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Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
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3 crucial questions

& suggested answers

Crucial questions
1 How large is the overall error?
2 Where (model/space/time/lineariza-

tion/algebra) is it localized?
3 Can we decrease it efficiently?

Suggested answers

1 A posteriori error estimates.
2 Identification of error components.
3 Balancing error components,

adaptivity (working where needed).
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CDG Terminal 2E collapse in 2004 (opened in 2003)

no earthquake, flooding, tsunami, heavy rain, extreme temperature
deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,
I believe without error certification

Reliability study and simulation of the progressive collapse of
Roissy Charles de Gaulle Airport

Y. El Kamari a, W. Raphael a,*, A. Chateauneuf b,c

a Ecole Supérieure d’Ingénieurs de Beyrouth (ESIB), Université Saint-Joseph, CST Mar Roukos, PO Box 11-514, Riad El Solh Beirut 1107 2050,

Lebanon
b Université Blaise Pascal, Institut Pascal, BP 10448, F-63000 Clermont Ferrand, France
c LGC/CUST – UBP, Campus des Cézeaux, 63174 Aubière, France

1. Introduction

Terminal 2E, with a daring design and wide open spaces, was Charles de Gaulle Airport’s newest addition. Terminal 2E had
been inaugurated in 2003 after some delays in construction. On the 23rd of May 2004, not long after its inauguration, a part
of Terminal 2E’s ceiling collapsed early in the day, leaving four casualties. Some questioned the construction methods as
being the primary cause, which were rushed as the project was a month behind schedule due to technical problems, and
some have also considered the possibility of improper design as the cause of the accident. In the following, a deterministic
analysis and a mechanical reliability assessment will be elaborated. We will show the importance of reliability assessment
and long term strains of materials, especially for public constructions where the human and economic repercussions are
heavy to bear. The purpose of our research is to study the problem using the available data in order to examine the real
reasons of the incident, to see if it were possible to predict the structure’s failure from the beginning and to simulate the
progressive collapse of the structure.

2. General overview of Roissy’s Terminal 2E [1]

We will first describe the terminal, its different construction phases, the incidents that occurred before the accident and
the collapse itself. Then we will present in a general way the principle of finite element modeling, recommendations for good
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Paris Charles de Gaulle Airport also known as Roissy Airport is the world’s eighth-busiest

airport in passengers served. In May 2004, the news of collapse of a portion of Terminal 2E

leaving four casualties shook the world. Luckily, no boarding had been taking place in the

collapsed area which consisted of a boarding area and three footbridges. This part of the

terminal had an innovative design consisting of a vaulted concrete tube. We chose to

model a representative part of the terminal to observe the structure’s behavior. The

purpose of our research is to explain the structure’s collapse and to see if there were

deficiencies from the design phase. Also, our new fine-grained model using Ansys Software

makes it possible to explain the progressive collapse of the structure, which was the main

challenge of our study. Moreover, a sensitivity analysis was performed in order to study

the importance of each of the variables taken into account in the model.
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makes it possible to explain the progressive collapse of the structure, which was the main

challenge of our study. Moreover, a sensitivity analysis was performed in order to study

the importance of each of the variables taken into account in the model.
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Appetizer: it works! (nonlinear problem with linearization & algebra)
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Commercial: get more

, pay less! (balancing all error components)
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A posteriori error estimates: control the error
Elastic membrane equation

−∆u = f in Ω,
u = 0 on ∂Ω

Guaranteed error upper bound (reliability)

‖∇(u − uh)‖︸ ︷︷ ︸
unknown error

≤ η(uh)︸ ︷︷ ︸
computable estimator

Error lower bound (efficiency)

η(uh) ≤ Ceff‖∇(u − uh)‖

Ceff independent of Ω, u, uh, h, p
computable bound on Ceff available, Ceff ≈ 5
Prager and Synge (1947), Ladevèze (1975), Babuška & Rheinboldt (1987),
Verfürth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),
Braess, Pillwein, & Schöberl (2009), Ern & Vohralík (2015)
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How large is the overall error? (model pb, known smooth solution)

h p η(uh) rel. error estimate η(uh)
‖∇uh‖ ‖∇(u − uh)‖ rel. error ‖∇(u−uh)‖

‖∇uh‖ Ieff = η(uh)
‖∇(u−uh)‖

h0 1 1.25 28% 1.07 24% 1.17
≈h0/2 6.07× 10−1 14% 5.56× 10−1 13% 1.09
≈h0/4 3.10× 10−1 7.0% 2.92× 10−1 6.6% 1.06
≈h0/8 1.45× 10−1 3.3% 1.39× 10−1 3.1% 1.04
≈h0/2 2 4.23× 10−2 9.5× 10−1% 4.07× 10−2 9.2× 10−1% 1.04
≈h0/4 3 2.62× 10−4 5.9× 10−3% 2.60× 10−4 5.9× 10−3% 1.01
≈h0/8 4 2.60× 10−7 5.9× 10−6% 2.58× 10−7 5.8× 10−6% 1.01

A. Ern, M. Vohralík, SIAM Journal on Numerical Analysis (2015)
V. Dolejší, A. Ern, M. Vohralík, SIAM Journal on Scientific Computing (2016)
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Where (in space) is the error localized?

Estimated error distribution ηK (uh) Exact error distribution ‖∇(u − uh)‖K
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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decays to zero as fast as on a best-possible sequence of meshes
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Can we decrease the error efficiently? hp adaptivity, (smooth solution)
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Convergence, optimal error decay rate wrt DoFs
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Optimal error decay rate wrt overall computational cost
Haberl, Praetorius, Schimanko, & Vohralík (HAL preprint 02557718)
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` 6= F`
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Including algebraic error: A`Ui
` 6= F`

Estimated algebraic errors ηalg,K (ui
`) Exact algebraic errors ‖∇(u` − ui
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Nonlinear pb −∇·σ(∇u) = f : including linearization and algebraic
error: A`(Uk ,i

` ) 6= F`, Ak−1
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Convergence and optimal decay rate wrt DoFs & computational cost
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I Estimates & adaptivity Heat equation Multi-phase-compositional Darcy C Error & residual Reconstruction Reliability Efficiency and robustness

The heat equation: f ∈ L2(0,T ; L2(Ω)), u0 ∈ L2(Ω)

The heat equation
∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω
Spaces

X := L2(0,T ; H1
0 (Ω)),

‖v‖2X :=

∫ T

0
‖∇v‖2 dt ,

Y := L2(0,T ; H1
0 (Ω)) ∩ H1(0,T ; H−1(Ω)),

‖v‖2Y :=

∫ T

0
‖∂tv‖2H−1(Ω) + ‖∇v‖2 dt + ‖v(T )‖2

Weak solution
Find u ∈ Y with u(0) = u0 such that∫ T

0
〈∂tu, v〉+ (∇u,∇v) dt =

∫ T

0
(f , v) dt ∀ v ∈ X

M. Vohralík Guaranteed a posteriori error bounds and full adaptivity 17 / 33
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I Estimates & adaptivity Heat equation Multi-phase-compositional Darcy C Error & residual Reconstruction Reliability Efficiency and robustness

An optimal a posteriori estimate for evolutive problems
Guaranteed upper bound

‖u − uhτ‖2?,Ω×(0,T ) ≤
∑N

n=1
∑

K∈T n
h
ηn

K (uhτ )2

no undetermined constant: error control
Local efficiency

ηn
K (uhτ ) ≤ Ceff‖u − uhτ‖?,neighbors of K×(tn−1,tn)

optimal space-time mesh refinement
local in time and in space error lower bound

Robustness
Ceff independent of data, domain Ω, final time T , meshes, solution u,
polynomial degrees of uhτ in space and in time

Asymptotic exactness∑N
n=1

∑
K∈T n

h
ηn

K (uhτ )2/‖u − uhτ‖2?,Ω×(0,T ) ↘ 1
overestimation factor goes to one with increasing effort

Small evaluation cost
estimators ηn

K (uhτ ) can be evaluated cheaply (locally)
M. Vohralík Guaranteed a posteriori error bounds and full adaptivity 18 / 33
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Previous results (heat equation)

Picasso / Verfürth (1998), work with the energy norm X :
3 upper bound ‖u − uhτ‖2

X ≤ C
∑N

n=1
∑

K∈T n
h
ηn

K (uhτ )2

7 constrained lower bound (h and τ strongly linked)

Repin (2002), guaranteed upper bound
Verfürth (2003) (cf. also Bergam, Bernardi, and Mghazli (2005)), work with the
Y norm:

3 upper bound ‖u − uhτ‖2
Y ≤ C

∑N
n=1

∑
K∈T n

h
ηn

K (uhτ )2

3 efficiency
∑

K∈T n
h
ηn

K (uhτ )2 ≤ C‖u − uhτ‖2
Y (In)

3 robustness with respect to the final time T , no link h – τ
7 efficiency local in time but global in space

Makridakis and Nochetto (2006): Radau reconstruction
Ern and Vohralík (2010): unified framework for different spatial discretizations

M. Vohralík Guaranteed a posteriori error bounds and full adaptivity 19 / 33
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Equivalence between error and residual

Weak solution
Find u ∈ Y with u(0) = u0 such that∫ T

0
〈∂tu, v〉+ (∇u,∇v) dt =

∫ T

0
(f , v) dt ∀ v ∈ X

M. Vohralík Guaranteed a posteriori error bounds and full adaptivity 20 / 33
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Equivalence between error and residual

Theorem (Parabolic inf–sup identity)
For every ϕ ∈ Y, we have

‖ϕ‖2Y =

[
sup

v∈X , ‖v‖X =1

∫ T

0
〈∂tϕ, v〉+ (∇ϕ,∇v) dt

]2

+ ‖ϕ(0)‖2.

Residual of uhτ ∈ Y
R(uhτ ) ∈ X ′, the misfit of uhτ in the weak formulation:

〈R(uhτ ), v〉 :=

∫ T

0
(f , v)− 〈∂tuhτ , v〉 − (∇uhτ ,∇v) dt v ∈ X

dual norm of the residual
‖R(uhτ )‖X ′ := sup

v∈X , ‖v‖X =1
〈R(uhτ ), v〉

Y norm error is the dual X norm of the residual + IC error

‖u − uhτ‖2Y = ‖R(uhτ )‖2X ′ + ‖u0 − uhτ (0)‖2

M. Vohralík Guaranteed a posteriori error bounds and full adaptivity 20 / 33
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Proof of the parabolic inf–sup identity: ϕ ∈ Y
Proof.

let w∗ ∈ X be defined by, a.e. in (0,T ),

(∇w∗,∇v) = 〈∂tϕ, v〉 ∀v ∈H1
0 (Ω)⇒ ‖∇w∗‖2 =‖∂tϕ‖2H−1(Ω)

using
∫ T

0 2〈∂tϕ,ϕ〉 dt = ‖ϕ(T )‖2 − ‖ϕ(0)‖2 gives[
sup

v∈X , ‖v‖X =1

∫ T

0
dt

]2

= ‖w∗ + ϕ‖2X =
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Approximate solution and Radau reconstruction

Numerical method

Find uhτ ∈ Vhτ such that, at each time-step,
∫

In

(∂t(Iuhτ ), vhτ ) + (∇uhτ ,∇vhτ ) dt =

∫

In

(f , vhτ ) dt

for all vhτ ∈ Qqn (In;V n).

Remark: Special case qn = 0 ⇐⇒ implicit Euler method.

Initial data approximation:
uhτ (t0) := Πhu0 ≈ u0

Notation for jumps:
Lvhτ Mn := vhτ (tn)− vhτ (t+

n )

Radau reconstruction operator:
Iuhτ := uhτ − Luhτ Mn−1

(−1)qn

2
(Ln

qn −Ln
qn+1)

Ln
q the q-th Legendre polynomial on In

tn−2 tn−1 tn

v(tn−1)
v(t+n−1)

uhτ

8/18

Approximate solution
3 uhτ (t), t ∈ In, is a piecewise continuous polynomial in space in

V n
h :=

{
vh ∈ H1

0 (Ω), vh|K ∈ PpK (K ) ∀K ∈ T n}
7 uhτ is a piecewise discontinuous polynomial in time
7 uhτ 6∈ Y ⇒ impossible to estimate ‖u−uhτ‖Y

Radau reconstruction
3 Iuhτ ∈ Y , Iuhτ |In ∈ Qqn+1

(
In; Ṽ n

h

)
(Makridakis–Nochetto)∫

In
(∂tIuhτ , vhτ ) + (∇uhτ ,∇vhτ ) dt =

∫
In

(f , vhτ ) dt ∀ vhτ ∈Qqn (In; V n
h )

3 final norm: ‖u − uhτ‖2EY
:= ‖u − Iuhτ‖2Y + ‖uhτ − Iuhτ‖2X︸ ︷︷ ︸

known, computable
M. Vohralík Guaranteed a posteriori error bounds and full adaptivity 22 / 33
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Results in the Y norm

Theorem (Reliability in the Y norm)

Suppose no data oscillation for simplicity. Then, for any σhτ ∈ L2(0,T ; H(div,Ω))
with ∇·σhτ = f − ∂tIuhτ , there holds

‖u − Iuhτ‖2Y ≤
∫ T

0
‖σhτ +∇Iuhτ‖2 dt .

M. Vohralík Guaranteed a posteriori error bounds and full adaptivity 23 / 33
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Proof of the upper bound

Proof.
equivalence error-residual (no error in the initial condition):

‖u − Iuhτ‖Y = sup
v∈X , ‖v‖X =1

〈R(Iuhτ ), v〉

Green theorem ∫ T

0
(σhτ ,∇Iuhτ ) + (∇·σhτ , Iuhτ ) dt = 0

residual definition, Cauchy–Schwarz inequality:

〈R(Iuhτ ), v〉=
∫ T

0
(f , v)−(∂tIuhτ , v)−(∇Iuhτ ,∇v) dt

=

∫ T

0
(f−∂tIuhτ−∇·σhτ︸ ︷︷ ︸

=0

, v)−(∇Iuhτ+σhτ ,∇v) dt

≤
{∫ T

0
‖σhτ+∇Iuhτ‖2 dt

} 1
2 ‖v‖X

M. Vohralík Guaranteed a posteriori error bounds and full adaptivity 24 / 33
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=

∫ T

0
(f−∂tIuhτ−∇·σhτ︸ ︷︷ ︸

=0

, v)−(∇Iuhτ+σhτ ,∇v) dt

≤
{∫ T

0
‖σhτ+∇Iuhτ‖2 dt

} 1
2 ‖v‖X
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vh∈V a,n
hτ

∇·vh=ψa(f−∂tIuhτ )−∇ψa·∇uhτ

∫
In
‖vh + ψa∇uhτ‖2ωa dt .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comments
3 satisfies σhτ ∈ L2(0,T ; H(div,Ω)) with ∇·σhτ = f − ∂tIuhτ

works on the common refinement T̃ a,n of the patch ωa

3 uncouples to qn elliptic problems posed in V a,n
h
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Guaranteed upper bound

Theorem (Guaranteed upper bound)
In the absence of data oscillation (f and u0 piecewise polynomial), there holds

‖u − uhτ‖2EY
≤

N∑
n=1

∑
K∈T n

∫
In
‖σhτ+∇Iuhτ‖2K + ‖∇(uhτ−Iuhτ )‖2K dt .
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Local space-time efficiency and robustness
Local error contributions

|u − uhτ |2Ea,n
Y

=

∫
In
‖∂t (u − Iuhτ )‖2H−1(ωa) + ‖∇(u − Iuhτ )‖2ωa dt

+

∫
In
‖∇(uhτ − Iuhτ )‖2ωa dt

Theorem (Local space-time efficiency and robustness)

For each time-step interval In and for each element K ∈ T n, there holds, in the
absence of data oscillation,∫

In
‖σhτ +∇Iuhτ‖2K + ‖∇(uhτ − Iuhτ )‖2K dt ≤ C2

eff

∑
a∈VK

|u − uhτ |2Ea,n
Y
.

Comments
3 local in space and time
3 Ceff only depends on shape regularity⇒ robustness w.r.t the final time T and

the polynomial degrees p and q
3 no restriction on coarsening between T n−1 and T nM. Vohralík Guaranteed a posteriori error bounds and full adaptivity 27 / 33
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Multi-phase multi-compositional flows
Unknowns

reference pressure P
phase saturations S := (Sp)p∈P
component molar fractions Cp := (Cp,c)c∈Cp of phase p ∈ P

Constitutive laws
phase pressure = reference pressure + capillary pressure

Pp := P + Pcp (S)

Darcy’s law
up(Pp) := −K (∇Pp + ρpg∇z)

component fluxes

θc :=
∑
p∈Pc

θp,c , θp,c := νpCp,cup(Pp)

amount of moles of component c per unit volume

lc = φ
∑
p∈Pc

ζpSpCp,c

Governing PDEs
conservation of mass for components

∂t lc +∇·θc = qc ∀c ∈ C
+ boundary & initial conditions

Closure algebraic equations
conservation of pore volume:

∑
p∈¶ Sp = 1

conservation of the quantity of the matter:
∑

c∈Cp
Cp,c = 1 for all p ∈ ¶

thermodynamic equilibrium'

&

$

%

Mathematical issues
coupled system PDE – algebraic constraints
unsteady, nonlinear
elliptic–degenerate parabolic type
dominant advection
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A posteriori error estimate

Theorem (Multi-phase multi-compositional Darcy flow)
Under Assumption A, there holds

dual residual norm ≤

{∑
c∈C

(
ηn,k ,i

sp,c + ηn,k ,i
tm,c + ηn,k ,i

lin,c + ηn,k ,i
alg,c +ηn,k ,i

rem,c
)2

} 1
2

with ηn,k ,i
•,c :=

{∫
In

∑
K∈Mn

(
ηn,k ,i
•,K ,c

)2 dt

} 1
2

, • = sp, tm, lin, alg, rem.

Comments
immediate extension of the results of the steady case
still matrix-vector multiplication on each element
same element matrices SK , MK , and AK or ÃK
input: available normal face fluxes, reference pressure, phase saturations,
and component molar fractions
same physical units of estimators of all error components
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3 phases, 3 components (black-oil) problem: permeability
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3 phases, 3 components (black-oil) problem: gas saturation and a
posteriori estimate
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3 phases, 3 components (black-oil): alg. solver & mesh adaptivity
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2 phases: recovering water mass balance
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2 phases: recovering oil mass balance

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

10-5

original mass balance misfit (m2s−1)

0.5

1

1.5

2

2.5

10-19

corrected mass balance misfit (m2s−1)

M. Vohralík Guaranteed a posteriori error bounds and full adaptivity 32 / 33



I Estimates & adaptivity Heat equation Multi-phase-compositional Darcy C Estimate Numerics Mass balance

2 phases: recovering oil mass balance

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

10-5

original mass balance misfit (m2s−1)

0.5

1

1.5

2

2.5

10-19

corrected mass balance misfit (m2s−1)
Setting

fully implicit discretization
cell-centered finite volumes on a square mesh
time step 260 (60 days), 1st Newton linearization, GMRes iteration 195
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