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A posteriori error estimates

Setting
@ u: unknown solution
@ up,: known numerical approximation
@ J,(up,.): error measure (distance between u and up,;)
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A posteriori error estimates

Setting

@ u: unknown solution
@ up,: known numerical approximation
@ 7,(up,): error measure (distance between u and up,)

Optimal a posteriori error estimate
@ nis easily computable from up,
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@ u: unknown solution
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Optimal a posteriori error estimate

@ nis easily computable from up,
@ guaranteed upper bound

ju(uhr) S n

P

: informatics, 7 mathematics

V. Dolejsi, A. Ern, M. Vohralik Robust a posteriori control in unsteady nonlinear problems




| Err. meas. Est. Robustness DG Adapt. Num.exp. C

A posteriori error estimates

Setting
@ u: unknown solution
@ up,: known numerical approximation
@ 7,(up,): error measure (distance between u and up,)
Optimal a posteriori error estimate
@ 7 is easily computable from up,
@ guaranteed upper bound
jU(UhT) < n
@ efficiency and robustness
n S Ju(Unr)
<:up to C independent of all model (nonlinearities,
advection, final time) and discretization parameters
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A posteriori error estimates

Setting
@ u: unknown solution
@ up,: known numerical approximation
@ 7,(up,): error measure (distance between u and up,)
Optimal a posteriori error estimate
@ 7 is easily computable from up,
@ guaranteed upper bound
Ju(Unr) <
@ efficiency and robustness
n S Ju(Unr)
<:up to C independent of all model (nonlinearities,

advection, final time) and discretization parameters
o effectivity index n/J,(un.) is close to one
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A posteriori error estimates

Setting

@ u: unknown solution

@ up,: known numerical approximation

@ 7,(up,): error measure (distance between u and up,)
Optimal a posteriori error estimate

@ nis easily computable from up,
@ guaranteed upper bound
jU(UhT) < n
@ efficiency and robustness
n S Ju(Unr)
<:up to C independent of all model (nonlinearities,
advection, final time) and discretization parameters
o effectivity index n/J,(un.) is close to one
@ 7 can be decomposed into error components (spatial,

temporal, regularization, linearization, algebraic. . . )&,LW
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Previous results for unsteady problems

Heat equation
@ Bieterman and Babuska (1982), Picasso (1998), Repin
(2002), Makridakis and Nochetto (2003): upper bound
e Verfirth (2003), Bergam, Bernardi, and Mghazli (2004):
robustness w.r.t. final time (dual norm of the time der.)
@ Ern and V. (2010): unified framework for spatial discret.
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Previous results for unsteady problems

Heat equation
@ Bieterman and Babuska (1982), Picasso (1998), Repin
(2002), Makridakis and Nochetto (2003): upper bound
e Verfirth (2003), Bergam, Bernardi, and Mghazli (2004):
robustness w.r.t. final time (dual norm of the time der.)
@ Ern and V. (2010): unified framework for spatial discret.
Nonlinear parabolic problems
@ Verfirth (1998): efficiency under a restriction on the
relative size of space and time steps
@ Verflrth (2004): efficiency (no restriction) but need to solve
a linear diffusion problem on each time step
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Linear advection-diffusion problems
@ Verfiurth (2005): robustness w.r.t. advection dominance
(augmented energy norm), reaction-diffusion solves

Vi

h.; ,,,,, 7 nathematics

V. Dolejsi, A. Ern, M. Vohralik Robust a posteriori control in unsteady nonlinear problems



| Err. meas. Est. Robustness DG Adapt. Num.exp. C

Previous results for unsteady problems

Heat equation
@ Bieterman and Babuska (1982), Picasso (1998), Repin
(2002), Makridakis and Nochetto (2003): upper bound
e Verfirth (2003), Bergam, Bernardi, and Mghazli (2004):
robustness w.r.t. final time (dual norm of the time der.)
@ Ern and V. (2010): unified framework for spatial discret.
Nonlinear parabolic problems
@ Verfirth (1998): efficiency under a restriction on the
relative size of space and time steps
@ Verflrth (2004): efficiency (no restriction) but need to solve
a linear diffusion problem on each time step
Linear advection-diffusion problems
@ Verfiurth (2005): robustness w.r.t. advection dominance
(augmented energy norm), reaction-diffusion solves
Nonlinear and degenerate advection-diffusion problems
@ Nochetto, Schmidt, and Verdi (2000), Ohlberger (2004 ):

informatics, 7 mathematics
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Problem

Problem
ou—V-o(u,Vu)=Ff inQ:=Qx(0,t),
u=0 onoQx(0,t),
u(-,0)=up iInQ

@ Q C RY d > 2: polygonal (polyhedral) domain

@ t > 0: final simulation time

@ f: source term

@ Up: initial datum

@ o(u, Vu): nonlinear (diffusive-advective) flux function

o(u,Vu) = K(u)Vu— ¢(u)
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Problem

Problem
ou—V-o(u,Vu)=Ff inQ:=Qx(0,t),
u=0 onoQx(0,t),
u(-,0)=up iInQ

@ Q C RY d > 2: polygonal (polyhedral) domain

@ t > 0: final simulation time

@ f: source term

@ Up: initial datum

@ o(u, Vu): nonlinear (diffusive-advective) flux function

o(u,Vu) = K(u)Vu— ¢(u)

Weak solution
Find v € X such that, forall p € Y,

tr
/0 {(f,¢) + (U, 0rp) — (o(u, Vu), V) }(t) dt + (to, ¢(+,0)) = 0

° X :=L2(0,t; H}(Q))
° V= {p€X; o e L¥Q): ¢(.F) =0} bz
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Discrete setting

Discrete setting
o discrete times {t"}o<p<n, I =0and tN =T
e time intervals /, := (t"~', "] and time steps 7" := " — "~
@ a different simplicial mesh 7" onall0 < n< N

—n—1,n .
e 7 :the coarsest common refinement of 77" and 7"

e 7" " the finest common coarsening of 7' and 77"

t
3 .. _wp (83)
3 BERREE
t2 SRR Uhq—(tz)
A R
{1 o :,,,,,,,J ,,,,,,, i uhT(t )
Tt() 77777777777777 77777777777777 T uh’r(to) L
Q TO €T : lnlnéauu,manm atics
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Discrete setting

Discrete setting
o discrete times {t"}o<p<n, I =0and tN =T
e time intervals /, := (t"~', "] and time steps 7" := " — "~
@ a different simplicial mesh 7" onall0 < n< N

—n—1,n .
e 7 :the coarsest common refinement of 77" and 7"

e 7" "/ the finest common coarsening of 7"~ and 77"
Approximate solution
@ Uy € Xp:={p € L20,t; H'(T)); drp € L2(Q)}
@ Uy, possibly ntonconforming, not included in X

3 .. e (83)
3 BERREE
t2 SRR Uhq—(tz)
A R
{1 o :,,,,,,,J ,,,,,,, i uhT(t )
Tt() 77777777777777 77777777777777 T uh’r(to) L
Q TO €T : lnlnéauu,mamemamx
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Space-time mesh-dependent dual norm

Residual
For v € L2(0,t:; H'(T)), R(v) € Y:forallp € Y,

i

(R(V), @)yry:= A {(£, 0)+(v, 0rp)=(a (v, V V), Vi) } (1) dt+(uo, ¢(-, 0))

L d

&1}; ,,,,, 7 nathematics

V. Dolejsi, A. Ern, M. Vohralik Robust a posteriori control in unsteady nonlinear problems



| Erm. meas. Est. Robustness DG Adapt. Num.exp. C

Space-time mesh-dependent dual norm

Residual
For v € L2(0,t:; H'(T)), R(v) € Y:forallp € Y,

i
<R(V)7 30> YLy = 0 {(f7 @)_’_(V? 8tg0)—(O'(V,VV),V(p)}(t) dt—i-(U(), 90(7 O))
Dual norm of the residual

Jurr(Unr) = sup  (R(Un:), @) vy
veY, |lelly=1

L d
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Space-time mesh-dependent dual norm

Residual
For v € L2(0,t:; H'(T)), R(v) € Y:forallp € Y,

i

(R(v),@)yry:= A {(f, ) +(v, 0rp)— (o (v, VV), V) }(t) dt+(to, ¢(-, 0))
Dual norm of the residual

Jurr(Upr) = sup  (R(Un-), @) vy
peY, [lplly=1

lig
ju,FR(Uhr) =8up {(UhT*U7 8{§0)+(0’(U,VU)7U(UhT,VUhT),VQO)}(t)dt
e, llelly=1/0
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Space-time mesh-dependent dual norm

Residual
For v € L2(0, ts; H'(T)), R(v) € Y': forallp € Y,

i

(R(v),@)yry:= A {(f, ) +(v, 0rp)— (o (v, VV), V) }(t) dt+(to, ¢(-, 0))
Dual norm of the residual

Jurr(Unr) = sup  (R(Un:), @) vy
veY, |lelly=1

lig
ju,FR(Uhr) =8up {(UhT*U7 8{§0)+(0’(U¢VU)7O’(U/-,T.VUhT),VQO)}(t)dt
e, llelly=1/0

Space-time mesh-dependent norm on Y
= CTH(hTzHV‘P”TxIn + (7210l F1,)

||SOHY—Z > el r,

n1T€In1n V4

nnnnnnnnnnnnnnnnnnnnn

@ Cr ,: user-given weights (no influence on results) Zia—
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Computable upper bound on the dual norm

Properties of 7, rr(Up;)
® for up, € X, Jurr(Un-) =0 if and only if u = up,
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Computable upper bound on the dual norm

Properties of 7, rr(Up;)
@ for un, € X, Jurr(Up-) = 0 if and only if u = up,

@ in line with the previous considerations of Verfirrth (2005)
and Chaillou and Suri (2006)
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Computable upper bound on the dual norm

Properties of 7, rr(Up;)
@ for un, € X, Jurr(up-) = 0 if and only if u = up,

@ in line with the previous considerations of Verfirrth (2005)
and Chaillou and Suri (2006)

@ easily computable upper bound (weighted L?(Q) norm)
1

z
Jurr(Unr) < €pR := {Z Z (efr,7) }

n= 1T€In 1,n

1 1
. —2 -2 2 -2 2 >
elgR,T':CT;{(Tn) HUhT—UHTXIn_‘_hT HU'(U,VU)—O'(UhT,VUh,—)HT></n}2
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Nonconformity measure

1
2

N
Junc(Unr) =4 > > > Cr 72 Ch o1 Fnlllu—un-1l%),

n=1 TG»T—"—‘,"FG}—T

Properties of 7, xc(Un-)

Ck..7.F.n: Weights (problem- and scheme-given)
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Nonconformity measure

Nonconformity measure

N
T.n''T

———
=

Junc(Unr): {Z Z

n= 1T€7—" 1nFGJ:T

Properties of 7, nc(Up-)
® Junc(upr) =0ifand only if uy, € X
@ easily computable
@ Ck ¢ 7,F,n: Weights (problem- and scheme-given)
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Total error measure

TJu(Unr) = Turr(Un:) + Tunc(Up:)
Properties of 7, (up,)




Toworormeswe

Total error measure

Ju(Unr) = Jupr(Unr) + JunNc(Unr)
Properties of 7,(up,)

® J,(un,) = 0ifand only if up, = u
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Equilibrated flux reconstruction

Assumption (Space-time equilibrated flux reconstruction)

There exists a flux reconstruction tp, such that
th- € L2(0, t; H(div, Q))
and
(f — Ottpr — Vtpr, )75y, =0 V1<n< N, VT e,

L d
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Equilibrated flux reconstruction

Assumption (Space-time equilibrated flux reconstruction)

There exists a flux reconstruction tp, such that

th € L2(0’ fr; H(le, Q))
and

(f — Ottpr — Vtpr, )75y, =0 V1<n< N, VT e,

Comments
@ the equilibration assumption expresses local mass
conservation over the space-time element T x I,
@ construction of t,.: spatial discretization at hand
@ steady case: Prager and Synge (1947), Ladevéze (1975),
Bank and Weiser (1985), Ainsworth and Oden (1993)
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Equilibrated flux reconstruction

Assumption (Space-time equilibrated flux reconstruction)

There exists a flux reconstruction tp, such that
thT € L2(0, tr; H(le, Q))
and
(f — Ottpr — Vtpr, )75y, =0 V1<n< N, VT e,

Comments
@ the equilibration assumption expresses local mass
conservation over the space-time element T x I,
@ construction of t,.: spatial discretization at hand
@ steady case: Prager and Synge (1947), Ladevéze (1975),
Bank and Weiser (1985), Ainsworth and Oden (1993)

Local space-time Poincaré inequality
.

le = Mol 7x1, < Co(H3IIV |3y, + (M2 10k0151,) %
with Cp = 1 and Moy the mean value of p over T x I /2575
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution.

L d
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution. Let un, € X, be arbitrary.
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution. Let un, € Xy, be arbitrary. Let the
equilibration assumption hold true.
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution. Let un, € Xy, be arbitrary. Let the
equilibration assumption hold true. Then

Ju(Unr) < mER + 1NC + MiC-
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)

Let u be the weak solution. Let un, € Xy, be arbitrary. Let the
equilibration assumption hold true. Then

Ju(Unr) < mER + 1NC + MiC-

Comments

@ no definition of any numerical scheme needed
@ hinges only on the equilibration assumption

L d
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Estimators

Estimators
@ local: forall1 <n<Nandall T e 71"

1
mR,7 = Cr2Cp||f — Otupr — Vtnell7xs,, equilibrium

1 o
ne = CTj,h;1 o (Unr, VUpy) + thrl| 751, constitutive law

1
2

Tun DIy ¢

n . —1 -2
INC, T = Z Z CT',nhT’ CK,¢,T’,FJ7
TIGT'"_L”’ TicT FEFT
constraint

_1
C72(7") %o — Un-(-,0)7 initial condition

=
a3
-

Il
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Estimators

Estimators
@ local: foralli <n<Nandall T € 7" ""

_1
MR.T = Cr2Cp||f — Otuny — Vnr|[7x1,,  €quilibrium

)
e T = Cr,ih?1 o (Upr, VUpe) + thrl 751, cONstitutive law

: -1 -2 2
Ne,T = > > CrlohrECkp 1 Falllun1lFEr, ¢
T/ET—”_1’"’ TCcT FeFn
constraint

1
ik 7 = C73(r")"2||Uo — Up,(-,0)|| 7 initial condition

@ global

1

2

N
me=1> D, (Uf,r)z .
n=1 TGI"_1’" hwmm,ﬂ,ﬂmmm,
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Proof idea

Bound on 7, rr(Un-)

@ t,. € L2(0, tz; H(div,Q)) and ¢ € Y & Green theorem;
assumption dup, € L2(Q) and ¢ € Y & IPP in time;
space—time equilibration:

N
(Rup) ) vy =3 Y {(f=0ttnr—Vtne, 0=Tlo@) 71,
n:1T€In71,n

+(Unr(-,0)— g, 010) T 1y — (0 (Unr, Vs ) +the, Vo) 71, }

L d
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Proof idea

Bound on 7, rr(Un-)

@ t,. € L2(0, tz; H(div,Q)) and ¢ € Y & Green theorem;
assumption dup, € L2(Q) and ¢ € Y & IPP in time;
space—time equilibration:

N
(Rup) ) vy =3 Y {(f=0ttnr—Vtne, 0=Tlo@) 71,
n:1T€In71,n

+(Un-(+,0)— Uy, D) Tty — (0 (Unr, VUnr ) +thr, VO) 71 }
@ space-time Poincaré inequality:

-

N
(RUp ) @)y y <> > (R (R 12+ it 1)2)2) el v, 7xin
n:1T€In71’n

L d
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Proof idea

Bound on 7, rr(Un-)

@ t,, € L2(0, tz; H(div,Q)) and ¢ € Y & Green theorem;
assumption dup, € L2(Q) and ¢ € Y & IPP in time;
space—time equilibration:

N
(Rup) ) vy =3 Y {(f=0ttnr—Vtne, 0=Tlo@) 71,
n:1T€In71,n

+(Un-(+,0)— Uy, D) Tty — (0 (Unr, VUnr ) +thr, VO) 71 }
@ space-time Poincaré inequality:

-

N
(RUp ) @)y y <> > (R (R 12+ it 1)2)2) el v, 7xin
n:1TEIn71’n

Bound on 7, nc(Un;)

@ equals nnc s s
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Approximation property

Residual-based estimator
Naas,7 = D7 llf = Ottinr + V(o (Unr, VUn:)) I 71,

1
2
+ Z hFHII"(”hTaVUhT)]]‘nFH%Xln
FeFint
2
+4 > Cio1EalllunllFs,
FGJ:T
Informatics, ; # mathematics
lrizia~
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Approximation property

Residual-based estimator
Naas,7 = D7 llf = Ottinr + V(o (Unr, VUn:)) I 71,
1
2

+ Z hF|||IG(UhTaVUhT)]]‘nFH%XI,,
FeFn

+3 > Cro. 1 Falllun iz,
FGJ:T

Assumption (Flux approximation property)

Foralli1 <n< N andall T € T""", there holds
lo(Unr, Vup;) +th7'||%'><ln = Z (nglas,T’)z'

—=n—1,n

TeT ", TIcT

01/.; ,,,,,  mathematics
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T € 7" """ be
fixed.

L d

h,n,,;,nu,m..mm
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T € 7" """ be
fixed. Let the approximation assumption hold true.

L d
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T ¢ T"~'" be
fixed. Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough.

L d

&1/.; ,,,,, 7 nathematics
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T € 7" """ be
fixed. Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough. Then, there holds

1

2

2
MeR.T + e, T S E (egR,T') + Junc,7(Upr).
T eTr

L d

&1/.; ,,,,, 7 nathematics
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step1 < n < N and a mesh element T € 7" """ be
fixed. Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough. Then, there holds

1

2

2
MeR.T + e, T S E (egR,T') + Junc,7(Upr).
T eTr

Comments

@ Junc,7(up) local nonconformity term
@ local efficiency for the computable error upper bound

L d

@ full robustness [
&1,7442,_
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Global efficiency and robustness

Theorem (Global efficiency and robustness)
Let the approximation assumption hold true.
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Global efficiency and robustness

Theorem (Global efficiency and robustness)

Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough.

L d
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Global efficiency and robustness

Theorem (Global efficiency and robustness)

Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough. Then,

neR + Ine S Ju(Uhr).

L d
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Global efficiency and robustness

Theorem (Global efficiency and robustness)

Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough. Then,

neR + Ine S Ju(Uhr).

Comments

@ full robustness

L d

&1}; ,,,,, 7 nathematics
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Bounding the element residual
@ Verfiirth’s bubble function technique
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Proof idea

Bounding the element residual

@ Verflirth’s bubble function technique
@ vr = (f— Otp + V-0 (Unr, VUn:))| Tx1,

L d
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Proof idea

Bounding the element residual
@ Verflirth’s bubble function technique
@ Vrpi= (f — OtUp, + V'U(UhT, VUhT))|T><I,,
@ space-time bubble 1 ,, product of the barycentric
coordinates on T and of the barycentric coordinates on I,

L d

h.n,;m,mmmm
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Proof idea

Bounding the element residual
@ Verflirth’s bubble function technique
@ vr = (f— Otup, + V-0 (Un-, VUp:)) 71,
@ space-time bubble 1 ,, product of the barycentric
coordinates on T and of the barycentric coordinates on I,
@ norm equivalence in finite-dimensional spaces:

(VTJH VT,n)T></n SJ (VT,na wT,nVT,n)Txln

L d

Informatics g mathematics
V72,77 2
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Proof idea

Bounding the element residual

@ Verflirth’s bubble function technique

@ vr = (f— Otup, + V-0 (Un-, VUp:)) 71,

@ space-time bubble 1 ,, product of the barycentric
coordinates on T and of the barycentric coordinates on I,

@ norm equivalence in finite-dimensional spaces:

(VTJH VT,n)T></n SJ (VT,na wT,nVT,n)Txln
@ inverse inequality separately in space and in time:
hTHv(d}T,nVT,n)HTX,n S ”¢T,nVT,n

Tnuaf(wT,nVT,n) H TxIy S Hl/}T,nVT,n

‘Txln’

‘T><I,,

L d

Informatics g mathematics
V72,77 2
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Proof idea

Bounding the element residual
@ Verflirth’s bubble function technique
@ vr = (f— Otp + V-0 (Unr, VUn:))| Tx1,
@ space-time bubble 1 ,, product of the barycentric
coordinates on T and of the barycentric coordinates on I,
@ norm equivalence in finite-dimensional spaces:
(VT V) Tt S (VTn UT.0VT ) Ty
@ inverse inequality separately in space and in time:
hr ||V WTavrn)|l 7y S [¢T.0VT 0
Tnuat(wT,nVT,n)HTX/n S Hl/}T,nVT,n

@ definition of the |||y 7., norm

Crller.avrall¥ 71, = (M| V (@707 0) Hszln—|-(T”)2 |0¢(¥7,nvT ) HZ,LX,H)

STV nllTss, < IVl T, Zicr—
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Discontinuous Galerkin method

Discontinuous Galerkin method with CN time stepping
Forall1 <n<N,find u] € P,(7") such that

n

(3tU/'77=Vh)+% > {(U(UIT’VUh Vi) + Y o phe (Lol [veD e

m=n—1 FeFm

+ > (He(u), IveDe— D> ({K(up)Vupy-ng, [val)r

Ferm Ferm

—0 ) ({KWD)Vva}-ne, [ufDe— (7, Vh)}—o Vvp €V,

Ferm

L d

informatics gZmathematics
VX 77
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Discontinuous Galerkin method

Discontinuous Galerkin method with CN time stepping
Forall1 <n<N,find u] € P,(7") such that

n

(3tU/7=Vh)+% > {(U(UIT’VUh Vi) + Y o phe (Lol [veD e

m=n-1 FeFm
+ > (He(u), IveDe— D> ({K(up)Vupy-ng, [val)r
Ferm FeFm
—60 > ({KU)Vval-ng, [up)e— (1", Vh)}—o Yvy € Vy,
Ferm

Flux reconstruction

@ t,, continuous and piecewise affine in time
@ t7 constructed in the Raviart-Thomas—Nédélec finite
element spaces on 7" following Ainsworth (2007), Kim
(2007), and Ern, Nicaise, and Vohralik (2007) -
@ both assumptions easily verified Zicaa—
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Error components distinction and adaptivity

Theorem (Estimate distinguishing the error components)

Let ,
@ 1 be the fime step,

@ = be the regularization parameter,
@ k be the linearization step,
@ |/ be the algebraic solver step,
with the corresponding approximation u,’;f’k ! Then

n ne,k,i n,e,K,i n,e,k,i n,e,k,i n,e,K,i
J u (UhT) < Nsp + Mtm + Treg + Mhin + nalg o

2

&1}; ,,,,, 7 nathematics
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Error components distinction and adaptivity

Theorem (Estimate distinguishing the error components)

Let ,
@ 1 be the time step,

@ c be the regularization parameter,
@ k be the linearization step,
@ | be the algebraic solver step,

with the corresponding approximation up'* kI Then

n,e,k,i n,e,K,i n, ,k/ n,e,k,i n,e,K,i
T (Unr) < mg™ "+ ™+ g+ Mgy

Error components
ne,k,i.

® 75 . spatial discretization

@ nheki: temporal discretization

@ niek: regularization

° l’i’ne’k”:: linearization )

° n;’ga’k”: algebraic solver 5760
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Error components distinction and adaptivity

Theorem (Estimate distinguishing the error components)

Let ,
@ 1 be the fime step,

@ = be the regularization parameter,
@ k be the linearization step,
@ |/ be the algebraic solver step,
with the corresponding approximation u,’;f’k ! Then

T (r) < s 4 gtk il 4 el ek,
Error components Concrete applications
° ngf’k”: spatial discretization @ multiphase flows: Cances,
e n™=K!: temporal discretization Pop, and V. (2013), V. and
@ niek: regularization Wheeler (2013) o
o 1=K (inearization @ Stefan problem: Di Pietro,
AT , V., and Yousef (2¢13)
@ My algebraic solver /7
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Setting

Setting
@ DG (CN in time) with polynomial degree p = 1,2,3
@ uniformly refined space-time meshes, m=1,2,3
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Setting

Setting
@ DG (CN in time) with polynomial degree p = 1,2,3
@ uniformly refined space-time meshes, m=1,2,3
Effectivity indices

@ i.rr = n/(epr + Junc(Up)), where egr is the locally
computable upper bound on Jy rr(Us;); thus jerr < 1
possible

@ . = n/(Jurr(Uns) + Tunc(Up:)) With n = nrr + 1ne + MiC

\rfu(uhr)

L d

&1}; ,,,,, 7 nathematics

V. Dolejsi, A. Ern, M. Vohralik Robust a posteriori control in unsteady nonlinear problems



| Err. meas. Est. Robustness DG Adapt. Num.exp. C

Setting

Setting
@ DG (CN in time) with polynomial degree p = 1,2,3
@ uniformly refined space-time meshes, m=1,2,3
Effectivity indices

@ i.rr = 1/(err + Junc(Un,)), Where erg is the locally
computable upper bound on Jy rr(Us;); thus jerr < 1
possible

@ . = n/(Jurr(Uns) + Junc(Unr)) With m = nr + Ine + mic
Ju(Unr)
Evaluating J, rr (Up-)
@ approximate solve of a dual problem on the space-time

domain
@ Fishpack solver: finite differences on fine structured
space-time mesh s e

V. Dolejsi, A. Ern, M. Vohralik Robust a posteriori control in unsteady nonlinear problems



I Emmeas. Est Robustess DG Adapt. Num.ewp. C.
Viscous Burgers equation

Viscous Burgers equation
otu—V-(eVu—¢(u))=0 inQ

@:-=1020re=10"*
® ¢(u) = (u?/2,u?/2)"
e Q= (-1,1)x(-1,1)
@ fr=1

v d
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Viscous Burgers equation

Viscous Burgers equation
otu—V-(eVu—¢(u))=0 inQ
02ors=10"*

e=1
d(u) = (V?/2,u?/2)"
e Q=(-1,1)x(-1,1)

Exact solution

1
u(x,y,t) = (1 + exp <x+y2421—t>)

22
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Est. Robustness DG Adapt.

Num. exp. C

Exact and approximate solutions, ¢ = 102

08

0.6 -

0.2

" h=1/6,tau=1.00E-02, PL ——
[ exact -~~~ 7 1
« 08

— 0.6

— 0.4

R 02
N 0

" h=1/12, tau=2.50E-03, P2 —
[ % exact ———---- 1
\

\
\

\

" N=1/24, tau=156E-04, P3 —

1 exact -
08 \ 1
06 | \\ 1

\
|
04| \ 1
02 \ 1
\
\
ol A
. . . .

P

—_

-0.2 -0.1 . 0 0.2
approximation on

0 .1

{h1,7’1}

V. Dolejsi, A. Ern, M. Vohralik

L L L L
-0.2 0 0.1 0.2

-0.1
P> approximation o

{ho, 72}

I
-0.2 -0.1 0 0.1 0.2

P53 approximation on
{hs, T3}

hh,,;,.,,,,mmmm
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Errors, estimators, and effectivity indices, ¢ = 1072,
(ho, 70) = (1/6,0.05)

m p | Jurr(Unr) MF TR 7INC nic gd n e IpFR
1.50E-02 | 1.11E-02 2.28E-02 4.11E-02 2.94E-02 3.82E-03 1.04E-01|1.85 1.15
1| 1.17E-02 | 8.30E-03 1.52E-02 2.29E-02 1.31E-02 1.92E-03 5.94E-02 [ 1.71 1.35
(0.36) | (0.43) (059) (0.84) (1.16) (099) (0.81)
3 1] 1.02E-02 | 5.16E-03 7.78E-03 1.16E-02 2.69E-03 7.49E-04 2.72E-02 |1.25 1.36
(020) | (0.69) (096) (098 (229) (1.36) (1.13)
4.97E-03 | 3.78E-03 8.23E-03 1.23E-02 1.32E-02 9.38E-04 3.72E-02 | 2.15 1.01
2 2| 1.74E-03 | 1.36E-03 2.52E-03 4.02E-03 1.76E-03 2.34E-04 9.54E-03 | 1.65 0.94
(152) | (1.47) (1.71)  (161) (290) (200) (1.96)
3 2| 4.63E-04 | 4.00E-04 7.36E-04 1.26E-03 3.01E-04 3.97E-05 2.63E-03 |1.53 1.08
(1.91) | (1.77) (1.77)  (1.67) (255) (256)  (1.86)
1 3| 1.78E-03 | 9.11E-04 1.69E-03 3.41E-03 3.01E-03 2.20E-04 8.88E-03 | 1.71 0.59
3| 3.47E-04 | 1.57E-04 3.26E-04 6.06E-04 6.20E-04 2.50E-05 1.67E-03 |1.75 0.73
(235) | (254) (2.38) (2.49) (228 (3.14) (241)
3 3| 1.33E-05 | 1.80E-05 3.81E-05 6.97E-05 8.88E-05 1.64E-06 2.10E-04 |2.54 0.97
(471) | (342) (340) (312) (2.80) (3.93) (2.99)

—_
—y

-
N

L d
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Err. meas. Est. Robustness DG Adapt.

Effectivity indices for varying € and (ho, 70)

Num. exp. C

e 102 102 102 104
(ho,70) | (1/6,0.05) | (1/6,0.2) (1/6,0.0125) | (1/6,0.05)
m_p le leFR | e RFR le FR e lo,FR
1 1 1185 1.15|221 1.28 3.00 0.81 1.45 0.71
2 1 1.71 135|238 1.12 245 1.03 |1.68 1.06
3 1 ]125 136|215 090 1.33 1.03 [1.82 1.34
1 2 (215 1.01 313 1.71 3.69 0.67 |1.38 0.62
2 2 |165 094|274 158 216 0.49 |1.41 0.62
3 2 |153 1.08|238 152 183 0.58 |[1.54 0.69
1 3 [1.71 059274 147 3.00 0.34 |1.26 0.31
2 3 |1.75 0.73|2.63 1.67 3.15 0.46 |1.13 0.21
3 3 |254 097|277 1.73 — 0.69 |1.03 0.15

V. Dolejsi, A. Ern, M. Vohralik
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Degenerate advection-diffusion equation

Degenerate advection-diffusion problem (Kacur 2001)
otu —V-(2euVu—¢(u)) =0 inQ

@ =102

® o(u) =0.5(u?,0)T
0 Q=(0,1) % (0,1)
o k=1

L d

&1}; ,,,,, 7 nathematics
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Degenerate advection-diffusion equation

Degenerate advection-diffusion problem (Kacur 2001)
otu —V-(2euVu—¢(u)) =0 inQ
@ =102
® o(u) =0.5(u?,0)T
e 0=(0,1) x(0,1)
o k=1

Exact solution

°
. v(x—vt—Xxp) <
u(x, y, 1) = 1 —exp <7) for x < vt + X,
0 for x > vt + xo
@ xo = 1/4 is the initial position of the front s’ e
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Est.

Robustness DG Adapt.

Num. exp. C

Exact and approximate solutions

1

0.8

0.6

0.4

0.2

0

P; approximation on

f‘\:ﬂ& lall:l.OOE"OZ, P1 —
"""" —\ exact B
L \ ]
. . . AN
0.4 0.5 0.6 0.7 0.8 0.9

{hy, 7}
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0.8

0.6

0.4

0.2

0

h=1/16, tali=5.00E-03, P2 ——
T exact

{ha, 72}

L L L
0.4 0.5 0.6 0.7 0.8 0.9

P> approximation on

1

0.8

0.6

0.4

0.2

0

h1/32, taU=1.25€-03, P3 ———

exact

0.4

L
0.5

L
0.6

L L
0.7 0.8

0.9

P3 approximation on
{h3, 3}

L d
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Est. Robustness DG Adapt.

Num. exp. C

Errors, estimators, and effectivity indices,
(ho, 70) = (1/8,0.05)

JuFr (U7 )

s

R

TINC

nic Tlqd

e I FR

N =

9.91E-03

7.39E-03
(0.42)

4.58E-03
(0.69)

7.00E-02

7.71E-03
(0.37)

4.52E-03
(0.77)

6.02E-03

5.68E-03
(0.08

4.95E-03
(0.20)

2.77E-02

1.62E-02
(0.78)

8.33E-03
(0.96)

231E-02 2.17E-03
7.71E-03 1.23E-03
(1.59) 0.82)
1.86E-03 5.22E-04
(2.05) (1.23)

n
6.62E-02
3.66E-02

(0.86)
1.89E-02
(0.95)

1.76 0.97
1.55 1.02

1.47 1.16

—

2.62E-03

1.11E-03
(1.23)

4.26E-04
(1.38)

3.30E-03

1.43E-03
(1.21)

5.63E-04
(1.34)

5.40E-03

1.93E-03
(1.48)

6.13E-04
(1.65)

9.33E-03

4.22E-03
(1.14)

1.84E-03
(1.20)

6.27E-03 6.74E-04
1.09E-03 2.67E-04
(252)  (1.34)
1.51E-04 1.00E-04
(2.85) (1.42)

2.35E-02

8.34E-03
(1.50)

3.06E-03
(1.45)

1.97 0.73
1.56 0.62

1.35 0.57

6.48E-04

1.94E-04
(1.74)

4.42E-05
(2.13)

8.83E-04

2.63E-04
(1.74)

7.58E-05
(1.80)

1.03E-03

1.45E-04
(2.84)

2.58E-05
(2.49)

3.57E-03

1.21E-03
(1.56)

4.04E-04
(1.58)

1.19E-03 2.31E-04
1.07E-04 6.39E-05
(3.48)  (1.85)
7.47E-06 1.67E-05
(3.84) (1.94)

6.47E-03

1.69E-03
(1.93)

5.07E-04
(1.74)

1.53 0.36
21 0.25

—_
—_

—_

13 0.21
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Porous medium equation

Porous medium equation
ou—V-(K(u)Vu) =0 inQ

o K(u) = x|u|* 1,

@ xv=20rxk=4

e Q=(-6,6) x(—6,6)
o =1
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Porous medium equation

Porous medium equation
owu—V-(K(u)Vu) =0 inQ

o K(u) = xlu|* 1,
@ rx=20rr=4
e Q=(-6,6) x (—6,6)
o =1
Barenblatt solution

(]
1

1 k—1 x2+y? =
U(X’y’t)_{m[1_ 452 (t+1)1//~eL

L d

&1/.; ,,,,, 7 nathematics
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Exact and approximate solutions, x = 4

Est.

Robustness DG Adapt.

Num. exp. C

0.9 . . . . . 0.9 T T T T T 0.9 T T T T T
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Errors, estimators, and effectivity indices,
(ho, 70) = (0.5,0.02)
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Err. meas. Est.

Robustness DG Adapt. Num. exp. C

Exact and approximate error, k =4, t = tg, p = 2,

m=2
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Thank you for your attention! ...
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