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Model parabolic problem

The heat equation
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0)=up inQ
fel20,T;:L3(Q)), w € L*Q)
X = L3(0, T; H}(R)),
T
VI = /0 Ivvi2at,
Y =120, T; H(Q) n H'(0, T; H(Q)),

(
VI3 = /0 [0VI2, ) + IVVI2 dt + V(TP
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Model parabolic problem

The heat equation
ou—Au=1f inQx(0,T),

u=0 ondQx(0,T),
u(0)=up inQ
fel?(0,T;L3(Q)), up € L3(Q)

X = L3(0, T; H}(R)),
vk = | vt
Y =120, T; H(Q) n H'(0, T; H(Q)),
VI = /Or\é?rVI!fw(Q) +[IVv|Pdt + [lv(T)|?
Weak solution

Find u € Y with u(0) = up such that
-

T
/<8tu,v>+(Vu,Vv)dt:/ (f,v)dt VvelX.
0 0
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound

N
® [lu—tnrlZ g0 r) < Xnet Lkernig(Unr)?
@ no undetermined constant: error control
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
2 N 2
© [lu—unllf ooy = Xon=1 2Zkern nk(Unr)
@ no undetermined constant: error control
Local efficiency
® ni(Unr) < CetellU — Unrll7 pei -
k\Uhr) = Leff hr 117 neighbors of Kx (t7—1,t7)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
O [[u—unrl? g 0.y < Chit Cern ik (Unr)?
@ no undetermined constant: error control
Local efficiency
° nZ(UhT) < Cefrl|u — Uhf”?,neighbors of Kx (tn=1,tm)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound
Robustness
@ C. independent of data, domain €, final time T, meshes,
solution u, polynomial degrees of uy, in space and in time
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
N

° [ju-— UhTH?27Q><(0,T) < En:1 ZKGT" mr%(um)z

@ no undetermined constant: error control
Local efficiency

® 7 (Unr) < Cesrl|u — UhTH?,neighbors of Kx (tn=1,t)

@ optimal space-time mesh refinement

@ local in time and in space error lower bound
Robustness

@ C. independent of data, domain €, final time T, meshes,

solution u, polynomial degrees of uy. in space and in time
Asymptotic exactness
N
® D ne12KeTr U%(UhT)Z/HU - uhTH%QX(O,T) N1
@ overestimation factor goes to one with increasing effort
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
N

° [ju-— UhTH?27Q><(0,T) < En:1 ZKGT" mr%(um)z

@ no undetermined constant: error control
Local efficiency

® 7 (Unr) < Cesrl|u — UhTH?,neighbors of Kx (tn=1,t)

@ optimal space-time mesh refinement

@ local in time and in space error lower bound
Robustness

@ C. independent of data, domain €, final time T, meshes,

solution u, polynomial degrees of uy, in space and in time
Asymptotic exactness
N

® D ne12KeTr n%(UhT)Z/HU - uhTH%QX(O,T) N1

@ overestimation factor goes to one with increasing effort
Small evaluation cost

@ estimators can be evaluated cheaply (locally) Cosva 2" &
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Picasso / Verfirth (1998), work with the energy norm
upper bound ||u — up,||2 < Czn,1 S kern Mk (Unr)?
(h and 7 strongly linked)
Repin (2002), guaranteed upper bound via fluxes
Verfurth (2003) (cf. also Bergam, Bernardi, and Mghazli
(2005)), low-order schemes, work with the Y norm:
upper bound [|u — up, |12 < C N4 S keqa 1 (Unr )
o efficiency " xcrn g (Unr)? < Cllu — Up- |3
robustness with respect to the final time, no link h— 7
efficiency local in time but
Eriksson and Johnson (1991), duality techniques &
Makridakis and Nochetto (2003), elliptic reconstruction:
L2(L2) / L>°(L?) / L*(L>®) / higher-order norms
Makridakis and Nochetto (2006): Radau reconstruction
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Equivalence error—residual (steady case)

Laplace equation
—Au=f in Q,
u=20 on 90Q
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
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Equivalence error—residual (steady case)

Laplace equation
—Au=f in Q,
u=20 on 90Q
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
Residual of v, = H]}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(up), V) := (f,v) = (Vup, VVv)  veHI(Q)
@ dual norm of the residual

IR(un)lg-1(q) == sup (R(un),v)
veH(Q); [IVv||=1
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Equivalence error—residual (steady case)

Laplace equation
P q —Au=f in €,

u=2~0 on 0N
Weak formulation

Find u € H} () such that
(Vu,Vv) = (f,v)  VYveH(Q)
Residual of v, = H]}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(up), V) := (f,v) = (Vup, VVv)  veHI(Q)
@ dual norm of the residual

IR(un)lg-1(q) == sup (R(un),v)
veH(Q); [IVv||=1

Energy error
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Vel = sup (Ve,Vv), Yo € Hi(Q)
veH} (Q); |V v||=1 e
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Equivalence error—residual (steady case)

Laplace equation
—Au=f in Q,
u=20 on 90Q
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
Residual of v, = H]}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(up), V) := (f,v) = (Vup, VVv)  veHI(Q)
@ dual norm of the residual

IR(un)lg-1(q) == sup (R(un),v)
veH(Q); [IVv||=1

Energy error is the dual norm of the residual

IV(u=up)| = sup {(f, V)= (Vun, VV)} = [R(un)||4-1(q)
veH} (Q); IVv||=1 e
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Equivalence error—residual (unsteady case)

Theorem (Parabolic inf-sup

For every ¢ € Y, we have
— 2
lell¥ = [ sup /0 (Orp, V) + (Ve, VV) dt| + [[(0)]I%.

veX, [lvilx=1
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Equivalence error—residual (unsteady case)

Theorem (Parabolic inf-sup

For every ¢ € Y, we have
T 2
lel¥ = [ sup /0 (Orp, V) + (Ve, VV) dt| + [[(0)]I%.

veX, [lvilx=1

Residual of v, € Y
@ R(up,) € X', the misfit of uy, in the weak formulation:

T
<R(Uh'r)7 V) = / (fa V) - <81‘Uh—r, V> - (VUhT, VV) dt
0
@ dual norm of the residual

IR(up )| x == sup  (R(upr), V)
veX,|lvlx=1

‘erc

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for parabolic problems 7 /24



| Error & res. CG-DG & Radaurec. Y norm Reliability Efficiency C

Equivalence error—residual (unsteady case)

Theorem (Parabolic inf-sup

For every ¢ € Y, we have
T 2
lel¥ = [ sup /0 (Orp, V) + (Ve, VV) dt| + [[(0)]I%.

veX, [lvilx=1

Residual of v, € Y
@ R(up,) € X', the misfit of uy, in the weak formulation:

T
<R(Uh'r)u V) = / (fa V) - <81‘Uh—r, V> - (VUhT, VV) dt
0
@ dual norm of the residual

IR(up )| x == sup  (R(upr), V)
veX,|lvlx=1

Y norm error is the dual X norm of the residual + IC error

lu— unr 1% = [IR(unr) % + lluo — unr(0)12
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWw, VV) = (Orp, V) VveEH(Q) = IIVW*szllarsalliq(Q)
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),

(YW, VV) = (D1, V) WeHY(Q) = [IVWalP=[10rlZ-1

o using [y 2(dp, ¢) dt = [|lp(T)|]2 - [|(0)|? gives
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),

(YW, VV) = (Drp, v)  WWeHH(Q) = [YWl?=10rlF-1 (g

o using [y 2(dp, ¢) dt = [|lp(T)|]2 - [|(0)|? gives
T 2
[ sup /<8ts0,v>+(V<p,VV)df
0

veX, [lv)x=1
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWe, VV) = (010, V) WVEH(Q) = [Vl P=[|0r0l13 1)
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWe, VV) = (010, V) WVEH(Q) = [Vl P=[|0r0l13 1)

o using [y 2(dp, ¢) dt = [|lp(T)|]2 - [|(0)|? gives

[ sup /()T(V(W*Jr(p),Vv)dt

veX, [lv)x=1

= |lws + ollx

erc

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for parabolic problems 8 /24



| Error & res. CG-DG & Radaurec. Y norm Reliability Efficiency C

Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWe, VV) = (010, V) WVEH(Q) = [Vl P=[|0r0l13 1)

o using [y 2(dp, ¢) dt = [|lp(T)|]2 - [|(0)|? gives

[ sup /()T(V(W*Jr(p),Vv)dt

veX, [lv)x=1

)
— W, + oll3 = /O IV (W + )P dt
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(Vw, VV) = (O, V) WeH(Q) = | VWl P =10rollF-1(q

o using [y 2(dp, ¢) dt = [|lp(T)|]2 - [|(0)|? gives
T 2
[ sup /<8t¢,V>+(Vs0,VV)dT
0

veX, |lvix=1
2 T 2
— W, + oll3 = /O IV (W + )P dt

)
— /O VW2 + 2(Vwe, Vo) + [Vl P dt
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),

(YW, VV) = (9o, V) WveHI(Q) = [V W= 10r]1F-1(q

o using [y 2(dp, ¢) dt = [|lp(T)|]2 - [|(0)|? gives
T 2
[ sup /<8ts0,v>+(V<p,VV)df
0

veX, |lvix=1
2 T 2
— W, + oll3 = /O IV (W + )P dt

)
— / VW2 + 2(Vwe, Vo) + [Vl P dt
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(Vw., VV) = (O, v) WEH(Q) = VWl P=0r0]1Z-1
@ using [, 2(dip. ¢) dt = [|p(T)|]2 - [|(0)|? gives

2
.
[ sup /<8t¢,V>+(Vs0,VV)dT

0

veX, |lvix=1
2 T 2
— W, + oll3 = /O IV (W + )P dt
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/ 10eellfi-1(q) + 200k, ) + IV ol|? dt = [l —lo(0)]Z

erc

A. Ern, |. Smears, and M. Vohralik A posteriori estimates for parabolic problems 8 /24



O Introduction

O Equivalence between error and dual norm of the residual
© High-order discretization & Radau reconstruction

O Results in the Y norm & missing Galerkin orthogonality
O Guaranteed upper bound

O Local space-time efficiency and robustness

O Conclusions and future directions




| Error & res. CG-DG & Radaurec. Y norm Reliability Efficiency C

High-order space-time discretization

CG in space & DG in time
@ p-degree continuous piecewise polynomials in space

VI = {vh € H{(Q), Vhlx € Pp(K) YKeT"}
@ g-degree discontinuous piecewise polynomials in time

Qqn (In; V') := { V-valued pols of degree at most g, over I}

-
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High-order space-time discretization

CG in space & DG in time
@ p-degree continuous piecewise polynomials in space

VI = {vh € H{(Q), Vhlx € Pp(K) YKeT"}
@ g-degree discontinuous piecewise polynomials in time
Qqn (In; V') := { V-valued pols of degree at most g, over I}
High-order discretization

Find up,|), € Qq,(In; V) with up,(0) = Muup such that

/(atuhTJ VhT) + (vuhT7 vVh7') dt — ((]UhTI)n—h VhT(tf—7t1 ))

In

- /(f, Ve )dt  Yvh € Qg VE)  ¥1<n<N.
In

-
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Approximate solution and Radau reconstruction

—.
Unr

Approximate solution - o

X Uup, is a piecewise discontinuous polynomial in time
X up/ Y = impossible to estimate ||u—up. ||y

-
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Approximate solution and Radau reconstruction

—.
Unr
—e

Approximate solution o

X Uup. is a piecewise discontinuous polynomial in time
X up-</ Y = impossible to estimate ||u—up. ||y

. Upr Iuh‘r
Radau reconstruction

@ Tup €Y, Tup|;, € Qg1 (I Vf) (Makridakis—Nochetto)

-
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Approximate solution and Radau reconstruction

e
Unr
—e

Approximate solution o
X Uup. is a piecewise discontinuous polynomial in time

X up-</ Y = impossible to estimate ||u—up. ||y

) Uhr Zupr
Radau reconstruction

@ Tup €Y, Tup|;, € Qg1 (I Vf) (Makridakis—Nochetto)

/(()IIUhTa Vh7)+(vuhT7 vVf‘)T) dt:/ (fa VhT)dt V Vs € Qqn(ln; Vl?)

In In

-
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Approximate solution and Radau reconstruction

e
Unr
—e

Approximate solution o

X Uup. is a piecewise discontinuous polynomial in time
X up-</ Y = impossible to estimate ||u—up. ||y

) Uhr Zupr
Radau reconstruction

@ Tup €Y, Tup|;, € Qg1 (I Vf) (Makridakis—Nochetto)

/(()IIUhTa Vh7)+(vuhT7 vVf‘)T) dt:/ (fa VhT) dt Vwvp € Qqn(ln; Vl?)
In In
v Tup, € Y = error |[u— Zuy, ||y (extension of Verflrth &

Bergam—Bernardi—Mghazli) e ™
&zua,~ o
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Results in the Y norm

Theorem (Reliability in the Y norm)

Suppose no data oscillation for simplicity. Then, for any
onr € L2(0, T; H(div, Q)) with V-o, = f — 0;Zup,, there holds

i
lu = Tup |3 < / lohr + VZupy |2 dt.
0

,,,,,,,,,,, e ‘erc
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Proof of the upper bound

@ equivalence error-residual (no error in the initial condition):

lu—Zup|ly = sup (R(Zup), V)
veX, [[vllx=1
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Proof of the upper bound

@ equivalence error-residual (no error in the initial condition):
|U—Zup|ly = sup (R(Zun),V)
veX, vl x=1
@ Green theorem

e
| @b VZuy) + (V-0 Ty dt = 0
0
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Proof of the upper bound

@ equivalence error-residual (no error in the initial condition):

|U—Zup:|ly = sup  (R(Zup:),V)
veX,|lv] x=1
@ Green theorem

e
| @b VZuy) + (V-0 Ty dt = 0
0

@ residual definition, Cauchy—Schwarz inequality:

(R(Zup,), V) :/OT(f, V)—(0iZup,, v)—(VZup,, Vv)dt

T

:/ (f—@tIUhT—V'O'hT, V)—(VIUhT—i-O'hT,VV) dt
0 TV
=0

T 1
<{ [ om+9Zune | at} e
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
For suitable o, there holds

[ 19+ VTun B dt < Cirllu=Tun gy V1< n<N.

X local-in-time but global-in-space only (as in Verflrth &
Bergam—Bernardi—Mghazli)

-
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
For suitable o, there holds

[ 19+ VTun B dt < Cirllu=Tun gy V1< n<N.

X local-in-time but global-in-space only (as in Verflrth &
Bergam—Bernardi—Mghazli)

Reason
X Zup misses the Galerkin orthogonality:

JF-thr) = @0 ) = (T701 5 oy )it 0 Wi € Qi V)
In
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Efficiency
For suitable o, there holds

[ 19+ VTun B dt < Cirllu=Tun gy V1< n<N.

X local-in-time but global-in-space only (as in Verflrth &
Bergam—Bernardi—Mghazli)

Reason
X Zup misses the Galerkin orthogonality:

/(fvth)_(atIUthVhT)_(VZUhT’VVhT)dt Z/(V(UhTIUhT)VVhT)dt V Ve

In In
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Global efficiency ~ missing Galerkin orthogonality

Efficiency
For suitable o, there holds

[ 19+ VTun B dt < Cirllu=Tun gy V1< n<N.

X local-in-time but global-in-space only (as in Verflrth &
Bergam—Bernardi—Mghazli)

Reason

X Zup misses the Galerkin orthogonality:

/(fvth)_(atIUthVhT)_(VZUhT’VVhT)dt Z/(V(UhTIUhT)VVhT)dt V Ve
In In
v/ the misfit is known: up, — Zup,

,,,,,,,,,,, e ‘erc
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Remedy

Augmented norm

e augment the norm: ||v|2 =|Zv|5+[lv—Zv|%, vE Y+ Vp,
e lu=u=

HU* Unr

g, = lu—Zun I + |lun — Zup %
N———
known, computable

@ we are adding to Y norm the time jumps in X norm
(Schétzau—Wihler):

b — Tonm Iy = /, IV (Unr — Tun)[2dt

Tn(Qn+1
- %”unmbnq 2

-

&1/7 ..... — ‘erc
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Equivalence between the Y and £y norms

Theorem (Global equivalence)

Suppose no source term oscillation or no coarsening. Then
there holds

U —Zup|ly < ||u— Uprlle, < 3|lU—Zup|ly

@ the two norms ||-[|y and |[|-|¢, still may differ locally

@ in general, an additional source term oscillation or
coarsening term appears

-

&1/7 ..... — ‘erc
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@ refinement & coarsening can also involve changing
polynomial degrees

- 4
A e




Handling mesh adaptivity

AN r
AN\

NP

Wa Wa

@ refinement & coarsening can also involve changing
polynomial degrees - T A

‘ ;zmzz'mzlamm' QA
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Handling mesh adaptivity

AN
A‘ﬂk B}

Wa
@ refinement & coarsening can also involve changing
polynomial degrees

 AEmiSmeasandMVohralk A posteriri estimates for parabolic problems 1624




| Error & res. CG-DG & Radaurec. Y norm Reliability Efficiency C

Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)
For each time-step interval /, and for each vertex a € 1", let

an ._ i 2
o2 — arg min J1vn+vavun |, at.
vhe Vh;— In

V -Vh=va(f—0tZup, )—Vpa-VUp,

-

&1/7 ..... - ‘erc
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)
For each time-step interval /, and for each vertex a € 1", let

an i 2
o2 — arg min J1vn+vavun |, at.
vhe Vh;— In
V -Vh=va(f—0tZup, )—Vpa-VUp,
Then set N

) a,n

Ohr = Z Thr -

n=1aey"

-
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval /, and for each vertex a < V", let

an 1 2
o2 — arg min J1vn+vavun |, at.
vhe Vh;— In
V -Vh=va(f—0tZup, )—Vpa-VUp,

Then set N
. a,n
Ohr — Z Thr -

n=1aeyn
Comments

v satisfies oy, € L2(0, T;H(div, Q)) with V-op, = f — 0;Zup,
@ works on the common refinement 72 of the patch wa

X a priori a local space-time problem, V7" := 9, (In; VZ'")
v actually uncouples to gy, elliptic problems posed in V2"

,,,,,,,,,,,  metenstis
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Guaranteed upper bound

Theorem (Guaranteed upper bound)

In the absence of data oscillation, there holds

N
||U_Uh7'||§y < Z Z /I||0'h7-+VIUhT||%(+||V(UhT—ZUhT)||%(dt-
n=1KeTn* "

-
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Guaranteed upper bound

Theorem (Guaranteed upper bound)

In the absence of data oscillation, there holds

N
||U_Uh7'||<%y < Z Z /l||0hr+VIUhr||%<+||V(UhT—IUhT)||%<dt-
n=1KeTn* "

Data oscillation
@ initial condition
Nose,init = ||Uo — MpUo|
@ temporal oscillation of the source term
Nose,r (1) = [[F(t) = £ (1)l 51 (q)
@ spatial oscillation of the source term

3 2
Mosen() = > Sl — e (D)%
KeTn &;/7 ,,,,, P— ‘erc
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Local space-time efficiency and robustness

Local error contributions
U — UnePan = [ 100U —Zun)I3 1, + IV(U—Zup,)|?, dt
EY ln ( a)

4 / 19 (U — Zupy) |, dt

n
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Local space-time efficiency and robustness

Local error contributions
0= tnelZyr = [ 100 =Tun )+ 90 = T 2, o
+/||V(uhT—IuhT)llia dt

n

recall

T T
lu— up |13, = /0 10e(u = Zup )2, ) dt + /O IV(u = Zun)|* dt

i
4 / I (Unr — Tun,)|2dt
0
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Local space-time efficiency and robustness

Local error contributions

u— Uhr@?n = /IHat(U _IuhT)HiI*‘(Lua) +[IV(u — Zup,)|I?, dt

[

+/||V(uhT—IuhT)llia dt

n

Theorem (Local space-time efficiency and robustness)

For each time-step interval I, and for each element K € 7",
there holds, in the absence of data oscillation,

/ ot 4+ Tt e+ 19 (e ~ T3t < o 3 i trlZg
acVyg
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Local space-time efficiency and robustness

Local error contributions

0=t Byn = [ 1= Tun )+ 9= Tum) P, dt

IV (Un, — Zup,)|?, dt

n

Theorem (Local space-time efficiency and robustness)

For each time-step interval I, and for each element K € 7",
there holds, in the absence of data oscillation,

/ ot 4+ Tt e+ 19 (e ~ T3t < o 3 i trlZg

acVyg

Comments
v local in space and time

v Cer Only depends on shape regularity = robustness w.r.t
the final time T and the polynomial degrees p and q
7/ no restriction on coarsening between 77" and 7"

A. Ern, I. Smears, and M. Vohralik A posteriori estimates for parabolic problems 19 /24
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Fundamental results on a reference tetrahedron

Bounded right inverse of the divergence operator

@ polynomial volume data
@ Costabel & MciIntosh (2010):

Let K € T and r € Pp(K). Then there exists £, « RTN,(K) s.t.
V-&p=rand

1€nllk < Cllrlly-1x) = sup (r,v)k.
veH (K), [V V]lx=1

rd i

,,,,,,,,,,, e erc
Vo R PPy ] —

L2 —
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Fundamental results on a reference tetrahedron

Bounded right inverse of the divergence operator
@ polynomial volume data
@ Costabel & MciIntosh (2010):

Let K € T and r € Pp(K). Then there exists £, « RTN,(K) s.t.
V-&p=rand

1€nllk < Cllrlly-1x) = sup (r,v)k.
veH (K), [V V]lx=1

Polynomial extensions in H(div)

@ polynomial boundary data
@ Demkowicz, Gopalakrishnan, Schéberl (2012):

Let K € T and r € Pp(Fi) satistying (r,1)sx = 0. Then there
exists £, € RTN,(K) s.t. §p-ng =ron 0K, V-, =0in K, and

1€nllc < Clirll 12000 = Sup (r, v)ok-
veH' (K), [[Vvilk=1 ... erc
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General result on a physical tetrahedron

Lemma (H(div) polynomial extension on a tetrahedron)

LetK € T, 7 C Fk. Letr € Pp(FR) x Po(K), satisfying
> Fer (rF1)F = (rk, 1)k if Fi¢ = Fx. Then for C = C(rk) > 0,

min Vv <C min |v
v,,eRTNp(K)” hHK - veH(div,K) “ HK
Vp-Ng=IF VFE]‘-}}I V-Ng=rF VFG]'-E
V-Vp=rg V-v=rg

-
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General result on a physical tetrahedron

Lemma (H(div) polynomial extension on a tetrahedron)

LetK € T, 7 C Fk. Letr € Pp(FR) x Po(K), satisfying
> Fer (rF1)F = (rk, 1)k if Fi¢ = Fx. Then for C = C(rk) > 0,

min v < C min Vv
vl =€ _min Vil

VLRERTN)( veH(div
Vp-Ng=IF VFE]‘-}}I V-Nk=IF VFG]'-}\(I
V-Vvp=rg V-v=rk
Context
—Alk = rx in K,
—Vik-nk = IF onall F ¢ 7§,

(k=0 onall F € Fi \ Fx.

Seté&k =-Vik. /o - e

2R e
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General result on a physical tetrahedron

Lemma (H(div) polynomial extension on a tetrahedron)

LetK € T, 7 C Fk. Letr € Pp(FR) x Po(K), satisfying
> Fer (e 1)F = (rk, 1)k if Fi§ = Fk. Then for C = C(rk) >0

MFEs

= min v <C m|n Vl|xk =C
lénnll "= min Vall < C_min V] = Clléxlx
Vp-Ng=IF VFE]‘-}}I V-Ng= I'F VFG.FN
V-Vp=rg V-v=rk
Context
—Alk = rx in K,
—Vik-nk = e onall F ¢ 7§,
(k=0 onall F € Fi \ Fx.
Set £K = _VCK ,,,,,,,,,,, y 2 erc
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Stable broken H(div) polynomial extension on a patch

@ Braess, Pillwein, & Schéberl (2009), 2D
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Stable broken H(div) polynomial extension on a patch

@ Braess, Pillwein, & Schéberl (2009), 2D
@ Ern & V. (2016), 3D

@ Ern, Smears, & V. (2017), 2-3D, patches with
subrefinement

T Ta,n

Wa, Wa

-
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Conclusions and future directions

Conclusions

v/ local space-time efficiency is possible (adding the time
jumps to the Y-norm error)

v robustness with respect to both spatial and temporal
polynomial degree
v/ arbitrarily large coarsening allowed

-
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Conclusions and future directions

Conclusions
v/ local space-time efficiency is possible (adding the time
jumps to the Y-norm error)

v robustness with respect to both spatial and temporal
polynomial degree

v arbitrarily large coarsening allowed
Future directions

@ estimates in the X norm
@ nonlinear problems

-
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