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polynomial extensions in H' and H(div) for polynomial
boundary data

Stable broken H(div) polynomial extension on a patch
@ Braess, Pillwein, & Schéberl (2009), 2D
@ volume and boundary data

Stable broken H'! polynomial extensions on a patch

@ Ern & V. (2015), 2D, by rotation from the result of Braess,
Pillwein, & Schoberl

@ only boundary data (divergence-free vectorﬁf;e,mcwls)m
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@ T, C Tp: patch of elements sharing a € V;,, subdomain w,
@ F,= F5UFy: faces of the elements in the patch Tz, a € V;,
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Setting

Patches

@ T2 C Tp: patch of elements sharing a € Vy,, subdomain w,
@ Fa = FyUFy: faces of the elements in the patch 75, a € V}

Piecewise H' spaces
H'(Ta) := {v € L3(wa); VIk € H'(K) VK € Ta}
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@ T2 C Tp: patch of elements sharing a € Vy,, subdomain w,
@ Fa = FyUFy: faces of the elements in the patch 75, a € V}

Piecewise H' spaces
H'(Ta) := {v € L3(wa); VIk € H'(K) VK € Ta}

Piecewise H(div) spaces
H(div, Ta) := {v € L?(wa); v|x € H(div,K) VK € Ta}

v d
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Main result: potentials

Theorem (Broken H' polynomial extension; Ern & V. (2015) in 2D)

Forp>1andaec V;, letr c P,( 7). Suppose the compatibility

r=20 on dwa,

) tFefFle=0  Vecé&a.
Fefe

Then there exists a constant Cy > 0 only depending on the
mesh shape-regularity parameter x, such that

min IVVall,. < Cq min Vv, .
VhEP,(Ta) va veH! (Ta) va
v4=0 on dwa, v=0 on dwa,
|[Vh]|=f/: VFG}—; |IV]|:I’F VFE]'-;

h;,mnm
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Main result: fluxes

Theorem (Broken H(div) polynomial extension; Braess, Pillwein, &

Schéberl (2009) in 2D)

Forp>1andac Vp,letr c Py(Fa) < IP5(7a). Suppose the
compatibility

> (k= > (re, 1)F=0.
KeTa FeFa

Then there exists a constant Ci > 0 only depending on the
shape-regularity parameter 1, such that

min Vh < C. min vl .
VyeRTN,(T2) | H““’ ! veH(div, 7a) I ”“a
Vh-NE=IF VFG]'—g V-Ng=IF VFE}—g
[[vh-nF]I:rF VFE]‘—‘; |[v~nF]]:rF VFE]'—;
Vr-Vhlk=rk VKETa Vor-V|k=rk VKETa
e —
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Application to piecewise polynomial approximation

Volume liftings

@ 7, € Pp(7a) so that 7h|r = O VF € F3, and [p]F = r¢
VF € Fj
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Application to piecewise polynomial approximation

Volume liftings

@ 7 € Pp(7a) so that 7h|r = 0 VF € F3, and [n]F = re
VF € T

Corollary (Stability of best piecewise polynomial approximation)
There holds

min IV(th = vi)ll,, < Cs min [[V(7h = V)|,
VhEP(Ta)NH} (wa) veH] (wa)
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Application to piecewise polynomial approximation

Volume liftings
@ 7 € Pp(7a) so that 7h|r = 0 VF € F3, and [n]F = re
VF e Fj

@ 7, € RTN,(Ta) so that 7y-ng = rg VF € F5 and
IIT/-,'n/:]] =reVF € .7:;

Corollary (Stability of best piecewise polynomial approximation)
There holds

min IV(7h = Vh)lly, < G min ||V (74 — V)], ,
VhEPp(Ta)H] (wa) veH] (wa)
min Th+ V| < C min TTh+ V|,
VhE€RTN,(Ta)Ho(div,wa) I7n + hHwa = veHy(div,wa) I + Hwa
V-Vp|lk=rk—V71-1h|x YVKETa V-V|k=rk—V7-1hlk VKETa
informatics g mathematics
V42577 3
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Application to a posteriori error analysis

Laplace model problem
For f € Py_1(Th), P’ > 1, find u € H}(Q) such that

(Vu,Vv) = (f,v)  VveH(Q)
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Application to a posteriori error analysis

Laplace model problem
For f € By _1(Th), P’ > 1, find u € H}(2) such that

(Vu,Vv) = (f,v)  VveH(Q)

Approximate solution with hat-function orthogonality
Up € Py (Th), un & HI(Q), —Vup € H(div, Q)

(Vu,h v,(/)a)OJa - (fgwa)wa va G VIE;

h&,mnm
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Application to a posteriori error analysis

Laplace model problem
For f € By _1(Th), P’ > 1, find u € H}(2) such that

(Vu,Vv) = (f,v)  VveH(Q)

Approximate solution with hat-function orthogonality
Up € Py (Th), un & HI(Q), —Vup € H(div, Q)

(Vu,h vd)a)Wa - (fywa)wa Va G VIE;
Potential case (p = p' + 1)
rF = valun]|F,
Th := Yallp

h;/mnm
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Application to a posteriori error analysis

Laplace model problem
For f € By _1(Th), P’ > 1, find u € H}(2) such that

(Vu,Vv) = (f,v)  VveH(Q)
Approximate solution with hat-function orthogonality
Up € Py (Th), un & HI(Q), —Vup € H(div, Q)
(Vup, Vba)w, = (f, Ya)w, VaeV,
Potential case (p = p’ + 1)
re == Yalun]|F,
Th = Yalp
Flux case (p = p)
re = Ya[Vun-ne]|F,
rg = wa(f + AUh)’K, .
Th == V2V U, &1/7,
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Potential reconstruction

Definition (Potential reconstruction)

For each a € Vy, let s be given by

s2 .= arg min V(1alp — Vp .
fmag | min 9@ -l

Thenset s, == >, 7 € Pp(Th) N HY ().

&tmﬂ;m’m.mm
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Potential reconstruction

Definition (Potential reconstruction)

For each a € Vy, let s be given by

s2 .= arg min V(1alp — Vp .
fmag | min 9@ -l

Thenset s, == >, 7 € Pp(Th) N HY ().

Equivalent form
Find s2 € Pp(7a) N HJ(wa) such that

(VSR VVh)ws = (V(Valh), VVih)wa Yk € Pp(Ta) N Hy(wa).

h.m&m,m.mm
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Flux reconstruction

Definition (Flux reconstruction)
For each a € V, let o2 be given by

a .
op = ar min Vup+ vyl ..
i 9 Vi€ RTN(Ta)Ho (div,wa) s s

V-Vh=(taf—Va-Vup) |k VKETa

Thensetoy, =) ., of € RTNy(Tn) N H(div, Q).

v d

&tmﬂ;m’m.mm k
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Flux reconstruction

Definition (Flux reconstruction)
For each a € V, let o2 be given by

a .
op = ar min Vup+v .
4 g Vi€ RTN(Ta)Ho (div,wa) [VaVun + vl

V-vp=(vaf—Va-Vup) |k YKETa
Then set o), .= Zaevh 0',"’7’ € RTNy(Th) N H(div, Q).

Equivalent form

Find of € VZ := RTNp(7a) N Hy(div,wa) and rf € QF :=Pp(Ta)
with mean value zero such that

(Ugv Vh)wa - (rﬁa V'Vh)wa = _(wavuhv Vh)wa vVh c vf?v

(vag7 qh)wa = (¢af - Vwa'vuha qh)wa VCIh S Qﬁ

v d

h;/mnm
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Guaranteed reliability and p-robust efficiency

Guaranteed reliability

2 2
IV(u—=un)?< > IVun+anlk+ Y [V(un—sn)li%
KeTh KeTh
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Guaranteed reliability and p-robust efficiency

Guaranteed reliability

2 2 2
IV(u—up)l® < > IVup+onlli + Y IIV(un — sn)ll%
KeTh KeTh

Potential local p-robust efficiency

HV(lDaUh—Sﬁ)HWES CstCeontppr || V(U — Uh)”wa

h&,mnm
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Guaranteed reliability and p-robust efficiency

Guaranteed reliability

2 2 2
IV(u—up)l® < > IVup+onlli + Y IIV(un — sn)ll%
KeTh KeTh

Potential local p-robust efficiency

|V (vatn—sf)||., <CgtCCOmprQ\V(u—uh { Z hz Hr|0|[uh]]H } )

FeFa\F}
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Guaranteed reliability and p-robust efficiency

Guaranteed reliability

2 2 2
IV(u—up)l® < > IVup+onlli + Y IIV(un — sn)ll%
KeTh KeTh

Potential local p-robust efficiency

HV(lDaUh—Sﬁ)HWES CstCeontppr || V(U — Uh)”wa

Flux local p-robust efficiency
HlﬁaVUh + Uﬁ”u}a < Csthont,PF HV(U - Uh)”wa

h&,mnm
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Guaranteed reliability and p-robust efficiency

Guaranteed reliability
IV(u—un)l* < > IVun+anllc + > 1V (un— sn)lli
KeTh KeTh
Potential local p-robust efficiency

Hv(wauh—Sﬁ)H%S CstCeontppe ||V (U — Uh)”wa

Flux local p-robust efficiency
HlﬁaVUh + O'/a7Hw5 < Csthont,PF HV(U - Uh)”wa

Applications

@ conforming finite elements

@ nonconforming finite elements

@ discontinuous Galerkin

@ mixed finite elements 4
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Potentials (fOIIOWIng Demkowicz, Gopalakrishnan, Schoberl (2009))

Lemma (H' polynomial extension on a tetrahedron)

Let K € Tp, 7} C Fk. Letr € Py(FR) be continuous on Fg.
Then for C = C(kk) > 0,

min |V ,<C min ||Vv
i [V Vhll < A Vvl
vh=rF on all FEFR v=rg on all FEFR

&tmﬂ;m’m.mm
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Potentials (fOIIOWIng Demkowicz, Gopalakrishnan, Schoberl (2009))

Lemma (H' polynomial extension on a tetrahedron)
LetK € Tp, 72 C Fk. Letr € Pp(FR) be continuous on F.

Then for C = C(kk) > 0,

min [Vl <C min [[VVv|x
ve

Vh€Pp(K)
vh=r¢ on all FEFR

H'(K)
v=rr on all FEFY

Context
-Alk =0
Ck = IF
—V(ik-ng = 0

in K,
onall Fe Fp,
onall F e Fx \ FR.

A. Ern, M. Vohralik
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Lemma (H' polynomial extension on a tetrahedron)
LetK € Tp, 72 C Fk. Letr € Pp(FR) be continuous on F.

Then for C = C(kk) > 0,

min_[[Vvallx<C Vemin : Vil =ClIViklik-
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vh=r¢ on all FEFR
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v=rr on all FEFY

Context
-Alk =0
Ck = IF
—V(ik-ng = 0

in K,
onall Fe Fp,
onall F e Fx \ FR.

A. Ern, M. Vohralik

h.m&m,m.mm k

Stable broken H' & H(div) polynomial extensions 11 /25




Results & applications Key ingredients Proof Numerics Conclusion

Stable polynomial extensions 3D paich enumeration

Potentials (fOIIOWIng Demkowicz, Gopalakrishnan, Schoberl (2009))

Lemma (H' polynomial extension on a tetrahedron)
LetK € Tp, 72 C Fk. Letr € Pp(FR) be continuous on F.

Then for C = C(kk) > 0,

FE ;
[Vnlle ™= min IVvallc=C | min (Vv =C IVl

VREPy(
Vh=IF On al/ Fe]—'D

v=rr on all FEFY

Context
-Alk =0
Ck = IF
—V(ik-ng = 0

in K,
onall Fe Fp,
onall F € .FK\]:,'?.
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Fluxes (fOl Costabel & MclIntosh (2010), Demkowicz, Gopalakrishnan, Schéber! (2012))

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, 7, C Fk. Letr € Po(FR) x Pp(K), satisfying
> Fer (rF1)F = (rk, 1)k if Fi¢ = Fx. Then for C = C(rk) > 0,

mn vllk <C _min v
) K K) K

VhERTN,(K veH(div,
Vh-NK=IF \V/FE.FII}I V-ng=rg VFE]‘-}}I
V-vp=rg V-v=rg

A. Ern, M. Vohralik
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Stable polynomial extensions 3D paich enumeration

Fluxes (fOl Costabel & MclIntosh (2010), Demkowicz, Gopalakrishnan, Schéber! (2012))

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, 7, C Fk. Letr € Po(FR) x Pp(K), satisfying
> Fer (rF1)F = (rk, 1)k if Fi¢ = Fx. Then for C = C(rk) > 0,

min v < C min o
LI Vil < G min Vil
Vi-n=r¢ VFEF) v-nx=rg YFEFY
V- Vh=rk V-v=rg
Context
—Alk = Ik in K,
~Vik-ng =rr  onall F e Fg,
(k=0 onall F e Fx\ FX.
v d
Set £K = _VCK- ‘ga..n,m,m,

A. Ern, M. Vohralik
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Fluxes (fOl Costabel & MclIntosh (2010), Demkowicz, Gopalakrishnan, Schéber! (2012))

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, 7, C Fk. Letr € Po(FR) x Pp(K), satisfying
> Fer (rrs1)F = (rk, 1)k if Fi§ = Fk. Then for C = C(rk) >0

min Vhll < C m|n v|, =C
,emin Vel <€ _min Vil = Cléxllk-
Vi k=1 VFEFY V-ng=rg VFe}‘N
V=l V-v=rk
Context
—Alk = Ik in K,
—V(k-Nk = IF onall F e FX,
(k=0 onall F e Fx\ FX.
v d
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Fluxes (fOl Costabel & MclIntosh (2010), Demkowicz, Gopalakrishnan, Schéber! (2012))

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, 7, C Fk. Letr € Po(FR) x Pp(K), satisfying
> Fer (rrs1)F = (rk, 1)k if Fi§ = Fk. Then for C = C(rk) >0

MFEs .
= min Vhll < C m|n v|, =C
1€nk]l emin el < C | min Vil = Cléxllk
Vi Ng=rF VEEFY v-ng=rg VFGJ—‘N
V.Vh:rK V~V:rK
Context
—Alk = Ik in K,
~Vik-ng =rr  onall F e Fg,
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A graph result for patch enumerations (shellability of
pOIytOpeS, €.J. Ziegler, Lectures on Polytopes)

Two families of faces
e already visited faces: F := {F € F3, F = dK;n K, j < i}
@ yet unvisited faces: F? := Fy N Fx \ F
o |F|+|F}| =38, Fl=0,and 7, =1

h;,mnm
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A graph result for patch enumerations (shellability of
pOIy’[OpeS, €.J. Ziegler, Lectures on Polytopes)

Two families of faces
e already visited faces: F := {F € F3, F = dK;n K, j < i}
@ yet unvisited faces: F? := Fy N Fx \ F
o |F|+|F}| =38, Fl=0,and 7, =1

Lemma (Interior patch enumeration)

There exists an enumeration of the patch 75 so that
(i) Forall1l < i< |Tal,|F} € {1,2}.
(ii) If|F?| > 2 then K; € Trinpe \ {Ki}, {F!, F2} C F7, implies
j<i.

s

&1/,,7,",“m
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Run through the patch following the enumeration: Kj

Construct ¢y € Pp(7a), ¢h = 0 0N Owa, [¢p] = rF for all F e F:

V., S Ivvyrl,, = min Vv
[Vehllog SIVV' Ly = min Vv,
v=0 on Jwa,,
[Vl=rr VFEF

spirit of Braess, Pillwein, & Schéberl (2009), but work with strong norms
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Run through the patch following the enumeration: Kj

Construct ¢y € Pp(7a), ¢h = 0 0N Owa, [¢p] = rF for all F e F:

V., S Ivvyrl,, = min Vv
[Vehllog SIVV' Ly = min Vv,
v=0 on Jwa,,
[Vl=rr VFEF

spirit of Braess, Pillwein, & Schéberl (2009), but work with strong norms
On Kj, 1 <i < |Ta|, consider the weak form of: find (x; s.t.

—ACK,, =0 in f(,',
(k= —IF + Chicle onall F = 0K NoK; e FF,
¢k, =0 on 0K; N Owa,
~V(k-nk =0 onall Fe F}

h&,mnm
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Run through the patch following the enumeration: Kj

Construct ¢y € Pp(7a), ¢h = 0 0N Owa, [¢p] = rF for all F e F:

V., S Ivvyrl,, = min Vv
[Vehllog SIVV' Ly = min Vv,
v=0 on Jwa,,
[Vl=rr VFEF

spirit of Braess, Pillwein, & Schéberl (2009), but work with strong norms
On Kj, 1 <i < |Ta|, consider the weak form of: find (x; s.t.

—ACK,, =0 in f(,',
(k= —IF + Chicle onall F = 0K NoK; e FF,
¢k, =0 on 0K; N Owa,
~V(k-nk =0 onall Fe F}

1) i =1:trivially 0 = | V¢hk, ||, < IVV¥]l,

i

v d

h;/mnm

A. Ern, M. Vohralik Stable broken H' & H(div) polynomial extensions 14 /25




Results & applications Key ingredients Proof Numerics Conclusion

Run through the patch following the enumeration: Kj

Construct ¢y € Pp(7a), ¢h = 0 0N Owa, [¢p] = rF for all F e F:

V., SIVvr, = min Vv

IV hllog STV ly =, min |9V,
v=0 on Jwa,,
[vl=rs VFEF

spirit of Braess, Pillwein, & Schéberl (2009), but work with strong norms
On Kj, 1 <i < |Ta|, consider the weak form of: find (x; s.t.

—ACK,, =0 in f(,',
(k= —IF + Chicle onall F = 0K NoK; e FF,
¢k, =0 on 0K; N Owa,
~V(k-nk =0 onall Fe F}

1) i =1:trivially 0 = || V(nk, HK1 <|Ivvi.,,
2) only one (Dirichlet) face in the set ]—“,-ti
@ prescribed conditions compatible
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Run through the patch following the enumeration: Kj

Construct ¢y € Pp(7a), ¢h = 0 0N Owa, [¢p] = rF for all F e F:

IV Chll Vi, min  |[Vv],,
veH (Ta)

v=0 on Jwa,,

[vl=rr YFeF;

spirit of Braess, Pillwein, & Schéberl (2009), but work with strong norms

wa |

On Kj, 1 <i < |Ta|, consider the weak form of: find (x; s.t.

—ACK,, =0 in f(,',
(k= —IF + Chicle onall F = 0K NoK; e FF,
¢k, =0 on 0K; N Owa,
~V(k-nk =0 onall Fe F}

1) i =1:trivially 0 = || V(nk, HK1 < [vvil,,
2) only one (Dirichlet) face in the set ]—“,-ti

@ prescribed conditions compatible
@ H' polynomial extension on a tetrahedron

« Cviia
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Run through the patch following the enumeration: K;

@ K € Tz adjacent to K; over F ¢ f,ﬁ, affine map TK,%

[Vl < [V = (v = Ghug) o Tk )

Ki

S IV g + 19Vl +||¢nr

K, S Vv,
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Run through the patch following the enumeration: K;

@ K € Tz adjacent to K; over F ¢ f,ﬁ, affine map TKﬁK,.
96kl < [0 = (v = ) o T,

SIVV g + 19Vl + ||énse |

3) two faces in }‘ﬁ < K last in rotation around e by shellability
@ compatibility of the Dirichlet data by assumption

S Vv,

o H K; S HVCK/ K;

@ binary coloring' affine maps to satisfy the Dirichlet BCs

K =Vi-3 Z {(V |K/ ChK/)O K—>K ( |Km_<h,Km)oTEnJ_>KI_}
Fe}'e\]-'n
F=0KNOKm

A. Ern, M. Vohralik Stable broken H' & H(dw) polynomial extensions 15/ 25



Results & applications Key ingredients Proof Numerics Conclusion

Run through the patch following the enumeration: K;

@ K € Tz adjacent to K; over F ¢ fﬁ, affine map TKﬁK,.
HVCKHK HV (v = (V" = Chky) o K—>K H

SIVV g + 19Vl + ||énse |

3) two faces in }‘ii < K last in rotation around e by shellability
compatibility of the Dirichlet data by assumption

o H1 K 5 HVCK, K
@ binary coloring' affine maps to satisfy the Dirichlet BCs

lg = vi—g Z {(v*lk—=Chi)o Tie e —(V¥ |k —Chikm)o Tie o }

Fefe\]-'ﬁ
F=0KNOKm

o stability of
Vel = | V]|, S

S Vv,

> IV +]Venkll o} + 1V VL STVVAL,
K Te, K£K;
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 Reslts & applications - Key ingredients  Proof Numerios - Conclusion
Run through the patch following the enumeration: Kz, |

3) On K, n := |Tal|, consider the weak form of: find (k, s.t.

—ACKn — 0 In Kn,
Cky =1+ Chiclr onall F = 9K, N oK; € Fh,
¢k, =0 on 0Kp N Owa
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Run through the patch following the enumeration: Kz

3) On Kj, n:=|Tal, consider the weak form of: find (k, s.t.

*ACKn =0 in Kn’
Cko = —TF + ChclF on all F:(‘BKnﬂaKje}"ﬁ,
¢k, =0 on 0Ky N Owa

e three faces in Fi: pure Dirichlet problem

@ compatibility of the Dirichlet data again by assumption

@ H' extension on a tetrahedron: ||Vink, ||, < IV<k, Ik,
@ ternary coloring in a sub-patch: affine maps to construct

Cx, satisfying the Dirichlet BCs, thus [V ¢k, [l < HvéKn

Kn

e stability of (i :

V|, sIvviiL,

Kn
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Run through the patch following the enumeration: Kz

3) On Kj, n:=|Tal, consider the weak form of: find (k, s.t.

*ACKn =0 in Kn’
Cko = —TF + ChclF on all F:(‘BKnﬂaKje}"ﬁ,
¢k, =0 on 0Ky N Owa

e three faces in Fi: pure Dirichlet problem

@ compatibility of the Dirichlet data again by assumption

@ H' extension on a tetrahedron: ||Vink, ||, < IV<k, Ik,
@ ternary coloring in a sub-patch: affine maps to construct

Cx, satisfying the Dirichlet BCs, thus [V ¢k, [l < HvéKn

Kn

e stability of (i :

‘VEK” Kn

4) Chlk = Chi forall 1 <7 < nmeets all the requj emegts
U —
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O Main results & applications

O Key ingredients
@ Stable polynomial extensions on a tetrahedron
@ 3D patch enumeration

O Proof sketch (potentials)

@ Numerical illustration in 2D a posteriori estimates

O Conclusions and future directions
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Model problem

~Au=f inQ:=]0,1]?
u=0 on 9N
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Model problem

~Au=f inQ:=]0,1]?
u=0 on 9N

Exact solution

u(x) = sin(2mxq) sin(2rxz)
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Smooth case

Model problem

~Au=f inQ:=]0,1]?
u=0 on 990

Exact solution
u(x) = sin(27xq) sin(2rxz)

Discretization (with V. Dolejsi)
@ symmetric, nonsymmetric, and incomplete interior penalty
discontinuous Galerkin method
@ unstructured triangular grids
@ uniform refinement
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Incomplete DG, nested grids

h plIVu—up)ll [u—thllpg|[[IVUpt+onll IV(Up—Sp)ll _ Mosc n DG TG
Po/T 1| 121E+00  1.22E+00 | 1.24E+00 _ 1.07E-01  556E-02|1.30E+00 1.31E+00]1.07 1.07
ho/2 6.18E-01  6.22E-01 | 6.38E-01 509E-02  7.02E-03| 6.47E-01 6.50E-01 |1.05 1.05
(0.97) (0.97) (0.96) (1.07) (299) | (1.01)  (1.01)

ho/4 3.12E-01  3.13E-01 | 3.22E-01 243E-02  8.80E-04|3.24E-01 3.25E-01|1.04 1.04
(0.99) (0.99) (0.99) (1.07) (3.00) | (1.00)  (1.00)

ho/8 156E-01  1.57E-01 | 1.61E-01 1.18E-02  1.10E-04| 1.62E-01 1.63E-01 |1.04 1.04
(1.00) (1.00) (1.00) (1.05) (3.00) | (1.00)  (1.00)

Po/1 2| 150E-01  1.53E-01 | 1.49E-01 2.76E-02  5.10E-03| 1.56E-01 1.59E-01 [1.04 1.04

hy/2 3.85E-02 3.92E-02 3.83E-02 7.99E-03  3.22E-04 | 3.94E-02 4.01E-02|1.03 1.02

(1.96) (1.96) (1.96) (1.79) (398) | (1.98)  (1.98)

ho/4 9.70E-03  9.88E-03 | 9.68E-03 212E-03  2.02E-05|9.93E-03 1.01E-02 |1.02 1.02
(1.99) (1.99) (1.98) (1.92) (4.00) | (1.99)  (1.99)

ho/8 243E-03  2.48E-03 | 2.43E-03 542E-04  1.26E-06| 2.49E-03 254E-03 |1.02 1.02
(1.99) (1.99) (1.99) (1.96) (4.00) | (1.99)  (1.99)

Po/T 3| 1.82E-02  1.34E-02 | 1.29E-02 2.52E-03  3.58E-04| 1.35E-02 1.37E-02 |1.03 1.03

hy/2 1.67E-03 1.69E-03 1.65E-03 3.13E-04 1.13E-05| 1.70E-03 1.71E-03|1.01 1.01

(2.98) (2.98) (2.97) (3.01) (4.99) | (3.00)  (3.00)

ho/4 211E-04  2.13E-04 | 2.09E-04 3.83E-05 3.53E-07|2.12E-04 2.15E-04 |1.01 1.01
(2.99) (2.99) (2.99) (3.03) (5.00) | (3.00)  (3.00)

ho/8 264E-05  2.67E-05 | 261E-05 4.69E-06  1.10E-08|2.66E-05 2.69E-05|1.01 1.01
(3.00) (3.00) (3.00) (3.03) (5.00) | (3.00)  (3.00)

hyp/1 4] 9.36E-04 9.54E-04 9.05E-04 2.41E-04  2.12E-05| 9.57E-04 9.74E-04 |1.02 1.02
hy/2 5.93E-05 6.05E-05 5.77E-05 1.68E-05  3.36E-07 | 6.04E-05 6.16E-05|1.02 1.02

(3.98) (3.98) (3.97) (3.84) (5.98) | (3.99)  (3.98)

ho /4 372E-06  3.80E-06 | 3.63E-06 1.10E-06  5.31E-09| 3.80E-06 3.87E-06 | 1.02 1.02
(3.99) (3.99) (3.99) (3.94) (5.98) | (399)  (3.99)

ho/8 233E-07  2.38E-07 | 2.27E-07 7.02E-08  8.30E-11|2.38E-07 2.43E-07 |1.02 1.02
(4.00) (4.00) (4.00) (3.97) (6.00) | (4.00)  (3.99)

hyp/1 5] 5.41E-05 5.50E-05 5.22E-05 1.38E-05 1.06E-06 | 5.50E-05 5.58E-05|1.02 1.02
hy/2 1.70E-06 1.72E-06 1.65E-06 4.39E-07  9.35E-09 1.72E-06 1.74E-06 |1.01 1.01

(4.99) (5.00) (4.98) (4.98) (6.82) | (5.00)  (5.00)
ho /4 532E-08  5.39E-08 | 5.19E-08 1.40E-08  7.67E-11|5.38E-08 5.45E-08 [1.01 1.01
(5.00) (5.00) (4.99) (4.97) (6.93) | (5.00)  (5.00)
ho/8 1.66E-09  1.69E-09 | 1.62E-09 441E-10  5.99E-13| 1.68E-09 1.70E-091.01 1.01
(5.00) (5.00) (5.00) (4.99) (7.00) | (5.00) (5. informaics gmorhematcs
22
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Results & applications Key ingredients Proof Numerics Conclusion

Symmetric DG, non-nested grids

h pllIVa(u=up)ll lu=tnlpg|l[Vatntonl  mose  [[Va(un=su)ll] 7 DG R
1.07E-00 1.09E-00 1.12E-00 5.55E-02 4.16E-01 1.25E-00 1.26E-00|1.17 1.16

~hy/2 5.56E-01 5.61E-01 5.71E-01 7.42E-03 1.82E-01 6.07E-01 6.11E-01
~hy/4 2.92E-01 2.93E-01 2.96E-01 1.04E-03 8.77E-02 |3.10E-01 3.11E-01
~hy/8 1.39E-01 1.39E-01 1.40E-01 1.10E-04 3.85E-02 |1.45E-01 1.45E-01
hy 2| 1.54E-01 1.55E-01 1.55E-01 5.10E-03  3.05E-02 |1.63E-01 1.64E-01
~hy/2 4.07E-02 4.09E-02 | 4.13E-02 3.53E-04 7.55E-03 |4.23E-02 4.26E-02
~hy/4 1.10E-02 1.11E-02 1.12E-02 2.51E-05 1.97E-03 |1.14E-02 1.15E-02
~hy/8 2.50E-03 2.52E-03 | 2.54E-03 1.30E-06 4.21E-04 |2.57E-03 2.59E-03
hy 3| 1.37E-02 1.37E-02 1.37E-02 3.58E-04 1.74E-03 |1.41E-02 1.41E-02
~hy/2 1.85E-03 1.85E-03 1.85E-03 1.26E-05 2.10E-04 |1.88E-03 1.88E-03|1.01 1.01
~hy/4 2.60E-04 2.60E-04 | 2.60E-04 4.73E-07 2.54E-05 |2.62E-04 2.62E-04|1.01 1.01

1
1.09 1.09
1
1
1
1
1
1
1
1
1
~hy/8 2.75E-05 2.75E-05 | 2.75E-05 1.15E-08 2.55E-06 |2.76E-05 2.76E-05|1.01 1.01
1
1
1
1
1
1
1
1
1
1
1

.06 1.06
.04 1.04
.06 1.06
.04 1.04
.03 1.03
.03 1.03
.03 1.03

hg 4| 9.87E-04 9.87E-04 | 9.84E-04 2.12E-05 1.11E-04 |1.01E-03 1.01E-03|1.02 1.02
~hy/2 6.92E-05 6.93E-05 | 6.92E-05 3.96E-07 7.44E-06 |7.00E-05 7.00E-05|1.01 1.01
~hy/4 5.04E-06  5.04E-06 | 5.04E-06 7.58E-09 4.98E-07 |5.07E-06 5.07E-06|1.01 1.01
~hy/8 2.58E-07 2.59E-07 | 2.58E-07 8.96E-11 247E-08 |2.60E-07 2.60E-07|1.01 1.01

hy 5| 5.64E-05 5.64E-05 | 5.63E-05 1.06E-06 4.50E-06 |5.75E-05 5.75E-05|1.02 1.02
~hy/2 2.01E-06  2.01E-06 | 2.01E-06 9.88E-09 1.46E-07 |2.03E-06 2.03E-06
~hy/4 7.74E-08  7.74E-08 | 7.73E-08 1.01E-10 4.35E-09 |7.76E-08 7.76E-08
~hy/8 1.86E-09 1.86E-09 | 1.86E-09 1.70E-12 1.00E-10 |1.86E-09 1.86E-09

hy 6| 2.85E-06 2.85E-06 | 2.85E-06 4.70E-08 2.18E-07 |2.90E-06 2.90E-06
~hy/2 5.42E-08 5.42E-08 | 5.42E-08 2.40E-10 4.02E-09 |5.46E-08 5.46E-08

~hy/4 1.07E-09 1.07E-09 | 1.07E-09 1.03E-11  6.90E-11 |1.08E-09 1.08E-09
7
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Nonsymmetric DG, non-nested grids

h pllIVa(u=up)ll lu=tnlpg|l[Vatntonl  mose  [[Va(un=su)ll[ 7 DG R
1.08E-00 1.09E-00 | 8.05E-01 5.55E-02  7.98E-01 1.17E-00 1.18E-00(1.09 1.09

~hy/2 5.50E-01 5.55E-01 418E-01 7.42E-03 3.75E-01 5.66E-01 5.71E-01
~hy/4 2.84E-01 2.86E-01 2.18E-01 1.04E-03 1.86E-01 2.87E-01 2.89E-01
~hy/8 1.34E-01 1.35E-01 1.04E-01 1.10E-04 8.64E-02 |1.36E-01 1.36E-01
hy 2| 1.65E-01 1.72E-01 1.41E-01 5.10E-03  1.71E-01 2.24E-01 2.30E-01
~hy/2 4.28E-02 4.46E-02 | 3.67E-02 3.53E-04 4.74E-02 |6.01E-02 6.14E-02
~hy/4 1.14E-02 1.19E-02 | 9.86E-03 2.51E-05 1.29E-02 |1.63E-02 1.66E-02
~hy/8 2.58E-03 2.70E-03 | 2.24E-03 1.30E-06 2.99E-03 |3.74E-03 3.82E-03
hy 3| 1.53E-02 1.54E-02 1.34E-02 3.58E-04 9.19E-03 |[1.65E-02 1.66E-02
~hy/2 2.07E-03 2.07E-03 1.79E-03 1.26E-05 1.22E-03 |2.18E-03 2.18E-03
~hy/4 2.99E-04 2.99E-04 | 2.64E-04 4.73E-07 1.59E-04 |3.08E-04 3.09E-04

1
1.03 1.03
1
1
1
1
1
1
1
1
1.
~hy/8 3.16E-05 3.17E-05 | 2.82E-05 1.15E-08 1.60E-05 |3.24E-05 3.25E-05|1.
1
1
1
1
1
1
1
1
1
1
1

.01 1.01
.01 1.01
.36 1.33
41 1.38
43 1.40
45 1.42
.08 1.08
.05 1.05

hg 4| 1.11E-03 1.12E-03 | 9.80E-04 2.12E-05 7.21E-04 |1.23E-03 1.24E-03
~hy/2 7.71E-05  7.75E-05 | 6.89E-05 3.96E-07 5.08E-05 |8.59E-05 8.63E-05
~hy/4 5.66E-06 5.69E-06 | 5.05E-06 7.58E-09 3.76E-06 |6.30E-06 6.33E-06
~hy/8 2.89E-07 2.91E-07 | 2.58E-07 8.96E-11  1.96E-07 |3.24E-07 3.26E-07

hy 5| 6.23E-05 6.24E-05 | 5.62E-05 1.06E-06 3.23E-05 |6.57E-05 6.58E-05
~hy/2 2.26E-06 2.27E-06 | 2.04E-06 9.88E-09 1.17E-06 |2.36E-06 2.36E-06
~hy/4 8.86E-08 8.87E-08 | 8.17E-08 1.01E-10  3.90E-08 |9.06E-08 9.06E-08
~hy/8 211E-09 2.12E-09 | 1.96E-09 1.70E-12 9.02E-10 |2.16E-09 2.16E-09

hy 6| 3.18E-06 3.18E-06 | 2.91E-06 4.70E-08 1.66E-06 |3.39E-06 3.39E-06
~hy/2 6.00E-08 6.01E-08 | 5.57E-08 2.40E-10 3.07E-08 |6.38E-08 6.39E-08

~hy/4 1.20E-09 1.20E-09 | 1.12E-09 1.03E-11 6.01E-10 |1.28E-09 1.28E-09
7
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Model problem

~Au = 0 inQ:=]-1,1\[0,1]3
u = up on o0
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 Resilts & applications - Key ingredients  Proof  Numerios - Conclusion
Singular case & hp-adaptivity

Model problem

AU = 0 inQ:=]-1,1[\[0,1]%,
u = up onoN

Exact solution
u(r, ¢) = r¥/3sin(2¢/3)
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Singular case & hp-adaptivity

Model problem

~Au = 0 inQ:=]-1,1\[0,1]%,
u = up on 9
Exact solution
u(r, ¢) = r¥3sin(2¢4/3)
Discretization (with V. Dolejsi)
@ incomplete interior penalty discontinuous Galerkin method

@ unstructured non-nested triangular grids
@ hp-adaptive refinement
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hp-adaptive refinement: exponential convergence

error in energy norm

1e-01
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1e-03

1e-04

1e-05

error in energy norm
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hp-refinement grids
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O Main results & applications

O Key ingredients
@ Stable polynomial extensions on a tetrahedron
@ 3D patch enumeration

O Proof sketch (potentials)

O Numerical illustration in 2D a posteriori estimates

6 Conclusions and future directions
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Conclusions and future directions

Conclusions

@ stability of the best piecewise polynomial approximation

@ polynomial-degree-robust local efficiency of a posteriori
error estimates

@ a framework covering all standard numerical methods
(conforming FEs, nonconforming FEs, discontinuous
Galerkin, mixed FEs . ..)
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Conclusions and future directions

Conclusions

@ stability of the best piecewise polynomial approximation

@ polynomial-degree-robust local efficiency of a posteriori
error estimates

@ a framework covering all standard numerical methods
(conforming FEs, nonconforming FEs, discontinuous
Galerkin, mixed FEs . ..)

Ongoing generalizations

@ transmission problems with sing changing coefficients
@ singularly-perturbed reaction-diffusion problems

@ Stokes equation

@ eigenvalue problems

@ heat equation 7 s nais
&1/740/— .
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