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0 Introduction

Q Localization of global norms
@ Localization of dual norms on H=1(Q)
@ Localization of distances to H} ()

Q Transmission: - and p-robust a posteriori estimates
@ Non-coercive transmission problem
@ A posteriori error estimates in a unified framework
@ Numerical experiments: ¥-robustness
@ Numerical experiments: p-robustness
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@ Potential reconstruction
@ Equilibrated flux reconstruction

0 Conclusions and outlook




| Localization A posteriori estimates Tools C

Localization

Setting
@ O c RY d=2,3, open polygon/polyhedron
@ 7 simplicial mesh of Q, V set of vertices, w, vertex patch
e H'(T) broken Sobolev space, V), elementwise gradient
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@ localization of distance to H]}(Q): for all v € H'(T) (jump)
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identification of on such that

llu—unll® ~ > lllu— unlll?,
ac)




e identification of norm on H'(7") such that

2
llu = unll® =D lllu— unlliZ,

acy
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A posteriori error estimates (appr. up € P,(7) of u)

e identification of norm on H'(7) such that
llu = unll? =D lllu - unlll2,
acy
@ guaranteed constant-free upper bound:

2 2
lu—unll® < > nk(un)
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A posteriori error estimates (appr. up € P,(7) of u)

e identification of norm on H'(7) such that
llu = unll? =D lllu - unlll2,
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@ guaranteed constant-free upper bound:
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@ local efficiency:
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e identification of norm on H'(7) such that
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@ guaranteed constant-free upper bound:
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e identification of norm on H'(7) such that
llu = unll? =D lllu - unlll2,
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@ guaranteed constant-free upper bound:

llu = unlll® < > nx(un)?

KeT
@ local efficiency:
mg(un) < D llu—ull, VYKeT
acVy

@ data- & polynomial-degree-robustness: < only depends
on space dimension d and shape-regularity of 7

[Minimal regularity: u € H&(Q).]
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Localization of dual norms on H-1(Q)

Partition of unity by the hat functions

tha € P1(Ta) N Hj(wa) fora e V™, Y "y =1
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Localization of dual norms on H-1(Q)

Partition of unity by the hat functions

Ya € P1(Ta) N H} (wa) for a € VM, Z Ya =1

acy

Theorem (Dual norms localization, sabuskasnwiler (1987), Gohen, Devore, &

Nochetto (2012), Ciarlet Jr. & V. (2018), Blechta, Malek, &V. (2018))

Let R € H7'(Q), be arbitrary subject to
(R,a) =0 vac ym.
—_——

lowest-modes orthogonality
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Let R € H7'(Q), be arbitrary subject to
(R,a) =0 Va e yint,
—_——

lowest-modes orthogonality

Then
2 2
||R||H*1(Q) ~ E ||R\|H,1(,w,a)
ﬁf—/ aev %,—/
SUPy ekl @) v vli=1 (RoY) SUP el (wa)i | TVilurg =1 7!

Condition (R, a) = 0 is only needed in the left inequality.
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e fix v e HI(Q) with || Vv|| = 1
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Proof (<): partition of unity & Poincaré—Friedrichs in.

e fix v e HI(Q) with [|[Vv|| = 1
@ partition of unity >, 1a = 1, linearity of R, orthogonality:

(R,v) =Y (R,pav) = Y (R,va(v— Moy VD (R dav )

int ext
acy acyn mean value acy €H}(wa)

EHS (wa)
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(R,v) =Y (R,pav) = Y (R,va(v— Moy VD (R dav )
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eH} (wa)
o weH! (wa) with mean value 0 on w4 or 0 on part of dwa:
IV (YaW)||ws = [[VpaW + 1aVW||w,
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Proof (<): partition of unity & Poincaré—Friedrichs in.

e fix v e HI(Q) with [|[Vv|| = 1
@ partition of unity >, 1a = 1, linearity of R, orthogonality:
(R, V) =D (R,hav) = > (R, ha(v— Mow, V)+D_ (R, vav )
acy acym mean value agy= €H}(wa)
€Hj (wa)
o weH! (wa) with mean value 0 on w4 or 0 on part of dwa:
IV(¥aW)lw, = [[VpaW + a2V W],
< [[V¥alloowall Wllwa + 148l oo wal [V W/lsa
< (1 + CPF,wahwa||v¢a||007wa)||vw||wa
Sccom,PF
@ Cauchy—Schwarz inequality (& finite overlapping):

1/2 1/2
2 2
<R7 V> S Ccont,PF { E |R||H—1(J;a)} { E ||VV||wa}
acy acy
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@ Laplacian lifting of R on each patch wa: # € Hl(w2) s.t.
(VA V), = (R, V) Vv e Hl(wa)
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Proof (2): local Laplacian liftings

@ Laplacian lifting of R on each patch wa: # € Hl(w2) s.t.
(VA V), = (R,v)  VYve H(wa)

@ energy equality:
IVAIZ, = (VA VE)uy = (R, &) = IR,
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@ energy equality:
IVAIZ, = (VA VE)uy = (R, &) = IR,

@ setting 2:= )", 2 € H}(Q):
STIRIZ vy = SR, ) = (R, ) < [Rlyoroy IV 2

acy acy
@ overlapping of the patches:
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Localization of distances to Hj}(f2) (zero mean jumps)

Theorem (Localization of distance to H (), ciretur. s v. o1s))
Letv € H'(T) with ([v],1)F = O for all F € F be arbitrary. Then
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Localization of distances to Hj}(f2) (zero mean jumps)

Theorem (Localization of distance to H (), ciretur. s v. o1s))
Letv € H'(T) with ([v],1)F = O for all F € F be arbitrary. Then

min_[[V(v = ¢)|I?
CeHl ()

global distance to H! ()
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Localization of distances to Hj}(f2) (zero mean jumps)

Theorem (Localization of distance to H (), ciretur. s v. o1s))
Letv € H'(T) with ([v],1)F = O for all F € F be arbitrary. Then

min V(v — Q)|

CeHl ()
global distance to H! ()

=2 min_IVa(v = )l
acy = (

J/

local distance to H},(wa) := H' (xa) fora € V" and H},(wa) for a € vt

V.
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e define s € H}(Q2) by

s=)Y s s?:=arg min ||Vh(¢av O)lwa
acy CEH

minimum,

2
|

(v—s)

d+1)> [ Va(av — 9|2,
acy

min V(v —0)|? <
1(Q

KLHO




_ Dual norms on H~'(Q) Distances to H& ()
Proof (<)

e define s € H}(Q2) by

si=Y s shi=arg mln HVh( aV = Q)llwa
acy C H

@ minimum, partition of unity:
min [|Va(v = Q)|I” < [ Va(v - )|

CeH(Q)
<(d+1)) IVa(vav — 572,

acy
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Proof (<)

o define s € H](2) by
s=)» s s?:=arg m|n th( VaV = O)llwas
acy C€Hq
@ minimum, partition of unity:

min_[|Va(v — Q)2 < [|Va(v — 9)|?
CeH{(Q)
<(d+1)> [ Va(tav — s7)|3,
acy

® 2 € H}(wa) for any ¢ € H,(wa), definition of s2:

IVh(tav — 8T lwa < inf [[Va(sha(V — ()l
¢eH,, (wa)
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Proof (<)

o define s € H](2) by
s=)» s s?:=arg mm th( VaV = O)llwas
acy cekp
@ minimum, partition of unity:

min_[|Va(v — Q)2 < [|Va(v — 9)|?
CeH{(Q)
<(d+1)> [ Va(tav — s7)|3,
acy

® 2 € H}(wa) for any ¢ € H,(wa), definition of s2:

IVh(¥av = s)]lw, < inf [[Vh(ta(V = ()l
¢eH,, (wa)

@ broken Poincaré—Friedrichs inequality:

inf  [[Va(¥a(V —()llws < Ceontppr - MIN- [|Vp(V —C)|lwa
CeH, (wa CeHl(wa) -

2R~
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Localization of distances to H} ()

Theorem (Localization of distance to HJ(£2), cartetur. & . (2018))
Letv € H'(T) be arbitrary. Then

min [[Vo(v = Q)I* + > A INZIVIIE

Cerp (@) FeF

global distance to H} (<)

CeH)(w

acy FeF,acF

local distance to H},(wa) := H'(wa) fora € V™ and Hj(wa) fora € Vo

where, for € {—1,0,1},

VoV = th*QZ [F(IIV]]).
~— = ~—
discrete gradient = lifting of the jumps

sz{ min V(v =Olg+ 3 InRIE }

erc
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Outline

Transmission problem A posteriori estimates X -robustness p-robustness

9 Transmission: ¥- and p-robust a posteriori estimates
@ Non-coercive transmission problem
@ A posteriori error estimates in a unified framework
@ Numerical experiments: ¥-robustness
@ Numerical experiments: p-robustness
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A transmission problem with sign-changing coefficients

Model problem
V- (XVu) = in Q,
u=20 on 022

@ X not positive definite (and symmetric)
@ example: Q=Q,UQ_,04 >0ando_ <0,

Yo, =o4l, Xlo =o0_1

-
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A transmission problem with sign-changing coefficients

Model problem
V- (XVu) = in Q,
u=20 on 022

@ X not positive definite (and symmetric)
@ example: Q=Q,UQ_,04 >0ando_ <0,

Yo, =o4l, Xlo =o0_1

Weak formulation
Find u € H}(Q) such that

(ZVu,Vv)=(f,v) VveH(Q)

-
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Energy norm ||v|2, := (ZVv, Vv) for v € H}(Q)
@ not well-defined: (> v. V) < 0 may happen
Broken H' norm when X = |,

Vov]||? = max (Vov, V)2 4+ min [|[Ve(v — Q)|
pEH; (Q); |Vl|=1 CeH}(Q)
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Intrinsic norm and its localization

@ not well-defined
Broken H' seminormwhen X =1, v c H'(T)

[Vgv|? = max  (Vev,Ve)?+ min |[Ve(v — )|
PeH}(Q); [IVel|=1 CeH(Q)
dual norm distance to H{ ()
&’1/:7 ..... —
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Intrinsic norm and its localization

@ not well-defined
Broken H' seminormwhen X =1, v c H'(T)

[Vov]? = max  (Vov,Vp)?2+ min [[Vy(v —Q)|?
PeH(Q); Vel =1 CeH§(Q)
dual norm distance to H{ ()

Intrinsic seminorm
vl := max (ZVev, Ve)? + min V(v —¢)|2
PEH}(Q); [IVel=1 ¢ceHy ()

veH(T)

-
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Broken H' seminormwhen X =1, v c H'(T)

[Vov]? = max  (Vov,Vp)?2+ min [[Vy(v —Q)|?
PeH(Q); Vel =1 CeH§(Q)
dual norm distance to H{ ()

Intrinsic norm

vl = max  (ZVyv,Ve)?+ min [|Vy(v — ()|
e ()i Vol =1 ceHy ()

+ > hINRIE v e HYU(T)
FeF
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Intrinsic norm and its localization

@ not well-defined
Broken H' seminormwhen X =1, v c H'(T)

|Vov]? = max  (Vgv,Ve)2+ min va(v —0)|?
PeH(Q); Vel =1 CeH3(Q)
dual norm distance to H{ ()
Intrinsic norm of error )
(Ryp)
[lu—uplllP = max (ZVo(u — up), Ve)> + min_[|Vg(up — Q)|12
PEH(Q); (| V=1 CEH ()
+ Y ht g I[U—Un]IIIF up € H'(T)
@ localizes from and for finite element v
discretizations V7w
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Localized X- and p-robust a posteriori error estimates

Theorem (X- and p-robust a posteriori estimate ciret ur. & v. 2018))
o LetX € [Py(T)]?*9 and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;
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o LetX € [Py(T)]?*9 and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(EVGUh, v¢a)wa — (f’ wa)u)a Va c Vil’lt;
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Localized X- and p-robust a posteriori error estimates

Theorem (X- and p-robust a posteriori estimate ciret ur. & v. 2018))
o LetX € [Py(T)]?*9 and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(EVGUh, v¢a)wa — (f’ wa)u)a Va c Vil’lt;

® &p = Up: Sp € Pyt (T) N HY(Q) ;
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Localized X- and p-robust a posteriori error estimates

Theorem (X- and p-robust a posteriori estimate ciret ur. & v. 2018))
o LetX € [Py(T)]?*9 and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(EVGUh, v¢a)wa — (f’ wa)u)a Va c Vil’lt;

@ &= Up: Sp € P (T) N HY(Q) p
("] Eh = —XVup, f:
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Localized X- and p-robust a posteriori error estimates

Theorem (X- and p-robust a posteriori estimate ciret ur. & v. 2018))
o LetX € [Py(T)]?*9 and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(EVGUh, v¢a)wa — (f’ wa)u)a Va c Vil’lt;

@ &pi=Up! Sy E Pp+1 (T) N H&(Q) g
@ £, :=—-XVoup, f:on € RTNy(T)NH(div, Q)
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Localized X- and p-robust a posteriori error estimates

Theorem (X- and p-robust a posteriori estimate ciret ur. & v. 2018))
o LetX € [Py(T)]?*9 and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(EVGUh, v¢a)wa — (f’ wa)u)a Va c Vil’lt;

@ &= Up: Sp € P (T) N HY(Q) p
@ £, :=—-XVoup, f:on € RTNy(T)NH(div, Q)
Then, >- and p-robust localized equivalence holds:

llu — w2
2 2 —1 0 2
< S I=Voun + onllE + Vo(un — sw)llz] + > A IN2unl2,
KeT FeF
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Localized X- and p-robust a posteriori error estimates

Theorem (X- and p-robust a posteriori estimate ciret ur. & v. 2018))
o LetX € [Py(T)]?*9 and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(EVGUh, v¢a)wa — (f’ wa)u)a Va c Vil’lt;

@ &= Up: Sp € P (T) N HY(Q) p
@ £, :=—-XVoup, f:on € RTNy(T)NH(div, Q)
Then, >- and p-robust localized equivalence holds:

llu — unl|? [un—u]
2 2 —1 0 2
< 1=Vt + onlik + 1IVo(un — sa)l] + > e INuallIZ,
KeT FeF
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Localized X- and p-robust a posteriori error estimates

Theorem (X- and p-robust a posteriori estimate ciret ur. & v. 2018))
o LetX € [Py(T)]?*9 and f € P,_1(T), p > 1, for simplicity;
e letu € H{(Q) be the weak solution;

@ uy € Pp(T) be arbitrary subject to

(EVGUh, v¢a)wa — (f’ wa)u)a Va c Vil’lt;

@ &= Up: Sp € P (T) N HY(Q) p
@ £, :=—-XVoup, f:on € RTNy(T)NH(div, Q)
Then, >- and p-robust localized equivalence holds:

llu — unl|? [un—u]
2 2 —1 0 2
< 1=Vt + onlik + 1IVo(un — sa)l] + > e INuallIZ,
KeT FeF
IZVoun+anlk + Vo(un— sn)llx = D llu—unllZ, VK eT.
acVy
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Applications

Unified framework for all classical discretization methods

v conforming finite elements

v/ nonconforming finite elements
v discontinuous Galerkin

v/ mixed finite elements

v various finite volumes

-
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e Transmission: ¥- and p-robust a posteriori estimates
@ Non-coercive transmission problem
@ A posteriori error estimates in a unified framework
@ Numerical experiments: ¥-robustness
@ Numerical experiments: p-robustness
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Data
° Q:=(-1,1)x(=1,1)
® Q, :=(0,1)x (=1,1),Q_:=(=1,0) x (=1,1)
0o, =1,0_<0
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Transmission problem: regular solution

Data
@ Q:=(-1,1)x(-1,1)
@ Oy :=(0,1)x (=1,1),Q_ :=(-1,0) x (=1,1)
@0, =1,0_<0

Exact solution

u(x,y) = o x(x +1)(x = 1)(y + 1)(y — 1) for (x,y) € 4,
u(x,y) = x(x +1)(x = 1)(y + 1)(y — 1) for (x, y) € Q-

-
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Transmission problem: regular solution

Data
@ Q:=(-1,1)x(-1,1)
@ Oy :=(0,1)x (=1,1),Q_ :=(-1,0) x (=1,1)
@0, =1,0_<0

Exact solution

u(x,y) = o x(x +1)(x = 1)(y + 1)(y — 1) for (x,y) € 4,
u(x,y) = x(x +1)(x = 1)(y + 1)(y — 1) for (x, y) € Q-

Discretization

e conforming finite elements with p = 1: uy € H}(Q)
@ unstructured triangular grids
@ uniform h refinement

o effectivity index = n/|||u — up||| ,

,,,,,,,,,,, S ‘erc
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_ Transmission problem A posteriori estimates X-robustness p-robustness
Robustness with respectto X: 0 = —0.01
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_ Localization of global norms and robust a posteriori error control 16 / 30



_ Transmission problem A posteriori estimates X-robustness p-robustness
Robustness with respectto X: 0 = —0.99
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Error localization: exact and prediction: o — —1/3
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Exact (left) and estimated (right) error distribution

Loz b e

CUR— ..
M. Vohralik Localization of global norms and robust a posteriori error control 17 / 30




Data

0 Q= (-1,1) x (=1,1) -
® Q) :=(0,1) x (0,1), Q2 :=Q\ 0,
o O'_|_=1,0'_<0
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Transmission problem: singular solution

Data
0 Q:=(—1,1) x (-1,1)
@ Q,:=(0,1)x(0,1),Q2_:=Q\Q,
0o, =1,0_<0
Exact solution
u(x, y) = r(c1 sin(Ap) + co sin(A\(r/2 — ¢))) for (x,y) € Q4
u(x,y) = r’(dy sin(A(¢ — 7/2)) + do sin(A\(2m — ¢)) for (x,y) € Q_

e uc H'™(Q)
@ o_ = —-5: 1=~ 0.4601069123
@ o =—-3.1: A= 0.1391989493

- i
‘erc
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Transmission problem: singular solution

Data
0 Q:=(—1,1) x (-1,1)
@ Q,:=(0,1)x(0,1),Q2_:=Q\Q,
0o, =1,0_<0
Exact solution
u(x, y) = r(c1 sin(Ap) + co sin(A\(r/2 — ¢))) for (x,y) € Q4
u(x,y) = r’(dy sin(A(¢ — 7/2)) + do sin(A\(2m — ¢)) for (x,y) € Q_

e uc H'™(Q)
@ 0. = -5: 1~ 0.4601069123
@ o =-3.1: A~ 0.1391989493
Discretization
e conforming finite elements with p = 1: u, € H}(Q)
@ unstructured triangular grids
@ adaptive h refinement
o effectivity index = n/|||u — up||| i b FF
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_ Transmission problem A posteriori estimates X-robustness p-robustness
Robustness with respectto X: 0 = -5

10° T T — Ty 11 T T "
3 3 —=—effectivity ind. un.
B 1005— 1 ¢ - 4~ effectivity ind. ad.
N 4 109! ‘*‘ —
S x ‘\F'\._.‘.
o 7 —
g 81085
: .
gtE E 5 Lo S .,
< £ J S 'S
N 3] 3 -,
£ [ »*, ] 51075~ N —
= —e—error un. . Y
] r 1 L3 7
—*—error H! un. ", 107 + _
| —=—estimate un. Ty 1 . e
|- % -error ad. 4 \
=% error H ad. 1.065 — \ T
- 4--estimate ad.
ol 0l S T R ETIY, o SR
10% 10° 10* 10° 10? 10° 10* 10°
Number of vertices Number of vertices

Error |||u — upl|| and estimate Effectivity index

P. Ciarlet Jr., M. Vohralik, M2AN. Mathematical Modelling and Numerical Analysis (2018)

-
NN
_ Localization of global norms and robust a posteriori error control 19 /30



_ Transmission problem A posteriori estimates X-robustness p-robustness
Robustness with respectto X: 0 = —3.1
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Error localization: exact and prediction: o« — —3.1
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Laplace problem: asymptotic exactness in hand p

h  p|  n(uy) rel. estimate ”TIV(LLIZ])” IV (u — up)|| rel. error W o = %
hy 1 1.3 28 x10™% 11 24x10"% 117
~hy/2 | 6.1x 107! 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 | 3.1x 107! 7.0% 2.9 x 101 6.6% 1.06
~hy/8 | 1.5x 107! 3.3% 1.4 x 101 3.1% 1.04
he 2[1.6x10"T 3.7% 1.5 x 10T 3.5% 1.06
~hy/2 2| 42%x1072  95x10'% 4.1 x 1072 9.2x 107 1% 1.04
hy 3[14x1072 32x10 % 1.4 x 1072 31 x107 "% 1.03
~hy/4 3/26x107% 59x10 %% 2.6 x 10~ 59 x 1073% 1.01
he 4[1.0x10=3 23x10 7% 9.9 x 104 22 x1072% 1.02
~hy/8 4/26x10~7 59x10 %% 2.6 x 10~7 5.8 x 107%% 1.01

Smooth exact solution
u(x, y) = sin(2rx) sin(2ry)
Discretization

@ symmetric interior penalty dG method: uj, ¢ HI(R)
@ unstructured triangular grids )
@ uniform ~ and p refinement 1577 i
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Laplace problem: hp refinement

-
w

-
N

effectivity index of n(7¢)

o
©

o

10 20
DoF '3

Singular exact solution
. u(r, ¢) = r*/3sin(2¢/3)
Discretization

@ conforming finite elements: u, € H'(Q)
@ unstructured nested triangular grids B
@ adaptive hp refinement 12577 i
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Potential reconstruction
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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (ConStrUCtion of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))

For each vertex a € V, solve the local minimization problem

sy := arg min IVa( Ya€n — Vh)llwa
VhGVﬁ
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| Localization A posteriori estimates Tools C Potential reconstruction  Flux reconstruction

Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (ConStrUCtion of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem

s = arg min IVa( Vaén — Vh)llw, 4

VhE Vﬁ

Yala) = 1, dala) =0
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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (ConStrUCtion of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem
sp :=arg min IVA(  Yaén — Vh)|lwa &

VhE V=P (Ta)NH] (wa)

Yala) = 1, dala) =0
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| Localization A posteriori estimates Tools C Potential reconstruction  Flux reconstruction

Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (Construction of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem
sp :=arg min IVA(  aén — Vh)|lwa &

VhE Vﬁ:ZPp/ (7~a)ﬂHg (wa)

: S a
and combine Sh = Z Sh-
acy

Yala) = 1, dala) =0
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| Localization A posteriori estimates Tools C Potential reconstruction  Flux reconstruction

Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (Construction of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem
sj, = arg min IVA(  Gath — Vi)l &

VhE Vﬁ:ZPp/ ('7;)0/‘/9J (i)Ja)

: S a
and combine Sh = Z Sh-
acy

Equivalent form: conforming FEs
Find s2 € VZ such that

(Vsﬁ, VVh)wa = (Va  (Vaéh)s VVh)ws Vv, € Vﬁ.

M. Vohralik Localization of global norms and robust a posteriori error control



| Localization A posteriori estimates Tools C Potential reconstruction  Flux reconstruction

Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (Construction of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem
s ;= arg min IVa(  (Vaén) — Vi)llwa 4

VhE Vﬁ:ZPp/ ('7;)0/‘/9J (i)Ja)

. 0— a
and combine Sh = Z Sh-
acy

Equivalent form: conforming FEs
Find s2 € VZ such that

(VSE, VVh)wa = (Vi (Valn), VVh)ws  VVhE VE.
Key points
@ localization to patches 7;
@ cut-off by hat basis functions v,
@ projection of the discontinuous 3¢ to conforming space
@ homogeneous Dirichlet BC on dwa: sp € Py (T) N H, ()
o p=p+1
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Potential reconstruction: datum ¢, € Pp(7), p > 1

Definition (Construction of Sh Em & V. (2015), ~ Carstensen and Merdon (2013))
For each vertex a € V, solve the local minimization problem

sj = arg min 19l (o) = Vi)l 4

VhE Vﬁ:ZPp/ ('7;)0/‘/9J (i)Ja)

. 0— a
and combine Sh = Z Sh-
acy

Equivalent form: conforming FEs
Find s2 € VZ such that

(ng, VVh)wa = (Vhlp’(¢a§h)7 VVh)wa Vv € Vﬁ.
Key points
@ localization to patches 7;
@ cut-off by hat basis functions v,
@ projection of the discontinuous 3¢ to conforming space
@ homogeneous Dirichlet BC on dwa: sp € Py (T) N H, ()

ep=p+torp=p
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Potential reconstructionin 1D, p =1, p' =2

&h

Va
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Potential reconstructionin 1D, p =1, p' =2

&h

Va
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Potential reconstructionin 1D, p =1, p' =2

&h

Va
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Equilibrated flux reconstruction
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Flux &, Equilibrated flux reconstruction o,

£,€ RTNy(T), f € L3(Q) — o, € RTNy(T)NH(div,Q), V.o = Nyf

e
(f,ba)wa+(€p, Viba)wa=0 Yacyint p’'=por p'=p+1
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (€h7 v¢a)wa =0 Va e th.
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

op:=arg . min | Va€n — Vhllw.
vheVE A
V~Vh:
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

a .

ol :=arg min a€p — Vo

L VhEVa::RTNp/(’Ta)ﬂHo(di\'.Lua)H h A || N
V~Vh:
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

oj = arg min
vpe Va::RTNp/ (Ta)NHp(div,wa)
V'Vh:np/(fiﬁa‘f'sh‘vwa)

H Uagh - ‘(h||wa
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(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

oj = arg min
vpe Va::RTNp/ (Ta)NHp(div,wa)
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H Uagh - VahHwa

o . a
and combine Oh'i= Z Oh-
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Key points ‘
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e equilibrium V.o, =) "V-05=) Mp(ftoat&yViba)=I,"
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Flux reconstruction: £, € RTN,(T), p >0, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds .
(f’ wa)wa + (£h7 v¢a)wa =0 Va e th.

Definition (Constl’. of O h, Destuynder & Métivet (1999), Braess & Schéberl (2008))
For each a € V, solve the local constrained minimization pb

o} = arg min )H’p’(‘A"aEh) — V.

vpe Va::RTNp/ (Ta)NHop(div,wa
V~vh:I'Ip/(f¢a+£h-Vwa)

o . a
and combine Oh = Z Oh-
acy

Key points ‘
@ hom. Neumann BC on dwa: o, € RTNy(T) N H(div, Q)
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Q Transmission: - and p-robust a posteriori estimates
@ Non-coercive transmission problem
@ A posteriori error estimates in a unified framework
@ Numerical experiments: X-robustness
@ Numerical experiments: p-robustness

Q Tools

@ Potential reconstruction
@ Equilibrated flux reconstruction
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Conclusions and outlook

Conclusions

@ localization of dual and distance norms

@ locally efficient a posteriori error estimates

@ intrinsic norm for transmission problems: >-robustness
@ broken polynomial extension operators: p-robustness
@ unified framework for all classical numerical schemes
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Conclusions and outlook

Conclusions

localization of dual and distance norms

locally efficient a posteriori error estimates

intrinsic norm for transmission problems: >-robustness
broken polynomial extension operators: p-robustness
@ unified framework for all classical numerical schemes

Ongoing work

@ extensions to other settings
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Potentials: one element

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:

2D), Muioz-Sola (1997), Demkowicz, Gopalakrishnan, & Schdberl (2009))

Letp>1,K e T,and 7). C Fk. Letr < P,(F}}) be continuous
on FZ. Then

min _[[Vvallk = min Vv
Vh€Pp(K) veH'(K)
vp=rr on all FEFR v=rg on all FEFR

il 1 /2(5K)
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Letp>1,K e T,and 7). C Fk. Letr < P,(F}}) be continuous
on FZ. Then

FEs

IVChkllk = min [[Vvy|x = min [[Vv|x = [|Vikllk-
VhEPp(K) veH(K)
vp=rr on all FEFR v=rg on all FEFR
1717200
Context

“AGk=0  inK,
(k=rF onall FeFg,
—V(ik-ng = 0 onall Fe Fk \ ]:,12 S
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Potentials: patch

Theorem (Broken H' polynomial extension on a patch emav. @o1s,
y

2016))

Forp>1andaec V™, letr c P,(F1"). Suppose the
compatibility

int
rF’Fﬂawazo VFEF;H,

Y trelFle=0  Vee&a

FeFe
Then
min_— [[Vavhllwa =  min [[VyVlfe,.
Vh€Pp(Ta) veH! (Ta)
V=0 VFeFg* v=0 VFeFex
|IVh]]:fF VFE]'—{,H[ |[V]]=I’F VFE]'—iam

<

,,,,,,,,,,,,,,,,,,,,,,

(/277
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Potentials: stability

Theorem (Local stability em av. 2015, 2016), using > Tools )

There holds
min HVh( (wafh)*vh)”waﬁ mm IV h(lo (aén)—V)llwa-
VhEP (7},)QH (wa) O(Ma
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Potentials: stability

Corollary (Global stability; o’ = p + 1)

Up to a jump term, sy, is closer to &, than any u € Hg (Q):

1/2
IVh(€n = sa)ll = [IVa(én — 1)l + { > ! H”g[[ih]]HzF} :

FeF
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Potentials: stability

Corollary (Global stability; p’ = 1)

Up to a jump term, sy, is closer to &, than any u € Hg (Q):

1/2
IVA(&n = sp)ll Sp IVA(En — )]l + { > hE'Ing [[ShllllF} :

FeF
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & me-

Intosh (2010); Ainsworth & Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, &Schdberl (2012); Ern & V. (2016))

Letp>0,K e T, 7; C Fk. Letr € Pp(F)) x Pp(K), satisfying
ZFE]:K(ro 1)/: = (I’K7 1)K If]:}l}] = Fk. Then

min v < min v
vheRTNp(K) Ivallc = veH(div,K) Iviix
Vp-ng=rg VFEFY v-ng=rg YFEFY
V-vp=rg V-v=rg
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Letp>0,K e T, 7; C Fk. Letr € Pp(F)) x Pp(K), satisfying
ZFE]:K(ro 1)/: = (I’K7 1)K If]:}l}] = Fk. Then

min Villk = min 7417
vheRTNp(K) vl veH(div,K) Ivi
Vp-Ng=IF VFE}-}? V-Nng=rfr VFE}—}}I
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Context
—ACK =g in K,
—Vik-Ng = e onall F e F},

(k=0 onall F € Fx\ Fg.
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V-vp=rg V.v=rg

Context
A
—Vik-ng = rr
k=0

Set pyx = —Vik.
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & me-

Intosh (2010); Ainsworth & Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, &Schdberl (2012); Ern & V. (2016))
‘\] N 3 .
Letp>0,K T, Fg C Fk. Letr c Pp(Fy) x Pp(K), satisfying

ZFE]:K(ro 1)/: = (I’K7 1)K If]:}l}] = Fk. Then
MFEs

= min v < min V| = .
linli "S5 min Clvalk < min Vi = leklk
Vp-ng=rg VFEFY v-ng=rg YFEFY
V-vp=rg V-v=rk

Context
—ACK =g in K,
—Vik-Ng = e onall F e F},
(k=0 onall F € Fx\ Fx.
Set py = —Vik. s
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Fluxes: patch

Theorem (Broken H(div) polynomial extension on a patch eress,

Pillwein, & Schéberl (2009; 2D), Ern & V. (2016; 3D))

Forp>0andac V™ letr ¢ Pp(Fa) x Pp(Ta). Suppose the
compatibility

> (e Dk — D (rr 1)e=0.

KeTa FeFa
Then
min IVallwa = min (2
vhERTNp(Ta) veH(div,7a)
Vh-Ne=rg VFEFG" v-ng=rg YFEFZ"
[vi-nel=rr VFeF" [v-ne]=rr VFeFint
Vh-Vhlk=rk VK€Ta Vh-V|xk=rx YKETa

-
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Fluxes: stability

Theorem (Local stability Braess, Pillwein, Schoberl (2009;2D), Ern, V. (2016;3D), using > T°°'S)

There holds

min I, (Y —Vphllw min ||/, (¥ —V||w,-
e, o Lo (V)= Valloa S min o (a) =Vl
V'Vh:np/(flyaﬁ*&h Va) V.v=I /(f1 a+€h V7/a)
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Fluxes: stability

Corollary (Global stability; o’ = p + 1)

o is closer to &;, than any o < H(div.)) such that V.o = f:

1/2
h2
1€n —onll < 11€n— ol + {Z —E|If - ”pf\li} :
KeT(p+1)

-
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Fluxes: stability

Corollary (Global stability; p’ = 1)
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