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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN— RN, vector F e RN: find U € RN s.t.

A(U) = F

B
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k :=1.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,
Q@ O SetUKC:=UkTandi:=1.

eeeeeee
v

PV

Martin Vohralik Adaptive inexact Newton methods and multi-phase flows




| Adapt. inex. Newton Two-phase flow Multi-phase flow C

Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,

Q O SetU®=U'andi:=1. ,
@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

Ak71 Uk,i _ Fk71 . Rk’i.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)

@ Choose initial vector U°. Set k := 1.

Q@ UK = matrix A" and vector F*': find U” s.t.
AR-TUK ~ FR1

Q O SetU®=U'andi:=1. ,

@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

Ak71 Uk,i _ Fk71 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)

@ Choose initial vector U°. Set k := 1.
@ UK = matrix Ak—1 and vector F¥—: find U* s.t
ARk~ PR,
Q@ O SetU0:=U"andi:=1.
@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)
Ak71 Uk,i _ Fk71 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.

© Convergence? OK = finish. KO = k := k+ 1, backto 2. | _.
T
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Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F

ematics
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?

Question (Error)

@ How big is the error ||u — u,’j” || on Newton step k and
algebraic solver step i, how is it distributed? |
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Previous results

Inexact Newton method

@ Eisenstat and Walker (1990’s) (conception, convergence, a
priori error estimates)
@ Moret (1989) (discrete a posteriori error estimates)
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Previous results

Inexact Newton method

@ Eisenstat and Walker (1990’s) (conception, convergence, a
priori error estimates)
@ Moret (1989) (discrete a posteriori error estimates)
Adaptive inexact Newton method
@ Bank and Rose (1982), combination with multigrid
@ Hackbusch and Reusken (1989), damping and multigrid
@ Deuflhard (1990’s, 2004 book), adaptivity
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Previous results

Inexact Newton method
@ Eisenstat and Walker (1990’s) (conception, convergence, a
priori error estimates)
@ Moret (1989) (discrete a posteriori error estimates)
Adaptive inexact Newton method
@ Bank and Rose (1982), combination with multigrid
@ Hackbusch and Reusken (1989), damping and multigrid
@ Deuflhard (1990’s, 2004 book), adaptivity
Stopping criteria for algebraic solvers
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid
stopping criterion
@ Arioli (2000’s), comparison of the algebraic and .
discretization errors h’”’z
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Previous results

A posteriori error estimates for numerical discretizations
of nonlinear problems

@ Ladeveéze (since 1990’s), guaranteed upper bound

@ Han (1994), general framework

@ Verfirth (1994), residual estimates

@ Carstensen and Klose (2003), guaranteed estimates

@ Chaillou and Suri (2006, 2007), distinguishing
discretization and linearization errors

@ Kim (2007), guaranteed estimates, locally conservative
methods
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Outline

Estimate Stoping criteria & efficiency Appl. & num. res.

Q Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results
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_ Estimate Stoping criteria & efficiency Appl. & num. res.
Quasi-linear elliptic problem

Quasi-linear elliptic problem
—Vo(u,Vu)=f in Q,
u=20 on 0N
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem

o(v,6) =A(£)¢  VEeR?
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem
o(v.6) = A()¢  VEER?
° p>1,q:= 52, feLYQ)
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem
o(v.6) = A()¢  VEER?

° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
a(v.€) =A(V)E  V(v.§) eRx R
@ Leray—Lions problem
o(v.6) = A()¢  VEER?
° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
Nonlinear operator A: V .= W, P(Q) — V'
(A(u), vy v = (o(u,Vu),Vv)
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(u,Vu)=f in Q,
u=0 on 012
@ quasi-linear diffusion problem
o(v,&) =A(v)¢  Y(v,£) e R xRY
@ Leray—Lions problem
a(v.€) =A()¢  VEeR?
° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
Nonlinear operator A: V .= W, P(Q) — V'
(A(u), vy v = (o(u,Vu),Vv)
Weak formulation

Find v € V such that A(u) = fin V' ;’ B
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Approximate solution and error measure

Approximate solution
° u,’;’i e V(Tn) ¢ V, u,’j”' not necessarily in V
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Approximate solution and error measure

Approximate solution

° UZ" e V(Th) ¢ V, u,’?" not necessarily in V
® V(Th) :={v € LP(Q), vk € W'P(K) VK € Th}

Ve
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Approximate solution and error measure

Approximate solution

° u,’;" e V(Tn) ¢ V, u,’?" not necessarily in V

° V(Tp) :=={velP(Q), vk e WPK) VKeTh}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur"), Vo) + Tunc(up)

peV; [ Vellp=1 1

Tuxc(Up) =4 3" 3" A9 u - uf il e

KeTh ecék
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Approximate solution and error measure

Approximate solution

° u’g" e V(Tn) ¢ V, u,’?" not necessarily in V

° V(Tp) :=={velP(Q), vk e WPK) VKeTh}
Error measure

ju(u,'j’i) = sup (a(u,Vu)—a(ug’i,Vug’i),Vap)+‘7u,Nc(uz”')

peV; [ Vellp=1 1

Tunc(uy) =4 37 S A [u— ugTIIg

KeTr ecEx

@ dual norm of the residual + nonconformity
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Approximate solution and error measure

Approximate solution

° u’g" e V(Tn) ¢ V, u,’?" not necessarily in V

° V(Tp) :=={velP(Q), vk e WPK) VKeTh}
Error measure

ju(u,’j’i) = sup (a(u,Vu)—a(ug’i,Vug’i),V«p)+‘7u,Nc(uz”')

peV; [ Vellp=1 1

K,iy . 1— K,i
Junc(uy') = Z Z he [y — up'Tlde
KeTh ectx

@ dual norm of the residual + nonconformity
e there holds .7, (1)) — 0 if and only if v — v/’

Ve
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Approximate solution and error measure

Approximate solution

° u’g" e V(Tn) ¢ V, u,’?" not necessarily in V

° V(Tp) :=={velP(Q), vk e WPK) VKeTh}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur"), Vo) + Tunc(up)

eeVi|IVelp=1 )

Tunc(uy) =4 37 S A [u— ugTIIg

KeTr ecEx

@ dual norm of the residual + nonconformity
@ there holds 7,(u, ) = Oifandonlyif v = u,
@ link: strong difference of the fluxes + nonconformity

K,i

..................
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@ A guaranteed a posteriori error estimate
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A posteriori error estimate

Assumption A (Total quasi-equilibrated flux reconstruction)

There exists a flux reconstruction tﬁ”’ € HY9(div, Q) and an

algebraic remainder pf,’i € L9(Q) such that
ki

with the data approximation f, s.t. (fn, 1)k = (f,1)x VK € Tp.

.......
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A posteriori error estimate

Assumption A (Total quasi-equilibrated flux reconstruction)

There exists a flux reconstruction tﬁ”’ € HY9(div, Q) and an
algebraic remainder p!' € L9(Q) such that

Vs =ty — py’,
with the data approximation f, s.t. (fn, 1)k = (f,1)x VK € Tp.

Theorem (A guaranteed a posteriori error estimate)

Let
@ u € V be the weak solution,

° u,’j” € V(Tn) be arbitrary,
@ Assumption A hold.

Martin Vohralik Adaptive inexact Newton methods and multi-phase flows
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A posteriori error estimate

Assumption A (Total quasi-equilibrated flux reconstruction)

There exists a flux reconstruction tﬁ”' € HY9(div, Q) and an
algebraic remainder p!' € L9(Q) such that

Vs =ty — py’,
with the data approximation f, s.t. (fn, 1)k = (f,1)x VK € Tp.

Theorem (A guaranteed a posteriori error estimate)

Let
@ u € V be the weak solution,

° u,’j" € V(Tn) be arbitrary,
@ Assumption A hold.
Then there holds

Py
jU(Uh’I)ﬁnk’I;. | |
where 7/ is fully computable from uf’, &', and pl¢'.

o
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Distinguishing error components

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxes di” 11 a¥" e [L9(Q)]9 such that
N ki pkii | ok ki

(i) dpy” + 1, +a," =t |

(i) as the linear solver converges, Haﬁ”Hq — 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.
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Distinguishing error components

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxes di” 11 a¥" e [L9(Q)]9 such that
N ki pkii | ok ki

(i) dpy” + 1, +a," =t |

(i) as the linear solver converges, Haﬁ”Hq — 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.

Comments

° dg”: discretization flux reconstruction
o IX: linearization error flux reconstruction

e a\’: algebraic error flux reconstruction

L d
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.

L d
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.
Then there holds

K,i ki ._ ki K, ki K, i K,i ki
ju(uh ) S n T ,/disc + Min + ”ulg + Them + nquad + Tosc

L d
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Estimators

@ discretization estimator

1
q
k Tk dri 1— K,i
77d1sIcK 2vr ||0'hl + hl||q,K+ Z he q”[[uh I]]Hg,e
ecéy
@ linearization estimator L L
Mink = Iy lg.k
@ algebraic estimator | . Y
Nag k= l1@n" gk
@ algebraic remainder Est/mator
nremK hQ”ph ||q7
@ quadrature eitimator &
—k,i
nquddK ||O'(Uh ,VU ) ||q,
@ data oscillation est/mator
nosc K- CP,PhKHf - fh”q,K
1/q
ki . _ ki\a
° n T Z (naK ) 2 Informatics g mathematics
KeTh V2% 77 5
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@ Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

O Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Application to multi-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Conclusions and future directions
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Stopping criteria

Global stopping criteria

@ stop whenever:

ki ki ki
Them > < “Yrem max{ndlsc’ nhn ) nalg}’

k,i
77dlg < Talg max{ndmc’ 7711n }
771i1; < ’ylinnd{sc

@ Yrem; Valg, Nin ~ 0.1

v d
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Stopping criteria

Estimate Stoping criteria & efficiency Appl. & num. res.

Global stopping criteria

@ stop whenever:
K,i
nrem

ki
,/ulg <

ki _
Min =

@ Yrem; Valg; Nin ~2 0.1
Local stopping criteria
@ stop whenever:

k,i k,i

k,i
< VYrem max{ndlsw nhn ) nalg }

Talg max{’/dlsL r/]m }’

ki
MinT]gisc

K,i
nrem K S Yrem,K max{ndlsc K> Ulm K> nalg K} VK € Tp,
7]allg,K = Talg, K max{ndi’sc.K nlm K} VK € Th,
ki ki
Thin, K < Nin, K gisc, K VK € Tp )

° Yrem,K > Valg,K > Nin,K =~ 0.1
Martin Vohralik
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Assumption for efficiency

Assumption C (Approximation property)
For all K € Tp, there holds

—k,i k,i k,i ki
HUh + dh q,K S nﬁ,‘IK + nosc,IK’

where

ki | —k,i ki
mae =3 3 Wl +Vayld e+ Y helllay nelllde
K'eXk ee@i}?

Q-

1—qy . ki
+ Z he qu[uh I]]Hg,e

eclk

L d
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Global efficiency

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping
criteria hold.

L d
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Global efficiency

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that J,(uf™") < k.

L d
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Global efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

K.
n ! rg ju( )+nquad+nosc7

where < means up to a constant independent of o and q.

L d
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Global efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

K.
n ! rg ju( )+nquad+nosc7

where < means up to a constant independent of o and q.

@ robustness with respect to the nonlinearity thanks to the
choice of the dual norm as error measure

L d
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Local efficiency

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold.

L d
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Local efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,‘IK(uh ) + nquad,TK + nosc,‘IK

forall K € T.
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Local efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,‘IK(Uh ) + nquad,TK + nosc,‘IK

forall K € T.

@ robustness and local efficiency for an upper bound on the
dual norm
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@ Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
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@ Application and numerical results

O Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Application to multi-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Conclusions and future directions
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Algebraic error flux reconstruction and remainder

. k,i k,i
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have

Ak_1 Uk’i _ Fk—1 o Rk’i.
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Algebraic error flux reconstruction and remainder

. k,i k,i
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have

Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding

Ak71 Uk,i+l/ — ka1 o Rk,iJru

L d
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Algebraic error flux reconstruction and remainder

. k,i k,i
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have

Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Ak71 Uk,iJrl/ _ Fk71 _ Rk,/+u_

@ Construct the function ;" from the algebraic residual
vector R+ (lifting into appropriate discrete space).
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Algebraic error flux reconstruction and remainder

. k,i ki
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have
Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Ak71 Uk,i+n _ Fk71 o Rk,/+u_

@ Construct the function ;" from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions d’, I¥” on each algebraic step.

L d
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Algebraic error flux reconstruction and remainder

. k,i k,i
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have

Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Ak71 Uk,iJrl/ _ Fk71 _ Rk,/+u_

@ Construct the function ;" from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions d',ﬁ”, I',§” on each algebraic step. Then set

aﬁ({i — (d/f(].f+1/ Jr IZ./«H,/) - (d/;ll Jr I;(]I)
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Algebraic error flux reconstruction and remainder

Construction of a;” and p}”

@ On linearization step k and algebraic step /i, we have
Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Ak71 Uk,i+n _ Fk71 o Rk,/+u_

@ Construct the function /' from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ Suppose we can obtam discretization and linearization flux
reconstructions d ! I / on each algebraic step. Then set

aﬁ({/ - (dk i+v + Ik /+1/) (dl;ll + I/;]I)

@ Independent of the algebraic solver. s’ B
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Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj such that

(O'(Vuh), VVh) = (fh, Vh) Yvp € Vp.
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Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj, such that

(O'(Vuh), VVh) = (fh, Vh) Yvp € Vp.

(*] O'(VUh) = \Vuh\P*Vuh

@ Vj, the Crouzeix—Raviart space

@ fn:=Tpf

@ leads to the system of nonlinear algebraic equations

A(U) = F

L d
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Linearization
Find uf € Vi such that

(X UVUE), Vibe) = (fn,0e) Ve e &M

ud € Vj, yields the initial vector U°
fixed-point linearization

o (&) = [Vup P
Newton linearization
(&) = [Vuy P PE+ (p—2)| Vs P
(Vug ' @ Ve (€ - Vui)
leads to the system of

Ak—Tyk = pk-1 A
&LW
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Linearization

Linearization
Find v} € V, such that

(" (VuR), Vipe) = (i, tbe) Ve € M,

e u? € V), yields the initial vector U°
@ fixed-point linearization

k(&) = |Vuf TP
@ Newton linearization
oK) = [Vuf T PEe + (p— 2)|Vup ! P
(VU o vuk—") (¢ - vul )

@ leads to the system of linear algebraic equations

AK-Tyk = Fk=1 7 e
Crsia
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Algebraic solution

Algebraic solution
Find u,’j” € V,, such that

("1 (VUE"), Vi) = (fa ) — RET Ve e &l

v d
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Algebraic solution

Algebralc solution
Find uh € V}, such that

(" (Vug"), Vibe) = (fnt0e) — RET Ve &
@ algebraic residual vector A%/ = {R'g”'}eegzm
@ discrete system

Ak 1uk Fk 1 Rk’i

rd
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Flux reconstructions

Definition (Construction of (d + 117
For all K € Tp,
(A o (T P )5 T

. eclx
where, R&" = (fo, 00e) — (X (VUl'), Vye) Ve e &M,

(x—x |

eeeeeee
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Flux reconstructions

Definition (Construction of (d + 117

For all K € T,
R/(I

AN [ = — o (T 4 K (¢ (x—x
( h+h )|K (e ( h )|K+ d ( K eezgd|De| K)|Ke7

(Fa, o) — (1 (VUE), Vipe) Ve € &M

where, RS’ =

Definition (Construction of dﬁ”)

For all K € T,

ki K,i fh\
dh ‘K S O'(VUh )’K—i_ d g; d’D ‘ X XK)‘KQ,
where BE" = (fy, ve) — (a(vU,T"), Vie) Vee &,

ematics
—
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Flux reconstructions

Definition (Construction of (d + 117

For all K € T, .
, R i

dk’+lk’ = — k(v +M X—X (X—x |

( )| ( h )|K d ( K e%;d|De| K)|Ke

where, R&" = (fo, 00e) — (X (VUl'), Vye) Ve e &M,

Definition (Construction of dﬁ”)

For all K € T,

ki K,i fh\
dh ‘K S O'(VUh )’K—i_ d g; d’D ‘ X XK)‘KQ,
where BE" = (fy, ve) — (a(vU,T"), Vie) Vee &,

Definition (Construction of &%)

Set ?Z,/ — O'(VU,/; ) ConSeqUenHYs quad

K:OforaIIKeTh.

Martin Vohralik Adaptive inexact Newton methods and multi-phase flows
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Verification of the assumptions — upper bound

Lemma (Assumptions A and B)

Assumptions A and B hold.

Martin Vohralik Adaptive inexact Newton methods and multi-phase flows



| Adapt. inex. Newton Two-phase flow Multi-phase flow C Estimate Stoping criteria & efficiency Appl. & num. res.

Verification of the assumptions — upper bound

Lemma (Assumptions A and B)
Assumptions A and B hold.

Comments
@ [|al’]|q.k — 0 as the linear solver converges by definition.
@ |14,k — O as the nonlinear solver converges by the
construction of I’,‘,”.
@ Both (d}' + 1) and d' belong to RTNo(S) =
a’’ € RTNy(Sh) and tf" € RTN(Sp).

L d
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Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.

L d
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Verification of the assumptions — efficiency

Lemma (Assumption C)
Assumption C holds.

Comments

e d' close to o(Vu')
@ approximation properties of Raviart—-Thomas—Nédélec
spaces
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

L d
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations

@ fixed point
@ Newton

L d
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations
@ fixed point
@ Newton

Linear solvers

@ independent of the linear solver

L d
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations
@ fixed point
@ Newton

Linear solvers

@ independent of the linear solver

L d
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Numerical experiment |

Model problem
@ p-Laplacian
V-(|VulP2vVu)=f inQ,
u=up onoQ2

@ weak solution (used to impose the Dirichlet BC)

p

1 1)2 112\ 200 1(1)P 7
U(X,}’):—pT((X—é) +-3) ) +pT<§>
@ tested values p=1.5and 10
@ nonconforming finite elements

L d
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Analytical and approximate solutions

0.04 0.4
0.02 03
0 0.2
-0.02 0.1
-0.04 o
-0.06 01

Casep=15 Casep=10

L d
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Error and estimators as a function of CG iterations,
p = 1.5, 6th level mesh, 1st Newton step.

Algebraic iteration

Newton

40 60 80 100
Algebraic iteration

ad. inexact Newton

inexact Newton
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Error and estimators as a function of Newton
iterations, p = 1.5, 6th level mesh

10 10" T T T T T T T T T 10
10 — — m’z -
510° - - g0k 4 5 1
5 5 5
a0 | 4 By 4 8
—A— disc. est.
~—4—lin. est.
ol L1 ) S N Y N B 107 |
0 2 4 6 8 10 12 14 16 18 20 0 50 100 150 200 250 300 350 400 450 500 550 1 2 3
Newton iteration Newton iteration Newton iteration
Newton inexact Newton ad. inexact Newton
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Error and estimators, p = 1.5

—e—erorup

£ —A—dif. flux est.[{
w2l i . [ —&—nonc. est. ||
107 - \ 7 107 ——lin.est. ||

—*—alg. est.

Dual error

5

5

T

L

Dual error

Dual error

P I L ol il potl
10 10 10

10° 10°
Number of faces Number of faces

Newton inexact Newton ad. inexact Newton

10°
Number of faces
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Effectivity indices, p = 1.5

-

L e e L R e AL 1 L e e e ) e AL T

—a—effectivity ind. up
145 effectivity ind. low
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T
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Upper and lower dual error effectivity indices
5 e
g &
T T
| |
Upper and lower dual error effectivity indices

115

- - - - I = -

105
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Newton and algebraic iterations, p = 1.5

E[—=—fun

E 3 10" T o
E o T E E == El
inex 3 - —e—inex
[-[——adapt. inex. 4 . —A—adapt. inex.

Number of Newton
Number of algebraic solver iterations

Total number of algebraic solve

P T R R 1 | I |
3 4 5 6 10° 10' 10° 10° 1 2 3 4
Refinement level Newton iteration Refinement level

Newton it. / refinement alg. it. / Newton step  alg. it. / refinement

|
5 6

2
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Numerical experiment I

Model problem
@ p-Laplacian

V-(|VulP2vVu)=f inQ,
u=up ono

@ weak solution (used to impose the Dirichlet BC)
u(r,0) = rs sin(6%)

@ p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
@ nonconforming finite elements

L d
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Error distribution on an adaptively refined mesh

\\\\\\ R

Nﬂ\\/

() % “‘v'ﬂ\

S
() A\ \\ \1" ’

‘\/

4»“‘\2{

o ()

Estimated error distribution
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Estimated and actual errors and the effectivity index

LA e o e e ) e T T T T T T OO IO
3 [—e—error up un. ] —=— effectivity ind. up un.
7 | A dif. flux est. un. = effectivity ind. low un.
= | e nonc. est. un. 2 - A -effectivity ind. up ad.
3 | —+—iin. est. un. 225 effectivity ind. low ad. |
] | —alg. est. un. =
3 | ——osc. est. un. k]
. - ® -error up ad. o o |
S I - A - dif. flux est. ad. 2
° - % -nonc. est. ad. s
R |- #-lin.est. ad. E]
e 3 |- *-alg. est. ad. D15 -
3 ]
3 [~ -osc. est. ad. 2
3
3 3
3 2
E & 1 .
1 2
E », E g
£ KN 3 > A a
07 vl vl vl el o5l wwwuu!‘g"'w‘w‘*ﬁ#’*wmm
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Energy error and overall performance

Energy error

T E 60 T
—e—energy error uniform |4 550
- 4 -energy error adaptive|] 2

2
- 3 500—

S i
TV
4 9 10 11 12 13

P Y T ERETIT R
10° 10° 10" 10° 6 7 8
Number of faces Refinement level

Energy error Overall performance

,_\
S.
-
N
w
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_ Estimate Application and numerical results
Outline

e Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

v d
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Two-phase flow in porous media

Two-phase flow in porous media

81‘(¢SO¢) + v'uoc - qu ac {H,W},
—Xa(Sw)K(VPa + pagVZ) = u,, a € {n,w},
Sh+ Sy =1,

Pn — Pw = pc(sw)
+ boundary & initial conditions

L d
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Two-phase flow in porous media

Two-phase flow in porous media

81‘(¢SO¢) + v'ua - qu ac {H,W},
—Xa(Sw)K(VPa + pagVZ) = u,, a € {n,w},
Sh+ Sy =1,

Pn— Pw = pc(sw)
+ boundary & initial conditions
Mathematical issues

@ coupled system

@ unsteady, nonlinear

@ elliptic—degenerate parabolic type
@ dominant advection

L d
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_ Estimate Application and numerical results
Global and complementary pressures

Global pressure

p(SW7pW) = Pw + / %pc(a)da

v d
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Global and complementary pressures

Global pressure
_ > (a) /
p(Sw, Pw) = Pw +/0 mpc(a)da
Complementary pressure

__ S Aw(@M(a)
q(sw) == —/0 mpc(a)da

L d
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Global and complementary pressures

Global pressure

An(@)

Sw
P(SwPu) = P /0 (@) + A

@ p.(a)da

Complementary pressure

o o Aw(@M(a)
q(sw) == —/0 mpc(a)da

Comments
@ necessary for the correct definition of the weak solution
@ equivalent Darcy velocities expressions

Uy (Sw, Pw) = — K(Aw(8w) Vi(Sw, Pw) + Va(Sw) + Aw(Sw)owgV 2),
Un(Sw, Pw) = — K(An(Sw) VP(Sw, Pw) — Va(Sw) + An(Sw)pngVZ)

L d
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Energy space

X := [2((0, T); H)())
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Weak formulation

Energy space
X .= L%((0, T); H(Q))

Definition (Weak solution (Chen 2001))
Find (sw, pw) such that, with s, :=1 — s,
sy € C([0, T; L3(R)), su(-,0) = 8%,
OrSw € LZ((O, T); (HB(Q))),
p(sw,/ow)
q(sw) €
/ { 8t ¢sa - (Ua(SW,,OW) VSO) ch }dt—

Vo e X, a € {n,w}.

&1/.; ,,,,, 7 nathematics
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Q Introduction

Q Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

e Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Application to multi-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Conclusions and future directions
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

er\Zv,pw(SW,hT7pW,hT)::{ Z { sup {<at(¢sa)_at(¢sa,h‘r)a§o>
ac{n,w}

PEX]ip: lllx), =1 1n |
3

2
- (ua(swa pw) - ua(SW,hT7pW,hT)7 v@)}dt} }

p—
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

er\Zv,pw(SW,/ﬁ'?pW,hT)::{ Z { sup {<at(¢sa)_8t(¢sa,h‘r)a§o>
ac{n,w}

PEX]ip: lllx), =1 1n |
3

2
- (ua(swa pw) - ua(SW,hT7pW,hT)7 v@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)
Let (sw, pw) be the weak solution.

eeeeeee

| —
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

jsrzv’pW(SMhﬂpW’hT)::{ Z { suh {(01(¢5a) — 01(dSapr), ©)
ac{n,w} 4P€X|Inv||<P||X\,n=1 In .
2

2
- (ua(swa pw) - ua(SW,hT7pW,hT)7 v@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy pr, Pw,n-) be arbitrary
such that p(sy pr. pw.pr) € X and q(s,, n-) € X (and satisfying
the initial and boundary conditions for simplicity).

y p—
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

jsrzv’pW(SMhﬁpW’hT)::{ Z { suh {(01(¢5a) — 01(dSapr), ©)
ac{n,w} 4P€X|Inv||<P||X\,n=1 In .
2

2
- (ua(swa pw) - ua(SW,hT7pW,hT)7 v@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy pr, Pw,n-) be arbitrary
such that p(sy pr. pw.pr) € X and q(s,, n-) € X (and satisfying
the initial and boundary conditions for simplicity). Then

||SW - SW:hT||L2((O’T);H*1(Q)) aF ||C|(SW) = q(swyhT)HB(Qx(O,T))
+ Hp(SW7pW) - p(sw,h‘rapw,hT)HLZ((O’T);Ha(Q))
]

N 2
= C{ Z jsr:v,pw(sw,f”'? pw,h7)2 }

n=1

y p—
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Distinguishing the error components

Theorem (Distinguishing the error components)

Consider a vertex-centered finite volume / backward Euler
approximation. Let
@ 1 be the time step,

@ Kk be the linearization step,

@ | be the algebraic solver step,
with the approximations (s, ’,‘77’ , pfv’,‘w’ ). Then

n nk,i nk,i nk,i n.k,i n.k,i nk,i
ij,Pw(SW,hT’pW,hT) = Tsp tm " F i T+ TNatg -

L d

&Z.gm,mmm
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Distinguishing the error components

Theorem (Distinguishing the error components)

Consider a vertex-centered finite volume / backward Euler
approximation. Let
@ 1 be the time step,

@ Kk be the linearization step,

@ |/ be the algebraic solver step,
with the approximations (!, pis!). Then

n nk,i nk,i nk,i n.k,i n.k,i nk,i
Tsupw(Su pirs Ppr) < 7p "+ T+ T+ Tag -

Error components

o k" spatial discretization

° nt',’l’lk”:: temporal discretization

° nﬂﬁk"} linearization

° ?75’;”3 algebraic solver &;7,
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Q Introduction

Q Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

e Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Application to multi-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Conclusions and future directions
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lteratively coupled vertex-centered finite volumes

Vertex-centered finite volumes

@ simplicial meshes 7, dual meshes Dj

@ discrete saturations and pressures continuous and
piecewise affine on 7,

L d

h,n,,;,nu,m..mm
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lteratively coupled vertex-centered finite volumes

Vertex-centered finite volumes

@ simplicial meshes 7, dual meshes Dj

@ discrete saturations and pressures continuous and
piecewise affine on 7,

Implicit pressure equation on step &

_((A ( gvl; 1)"i_)\rn( mk— 1))KVp“hnD
Fhen(STh 1)@@(3&2 N0 1)yp 90 =0 VD E DL

w,

L d

Informatics g mathematics
V72,77 2
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lteratively coupled vertex-centered finite volumes

Vertex-centered finite volumes

@ simplicial meshes 7, dual meshes Dj

@ discrete saturations and pressures continuous and
piecewise affine on 7,

Implicit pressure equation on step &
_((>\ ( \,Z/’; 1)+)\rn( o 1))Kvp\\hnD
+Aen(SP 1)@@(3&2 "), 1) g =0 VD € D"
Explicit saturation equation on step k

nk .

Tn
w,D " W(

0

Arw (87K 1)KVpWhnD,1)6D\8Q+SCV£; vD e D"

informatics gZmathematics
VX 77
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Linearization and algebraic solution

Iterative coupling step < and algebraic step /

_((Ar, ( ﬂk 1)+)\rn( nk 1))Kvp\fzf/(7/n
+Arn(S) ”" 5KV, (s 3771)'"0’1)@\@9: ~R"Y" wD e D"

t,

L d

h,n,,;,nu,m..mm
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Linearization and algebraic solution

Iterative coupling step < and algebraic step /

_((Ar, ( ﬂk 1)+)\rn( nk 1))Kvp\fz//(7/n
+Arn(S) ”" 5KV, (s 3771)'“0’1)30\39 = —R" vDeD"

t,

nk,i .

" ket K,
SW.D = ¢|D| ()‘r, ( n )Kvpn ’nD,1)

n—1
ap\oe T Sw.p

L d

h.ya.,,,,mmmm
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Velocities reconstructions

Total phase velocities reconstructions
(dﬁkInD,1)e — _ (()\ ( nk/)+/\rn( nk/))Kvpnk/

+ Aen(s "k’)KVpC( ”k’) np, 1),

_ (()\ ( nkf1)+)\rn( nk71))Kvpnk/

+/\rn( nk 1)KV,DC( n,k— 1)nD71)

nk, . qnk,i+v n,k,l+1/ n n,k7i
ay =dj + th _(dt,h wh )

((dnkl Ink/) nD,1)e

e’

L d

h.n,;m,mmmm
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Velocities reconstructions

Total phase velocities reconstructions
(dnkInD,1)e — _ (()\ ( nk/)+/\rn( nk/))Kvpnk/

+ Aen(s ”k’)KVpC( ”k’) np, 1),

_ (()\ ( nk71)+)\rn( nk71))Kvpnk/

+/\rn( nk 1)KV,DC( n,k— 1)nD71)

((dnkl Ink/) nD,1)e

e7
arf?.hk.l — trj,fi(,ljﬂ/ + tr?,fi(,ljﬂ/ . (dgh tr?,hk,l)
Wetting phase velocities reconstructions
(@ np,1)e == — (Arw(s ”k’)KVp”k’ np, 1),
Kl k, . k 1 k
(@ + 1050, 1)e == = (el KR p, 1),
2l =0
: lnlnéauu,mamema”n
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Velocities reconstructions

Total phase velocities reconstructions
(dnkInD,1)e — _ (()\ ( nk/)+/\rn( nk/))Kvpnk/

+ Aen(s ”k’)KVpC( ”k’) np, 1),

_ (()\ ( nk71)+)\rn( nk71))Kvpnk/

+/\rn( nk 1)KV,DC( n,k— 1)nD71)

((dnkl Ink/) nD,1)e

ag.hk./ . dnk/ v trj,:,/w/ B (d’? trz}qk’i) e’
Wetting phase velocmes reconstructions
(@2, 1)e = — (Aw(S) ) KVPLS np, 1),
(@5 + 17500, 1)e = = (sl DKVRIE D, 1)
2l =0

Nonwetting phase and total velocities reconstructions

nkl nk/ n,K,i nk/ nkl nKk,i nkl n,k,i nkl
nk/_ nk/ n,k,i nk/ -
=d7 + 1

+ aj &ZI?,
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_ Estimate Application and numerical results
Model problem

Horizontal flow

0t(¢Sa) — V- (Wﬂvm) =0,
Sy + Sw = 17
Pn — Pw = Pe(Sw)

v d
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Model problem

Horizontal flow

kra W
6t(¢scx) -V <’M(S)Kv/3a) = 07
Sn+ Sy = 17
Pn — Pw = pc(sw)

Brooks—Corey model
@ relative permeabilities

kw(Sw) =8, Ken(Sw) = (1 — 8e)2(1 — 82)

@ capillary pressure
.

pc(sw) = PdSe 2

SW - srw
L d

1 —Sw — Sm s g
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*kgm™'s™",  p, =2103kgm~'s7",
Sw=5m =0, ps=510°kgm's?

L d

&1}; ,,,,, 7 nathematics

Martin Vohralik Adaptive inexact Newton methods and multi-phase flows



| Adapt. inex. Newton Two-phase flow Multi-phase flow C Estimate Application and numerical results

Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*%kgm~'s™!, 4, =2103kgm~ s,
Sw=5n=0, ps=2510°kgm~'s72
Initial condition (I~< 18m x 18m lower left corner block)
X =020nKeTh K¢K,
2 =0950nKeTh KeK

L d

Informatics g mathematics
V7577 5
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*%kgm~'s™!, 4, =2103kgm~ s,
Sw=5n=0, ps=2510°kgm~'s72
Initial condition (I~< 18m x 18m lower left corner block)
X =020nKeTh K¢K,
2 =0950nKeTh KeK

Boundary conditions (R 18m x 18m upper right corner block)

@ no flow Neumann boundary conditions everywhere except
of 0K N 0Q and 90K N 0Q
® K —injection well: s, = 0.95, p,, = 3.45-108kgm~'s2
@ K —production well: s, = 0.2, p, = 2.41-10%kgm~ Y2575
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Estimate Application and numerical results

Estimators and stopping criteria

Estimators

10
10° - Bl
5300000000000 A0A000000000a0asasasasaananay )
10° |¥ Al
B
0°- adaptive stopping criterion N
107 -
—=—total
——spatial
10°H temporal —
. algebratc ‘ ‘ cl a‘ssma s‘ oppln? cri en‘on ‘
10 : : |
0 20 40 60 80 100 120 140 160 180 200 220

GMRes iteration

Estimators in function of
GMRes iterations

Martin Vohralik

Estimators

10
10° |- -
10°
107
—=—total
107 —A—spatial
temporal
—4—linearization
10°H algebraic —
0°F N
1 1 1 | | | 1 1 >3
1 2 3 8 9 10

4 5 6 7
Iterative coupling iteration

Estimators in function of
iterative coupling iterations

L d

h,n,,;,nu,m..mm
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Estimate Application and numerical results

GMRes relative residual/iterative coupling iterations

GMRes relative residual

1
2 2.05 21 215 22
Timel/iterative coupling step x10°

GMRes relative residual

Martin Vohralik

Number of iterative coupling iterations
5
T
I

1 1 1 1 1 1
0 0.5 1 15 2 25 3 35 4
Time

Iterative coupling iterations

L d

h,n,,;,nu,mmm

Adaptive inexact Newton methods and multi-phase flows



| Adapt. inex. Newton Two-phase flow Multi-phase flow C Estimate Application and numerical results

GMRes iterations

5% 10°

T
—=—classical
daptive

T
250} classical -
- ® -adaptive

N
S
3

1

1501

Number of GMRes iterations
e
1)
S
i

@
3
T

Cumulative number of GMRes iterations

N N N r - N - - o - - T T I [
21 215 22 0 05 1 15 2 25 3 35 4
Timel/iterative coupling step x10° Time

Per time and iterative Cumulated
coupling step

L d

h,n,,,m,.,,,,mm.mm
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Space/time/nonlinear solver/linear solver adaptivity

Fully adaptive computation
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_ Estimate Application and numerical results
Outline

° Application to multi-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

v d
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Multiphase compositional flows

Governing partial differential equations
@ conservation of mass for components

atlc + V‘I’c - qc, VC € C
@ + boundary & initial conditions

L d

: informatics #Zmathematics
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Multiphase compositional flows

Governing partial differential equations
@ conservation of mass for components

Otle + V-®¢ = qc, VecelC
@ + boundary & initial conditions
Constitutive laws
@ phase pressures — reference pressure — capillary pressure
Pp:= P+ P, (S)
@ Darcy’s law
Up(Pp, Cp) := —K(VPp + pp(Pp, Cp)9V2)
@ component fluxes
Pc:= Z Ppc, Ppci=vp(Pp,S, Cp)Cp,cUp(Pp, Cp)
pEPc
@ amount of moles of component ¢ per unit volume
le:=¢ Z ¢p(Pp: Cp)SpCp.c S
pEPe &1«7@—

Martin Vohralik Adaptive inexact Newton methods and multi-phase flows



| Adapt. inex. Newton Two-phase flow Multi-phase flow C Estimate Application and numerical results

Multiphase compositional flows

Closure algebraic equations
@ conservation of pore volume: >, » Sp =1

@ conservation of the quantity of the matter: Zcec,, Cpc=1
forallpe P
@ thermodynamic equilibrium

L d

h,n,,;,nu,mmm
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Multiphase compositional flows

Closure algebraic equations
@ conservation of pore volume: >, » Sp =1
@ conservation of the quantity of the matter: > .. Cp.c =1
forallpe P
@ thermodynamic equilibrium
Mathematical issues
@ coupled system
@ unsteady, nonlinear
@ elliptic—parabolic degenerate type
@ dominant advection

L d

hh,,;,.,,,,mmmm
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Q Introduction

Q Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

O Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

o Application to multi-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Conclusions and future directions
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_ Estimate Application and numerical results
Weak solution

Energy spaces
X = L2((0, T); H'(Q)),
Y := H'((0, T); L3(Q))

ematics

— e e —
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Weak solution

Energy spaces
X == L2((0, T); H'(Q)),
Y .= H'((0, T); L3(Q))

Definition (Weak solution)
Find (P, (Sp)pePa (Cp,c)pep,cgcp such that

l.eY Ve e C,
Po(P,S) € X VpeP,
. € [L2((0,T); L2(Q)]? Vecec,

T T
/O (@l 9)(1)— (®e, Vi) (1)} dt = /0 (G, 0)(D)dt Yoo € X, Ve e,

the initial condition holds,
the algebraic closure equations hold.

y
e T
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Fully implicit cell-centered finite volume scheme

Fully implicit cell-centered finite volumes
Time step 1, Newton iteration k, and linear solver iteration /:
Kk, K, K,
find Xn I = ( n I (Sn I)pe’Pa (CpcK)pEP ceCps K e 777 , S. t.
K| = Ki 1 ki
n <IC,K(X/T ) +£n / lcr,‘I,K ) + E : FgM’e - ’K|qg7K
eegmt \n

= RIY vYeeC, VK eT/,

L d

hw,é,.m,mmm
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Fully implicit cell-centered finite volume scheme

Fully implicit cell-centered finite volumes
Time step n, Newton iteration k, and linear solver iteration /:
find 0" = (P ()¢ e (C” sk)pep.cecy K € T, s. 1.

P,
‘K| nk—1 n,k,i —1 n,K,i
j(lC,K(Xh )+E /cr:l,K)7L Z FcMeilK|qg7K
gmtn
_ Rnk! v n es
=R« ceC,VKeT,,
where

nk,i . n,k

Fc M,e - Z Fo! p,C, M e’
PEP:

n,k . n,k—1 8Fp,c,M,e n,k—1 n,k,i nk—1
F CMe vacaM7e(Xh >+ 8Xn (Xh )(X / _X / )7
KT '

and ki Ole.x k—1 K.i k—1
nk,i . c, nk— n,k,i nk—
Ec,K T Z OXD (Xh )(X ;=X ) A
Kerp K V25 77, 5
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Estimate distinguishing different error components

Theorem (Estimate distinguishing different error components)
Consider

@ f(ime step n,
@ linearization step k,
@ jterative algebraic solver step i,
and the corresponding approximations. Then

(dual error + nonconformity);, < k! + nlio 4 nbl! 4 pke!,
4 Informaties, S mathematics
142577, 3R
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Estimate distinguishing different error components

Theorem (Estimate distinguishing different error components)
Consider

@ f(ime step n,
@ linearization step k,
@ jterative algebraic solver step i,
and the corresponding approximations. Then

nk/ n,k,i n,kK,i n,kK,i

+77tm +7711n +77alg .

(dual error + nonconformity),, <

Error components

@ n*': spatial discretization

° ngnk' temporal discretization
n,k,i.
@ 7" linearization
n,k,i. -

® 0, : algebraic solver P —
e /2507 5
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Q Introduction

Q Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

O Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

o Application to multi-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

Q Conclusions and future directions
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Test case and numerical setting

Test case

@ two-spot setting
@ two phases and three components
@ homogeneous/heterogeneous permeability distribution

L d

h.n,;m,mmmm

Martin Vohralik Adaptive inexact Newton methods and multi-phase flows



| Adapt. inex. Newton Two-phase flow Multi-phase flow C Estimate Application and numerical results

Test case and numerical setting

Test case

@ two-spot setting
@ two phases and three components
@ homogeneous/heterogeneous permeability distribution

Discretization and resolution
@ fully implicit cell-centered finite volumes
@ Newton linearization
@ GMRes with ILUO preconditioning algebraic solver

L d

informatics gZmathematics
VX 77
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Estimators and stopping criteria

Estimate Application and numerical results

’ —e— total —m— space —¢— time —— linearization —a— algebraic ‘

Error component estimator

10-10

\‘\‘(q adaptive stopping criterion

classical stopping criterion
 Lctesie topping crterion P

0

5 10 15 20 25 30 35
PETSC-GMRes iteration

Estimators w.r.t. GMRes iterations

Martin Vohralik

Error component estimator

104

1072

1074

106 L

adaptive stopping criterion

‘ classical stopping criterion }\k
\ \ \ \ \

2 3 4 5 6
Newton iteration

Estimators w.r.t. Newton iterations

L d
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Newton iterations

Estimate Application and numerical results

Newton iterations

T T
—e—classical
—=—adaptive | |

Time -108
Per time step

Martin Vohralik

(2]
c
.g T T T T
g — classical 1758 iterations P
=, 5o ||~ adaptive |
5 9
=
2
1,000 |- N
o
9]
Qo
§ s00| |
c
el
< 853 iterations
S o |
E Il Il Il Il Il
3 0 05 1 15 2
Time 108
Cumulated

L d
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GMRes iterations

Estimate Application and numerical results

GMRes iterations

30 - *
—e—classical
20| —=— adaptive ||
10} .
-hm rrorr
0 0 2 4 6 8

Time/Newton step 108

Per time and Newton step
Martin Vohralik

Cumulated number of GMRes iterations

10

— classical
—— adaptive

0 0.5 1
Time
Cumulated
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0 Introduction

Q Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

Q Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

o Application to multi-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Application and numerical results

@ Conclusions and future directions
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Conclusions and future directions

Entire adaptivity
@ only a necessary number of algebraic/linearization
solver iterations

@ “online decisions™: algebraic step / linearization step /
space mesh refinement / time step modification

@ important computational savings
@ guaranteed and robust a posteriori error estimates

rd
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Conclusions and future directions

Entire adaptivity
@ only a necessary humber of algebraic/linearization
solver iterations

@ “online decisions™: algebraic step / linearization step /
space mesh refinement / time step modification

@ important computational savings
@ guaranteed and robust a posteriori error estimates

Future directions

@ other coupled nonlinear systems
@ convergence and optimality

Martin Vohralik Adaptive inexact Newton methods and multi-phase flows



| Adapt. inex. Newton Two-phase flow Multi-phase flow C

Bibliography

@ ERN A., VOHRALIK M., Adaptive inexact Newton methods
with a posteriori stopping criteria for nonlinear diffusion
PDEs, SIAM J. Sci. Comput. 35 (2013), A1761-A1791.

@ VOHRALIK M., WHEELER M. F., A posteriori error
estimates, stopping criteria, and adaptivity for two-phase
flows, Comput. Geosci. 17 (2013), 789-812.

@ CANCES C., Popr I. S., VOHRALIK M., An a posteriori error
estimate for vertex-centered finite volume discretizations of
immiscible incompressible two-phase flow, Math. Comp.
83 (2014), 153—188.

@ DI PIETRO D. A., FLAURAUD E., VOHRALIK M., AND
YOUSEF S., A posteriori error estimates, stopping criteria,
and adaptivity for multiphase compositional Darcy flows in
porous media, J. Comput. Phys. (2014),

DOI 10.1016/j.jcp.2014.06.061.

Thank you for your attention! losia

Martin Vohralik Adaptive inexact Newton methods and multi-phase flows



	Introduction
	Adaptive inexact Newton method
	A guaranteed a posteriori error estimate
	Stopping criteria and efficiency
	Application and numerical results

	Application to two-phase flow in porous media
	A guaranteed a posteriori error estimate
	Application and numerical results

	Application to multi-phase flow in porous media
	A guaranteed a posteriori error estimate
	Application and numerical results

	Conclusions and future directions

