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Potential reconstruction: datum &, € Pp(7), p > 1

Definition (ConStrUCtion of Sh EV (2015), ~ Carstensen and Merdon (2013))

For each vertex a € V, solve the local minimization problem

si := arg min IVa( Yaén — Vh)|lws
VhGVﬁ
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Stability of the potential reconstruction

Theorem (Local stability ev (2015, 2016), using *> Tools )

There holds
- min([Va(ly (Yaln)—Ve)llwa = Min - [[Vi(lp (1a&h)=V)lwa-
Vh€P, (Ta)NH (wa) veH] (wa)

- '/_\ .
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Stability of the flux reconstruction

Theorem (Local stability Braess, Pillwein, Schaberl (2009; 2D), EV (2016; 3D), using ’TOO'S)
There holds
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Equivalence of local- and global-best approximations
in H) ()

Theorem (EQUivalence in H1 , Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013),

Veeser (201 6))

Let v € H)(Q) and p > 1 be arbitrary. Then,
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Equivalence of local- and global-best approximations
in H) ()

Theorem (EQUivalence in H1 , Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013),

Veeser (201 6))
Let v € H)(Q) and p > 1 be arbitrary. Then,

min V(v -l
VhePp(T)NH] ()

J/

global-best on <)
trace-continuity constraint
CG space (much smaller)
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| Potential rec. Flux rec. A priori A posteriori Tools C

H' H(div) Stable commuting local projector in H(div)

Equivalence of local- and global-best approximations

in H) ()

Theorem (EQUivalence in H1 , Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013),

Veeser (201 6))

Let v € H)(Q) and p > 1 be arbitrary. Then,
min ||V(V— vn)lI? ~p Z min ||V(V— Vi)l -

VhEP(T)NH) (2

global-best on <)
trace-continuity constraint
CG space (much smaller)

VhEPp (K

local-best on each KeT.
no trace-continuity constraint

DG space (much bigger)

M. Vohralik
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| Potential rec. Flux rec. A priori A posteriori Tools C H! H(div) Stable commuting local projector in H(div)
Equivalence of local- and global-best approximations
in H) ()

Theorem (EQUivalence in H1 , Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013),

Veeser (201 6))
Let v € H)(Q) and p > 1 be arbitrary. Then,
min ||V(V— vn)lI? ~p Z min ||V(V— Vi)l -

VhEP(T)NH] (22 VphEPp(K
global-best on local-best on each KeT,
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger)

@ =, up to a generic constant that only depends on space
dimension d, shape-regularity of the mesh 7, and
polynomial degree p
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| Potential rec. Flux rec. A priori A posteriori Tools C H! H(div) Stable commuting local projector in H(div)
Equivalence of local- and global-best approximations
in H) ()

Theorem (EQUivalence in H1 , Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013),

Veeser (201 6))
Letv € H}(Q) and p > 1 be arbitrary. Then,
min ||V(V— V)1 ~p Z min ||V(V— Vi)l -

Vh€Pp(T)NH, ( VhEPp(K
global-best on local-best on each K < T
trace-continuity constraint no trace-continuity constraint
CG space (much smaller) DG space (much bigger)

@ =, up to a generic constant that only depends on space
dimension d, shape-regularity of the mesh 7, and
polynomial degree p
@ proof taking &p/x 1= argminy,cp, k) IV (U — Vi) k with
(&n, 1)k = (u, 1)k for all K € T, applying
with p’ = p, and using its lwsia erc
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_ H' H(div) Stable commuting local projector in H(div)
Laplace model problem: —Au = fin Q, u =0 on 00

Primal weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VveH(Q)
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H}(Q) such that

(Vu,Vv) = (f,v)  VveH(Q)

Conforming finite element approximation
Find uj, € Vi, :=PBp(T) N H(Q), p > 1, such that

(Vup, Vvp) = (f,vp)  VYvpe Vy
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H}(Q) such that

(Vu,Vv) = (f,v)  VveH(Q)

Conforming finite element approximation
Find uj, € Vi, :=PBp(T) N H(Q), p > 1, such that

(Vup, Vvp) = (f,vp)  VYvpe Vy

Corollary (Localized a priori error estimate)

IV (u — up)|®
—_———

min ||V (u — vp)|[?
VhE Vi
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H}(Q) such that

(Vu,Vv) = (f,v)  VveH(Q)

Conforming finite element approximation
Find uj, € Vi, :=PBp(T) N H(Q), p > 1, such that

(Vup, Vvp) = (f,vp)  VYvpe Vy

Corollary (Localized a priori error estimate)
From , there holds

Viu—-uw)lZ < min ||[V(u— )|
[V( )l p}é; vheyp(K)” ( )ik

local-best approximation of u on each K

no interface constraints
regularity only in K counts

min ||V (u — vp)|[?
VhE V)
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Laplace model problem: —Au = fin Q, u= 0 on 022

Primal weak formulation
Find v € H}(Q) such that

(Vu,Vv) = (f,v)  VveH(Q)

Conforming finite element approximation
Find uj, € Vi, :=PBp(T) N H(Q), p > 1, such that

(Vup, Vvp) = (f,vp)  VYvpe Vy

Corollary (Localized a priori error estimate)
From , there holds

Vu-up)|®? < min ||V(u — vp)|2 < hP.
IV( )l p}é; vheyp(K)” ( )k

local-best approximation of u on each K

no interface constraints
regularity only in K counts

min ||V (u — vp)|[?
VhE V)
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hp interpolantion/stable local commuting projectors

hp interpolantion estimates

@ Demkowicz and Buffa (2005): log(p) factors

@ Bespalov and Heuer (2011): low regularity but still not
H(div)

@ Ern and Guermond (2017): H(div) regularity but not
commuting and only optimal in h

@ Melenk and Rojik (2019): optimal hp approximation
estimates (no log(p) factors) but higher regularity
requested
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hp interpolantion/stable local commuting projectors

hp interpolantion estimates

@ Demkowicz and Buffa (2005): log(p) factors

@ Bespalov and Heuer (2011): low regularity but still not
H(div)

@ Ern and Guermond (2017): H(div) regularity but not
commuting and only optimal in h

@ Melenk and Rojik (2019): optimal hp approximation
estimates (no log(p) factors) but higher regularity
requested

Stable local commuting projectors defined on H(div)

@ Schoberl (2001, 2005): not local

@ Christiansen and Winther (2008): not local

@ Falk and Winther (2014): local but not L2-stable
@ Ern and Guermond (2016): not local

@ Licht (2019): essential boundary conditions on part of 9Q e
M. Vohralik Reconstructions for optimal a priori & a posteriori estimates 15/ 37
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Global-best approx. ~ local-best approx. in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & \. (2019))
Let v € H(div,Q) and p > 0 be arbitrary. Then,
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Global-best approx. ~ local-best approx. in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & \. (2019))
Let v € H(div,Q2) and p > 0 be arbitrary Then

min a8 V-v—T,(V-v)|2
VhERTN(T) H(div,0 Vil Z 2” p(V-¥)lik
V-vp=Mp(V-v) KCT
global-best on

normal trace-continuity constraint
divergence constraint
MFE space (much smaller)
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Global-best approx. ~ local-best approx. in H(div)

Theorem (Constrained equivalence in H(div), em, cud, smears, & \. (2019))
Let v € H(div,Q2) and p > 0 be arbitrary Then

min v — vp|2- V-v—T,(V-v)|2
vheRTNp(T)mH(din nll Z 2” p(V-V)llk
V-vp=Mp(V-v) KCT
global-best on

normal trace-continuity constraint
divergence constraint
MFE space (much smaller)

”2
2 K 2
min V—vi|s+—L —|IV-v—T,(V-v
~p KEE: VLRERTNp(K )H hHK (04 1)2H P( )HK

local-best on each K .
no normal trace-continuity constraint

no divergence constraint
broken MFE space (much bigger)
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Global-best approx. ~ local-best approx. in H(div)

Theorem (Constrained equivalence in H(div), em, cudi, smears, & V. (2019))
Let v € H(div,Q2) and p > 0 be arbitrary Then

min v — vp|2- V-v—T,(V-v)|2
Ve RTNp(T) H(div. Q nll Z (p+1)2 | p(V-V)llk
V-vp=Mp(V-v) KCT
global-best on

normal trace-continuity constraint
divergence constraint
MFE space (much smaller)

”2
2 K 2
§ : min V—vi|s+—L —|IV-v—T,(V-v
pKET VLRERTNp(K )H hHK (p+1)2H p( )HK

local-best on each K .
no normal trace-continuity constraint

no divergence constraint
broken MFE space (much bigger)

@ the right number (a priori) much smaller than the left one
@ proof using withp =p &

M. Vohralik Reconstructions for optimal a priori & a posteriori estimates 16/ 37



| Potential rec. Fluxrec. Apriori A posteriori Tools C H! H(div) Stable commuting local projector in H(div)

Optimal hp approximation estimate

Theorem (Localized hp approximation, em, cudi smears, & v. (2019))
For any v € H(div,Q) s.t, locallyon all K € T,
v|k € H¥(K), s > 0,

there holds

h2
; 2 2
min V—Vu||“+ —0 _|IV.-v—Tl -V
VheRTNp(T) H(d.) | ol Z (p+ 1)2H p(V-Y)llk
V-vp=M,(V-v) KeT
h2m|n(sp+1) hf( 5 .
< 2 KeT ~(priyE HV||H5(K + el Vovllk ifs <1,
~S h2 min(s,p+1) .
ZKeT (p+1)2s HV”HS(K ifs > 1l
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Optimal hp approximation estimate

Theorem (Localized hp approximation, em, cudi smears, & v. (2019))

For any v € H(div,Q) s.t., locally on all K € T,
Vlk € H3(K), s > 0,
there holds
min |v— Vh”2+z LHV VT (V-v)|2
VLRERTNp(T)NH(div,Q) p e 1)2 p K
V~Vh:I'Ip(V ) KeT
h2m|n(sp+1) 2 .
Sker e Wik T rplVvIk ifs<1,
SS h2m|n(s p+1) .
ket e IVIle ifs>1.

@ <:only depends on d, shape-regularity of 7, and s

° of withp =p&p =p+1

@ contours known (quasi-)interpolates

@ fully optimal hp approximation estimate (minimal
elementwise regularity, no logarithmic factor in p)
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Laplace model problem: —Au = fin Q, u= 0 on 022

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L?(Q

)
(o,v)—(u,V-v)=0 Vv € H(div, Q),
(V-o.q)=(f.q) Vqel?*Q)

such that
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Laplace model problem: —Au = fin Q, u= 0 on 022

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L3(Q)
(o,v)—(u,V-v)=0 Vv € H(div, Q),
(V-o.q)=(f.q) Vqel?*Q)

Mixed finite elements
Find (o, up) € Vi := RTNp(T) N H(div,Q) x Pp(T), p > 0, s.t.

such that

(oh,Vh) — (Up, V-vp) =0 Vv e V,
(V-on,qn) = (f,an) Van € Pp(T)
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Laplace model problem: —Au = fin Q, u =0 on 02

Dual mixed weak formulation
Find (o, u) € H(div, Q) x ( )
(o,v)—(u,V-v)=0 Vv € H(div, Q),
(V-o.q)=(f.q) Vqel?*Q)
Mixed finite elements
Find (o, up) € Vi := RTNp(T) N H(div,Q) x Pp(T), p > 0, s.t.
(oh,Vh) — (Up, V-vp) =0 Vv e V,
(V-on,qn) = (f,an) Vaqn € Pp(T)

such that

Theorem (Optimal hp a priori error estimate, em, cud, smears, & v. (2019))

= = min —v
lo —enl = min o~ v
V'Vh:npf
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Laplace model problem: —Au = fin Q, u= 0 on 022

Dual mixed weak formulation
Find (o, u) € H(div, Q) x L3(Q)
(o,v)—(u,V-v)=0 Vv € H(div, Q),
(V-o.q)=(f.q) Vqel?*Q)

Mixed finite elements
Find (o, up) € Vi := RTNp(T) N H(div,Q) x Pp(T), p > 0, s.t.

such that

(oh,Vh) — (Up, V-vp) =0 Vv e V,
(V-on,qn) = (f,an) Van € Pp(T)

Theorem (Optimal hp a priori error estimate, em, cud, smears, & v. (2019))

From , there holds
AMin(s,p+1)
o—opll= mn |lo— vy <s —-++—.
o= onll = min o= vall <5 < 5s
V'Vh:npf
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))
Let v € H(div,Q2) and p > 0 be arbitrary. Then, P,v = o,
€ RTNy(T) NH(div,Q) = of

Eplk = argming, crTN, k), v-vy=np(v-v) IV — Val% forall K € T
with p’ = p is locally defined,

-
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))
Let v € H(div,Q2) and p > 0 be arbitrary. Then, P,v = o,

€ RTNy(T) NH(div,Q) = of

Eplk = argming, crTN, k), v-vy=np(v-v) IV — Val% forall K € T
with p’ = p is locally defined,

V-(Ppv) =Mp(V-v) commuting,
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))
Let v € H(div,Q2) and p > 0 be arbitrary. Then, P,v = o,
€ RTNy(T) NH(div,Q) = of

Eplk = argming, crTN, k), v-vy=np(v-v) IV — Val% forall K € T
with p’ = p is locally defined,

V-(Ppv) =Mp(V-v) commuting,
Ppv = v ifve RTNy(T)N H(div,Q2) projector,
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))
Let v € H(div,Q2) and p > 0 be arbitrary. Then, P,v = o,
€ RTNy(T) NH(div,Q) = of

Eplk = argming, crTN, k), v-vy=np(v-v) IV — Val% forall K € T
with p’ = p is locally defined,

V-(Ppv) =Mp(V-v) commuting,
Ppv = v ifve RTNy(T)N H(div,Q2) projector,

1/2
h2
1PV Sp ||V||+{ Z (p+K1 E ”V'V”p(V-V)Hf(} stable up to osc
KeT
&'1/7 ‘‘‘‘‘ P— : erc
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Stable local commuting projector in H(div)

Theorem (Stable local commuting projector, em, cud, smears, a v. (2019))
Let v € H(div,Q2) and p > 0 be arbitrary. Then, P,v = o,
€ RTNy(T) NH(div,Q) = of

Eplk = argming, crTN, k), v-vy=np(v-v) IV — Val% forall K € T
with p’ = p is locally defined,

V-(Ppv) =Mp(V-v) commuting,
Ppv = v ifve RTNy(T)N H(div,Q2) projector,

1/2

h2
1PV Sp ||VH+{ Z (p+K1 B ”V'V”p(V-V)Hf(} stable up to osc
KeT

Comments

@ P, defined on the entire H(div, ) (no regularity)

@ <p: only depends on d, shape-regularity of 7, and p

@ hi||V-v —TMp(V-v)|k/(p+ 1): data oscillation term,
disappears when V-v is a pw p-degree polynongfalzzz— 42 &
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Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;
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Theorem (A guaranteed a posteriori error estimate prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;
@ uy e Py(T), p>1, be arbitrary subject to
(Vith, Viba)us = (f,Ya)us V@€ V™,
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Theorem (A guaranteed a posteriori error estimate prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;
@ uy e Py(T), p>1, be arbitrary subject to

(Vhtn, Via)os = (f,a)es  Va e V™,
@ &y = Up: Sp € Ppit(T) N H(Q) p
@ &= —Vpup, f:op € RTN,(T) N H(div, Q)
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Laplace model problem: —Au = fin Q, u= 0 on 022

Theorem (A guaranteed a posteriori error estimate prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;
@ uy e Py(T), p>1, be arbitrary subject to
(vhuhu V¢a)wa — (f7 wa)wa va € th;

@ &y = Up: Sp € Ppit(T) N H(Q) p
@ &= —Vpup, f:op € RTN,(T) N H(div, Q)
Then . )
I¥(u—un)l? < 7 (IVatn + anll + =<1 = Mofllic )
N —
KeT

constitutive relation equilibrium/data osc.

+ ) [ Va(un— sp)l% -
KeT

. g .
primal constraint

“r e

‘erc

M. Vohralik Reconstructions for optimal a priori & a posteriori estimates 20/ 37



O Introduction
O Potential reconstruction
O Flux reconstruction

O A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — local-best equivalence in H(div)
@ Stable commuting local projector in H(div)

e A posteriori estimates
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications and numerical results

O Tools

O Conclusions and outlook




| Potential rec. Flux rec. A priori A posteriori Tools C Reliability Efficiency Applications and numerics

Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency; f € Pp_1(7) for

simplicity Braess, Pillwein, and Schéberl (2009), EV (2015, 2016))

Let u € H}(Q2) be the weak solution. Then

1/2
IVr(un = sp)ll = [[Va(u — up)|| + { > hetng lIUh]]HF} :

FeF

Vhun + ol = [|Va(u — up)l|.

-
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency; f € Pp_1(7) for

simplicity Braess, Pillwein, and Schoberl (2009), EV (2015, 2016))

Let u € H}(Q2) be the weak solution. Then

1/2
IVr(un = sp)ll = [[Va(u — up)|| + { > hetng lIUh]]HF} :

Fer
Vhun + ol = [|Va(u — up)l|.

Remarks
@ immediate consequence of and with
p=p+1
@ p-robustness
@ local efficiency on patches

@ maximal overestimation guaranteed (computable bounds
on the constants) - e
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Applications

Discretization methods

v conforming finite elements

v~ nonconforming finite elements
v discontinuous Galerkin

v/ mixed finite elements

-
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Model problem

—Au=f inQ:=(01)>
u=0 on 990




_ Reliability Efficiency Applications and numerics
Numerics: smooth case

Model problem

—Au=f inQ:=(0,1)3
u=0 on 9N

Exact solution

u(x, y) = sin(2rx) sin(2ry)
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Numerics: smooth case

Model problem

—Au=f inQ:=(0,1)3
u=0 on oQ

Exact solution
u(x,y) = sin(2nx) sin(2wy)

Discretization

@ symmetric interior penalty discontinuous Galerkin method:
up & Hy ()

@ unstructured triangular grids

@ uniform h and p refinement

-
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h pl n(up)
ho

—_
—y
w




i (up)
: p|  n(up)  rel. error estimate ”"v—u”h”
o

1.3 2.8 x10™%

—_




_ Reliability Efficiency Applications and numerics
How large is the overall error? (model pb, known sol.)

o

n(un)

rel. error estimate 2(%)
[V unl

IV (u — un)ll

ho

-

1.3

28x10'%

1.1
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_ Reliability Efficiency Applications and numerics
How large is the overall error? (model pb, known sol.)

i n(Up) _ IR
h p n(up)  rel. error estimate Tvul [|V(u— up)|| rel. error TSl
ho 1 13 28 x107% 11 24%x107%

_ Reconstructions for optimal a priori & a posteriori estimates 24 / 37
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How large is the overall error? (model pb, known sol.)

i n(Up) TVw=up)[[ | jeff — __n(un)
h p n(up)  rel. error estimate ”Whh” IV (u — up)|| rel. error HVUth "= uv(u—huh)u
hy 1 1.3 28 x10'% 1.1 2.4 x10™% 1.17
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Potential rec.

Flux rec.

A priori A posteriori Tools C

Reliability Efficiency Applications and numerics

How large is the overall error? (model pb, known sol.)

i 1(Up) TV @=up)[[ | jeff — __n(up)
h p n(up)  rel. error estimate ”Whh” IV (u — up)|| rel. error HVUth f" = HV(u—hu,,)H
hg 1 1.3 2.8 x10™% 1.1 2.4 x10™% 1.17
~hy/2 |6.1x10" 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
M. Vohralik Reconstructions for optimal a priori & a posteriori estimates 24 / 37



Potential rec.

Flux rec.

A priori A posteriori Tools C

Reliability Efficiency Applications and numerics

How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate ”"V(ffh)” IV(u— up)]| rel. error ”VH(;;:””)” et = ”v?é‘i"lh)u
hy 1 1.3 2.8 x10™% 1.1 2.4 x10™% 1.17
~hy/2 |6.1x10" 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 |3.1x10" 7.0% 29 x 10! 6.6% 1.06
&t R ...
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How large is the overall error? (model pb, known sol.)

IVW=Up)[ T jeft — __n(tn)

h  p| n(up) rel error estimate ”"V(ffh)” IV (u = up)ll rel. error —rer [S—]

hg 1 1.3 2.8 x 107% 1.1 24x10'% 1.17
~hy/2 |6.1x10" 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 | 3.1 x10"! 7.0% 29x 10! 6.6% 1.06
~hy/8 |1.5x 10" 3.3% 1.4 x 10~1 3.1% 1.04

b
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Potential rec. Fluxrec. A priori A posteriori Tools C

Reliability Efficiency Applications and numerics

How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate I\WV%Z)\I IV(u— up)]| rel. error ”VH(;;:”“” et = W?S‘i“zh)“

ho 1 1.3 2.8 x10™% 1.1 2.4 x10™% 1.17
~hy/2 |6.1x10" 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 | 3.1 x10"! 7.0% 2.9x 101 6.6% 1.06
~hy/8 |1.5x10"" 3.3% 1.4 x 10~1 3.1% 1.04
hy 2[16x107 3.7% 15x 101 35% 1.06
~hy/2 2| 4.2 x 1072 9.5x 107 "'% 4.1 x 1072 9.2x107"'% 1.04

LA~ .
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How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate I\WV%Z)\I IV(u— up)]| rel. error ”VH(;;:”“” et = W?S‘i“zh)“

ho 1 1.3 28 x10'% 1.1 2.4x10'% 117
~hy/2 |6.1x10" 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 |3.1x107" 7.0% 2.9 x 101 6.6% 1.06
~hy/8 |1.5x10"" 3.3% 1.4 x 101 3.1% 1.04

hy 2[1.6x107 3.7% 15%x 1071 3.5% 1.06
~hy/2 2| 4.2 x 1072 9.5x 107 "'% 4.1 x 1072 9.2 x107"'% 1.04

hg  3[1.4x107? 32x10 % 1.4 x 1072 31 x107 % 1.03
~hy/4 3|26 x10* 5.9 x 10~3% 2.6 x 104 5.9 x 107%% 1.01

UR— ..,
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How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate I\WV%Z)\I IV(u— up)]| rel. error ”VH(;;:”“” et = W?S‘i“zh)“
ho 1 1.3 28 x10'% 1.1 2.4x10'% 117
~hy/2 |6.1x10" 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 |3.1x107" 7.0% 2.9 x 101 6.6% 1.06
~hy/8 |1.5x10"" 3.3% 1.4 x 107" 3.1% 1.04
hy 2[1.6x107 3.7% 15%x 1071 3.5% 1.06
~hy/2 2| 4.2 x 1072 9.5x 107 "'% 4.1 x 1072 9.2 x107"'% 1.04
hg  3[1.4x107? 32x10 % 1.4 %1072 31x1077% 1.03
~hy/4 3|26 x10* 5.9 x 1073% 2.6 x 104 5.9 x 107%% 1.01
hy 4[1.0x1073 23 x107%% 9.9 x 104 22 x1072% 1.02
~hy/8 4]|2.6x 1077 59 x1076% 2.6 x 10~7 5.8 x 1075% 1.01

M. Vohralik Reconstructions for optimal a priori & a posteriori estimates 24 / 37



_ Reliability Efficiency Applications and numerics
Numerics: smooth case with localized features

Model problem

~Au = f in Q= (-1,1)
u = 0 onodQ

lrsisim B
2A— i,
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Numerics: smooth case with localized features

Model problem

~Au = f inQ:=(-1,1)?
u = 0 onoQ

Exact solution

u(x,y) = (x* = 1)(y? — 1) exp (=100(x* + y?))

-
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Numerics: smooth case with localized features

Model problem

~Au = f inQ:=(-1,1)?
u = 0 onoQ

Exact solution
u(x,y) = (x* —1)(y® — 1) exp (—100(x® + y?))

Discretization

@ conforming finite elements: up € H'(Q)
@ unstructured nested triangular grids
@ /p-adaptive refinement

-
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Effectivity indices on hp meshes

P. Daniel, A. Ern, I. Smears, M. Vohralik, Computers & Mathematics with Applications (2018)
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Where (in space) is the error localized?

Estimated error distribution Exact error distribution
1k (Un) IV (u— up)|lk

M. Vohralik
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Can we decrease the error efficiently?

A,
N

Mesh 7 and pol. degrees px
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Can we decrease the error efficiently?

AN
YINCNAS

Mesh 7 and pol. degrees px Exact solution

b

M. Vohralik Reconstructions for optimal a priori & a posteriori estimates




Model problem

AU = 0 in Q= (—1,1)2\[0,1]3,
u = up onoQ




_ Reliability Efficiency Applications and numerics
Numerics: singular case

Model problem

AU = 0 in Q= (—1,1)2\[0,1]%,
u = up on N

Exact solution

u(r, ¢) = r¥/3sin(2¢/3)
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Numerics: singular case

Model problem

AU = 0 in Q= (—1,1)2\[0,1]%,

Exact solution
u(r, ¢) = r*3sin(2¢/3)
Discretization

@ conforming finite elements: u, € H'(Q)
@ unstructured nested triangular grids
@ hp-adaptive refinement

-
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1.3

1.2

effectivity index of 7(7z)

0.9

0 10 20
DoF '3

P. Daniel, A. Ern, I. Smears, M. Vohralik, Computers & Mathematics with Applications (2018)




_ Reliability Efficiency Applications and numerics
Can we decrease the error efficiently?
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Can we decrease the error efficiently?

] 102
P g 10t
£
2 "
é 10° g .
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c
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p3 o107
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B 103 | Ca hadpini pet
= —o0— hp-adaptivity
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L DoFY?
Mesh 7 and polynomial Relative error as a function of
degrees px no. of unknowns
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Q Introduction
Q Potential reconstruction
Q Flux reconstruction

0 A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — local-best equivalence in H(div)
@ Stable commuting local projector in H(div)

0 A posteriori estimates
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications and numerical results

Q@ Tools

Q Conclusions and outlook
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Potentials: one element

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:
y

2D), Mufioz-Sola (1997), Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1,K e T,and 7). C Fk. Letr € P,(F}}) be continuous

on FR. Then
min _[[Vvax = min [|Vv|k
Vh€Pp(K) veH'(K)
vp=rr on all FEFR v=rg on all FEFR

il 1 /2(aK)

-
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Potentials: one element

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:
y

2D), Mufioz-Sola (1997), Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1,K e T,and 7). C Fk. Letr € P,(F}}) be continuous
on FR. Then
min HVVhHK min IIVVIIK
VhEPp(K) veH' (K
vp=rr on all FEFR v=rr on all FEJ:D
||f||H1/2(8K)
Context

“ACk=0 inK,
(k=rF onall FeFg,
—Vik-ngk =0 onall Fe Fg\ ]:K
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Potentials: one element

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:

2D), Mufioz-Sola (1997), Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1,K e T,and 7). C Fk. Letr € P,(F}}) be continuous

on FR. Then

min HVVhHK
VhE€Pp(K)
vp=rr on all FEFR

m|n ||VV||K = [[V¢kllk-

v=rg on all Fe]-‘D

il 1 /2(aK)

in K,
onall Fe FR,
on all FEFK\.FK

Context
~ACk =0
Ck =TF
—Vik-ngk =0
M. Vohralik

Reconstructions for optimal a priori & a posteriori estimates 32/ 37



| Potential rec. Flux rec. A priori A posteriori Tools C

Potentials: one element

Lemma (H' polynomial extension on a tetrahedron sabuska, suri (1987:
y

2D), Mufioz-Sola (1997), Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1,K e T,and 7). C Fk. Letr € P,(F}}) be continuous
on FR. Then
FEs
IVCnkllk = man IVVhllk = il IIVVIIK = [[V¢kllk-
€Pp( v
vh=rg on all Fe]—'D v=rr on all FEJ:D
||f||H1/2(8K)
Context

“ACk=0 inK,
(k=rF onall FeFg,
—Vik-ngk =0 onall Fe Fg\ ]:K
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Potentials: patch

Theorem (Broken H' polynomial extension on a patch emsv. ots,

201 6))

Forp>1andaec V™, letr < P,(F). Suppose the
compatibility

rF’Fﬂ@wa =0 VF € ]'-lam,

> tFefFle=0  Vecéa

FeFe
Then
min_ [[Vavhllwa = min [[VaV|l,.
VhE€Pp(Ta) veH' (Ta)
vh=0 VFEFg" v=0 VFEFZ"
|IV[-,]]=I'F VFE]'—;"[ |[V]]:f/: VFG]'—iam
,,,,,,,,,,, v ‘erc
Ceia -t
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & me-

Intosh (2010); Ainsworth & Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, &Schdberl (2012); Ern & V. (2016))

Letp>0,K e T, 7y C Fk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:N = .FK. Then

min [vallk = min vk
VLRERTNp(K) veH(div,K)
Vh-NK=IF VFE}—E V-Nng=rg VFE}—}}I
V.vp=rg V.v=rg

-
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & me-

Intosh (2010); Ainsworth & Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, &Schdberl (2012); Ern & V. (2016))

Letp>0,K e T, 7y C Fk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:N = .FK. Then

min |[vpllk = min - v]k
VLRERTNp(K) veH(div,K)
Vh-Ng=IF VFE}—% V-Ng=IF VFE}—}}I
V-vp=rg V.v=rg
Context
—Alk = rx in K,
—Vik-Nk = rr onall F € F},
(k=0 onall F € Fix \ Fx.
Set pk = —V(k. &’2’7 ..... — :

M. Vohralik
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & me-

Intosh (2010); Ainsworth & Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, &Schdberl (2012); Ern & V. (2016))

Letp>0,K e T, 7y C Fk. Letr c Pp(F)) x Pp(K), satisfying
ZFE}—K(I'F, 1)/: = (I’K, 1)K If]:N = .FK. Then

min v < min V| = .
vheRTN,(K) IVl = veH(div.K) Vil = llexllc
Vh-Ng=IF VFE}—% V-Ng=IF VFE}—}}I
V.vp=rg V.v=rg
Context
—Alk = rx in K,
—Vik-Nk = rr onall F € F},
(k=0 onall F e Fx\ Fg.
Set pk = —V(k. &’2’7 ..... — :
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & me-

Intosh (2010); Ainsworth & Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, &Schdberl (2012); Ern & V. (2016))

Letp>0,K e T, 7y C Fk. Letr c Pp(F)) x Pp(K), satisfying
> Fer (rFs1)F = (rk, 1)k if Fi¢ = Fk. Then

MFEs . .
= min v < min V|k = K-
lienl "S5 min Cfvalk < min Vi = ekl
Vh-Ng=IF VFE}—% V-Ng=IF VFE}—}}I
V-vp=rg V-v=rg
Context
—Alk = rx in K,
—Vik-Nk = rr onall F € F},
(k=0 onall F € Fix \ Fx.

Set px = —V(k. Coza—ta 1
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Fluxes: patch

Theorem (Broken H(div) polynomial extension on a patch eraess,

Pillwein, & Schéberl (2009; 2D), Ern & V. (2016; 3D))

Forp>0andac V™, letr c Py(Fa) x Pp(7a). Suppose the
compatibility

Z(rKJ)K— Z(r,:,1),_-:0.

KeTa FeFa
Then
min [Vhllwa = min [V |g-
VhE€RTNp(7a) veH(div,7a)
Vh-Ne=rg VFEFG" v-ng=rg YFEFG"
[vh-nel=rF VFEFS! [v-ne]=rr VFeFM
Vh-Vhlk=rk YK€ETa Vh-V|k=rx YKETa

-
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Q Introduction
Q Potential reconstruction
Q Flux reconstruction

0 A priori estimates
@ Global-best — local-best equivalence in H'
@ Constrained global-best — local-best equivalence in H(div)
@ Stable commuting local projector in H(div)

0 A posteriori estimates
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications and numerical results

o Tools

@ Conclusions and outlook
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Conclusions and outlook

Conclusions

@ simple proof of global-best — local-best equivalence in H'
constrained global-best — local-best equivalence in H(div)
incidentally leads to stable commuting local projectors
optimal hp a priori error estimates

p-robust a posteriori error estimates (unified framework for
all classical numerical schemes)

@ extensions to nonmatching meshes (robust wrt number of
hanging nodes), mixed parallelepipedal-simplicial meshes,
varying polynomial degree, general BCs, H~' source
terms, and others carried out

-
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Conclusions and outlook

Conclusions

@ simple proof of global-best — local-best equivalence in H'
constrained global-best — local-best equivalence in H(div)
incidentally leads to stable commuting local projectors
optimal hp a priori error estimates

p-robust a posteriori error estimates (unified framework for
all classical numerical schemes)

@ extensions to nonmatching meshes (robust wrt number of
hanging nodes), mixed parallelepipedal-simplicial meshes,
varying polynomial degree, general BCs, H~' source
terms, and others carried out

Ongoing work

@ extensions to other settings

-
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