 4 ormatis Fmthemai
acVy &1/7%

M. Vohralik Energy a posteriori error estimators 19/ 52



O Introduction and the current landscape
@ Optimal properties
@ Various energy a posteriori error estimators
@ Equilibrated fluxes in the Laplace case
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications
@ Numerical results
O Adaptive inexact Newton method
@ Guaranteed a posteriori error estimate
@ Stopping criteria, efficiency, and robustness
@ Numerical results

O Full adaptivity for unsteady nonlinear problems

O Guaranteed bounds for Laplace eigen-values and -vectors

@ References and bibliography 7 e
/%77



Model problem

~Au=f in Q:=]0,1
U=up on 92
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_ Reliability Efficiency Applications Numerics
Numerics: smooth test case

Model problem

~Au=f in Q:=]0,1
Uu=up on 920

Exact solution

u(x) = (1 + ca(1 = x1) + & *X)(cy + Ca(1 — xe) + &%)

«

ci=—-¢e% c=-1-¢, a=10

pd

: informatics gFmathematics
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Numerics: smooth test case

Model problem

~Au=f in Q:=]0,1
u=up on 99

Exact solution

U(X) = (C1 + 02(1 — x1) + 670‘)“)(01 + 02(1 _ X2) + e*axz)
cr=—e% G=-1-¢, a=10

Discretization

@ incomplete interior penalty discontinuous Galerkin method
@ unstructured nested triangular grids
@ uniform refinement

I d

informatics gFmathematics
V122,77 5
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Equilibrated fluxes

Inexact Newton Adaptivity Eigenproblems R&B

Reliability Efficiency Applications Numerics

Estimates, errors, and effectivity indices

h oIVt 16— tnloa [IV U topl 19 G —sn)ll o 7 ma | T RG
ho/1 1 1.21E+00 1.22E+00 1.24E+00 07E-01 5.56E-02 [1.30E+00 1.31E+00[1.07 1.07
hy/2 6.18E-01 6.22E-01 6.38E-01 5.09E 02 7.02E-03 | 6.47E-01 6.50E-01 | 1.05 1.05
(0.97) (0.97) (0.96) (1.07) (2.99) (1.01) (1.01)

ho /4 3.12E-01 3.13E-01 3.22E-01 2.43E-02 8.80E-04 | 3.24E-01 3.25E-01 | 1.04 1.04
(0.99) (0.99) (0.99) (1.07) (3.00) (1.00) (1.00)

ho/8 1.56E-01 1.57E-01 1.61E-01 1.18E-02 1.10E-04 | 1.62E-01 1.63E-01 [ 1.04 1.04
(1.00) (1.00) (1.00) (1.05) (3.00) (1.00) (1.00)

hyp/1 2 1.50E-01 1.53E-01 1.49E-01 2.76E-02 5.10E-03 | 1.56E-01 1.59E-01 [ 1.04 1.04

hy/2 3.85E-02 3.92E-02 3.83E-02 7.99E-03 3.22E-04 | 3.94E-02 4.01E-02 |1.03 1.02
(1.96) (1.96) (1.96) (1.79) (3.98) (1.98) (1.98)

ho /4 9.70E-03 9.88E-03 9.68E-03 2.12E-03 2.02E-05| 9.93E-03 1.01E-02 |1.02 1.02
(1.99) (1.99) (1.98) (1.92) (4.00) (1.99) (1.99)

ho/8 2.43E-03 2.48E-03 2.43E-03 5.42E-04 1.26E-06 | 2.49E-03 2.54E-03 [ 1.02 1.02
(1.99) (1.99) (1.99) (1.96) (4.00) (1.99) (1.99)

hy/1 3 1.32E-02 1.34E-02 1.29E-02 2.52E-03 3.58E-04 | 1.35E-02 1.37E-02 [1.03 1.03

hy/2 1.67E-03 1.69E-03 1.65E-03 3.13E-04 1.13E-05| 1.70E-03 1.71E-03 [1.01 1.01
(2.98) (2.98) (2.97) (3.01) (4.99) (3.00) (3.00)

ho /4 2.11E-04 2.13E-04 2.09E-04 3.83E-05 3.53E-07 | 2.12E-04 2.15E-04 [1.01 1.01
(2.99) (2.99) (2.99) (3.03) (5.00) (3.00) (3.00)

ho/8 2.64E-05 2.67E-05 2.61E-05 4.69E-06 1.10E-08 | 2.66E-05 2.69E-05 |1.01 1.01
(3.00) (3.00) (3.00) (3.03) (5.00) (3.00) (3.00)

hg/1 4| 9.36E-04 9.54E-04 9.05E-04 2.41E-04 2.12E-05|9.57E-04 9.74E-04 [ 1.02 1.02

hy/2 5.93E-05 6.05E-05 5.77E-05 1.68E-05 3.36E-07 | 6.04E-05 6.16E-05|1.02 1.02
(3.98) (3.98) (3.97) (3.84) (5.98) (3.99) (3.98)

ho/4 3.72E-06 3.80E-06 3.63E-06 1.10E-06 5.31E-09 | 3.80E-06 3.87E-06 | 1.02 1.02
(3.99) (3.99) (3.99) (3.94) (5.98) (3.99) (3.99)

hy/8 2.33E-07 2.38E-07 2.27E-07 7.02E-08 8.30E-11 | 2.38E-07 2.43E-07 |1.02 1.02
(4.00) (4.00) (4.00) (3.97) (6.00) (4.00) (3.99)

hg/1 5| 5.41E-05 5.50E-05 5.22E-05 1.38E-05 1.06E-06 | 5.50E-05 5.58E-05|1.02 1.02

hy/2 1.70E-06 1.72E-06 1.65E-06 4.39E-07 9.35E-09 | 1.72E-06 1.74E-06 [1.01 1.01
(4.99) (5.00) (4.98) (4.98) (6.82) (5.00) (5.00)

ho /4 5.32E-08 5.39E-08 5.19E-08 1.40E-08 7.67E-11 | 5.38E-08 5.45E-08 [1.01 1.01
(5.00) (5.00) (4.99) (4.97) (6.93) (5.00) (5.00) o

hy/8 1.66E-09 1.69E-09 1.62E-09 4.41E-10 5.99E-13| 1.68E-09 1.70E-09 | 1.01 ﬁ
(5.00) (5.00) (5.00) (4.99) (7.00) (5.00) (5.00) Z

M. Vohralik
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_ Reliability Efficiency Applications Numerics
Numerics: singular test case & hp-adaptivity

Model problem

~Au = 0 inQ:=Q:=]-1,1[3\[0,1]?,
u = up on o

pd

: informatics gFmathematics
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Numerics: singular test case & hp-adaptivity

Model problem

~Au = 0 inQ:=Q:=]-1,1[3\[0,1]?,
u = up on o

Exact solution
u(r, 6) = r*?sin(2¢/3)

pd

: informatics gFmathematics
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Numerics: singular test case & hp-adaptivity

Model problem

~Au = 0 inQ:=Q:=]-1,1[3\[0,1]?,
u = up on oo
Exact solution
u(r, ¢) = r¥3sin(2¢4/3)
Discretization
@ incomplete interior penalty discontinuous Galerkin method

@ unstructured non-nested triangular grids
@ hp-adaptive refinement

I d

informatics gFmathematics
V122,77 5
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| Equilibrated fluxes Inexact Newton Adaptivity Eigenproblems R&B Reliability Efficiency Applications Numerics

hp-refinement grids

level 1

level 12

total view

1OE+00 0.0E400 LOE+00  ~1.0E+00 0.0E+00 LOE+00  ~10E+00 0.0E400 LOE+00

zoom 10x

~1OE-01 0.0E+00 LOE-01  ~1.0E-01 0.0E+00 LOE-01  ~1.0E-01 0.0E+00 1.OE-01

: informatics g mathematics
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Estimates, errors, and effectivity indices

lev [Tl DOF|[[V(u— up)|[ [IVUn+ onll  Mose IV (Up —Sp)ll_ mBC n !
0 114 684| 6.22E-02 6.63E-02  1.89E-15 4.48E-02 3.81E-02 1.05E-01|1.69
1 122 1180| 4.28E-02 4.27E-02  1.18E-14 3.08E-02 2.92E-02 7.29E-02|1.70
2 139 1919| 3.28E-02 3.37E-02  8.21E-14 2.09E-02 2.12E-02 5.36E-02|1.64
3 165 2573| 2.32E-02 2.30E-02  3.88E-13 1.50E-02 1.03E-02 3.41E-02|1.47
4 174 2858 1.02E-02 1.01E-02  4.48E-13 8.22E-03 9.19E-03 1.99E-02|1.96
5 199 3351 6.27E-03 6.21E-03  1.12E-12 4.81E-03 6.18E-03 1.25E-02(2.00
6 237 3926| 4.21E-03 4.23E-03  1.98E-12 3.15E-03 3.29E-03 7.66E-03|1.82
7 285 4537| 2.84E-03 2.91E-03  7.47E-12 2.13E-03 2.42E-03 5.33E-03|1.88
8 338 5257| 2.04E-03 2.19E-03  4.63E-11 1.45E-03 1.32E-03 3.51E-03|1.72
9 372 5658 1.21E-03 1.23E-03  1.11E-11 9.07E-04 9.99E-04 2.26E-03|1.87
10 426 6500| 7.70E-04 7.69E-04  5.69E-11 5.55E-04 6.95E-04 1.46E-03|1.89

11 453 7010| 4.95E-04 5.04E-04  9.77E-11 3.97E-04 4.74E-04 9.91E-04(2.00

12 469 7308| 3.41E-04 3.47E-04  1.13E-10 2.55E-04 2.88E-04 6.40E-041.88
13 463 7286| 2.42E-04 2.42E-04  1.39E-10 1.73E-04 1.94E-04 4.37E-04|1.81
14 458 7215| 1.69E-04 1.69E-04  1.23E-10 1.19E-04 1.53E-04 3.17E-04|1.88
15 440 6955| 1.29E-04 1.31E-04  1.45E-10 9.21E-05 9.10E-05 2.24E-04|1.73
16 435 7035| 9.71E-05 9.91E-05  1.39E-10 6.89E-05 7.63E-05 1.74E-04(1.79
17 434 7167| 8.52E-05 8.97E-05  1.41E-10 5.76E-05 5.47E-05 1.42E-04(1.67
18 419 6960| 7.51E-05 7.97E-05 1.44E-10 5.00E-05 4.15E-05 1.21E-04|1.60
19 410 6838| 6.06E-05 6.35E-05 1.47E-10 3.87E-05 3.65E-05 9.69E-05]|1.60
V4

hmém,mmm
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Outline

© Adaptive inexact Newton method
@ Guaranteed a posteriori error estimate
@ Stopping criteria, efficiency, and robustness
@ Numerical results

pd
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_ Reliability ~Stop. criteria & efficiency Numerics
Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F

- o
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F

Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.

ematics

W

WVF*VM
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR

ooooooo
B
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR
Q@ O SetUKO .= Uk-1andi.=1.

ooooooo
B
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR

Q@ O SetU°:=Ur"'andi:=1. | ‘
@ Do an algebraic solver step = U""' s.t. (R algebraic res.)

Ak_1 Uk,i _ Fk—1 . Rk’i.

ooooooo
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR

Q@ O SetUK:=U"andi:=1. ‘
@ Do an algebraic solver step = U"' s.t. (R algebraic res.)
Ak_1 Uk,i _ Fk—1 _ Rk’i.

@ Convergence? OK = U¥ .= UK. KO= i :=i+1, back
fo 3.2.

,,,,,,,
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F

Algorithm (Inexact iterative linearization)

@ Choose initial vector U°. Set k := 1.
Q@ UX' = matrix A" and vector F*': find U" s.t.
ARTUK ~ PR
Q@ O SetUY:=Uk"Tandi:=1. v .
@ Do an algebraic solver step = U"' s.t. (R algebraic res.)
Ak_1 Uk,i _ Fk—1 . Rk’i.
@ Convergence? OK = U¥ .= UK. KO= i :=i+1, back
to 3.2.
@ Convergence? OK = finish. KO = k := k +1, backto 2. |

M. Vohralik Energy a posteriori error estimators 25/ 52




_ Reliability Stop. criteria & efficiency Numerics
Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F

ematics
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Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"

ematics

/
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Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

ematics
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Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?

@ What is a good stopping criterion for the nonlinear solver?

ooooooo
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Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"

Partial differential equation

@ underlying PDE, v its weak solution: A(u) = f
Question (Stopping criteria)

@ What is a good stopping criterion for the linear solver?

@ What is a good stopping criterion for the nonlinear solver?

v

Question (Error)

@ How big is the error ||u — u';,” | on Newton step k and
algebraic solver step i, how is it distributed? —  |..

v
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Model steady problem, discretization

Quasi-linear elliptic problem

—Vo(u,Vu)=f in Q,
u=2~0 on 0f2

o p>1,q:= 52, feliQ)

e example: p-Laplacian with a(u, Vu) = |VulP~?Vu
@ f piecewise polynomial for simplicity

e weak solution: u ¢ V .= W] ”(Q) such that

(a(u,Vu),Vv) = (f,v) VveV

rd

&Z.n,;..u,mmm
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Model steady problem, discretization

Quasi-linear elliptic problem

—Vo(u,Vu)=f in Q,
u=2~0 on 0f2

o p>1,q:= 52, feliQ)

e example: p-Laplacian with a(u, Vu) = |VulP~?Vu
@ f piecewise polynomial for simplicity

e weak solution: u ¢ V .= W] ”(Q) such that

(a(u,Vu),Vv) = (f,v) VveV

Numerical approximation
@ simplicial mesh 7, linearization step k, algebraic step /
o uy' e V(T7h) = {velP(Q) vk € WP(K) YKeTp} o V
&Zaﬁhm
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O Introduction and the current landscape

@ Optimal properties

@ Various energy a posteriori error estimators
O Equilibrated fluxes in the Laplace case

@ Guaranteed upper bound

@ Polynomial-degree-robust local efficiency

@ Applications

@ Numerical results

© Adaptive inexact Newton method
@ Guaranteed a posteriori error estimate
@ Stopping criteria, efficiency, and robustness
@ Numerical results

O Full adaptivity for unsteady nonlinear problems

O Guaranteed bounds for Laplace eigen-values and -vectors

@ References and bibliography 7 e
/%77 3
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Abstract assumptions

Assumption A (Total flux reconstruction)

There exists a,’f," € H9(div, Q) such that

V'O’,I;’i =f

: .,./.é...m . mathematics
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Abstract assumptions

Assumption A (Total flux reconstruction)

There exists o) « H(div. Q) and p € L9(Q) such that

ki K,i
Vo, ' =f— p,
~—

algebraic
remainder

: .,.,;.mu . mathematics
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Abstract assumptions

Assumption A (Total flux reconstruction)

There exists UZ" € HY(div, 2) and pﬁ’i € L9(Q) such that

ki K,i
Vo, ' =f— p,
~—

Assumption B (Discretization linearization, and alg. fluxes)

There exist fluxes d Ih ,ah € [L9(Q)]9 such that
(i) op' =dyi' + |2f’ +ay’;
(ii) as the linear solver converges, |[a\"||q — O;

Ikl

(iii) as the nonlinear solver converges, ||I,"|q — 0.

4

: m[néamx 7 mathematics
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)
Let

@ u € V be the weak solution,

° u’,j’i € V(Ty) be arbitrary,

@ Assumptions A and B hold.
Then there holds

K,i K,i ki ki k,i K,i
ju(uh ) S r/disc + Ulin + r/ulg + nrerln +77quad+77050'
~— ~

~—
i k,i i K,i
dual norm of the residual + NC |||h,/||q ”ag,:”q ||ph '||q’K
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@ Various energy a posteriori error estimators
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@ Polynomial-degree-robust local efficiency
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@ Numerical results

© Adaptive inexact Newton method
@ Guaranteed a posteriori error estimate
@ Stopping criteria, efficiency, and robustness
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O Full adaptivity for unsteady nonlinear problems

O Guaranteed bounds for Laplace eigen-values and -vectors
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_ Reliability ~Stop. criteria & efficiency Numerics
Stopping criteria and efficiency

Global stopping criteria yem, Vaig; Yiin ~ 0.1

K,i K,i
nrem < TYrem max{ndlsc’ nhn ’ nalg}
nalg < Talg maX{ndlsc’ THin }

nliﬁ = ’71in77di’sc

pd
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Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

nrergn < “Yrem max{”dlsc’ 77lm ’ nalg}
nalg < Yalg max{ndlsc’ Min }

7711[71 < ’Ylinndi’sc

Theorem (Global efficiency)
Under the global stopping criteria and the usual assumptions,

K,i K,i
ndlSC + 771m —+ 77a1g + nrel S C(ju(uh I) + nqu;d + 77080)?

where C is independent of & and q.
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Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

k,i K,i
77rem < “Yrem max{”dlsc’ 77lm ’ nalg}
nalg < Yalg max{ndlsc’ Mhin }

77116 < ’Ylinndi’sc

Theorem (Global efficiency)
Under the global stopping criteria and the usual assumptions,

K,i K,i
ndlSC + nlm —+ 77a1g + nrel S C(ju(uh I) + nqu;d + 77080)?

where C is independent of & and q.

@ local (elementwise) stopping criteria = local efficiency

I d

hmém,mmm

M. Vohralik Energy a posteriori error estimators 30/ 52



| Equilibrated fluxes Inexact Newton Adaptivity Eigenproblems R&B Reliability ~ Stop. criteria & efficiency Numerics

Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

nrergn < “Yrem max{”dlsc’ 77lm ’ nalg}
nalg < Yalg max{ndmc’ Mhin }

771m = ’Ylinndisc

Theorem (Global efficiency)
Under the global stopping criteria and the usual assumptions,

K,i K,i
ndlSC + nlm —+ 77a1g + nrel S C(ju(uh I) + nqu;d + 77080)?

where C is independent of & and q.

@ local (elementwise) stopping criteria = local efficiency
@ robustness with respect to the nonlinearity thanks to the
choice of 7, as error measure 4,1712
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@ Various energy a posteriori error estimators
Q Equilibrated fluxes in the Laplace case
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@ Polynomial-degree-robust local efficiency
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@ Numerical results
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Error and estimators as a function of CG iterations,
regular 10-Laplacian, 6th level mesh, 6th Newton step.

107 I I I I I I 3
S
T a1
r_g 10 ; A N G G Wy TR SR A A A & A 7:
a L ]
| | —e—error up ]
| | —=—estimate i
—A—disc. est.
| ——lin. est. 4
alg. est.
alg. rem. est.
10‘2 T T | | | |
0 5 10 15 20 25 30 35

Algebraic iteration p

&Z.n,;m.u,mmm

M. Vohralik Energy a posteriori error estimators 31 /52



| Equilibrated fluxes Inexact Newton Adaptivity Eigenproblems R&B Reliability ~Stop. criteria & efficiency Numerics

Overall algebraic solver iterations, regular
10-Laplacian

10 T
—=—full

—o—inex.
—A— adapt. inex.

Total number of algebraic solver iterations

2 3 4 5 6

Refinement level p

&Zmé,..u,mmm
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Full adaptivity, singular 4-Laplacian

G, Nl \}'; NN =

<>
S Se

()\\;:» S A

6«
wg

\1»
\\/

Estimated error distribution Exact error distribution

informatics g mathematics
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Q Introduction and the current landscape

@ Optimal properties

@ Various energy a posteriori error estimators
Q Equilibrated fluxes in the Laplace case

@ Guaranteed upper bound

@ Polynomial-degree-robust local efficiency

@ Applications

@ Numerical results

Q Adaptive inexact Newton method
@ Guaranteed a posteriori error estimate
@ Stopping criteria, efficiency, and robustness
@ Numerical results

e Full adaptivity for unsteady nonlinear problems

o Guaranteed bounds for Laplace eigen-values and -vectors
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Two-phase flow in porous media

Two-phase flow in porous media

0t(#Sa) + VU, = Qa,s a € {o,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {o,w},
So + Sw = 17

Po — Pw = pc(sw)
+ boundary & initial conditions

I d
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Two-phase flow in porous media

Two-phase flow in porous media

0t(#Sa) + VU, = Qa,s a € {o,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {o,w},
So + Sw = 17

Po — Pw = pc(sw)
+ boundary & initial conditions
Mathematical issues

@ coupled system

@ unsteady, nonlinear

@ elliptic—degenerate parabolic type
@ dominant advection

I d
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Global pressure

Xo(@)

Aw(a) + )\O(a)p":(a)da

Sw
p(Sw, Pw) == pw + /0
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Global and complementary pressures

Global pressure

Sw
p(Sw, Pw) == P W

Complementary pressure

S AR COL G
q(sw) :== _/0 mpc(a)da
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Global and complementary pressures

Global pressure

Sw
Sw; Pw) = W+/ N (A 1\ A)
PlSw.pw)i=pvt | 5

Complementary pressure

S AR COL G
q(Sw) = _/0 mpc(a)da

Comments
@ necessary for the correct definition of the weak solution

@ equivalent Darcy velocities expressions

Uy (Sw, Pw) = — K(Aw(Sw)VD(Sw, Pw) + Va(Sw) + Aw(Sw)pwgV 2),
Uo(Sw, Pw) == — K()‘O(SW)VP(SWHDW) — Va(sw) + /\O(SW)POQVZ)

I d
hw;:}/mmm
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Energy space
X = L3((0, T); H)(Q))
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Weak formulation

Energy space
X = L2((0, T); H ()

Definition (Weak solution (Arbogast 1992, Chen 2001))

Find (sw, pw) such that, with s, :=1 — s,
Sw € C([0, T]; L3(Q)), Sw(-,0) = &2,
OrSw € L2((0 T); (Hp(2))"),

p(Sw )
q(S
/ 81‘ ¢Sa (u(l(sW7pW)7v90) qon }dt -
Vo € X, a € {o,w}.
&Z«? ,,,,, p—
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

X, el =1 In

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{o,w}

n=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 V@)}dt} }

ooooooo
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

X, el =1 In

jsr‘L,pW(sW,hT)pW,hT)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{o,w}

n=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 v@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)
Let (sw, pw) be the weak solution.

ooooooo
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

jsz,pw(sw,hmpw,hT)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{o,w}

X, el =1 In

n=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 V@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy hr, Pw,n-) be arbitrary
such that p(sy p,. Pw.pr) € X and q(s,, ».) € X (and satisfying
the initial and boundary conditions for simplicity).

ooooooo
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{o,w}

€Xn, [[#llx=1/In

n=

2
- (ua(SW7 pw) - uoz(sw7h~rva,h7')7 Vgp)}dt} }

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy hr, Pw,n-) be arbitrary
such that p(sy p,. Pw.pr) € X and q(s,, ».) € X (and satisfying
the initial and boundary conditions for simplicity). Then

Sw = Sw.hrll2((0,7):H-1()) T+ la(Sw) — a(Sw.ar )|l 2(2x(0,7))
+ [P (Sw> Pw) = p(Sw,trr P, )l 20, 7): 1 ()
1

N 2
< C{Z jsr;,pw(sw,h’ra pwJ’IT)Z} .

n=1

/
Energy a posteriori error estimators 37 / 52
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Distinguishing the error components

Theorem (Distinguishing the error components)

Consider a vertex-centered finite volume / backward Euler
approximation and Newton linearization. Let
@ 1 be the time step,

@ k be the linearization step,
@ |/ be the algebraic solver step,
with the approximations (s, pl!). Then

n nk,i _nk,i nk,i n,k,i n,k,i n,k,i
jsmpw(sw,hr’pw,hr) = Tsp + Mm ™+ Thin +77alg :

I d
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Distinguishing the error components

Theorem (Distinguishing the error components)

Consider a vertex-centered finite volume / backward Euler
approximation and Newton linearization. Let
@ 1 be the time step,

@ k be the linearization step,
@ |/ be the algebraic solver step,
with the approximations (s CV’; o ’,‘7 "). Then

n nk,i nk,i n,k,i n,k,i n,k,i n,k,i
jswpw( th’pth)<77 +77tm +nlm +77a1g .

Error components

o ' spatial discretization

° n{I’nk’ temporal discretization

° n{l'nk’ linearization

° nﬁ; '+ algebraic solver &,1/1’
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Estimators and stopping criteria

10* 10"
10° - 10° N
10 Lttt 00 | 10°
o ¢
2.2 £ 107
£ 10" g soppgcrteron] 1
& & gl | A= spaal
107 B temporal
—=—total —— linearization|
—A—spatial 10°H algebraic B
107 ——temporal i
107 Sloebiaie ) | | 1 1 I I L L L L L L L L N
0 20 40 60 80 100 120 140 160 180 200 220 1 2 3 4 5 6 7 8 9 10
GMRes iteration Iterative coupling iteration
Estimators in function of Estimators in function of
GMRes iterations iterative coupling iterations
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GMRes iterations

250

N
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S
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150t

Number of GMRes iterations
5
S
i
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Per time and iterative Cumulated
coupling step
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Space/time/nonlinear solver/linear solver adaptivity

Fully adaptive computation

4
informatics gFmathematics
22l —
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Full adaptivity

Full adaptivity
@ only a necessary humber of algebraic/linearization
solver iterations

@ adaptive regularization, model adaptation, adaptive
choice of the scheme parameters

@ “online decisions”: algebraic step / linearization step /
space mesh refinement / time step modification

@ important computational savings

I d
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Q Introduction and the current landscape

@ Optimal properties

@ Various energy a posteriori error estimators
Q Equilibrated fluxes in the Laplace case

@ Guaranteed upper bound

@ Polynomial-degree-robust local efficiency
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@ Numerical results

O Adaptive inexact Newton method
@ Guaranteed a posteriori error estimate
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@ Numerical results
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Laplace eigenvalue problem
Find eigenvector & eigenvalue pair (v, ) such that ||u| = 1 and

—Au=\u in QcRY d=2,3,
u=0 on 09.

‘ Informatics g mathematics



| Equilibrated fluxes Inexact Newton Adaptivity Eigenproblems R&B

Setting

Laplace eigenvalue problem
Find eigenvector & eigenvalue pair (v, \) such that ||u|| = 1 and

—Au=\u in QcRY d=2,3,
u=20 on 01.

Full problem, weak formulation
Find (uk, Ax) € V := HS(Q) x Rt with [[uk]| =1, k > 1,s. t.

(Vuk, Vv) = Me(ug, v) YveV

0< M <<... <A >

I d
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Approximate solution and assumptions

Assumption A (Conforming variational solution)
There holds

@ (Up, Ap) € V x Rt

° [lupll =1

@ (up,1)>0

® [[Vunl® = An

”
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Approximate solution and assumptions

Assumption A (Conforming variational solution)
There holds

@ (Up, Ap) € V x Rt

° [lupll =1

@ (up,1)>0

® [[Vunl® = An

Assumption B (Galerkin orthogonality of the residual to 3)
There holds, for alla € V™,

An(Un, Ya)wa — (VUR, Via)w, = 0.

,
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Approximate solution and assumptions

Assumption A (Conforming variational solution)
There holds

@ (Up, Ap) € V x Rt

° [lupll =1

@ (up,1)>0

® [[Vunl® = An

Assumption B (Galerkin orthogonality of the residual to 3)
There holds, for alla € V™,

/\h(Uh,%)wa - (VUh, V¢a)wa =0.

Assumption C (Piecewise polynomial form)

There holds up € Pp(Th), p > 1, and the mixed finite element
spaces Vy x Qp are of

ooooooo
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Guaranteed bounds for the first eigenvalue

Theorem (Eigenvalue bounds)

LetO < Xp < X2 and0 < A\ < \y. Let Assumptions A and B
hold and let A\, < Aa.

..........
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Guaranteed bounds for the first eigenvalue

Theorem (Eigenvalue bounds)

LetO < Xp < X2 and0 < A\ < \y. Let Assumptions A and B
hold and let \p < Xz. Let o, be an equilibrated flux and let

1 )\h>_1
= (1-2h Vup+opl <1,
By ﬁ< ) I+l
of =2 <1 — /1 —/3,%> < 197" (up, 1)2.
\.0

™
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Guaranteed bounds for the first eigenvalue

Theorem (Eigenvalue bounds)

LetO < Xp < X2 and0 < A\ < \y. Let Assumptions A and B
hold and let \p < Xz. Let o, be an equilibrated flux and let

1 An)
Bn - <1 — h) \Vup+ o] <1,

5 VAN kR
of =2 <1 — /1 —/3,%> < 197" (up, 1)2.

~—
0
Then n”
—1
> _ T __h
A > Ay <1 )\2) (1 4 VU + apll%,
A < Ap— i

.
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Guaranteed bounds for the first eigenvector

Theorem (Eigenvector bounds)

Let the assumptions of the eigenvalue theorem be verified.
Then

IV(uy = un)ll <.
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Guaranteed bounds for the first eigenvector

Theorem (Eigenvector bounds)

Let the assumptions of the eigenvalue theorem be verified.
Then

IV(th — un)ll <.
Moreover, under Assumption C,

;
_ 2 2
n < (d+ 1)Cc0nt,PFCst <HV(U1Uh)” = 1>

........

e cecd—
M. Vohralik
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Guaranteed eigenvalue and eigenvector bounds
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Q Introduction and the current landscape
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@ Applications
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Previous results (Laplace)

Global flux reconstructions
@ Prager and Synge (1947):
VU + op||? + || V(U — up)|? = |VUn+ o2

for any u, € H)(Q2) and any o, € H(div. Q) s.t. Vo, = f
@ Hlavacek, Haslinger, Necas, and Lovisek (1979), Repin
(1997), ...: of op: unprecise/costly
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Previous results (Laplace)

Global flux reconstructions
@ Prager and Synge (1947):

IVU+onl? + |V (u— up)|? = [Vun + o]

for any u, € H)(Q2) and any o, € H(div. Q) s.t. Vo, = f

@ Hlavacek, Haslinger, Necas, and LoviSek (1979), Repin
(1997), ...: of o: unprecise/costly

Local flux reconstructions

@ Ladeveze and Leguillon (1983), equilibrated face fluxes

@ Destuynder and Métivet (1999), discrete flux o

@ Luce and Wohlmuth (2004), local efficiency proof

@ Kim (2007), Ainsworth (2007), Ern, Nicaise, and Vohralik
(2007), discontinuous Galerkin method elementwise
prescription

@ Braess and Schéberl (2008), Vohralik (2008), Ern and
Vohralik (2009), local Neumann MFE problems &Z”/i
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Previous results (nonlinear and stopping criteria)

A posteriori error estimates for numerical discretizations
of nonlinear problems

@ Ladeveéze (since 1990’s), guaranteed upper bound

@ Verfirth (1994), residual estimates

@ Chaillou and Suri (2006, 2007), distinguishing
discretization and linearization errors

I d
h‘gau;/mmm

M. Vohralik Energy a posteriori error estimators 49 / 52



| Equilibrated fluxes Inexact Newton Adaptivity Eigenproblems R&B

Previous results (nonlinear and stopping criteria)

A posteriori error estimates for numerical discretizations
of nonlinear problems
@ Ladeveéze (since 1990’s), guaranteed upper bound
@ Verfirth (1994), residual estimates
@ Chaillou and Suri (2006, 2007), distinguishing
discretization and linearization errors
Stopping criteria for algebraic solvers
@ Becker, Johnson, and Rannacher (1995), multigrid
stopping criterion
@ Arioli (2000’s), comparison of the algebraic and
discretization errors
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Previous results (unsteady nonlinear)

Nonlinear unsteady problems
@ Eriksson and Johnson (1995), L>(0, T; L2(Q)) estimates
exploiting stability of the adjoint problem
@ Gallimard, Ladeveze, Pelle (1997), const. rel. estimates
@ Verflrth (1998), framework for energy control, efficiency
@ Ohlberger (2001), non-energy estimates, hyperbolic limit

@ Akrivis, Makridakis, and Nochetto (2006), higher-order
temporal discretizations
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Previous results (unsteady nonlinear)

Nonlinear unsteady problems
@ Eriksson and Johnson (1995), L>(0, T; L2(Q)) estimates
exploiting stability of the adjoint problem
@ Gallimard, Ladeveze, Pelle (1997), const. rel. estimates
@ Verflrth (1998), framework for energy control, efficiency
@ Ohlberger (2001), non-energy estimates, hyperbolic limit
@ Akrivis, Makridakis, and Nochetto (2006), higher-order
temporal discretizations
Degenerate parabolic problems

@ Nochetto, Schmidt, Verdi (2000), Stefan problem
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Previous results (unsteady nonlinear)

Nonlinear unsteady problems
@ Eriksson and Johnson (1995), L>°(0, T; L2(12)) estimates
exploiting stability of the adjoint problem
@ Gallimard, Ladeveze, Pelle (1997), const. rel. estimates
@ Verflrth (1998), framework for energy control, efficiency
@ Ohlberger (2001), non-energy estimates, hyperbolic limit
@ Akrivis, Makridakis, and Nochetto (2006), higher-order
temporal discretizations
Degenerate parabolic problems
@ Nochetto, Schmidt, Verdi (2000), Stefan problem
Two-phase flows

@ Chen and Ewing (2003), mesh adaptivity .
: .mgm;,mmemm
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Previous results (eigenproblems)

Eigenvalues

@ Carstensen and Gedicke (2014): guaranteed bound,
lowest-order nonconforming FEs

@ Hu, Huang, Lin (2014): nonconforming FEs (saturation
assumption may be necessary)

@ Sebestova and Vejchodsky (2014), Kuznetsov and Repin
(2013): guaranteed bounds (condition on applicability,
suboptimal convergence speed)

@ Liu and Qishi (2013): guaranteed bound, lowest-order
conforming FEs (auxiliary eigenvalue problem)

Eigenvectors
@ Rannacher, Westenberger, Wollner (2010), Grubisi¢ and
Ovall (2009), Duran, Padra, Rodriguez (2003), Heuveline
and Rannacher (2002), Larson (2000), Maday and Patera
(2000), Verfurth (1994) (uncomputable h|gher—orderzle’lrfmgs),m,,“
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