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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN— RN, vector F e RN: find U € RN s.t.

A(U) = F
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)
@ Choose initial vector U°. Set k := 1.
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A¥ and vector F¥: find U* s.t.
AfUF ~ F¥,
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)

@ Choose initial vector U°. Set k := 1.
Q UK = matrix Ak and vector F¥: find U* s.t.

AKUK ~ FkK,
Q@ O SetUKO.=UK-1andi.=1.
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)

@ Choose initial vector U°. Set k := 1.

Q@ UK = matrix A* and vector F*: find U* s.t.
AfUF ~ F¥,

Q O SetU®=U'andi:=1. ,

@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

AkUk’i _ Fk . Rk7i.
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)

@ Choose initial vector U°. Set k := 1.

Q@ UK = matrix A* and vector F*: find U* s.t.
AfUF ~ F¥,

Q O SetU®=U'andi:=1. ,

@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

AkUk’i _ Fk . Rk7i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)

@ Choose initial vector U°. Set k := 1.

Q@ UK = matrix A* and vector F*: find U* s.t.
AfUF ~ F¥,

Q O SetU®=U'andi:=1. ,

@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

AkUk’i _ Fk . Rk7i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.

© Convergence? OK = finish. KO = k := k + 1, back to 2.
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopping criteria)
@ What is a good stopping criterion for the nonlinear solver?
@ What is a good stopping criterion for the linear solver?
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopping criteria)
@ What is a good stopping criterion for the nonlinear solver?
@ What is a good stopping criterion for the linear solver?

Question (Error)

@ How big is the error ||u — uz“’ || on Newton step k and
algebraic solver step I, how is it distributed?

A\
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Previous results

Inexact Newton method

@ Eisenstat and Walker (1990’s)
@ Moret (1989)
Stopping criteria
@ engineering literature, since 1950’s

@ Becker, Johnson, and Rannacher (1995), multigrid st. crit.
@ Arioli (2000’s)
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Inexact Newton method

@ Eisenstat and Walker (1990’s)
@ Moret (1989)
Stopping criteria
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid st. crit.
@ Arioli (2000’s)
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e Adaptive inexact Newton method
@ Quasi-linear elliptic problems
@ Approximate solution and error measure
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
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Quasi-linear elliptic problem
—Veo(,u,Vu)=f in Q,
u=20 on 00
quasi-linear diffusion problem
o(X,v,&) =A(X,V)¢  V(x,v,£) € QxR xRY
Leray—Lions problem

(xva— Ax,£)¢ V(X&) e QxRY

p>1,q:= , fe L9Q)
Example
p-Laplacian: Leray—Lions setting with A(x, &) = |£|P~2I
Nonlinear operator A: — V/

(A(u),v)yrv = (o(-,u,Vu),Vv)
Weak formulation

Find 4 h th
ind u € V such that A(U) = fin V'
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—Veo(,u,Vu)=f in €,
u=20 on 9N
@ quasi-linear diffusion problem
o(x,v,&) =AX,v)¢é  V(x,v,£) e QxR x R?
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(,u,Vu)=f in Q,
u=20 on 0Q2
@ quasi-linear diffusion problem
o(x,v,&) = AX, V)€  V(X,v,£) € QxR xR?
@ Leray—Lions problem
o(X,v,6) =AX, 6  VY(x,£) € QxR
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(,u,Vu)=f in €,
u=20 on 0Q
@ quasi-linear diffusion problem
ox,v,&) =AX, V)¢  Y(x,v,£) € QxR xRY
@ Leray—Lions problem
o(X,v,6) =AX, 6  VY(x,£) € QxR
° p>1,q:= 52, feLYQ)
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(,u,Vu)=f in €,
u=20 on 0Q
@ quasi-linear diffusion problem
ox,v,&) =AX, V)¢  Y(x,v,£) € QxR xRY
@ Leray—Lions problem
o(x,v,&) = A(X,£)¢  VY(x,&) e QxRY

° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(x, &) = [£[P~2I
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(,u,Vu)=f in Q,
u=20 on 9N
@ quasi-linear diffusion problem
ox,v,&) =AX, V)¢  Y(x,v,£) € QxR xRY
@ Leray—Lions problem
o(x,v.£) =A(X.6)§  V(x€) € QxR

° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(x, &) = |£]P—2I
Nonlinear operator A: V .= W, P(Q) — V'

(Au),v)yv == (o(-,u,Vu),Vv)
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—Vo(-,u,Vu)=f in Q,
u=20 on 9N

@ quasi-linear diffusion problem
ox,v,&) =AX, V)¢  Y(x,v,£) € QxR xRY
@ Leray—Lions problem
o(x,v,&) = AX,£)¢ V(X&) € QxRY

e p>1,q:= p%,feLq(Q)
Example
p-Laplacian: Leray—Lions setting with A(x, &) = |£]P—2I
Nonlinear operator A: V .= W, P(Q) — V'

(Au),v)yv == (o(-,u,Vu),Vv)

Weak formulation

Find u € V such that A(w) = fin V'
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Approximate solution and error measure

Approximate solution
o uy' e V(T,) ¢ V, uf'" not necessarily in V
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Approximate solution and error measure

Approximate solution

° U,/;’i e V(Th) ¢ V, u,’j’i not necessarily in V
@ V(Tp) :={velP(Q), vk c WPK) VKecTh}
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Approximate solution and error measure

Approximate solution

° U,/;’i e V(Th) ¢ V, u,’j’i not necessarily in V
o V(Th) = {v e LP(Q), vk € WI'P(K) VK € Th}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
weV; |[Velp=1 '

Tunc(Ug) =8 3> hg | [u— ugT11g e

KeTh ecék
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Approximate solution and error measure

Approximate solution

° U,/;’i e V(Th) ¢ V, u,’j’i not necessarily in V
o V(Th) = {v e LP(Q), vk € WI'P(K) VK € Th}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

Tunc(Ug) =8 3> hg | [u— ugT11g e

KeTh ecék

o weak difference of the fluxes (dual norm of the residual) +
nonconformity (computable jump term)
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Approximate solution and error measure

Approximate solution

° U,/;’i e V(Th) ¢ V, u,’j’i not necessarily in V
o V(Th) = {v e LP(Q), vk € WI'P(K) VK € Th}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

Tunc(Ug) =8 3> hg | [u— ugT11g e

KeTh ecék

o weak difference of the fluxes (dual norm of the residual) +
nonconformity (computable jump term)
@ there holds ju( Y =o0ifand only if u = uh
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Approximate solution and error measure

Approximate solution

° u,/;’/ e V(Tn) ¢ V, u,';’i not necessarily in V

@ V(Tp) :={veLlP(Q), vk WP(K) VK e Tht
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

Tuxe(Up") =1 > > he lllu—up'TGe
KeTh ec€k
o weak difference of the fluxes (dual norm of the residual) +
nonconformity (computable jump term)
@ there holds ju( Y =o0ifand only if u = uh
@ physical relevance. strong difference of the fluxes +
nonconformity . , )
Ju(up’) < TuP(up") = llor(u, Vo) = o (v, VU g + Tunc(ug”)
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A posteriori error estimate

Assumption A (Total flux reconstruction)

There exists a flux reconstruction tﬁ”' € H9(div,Q) and an
algebraic remainder pl" € L9(Q) such that

vty = fh— oy,
with the data approximation fy s.t. (fy, 1)k = (f,1)x VK € Tp.
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A posteriori error estimate

Assumption A (Total flux reconstruction)

There exists a flux reconstruction tﬁ”' € H9(div,Q) and an
algebraic remainder pl*' € L9(Q) such that

VA =fh—pp
with the data approximation fy s.t. (fy, 1)k = (f,1)x VK € Tp.

v

Theorem (A posteriori error estimate)

Let
@ u c V be the weak solution,

° uﬁ" € V(Tn) be arbitrary,
@ Assumption A hold.
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A posteriori error estimate

Assumption A (Total flux reconstruction)

There exists a flux reconstruction tﬁ”' € H9(div,Q) and an
algebraic remainder pl*' € L9(Q) such that

VA =fh—pp
with the data approximation fy s.t. (fy, 1)k = (f,1)x VK € Tp.

v

Theorem (A posteriori error estimate)

Let
@ u c V be the weak solution,

° uﬁ" € V(Tn) be arbitrary,
@ Assumption A hold.
Then there holds

wie
Juluy") <7, .
where 7' is fully computable from u}"’, &', and pf".
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Distinguishing error components

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxes di” 11 a¥" e [L9(Q)]9 such that
N ki pkii | ok ki

(i) dpy” + 1, +a," =t |

(i) as the linear solver converges, Haﬁ”Hq — 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.
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Distinguishing error components

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxes di” 11 a¥" e [L9(Q)]9 such that
N ki pkii | ok ki

(i) dpy” + 1, +a," =t |

(i) as the linear solver converges, Haﬁ”Hq — 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.

Comments

° dg”: discretization flux reconstruction
° IZ”: linearization error flux reconstruction

e a\’: algebraic error flux reconstruction
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.
Then there holds

K,i ki ._ ki K, ki K, i K,i ki
ju(uh ) S n T ,/disc + Min + ’Iulg + Them + nquad + Tosc
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Estimators

@ discretization estimator

Ql=

1 _k, k,i 1— K.i
Mk =27 ey +dillgn +9 > he Ilup 11 e
ecéy
@ linearization estimator . y
Mink = n" [l g,k

algebraic estimator k.
i
naIgK Hah ||q7
algebraic remainder Est/mator
T'remK hQ”ph ||q7
quadrature estimator
k,i
nquddK ||0'(Uh 7vu )
data oscillation est/mator
nosc K- CP,PhKHf - fh”q,K

' ' 1/q
P
KeTh
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Stopping criteria

Global stopping criteria
@ stop whenever:
M < rem MAX{ Dl Tty Mgy}
nalg < Yalg max{ndm:’ nll:nl}
M < Vil
@ “Vrem, Valgs Viin ~ 0.1
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Stopping criteria

Global stopping criteria
@ stop whenever:

ki ki ki ki
Nrem < “rem max{ndlsw nhn ) ndlg}
K,i
,}ulg < alg max{,/dISL r/]m }’
Kk,i < ki

Min < VinTgise
@ Yeem; Valg, Viin ~= 0.1
Local stopping criteria
@ stop whenever:
77rem K < Yrem K max{ndlsc K> nllfan7 Matg, K} VK € T,
77/1(LK < Yalg,K max{”di;c.K ’71m K} VK € Tp,
7/;:1;{;( < ”z'nanl’/ff{!C,K VK € Tp

° Yrem,K > Valg,K > Nin,K =~ 0.1
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Assumption for efficiency

Assumption C (Approximation property)
For all K € Tp, there holds

ki ki ki k,i
||o-h + dh q’K S nﬁfIK + nOSC,TK’
where
ki . ki ki
nia =9 O ol + Vel + > hellley nellde
K'eXk ee@i}?

Q-

1—qqr, ki
+ Z he qu[uh I]]Hg,e

eclk
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Global efficiency

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping
criteria hold.
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Global efficiency

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that J,(uf™") < k.
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Global efficiency

Problem Solution & err. meas. Estimate Stop. crit. & eff.

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

ﬁk" rg ju( ) + nquad + 770507

where < means up to a constant independent of o and q.
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Global efficiency

Problem Solution & err. meas. Estimate Stop. crit. & eff.

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

ﬁk" rg ju( ) + nquad + 770507

where < means up to a constant independent of o and q.

@ robustness with respect to the nonlinearity thanks to the
choice of the dual norm as error measure
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Local efficiency

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold.
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Local efficiency

Problem Solution & err. meas. Estimate Stop. crit. & eff.

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,TK(uh ) + nquad,TK + nosc,‘IK

forall K € T.
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Local efficiency

Problem Solution & err. meas. Estimate Stop. crit. & eff.

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,TK(uh ) + nquad,TK + nosc,‘IK

forall K € T.

@ robustness and local efficiency for an upper bound on the
dual norm
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Outline

Q Examples of application
@ Arbitrary iterative algebraic solver
@ Nonconforming FEs, fixed point/Newton, p-Laplacian
@ DGs, fixed point/Newton, quasi-linear diffusion
@ Summary
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pZ”
@ On linearization step k and algebraic step i/, we have

AkUk’i — Fk - Rk’i.
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have

AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
AkUk7i+I,/ _ Fk - Rk7i+[/,
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have

AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Akuk,lél,/ _ Fk - Rk7i+[/,

@ Construct the function |’ from the algebraic residual
vector R/ (lifting into appropriate discrete space).
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have
AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Akuk,lél/ _ Fk - Rk,lﬁrr/‘
@ Construct the function |’ from the algebraic residual
vector R/ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions dﬁ”, Iﬁ” on each algebraic step.
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have

AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
AkUk7i+I,/ _ Fk - Rk7i+[/,

@ Construct the function /' from the algebraic residual
vector R/ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions dﬁ”, IZ” on each algebraic step. Then set

e = (dT 1) — (dE 1,
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have
AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
AkUkﬂ.AI,/ _ Fk _ Rk,lﬁru'

@ Construct the function /' from the algebraic residual
vector R/ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions dﬁ”, I/ on each algebraic step. Then set

ki
a, =

@ Independent of the algebralc solver.
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Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj such that

(O'(Vuh), VVh) = (fh, Vh) Yvp € Vp.
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Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj such that

(O'(Vuh), VVh) = (fh, Vh) Yvp € Vp.
(*] O'(VUh) = \Vuh\f’*Vuh
@ Vj, the Crouzeix—Raviart space

Qo fn:= nof
@ leads to the system of nonlinear algebraic equations

A(U) = F
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Linearization
Find uf € Vi such that

(X UVUE), Vibe) = (fn,0e) Ve e &M

ud € Vj, yields the initial vector U°
fixed-point linearization
o (&) = [Vup P
Newton linearization
o) = |Vuy 1PPe + (p - 2)| VP
(VUi @ vul (¢ - vu)
leads to the system of
AKUK = FK
"~ MartinVohralikand Alexandre Ern | Adaptive inexact Newton methods
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Linearization

Alg. solvers Nonconforming FEs DGs Summary

Linearization
Find v} € V, such that

(KN (VUE), Vibe) = (f1he) Ve € M.

e u? € V), yields the initial vector U°
@ fixed-point linearization

o' 1(&) = [Vup TIP3
@ Newton linearization
o (&) = [Vuy PR+ (p - 2)|Vup TPt
(VU o vuk—") (¢ - vul )
@ leads to the system of linear algebraic equations
AKUK — FK
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Algebraic solution

Algebralc solution
Find uh € V4 such that

("1 (VUE), Vipe) = (Fn,v0e) — RS Ve e gl
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Algebraic solution

Algebraic solution
Find u,ff’ € V,, such that

(T (VUE), Vi) = (f,the) — RE' Ve e &M

@ algebraic residual vector A%/ = {R’e‘”}eeg;’m

@ discrete system
Akuk _ Fk o Rk’i
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Flux reconstructions

Definition (Construction of (d + I£7))
Forall K € Tp,
(A = el )3 T

ecéy

(X—Xk) |k,
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Flux reconstructions

Definition (Construction of (d + I£7))
Forall K € Tp,
(dk,+|k1)| = (vuﬁln + h|K(x ~ ) Z

ecéy

(X—Xk)| k. -

Definition (Construction of dﬁ’i)
For all K € Tp,

: o f
il i= o (T Y+ M (x =) = 3 i (X Xl

where R&" .= (fy, ve) — (0(VUL'), Vibe) Ve € €M
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Flux reconstructions

Alg. solvers Nonconforming FEs DGs Summary

Definition (Construction of (dZ‘i - |Z'i))
For all K € T,

AU e+ “'K(x XK) Z

(X—Xk)| k. -
ecék

Definition (Construction of dﬁ’i)
For all K € Tp,

- : f
d¥| = o (VUl)  + 1K

where BE' = (fy, ve) —

(o (Vuy'), Vpe)

Ve € £int.

Definition (Construction of ")

Seta,”

= U(Vuh’ ). Consequently, Ug&;d x = 0forall K € Th.

Martin Vohralik and Alexandre Ern
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Verification of the assumptions — upper bound

Lemma (Assumptions A and B)
Assumptions A and B hold.
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Verification of the assumptions — upper bound

Lemma (Assumptions A and B)
Assumptions A and B hold.

Comments
@ [|al’]|q.k — 0 as the linear solver converges by definition.
@ |14,k — O as the nonlinear solver converges by the
construction of I’,‘,”.
@ Both (d}' + 1) and d' belong to RTNo(S) =
a’’ € RTNy(Sh) and tf" € RTN(Sp).
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Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.
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Verification of the assumptions — efficiency

Lemma (Assumption C)
Assumption C holds.

Comments

e d' close to o(Vu')
@ approximation properties of Raviart—-Thomas—Nédélec
spaces
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Discontinuous Galerkin for the quasi-linear diffusion

Discretization
Find v, € Vy, :=Py(Th), m > 1, such that, for all v, € Vj,

(o (Un, Vup), Vve) = Y {({o(un, Vup)}-ne, [Vil)e

ecéy

+O({A(Un)VVa}-Ne, [unl)e} + D (@ehs ' Tunl, [val)e = (f, vi).

ecéy
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Discontinuous Galerkin for the quasi-linear diffusion

Discretization
Find v, € Vy, :=Py(Th), m > 1, such that, for all v, € Vj,

(o (Un, Vup), Vve) = Y {({o(un, Vup)}-ne, [Vil)e

ecéy

+O({A(Un)VVa}-Ne, [unl)e} + D (@ehs ' Tunl, [val)e = (f, vi).

ecéy

@ 0c{-1,01}
@ Qe := ||A| (r)Xe> Xe large enough
@ leads to the system of nonlinear algebraic equations

A(U) = F
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Linearization

Linearization
Find v} € Vj, such that, for all K € 75, and all
j€Ck ={1,...,dim(Pn(K))},

Can 1(uh,Vuh ), Vi) — > { (e (ufs, Vug) }ne, [vi D)e

ecéy

+O{A T (Uf)Vor e, [upDe} +)_(aehs ' Tusl, ¥k e =(f. vk p)-

ecéy
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Linearization

Linearization
Find v} € Vj, such that, for all K € 75, and all

j€Ck ={1,...,dim(Pn(K))},
Can 1(uh,wh ). Vaorg) = D {{e" " (ub, Vuf)hne, T D)e
ecéy
+OEA T () Vi 3 e, [ugle} +> _(@ehs Tupl, [k 1) e=(f, vk.)-
ecéy
e u? € V), yields the initial vector U°
e fixed-point linearization o*~"(v, &) := A(uf~")¢
@ Newton linearization
o 1(v.€) = A(uf g+ (v — uf oAl VU
A (v) = AU + oAU Y (v — Ul
@ leads to the system of linear algebraic equations
AkUk — Fk
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Algebraic solution

Algebraic solution
Find u,ff’ € V,, such that

(" (", V), Vory) = D {{e* (uy", Vur )} ne. [dx De
ecéy
+ OA T (U ) Ve, [up e} + 3 (@eh Ty ] [ De
ecéy

= (f.vk;) — R
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Algebraic solution

Algebraic solution
Find u,ff’ € V,, such that

(@ Ty, Vup), V) = > { Wl (Ul Vup ) b ne, [vk e
ecéy
+ O AR (U Vi h e, [up Met + D (@ehg Tug'T [k 1)e
ecéy

= (f.vk;) — R

@ algebraic residual vector A% = {R,’?’j}KeTh,]ecK

@ discrete system
Ak Uk Fk Rk,i
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Flux reconstructions

Definition (Construction of (d’ + 1) € RTN(Tp), | := m—1/m)
For all K € 7, and all e € &k,

(15 Ne,Gr)e:=(—{o" (", Vi) e+ aehg Tuy '].qne,
(A + 15" ek = =" (U V), e

+0> " welA (U yrpne, [up T)e,
ecéy
for all g, € P;(e) and all ry € [P/_1(K)]9.
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Flux reconstructions

Definition (Construction of (d’ + 1) € RTN(Tp), | := m—1/m)
For all K € 7, and all e € &,
(1) e an)e = (— {0 (U, Vuy ") b ne+aehy Tuf'T.ande,
(A 1 ) = — (o T (U, VUl )k

+0 Z We<Ak71 (UZ’i)rh'nea [[U/I;J]])e,

ecéy
for all g, € P;(e) and all ry € [P/_1(K)]9.

Definition (Construction of d' € RTN/(75), | :== m—1or | := m)
For all K € 7, and all e € &k,

(dﬁi-ne, Qh)e = <_{{U(U/§j- VUlf?j)}}'r“s' + @eh;1 l[Uﬁ’i]]7 Qn)e;
(@5 tn)k = (o (U VUl ) ek +0 > we(A(uf ) rpne, [uf e,

eclk
for all g, € P;(e) and all ry € [P/_1(K)]9.
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Verification of the assumptions — upper bound

Definition (Construction of f,, Eﬁ‘i)

Set f .= Nyf and &' := IKN(ar(uf, VUfY).
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Verification of the assumptions — upper bound

Definition (Construction of f,, Eﬁ’i)

Set f .= Nyf and &' := IKN(ar(uf, VUfY).

Lemma (Assumptions A and B)
Assumptions A and B hold.
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Verification of the assumptions — upper bound

Definition (Construction of f,, Eﬁ’i)

Set fy i= Mjf and o = K™ (o (uy”, V).

Lemma (Assumptions A and B)
Assumptions A and B hold.

Comments

° Hak”Hq kx — 0 as the linear solver converges by definition.

Ikl

@ ||I," ||,k — 0 as the nonlinear solver converges by the

construction of I',‘7 I
@ Both (dj” + If"') and d}" belong to RTN,(75) =
ay’ € RTN/(T5) and tf"" € RTN/(7p).
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Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.
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Verification of the assumptions — efficiency

Lemma (Assumption C)
Assumption C holds.

Comments

ki ki
@ d;, " closetod)

@ approximation properties of Raviart-Thomas—Neédélec
spaces
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Summary

Discretization methods

@ nonconforming finite elements
@ discontinuous Galerkin

@ finite elements

@ various finite volumes

@ mixed finite elements
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Summary

Discretization methods

@ nonconforming finite elements
@ discontinuous Galerkin

@ finite elements

@ various finite volumes

@ mixed finite elements

Linearizations

@ fixed point
@ Newton
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Summary

Discretization methods

@ nonconforming finite elements
@ discontinuous Galerkin

@ finite elements

@ various finite volumes

@ mixed finite elements

Linearizations

@ fixed point
@ Newton

Linear solvers

@ independent of the linear solver
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Summary

Discretization methods

@ nonconforming finite elements
@ discontinuous Galerkin

@ finite elements

@ various finite volumes

@ mixed finite elements

Linearizations

@ fixed point
@ Newton

Linear solvers
@ independent of the linear solver

...all Assumptions A to C verified
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Numerical experiment |

Model problem
@ p-Laplacian

V-(|VulP2vVu)=f inQ,
Uu=uy onoQ

@ weak solution (used to impose the Dirichlet BC)

p

e =25 e+ )T o ()

@ tested values p=1.5and 10
@ nonconforming finite elements
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Analytical and approximate solutions

0.04 0.4
0.02 03
0 0.2
-0.02 0.1
-0.04 o
-0.06 01

Casep=15 Casep=10
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step.

10 T T T 10" 10— T T T T ——
107 [ 4 [ M ]
[ NSRS |
ol | P
s S0t 4 210tk =
S0 4 s a3 f ]
——erorwp
e estmate
100 i ['| —a—disc. est.
|| —#—lin. est.
alg. est.
10 | | | | | | 107 | | | 10 lg.remest] I I I
0 100 200 300 400 500 600 700 3 6 9 12 15 0 5 10 15 0 25 30 35
Algebraic iteration Algebraic iteration Algebraic iteration
Newton inexact Newton ad. inexact Newton
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Error and estimators as a function of Newton
iterations, p = 10, 6th level mesh

Dual eror

| I '
100 12 3 4 5 6 7 8 9 10 11 12 13
n iteration

inexact Newton ad. inexact Newton
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Error and estimators, p = 10

10° 10° 10° ey
E —e—errorup ]
L £ —di. flux est. ]
107 - 4wl B F ——nonc. est. ]
8 ——lin.est |
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el i 0l alg.est. ||

Dual error
N
5,
T
1
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10 ~ . 107

gotl i i
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Number of faces
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Effectivity indices, p = 10

18— T 18— 28— T
P 2 P —a—effectivity ind. up
L1 4 & <4 Sas- effectivity ind. low
216 - z 16 - zo24f -
s s s
S5 4 8ask 4 Eaa _
5 3 3
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Newton inexact Newton ad. inexact Newton

Martin Vohralik and Alexandre Ern Adaptive inexact Newton methods



| Ad. inex. Newton Applications Num. res. Extensions

Error dlstnbutlon p=10

Ko7
N |

4} 'ﬂN‘ 1}\
oS

Estimated error distribution
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Newton and algebraic iterations, p = 10

E[—=—full
F|—e—inex
[[| —4—adapt. inex.

——full
—e—inex. H
—A—adapt. inex.||

—a— full T
90 inex.
—&—adapt. inex.

Number of Newton iterations
g

Number of algebraic solver iterations
Total number of algebraic solver iterations

3 4 10° 3 4
Refinement level Newton iteration Refinement level

Newton it. / refinement alg. it. / Newton step  alg. it. / refinement
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Error and estimators as a function of CG iterations,
p = 1.5, 6th level mesh, 1st Newton step.

10 | | | o
Newton inexact Newton ad. inexact Newton
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Error and estimators as a function of Newton
iterations, p = 1.5, 6th level mesh

Extensions C

Dual eror

10 T T T T T T T T T 10 ]
| 107 - B
. 10 - 4 4
g
5
E R 1
EE-Pre 4 &
i | ——enorup
—a—estimate
——disc. est
i t.
I N R B B ool Lo 10 . o |
10 12 14 16 18 20 0 50 100 150 200 250 300 350 400 450 500 550 1 2 3
ion Newton iteration

8
Newton terati

Newton

Martin Vohralik and Alexandre Ern

inexact Newton

Newton iteration

ad. inexact Newton

Adaptive inexact Newton methods



1 Ad.inex. Newlon Applications Num. res. Extensions C
Error and estimators, p = 1.5
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Effectivity indices, p = 1.5

-
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Newton and algebraic iterations, p = 1.5
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Numerical experiment I

Model problem

@ p-Laplacian

V-(|VulP2vVu)=f inQ,
u=uy onoQ

@ weak solution (used to impose the Dirichlet BC)
u(r,0) = rs sin(6%)

@ p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
@ nonconforming finite elements
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Error distribution on an adaptively refined mesh
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Estimated and actual errors and the effectivity index
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Two-phase flow in porous media

Two-phase flow in porous media

at(¢sa) + v'ua = Qa; o € {H,W},
kroz W
_’ILL(S)K(VPQ + pagVZ) - Ua, « E {n,W},
Sp + Sy = 17
Pn — Pw = Pc(Sw)
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Two-phase flow in porous media

Two-phase flow in porous media

at(¢sa) + V‘Ua = Qa; o € {H,W},
kroz 'W
S (Tp, 4 gV —ua aefuw)
Sh+ Sw = 17
Pn — Pw = Pc(Sw)

Mathematical issues

@ coupled system

@ unsteady, nonlinear

@ elliptic—parabolic degenerate type
@ dominant advection
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Two-phase flow in porous media

Theorem (A posteriori error estimate distinguishing the error

components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic so/ver step,
with the approximations (s ~ - pa hT) Then

n,k,i nk,i n,k,i n,k,i

11(Sa = Shhrs Pa = P Ml < M + Timia + Tinga + Mg
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Two-phase flow in porous media

Theorem (A posteriori error estimate distinguishing the error

components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic so/ver step,
with the approximations (s ~ - pa hT) Then

n,k,i n,k,i n,K,i n,kK,i
11(Sa — - hTapa - P, hr)mln < Nspa T Mm,ee T Minyee T Malg,cr°
Error components
o nikl: spatial discretization
° ngnkoj temporal discretization
° nl’fnkof linearization

nk/ :
® 7,1,.,,- algebraic solver
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Water saturation/water pressure evolution
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Estimators/meshes evolution
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Estimators and stopping criteria

Estimators
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GMRes relative residual/Newton iterations

GMRes relative residual
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GMRes iterations

Extensions C

Number of GMRes iterations

—=— classical
- @ -adaptive

05 1 15 2 25
Time/Newton step o

Per time and Newton step

Martin Vohralik and Alexandre Ern

x10°

T
—=— classical
daptive |

[
@

w
T

N
@
T

Il
@
T

-
T

Cumulated number of GMRes iterations
~
T

05— i
-0-0-0-04

Mot?oooo?o.oo?ooooo‘ooaca‘
[ 05 1 15 2 25 3 35 4
Time 10’

Cumulated

Adaptive inexact Newton methods



0 Introduction

Q Adaptive inexact Newton method
@ Quasi-linear elliptic problems
@ Approximate solution and error measure
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency

© Examples of application
@ Arbitrary iterative algebraic solver
@ Nonconforming FEs, fixed point/Newton, p-Laplacian
@ DGs, fixed point/Newton, quasi-linear diffusion
@ Summary

0 Numerical results
Q An extension to two-phase flows
e Conclusions and future directions



| Ad. inex. Newton Applications Num. res. Extensions C

Conclusions

Adaptive inexact Newton method
@ only a necessary number of algebraic solver iterations
on each linearization step
@ only a necessary number of linearization iterations

@ “smart online decisions”: algebraic step / linearization
step / space mesh refinement

@ important computational savings

@ guaranteed and robust upper bound via a posteriori error
estimates
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Conclusions

Adaptive inexact Newton method
@ only a necessary number of algebraic solver iterations
on each linearization step
@ only a necessary number of linearization iterations

@ “smart online decisions”: algebraic step / linearization
step / space mesh refinement

@ important computational savings

@ guaranteed and robust upper bound via a posteriori error
estimates

Future directions

@ other coupled nonlinear systems
@ convergence and optimality
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Thank you for your attention!
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