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Exact solution
Find u € H} () such that

(Vu,Vv) = (f,v)  VveHI(Q)
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Setting: —Au=finQ, u=00n0Q, QCcRY d > 1

Exact solution
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy
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Setting: —Au=finQ, u=00n0Q, QCcRY d > 1

Exact solution
Find u € H}(Q) such that

(Vu,Vv) = (f,v)  VYveH(Q)

Finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy

Linear algebraic system
Find U, € RN, N = |V}, such that

ApUp = Fp
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Setting: —Au=finQ, u=00n0Q, QCcRY d > 1

Exact solution
Find u € H}(Q) such that

(Vu,Vv) = (f,v)  VYveH(Q)

Finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy
Linear algebraic system
Find U, € RN, N = |V}, such that
ApUp = Fp

Algebraic solver (iterative) ‘
On each iteration i > 1: approximate vector U}, € RV

(R}, .= Fn — ApUp)
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Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(Vuh, VVh) = (f, Vh) Yvp € Vy
Linear algebraic system
Find U, € RN, N = |V}, such that
ApUp = Fp

Algebraic solver (iterative) ‘
On each iteration i > 1: approximate vector U}, € RV

ApUp=Fp— Ry (R:= Fh—Anlp) |
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Setting: —Au=finQ, u=00n0Q, QCcRY d > 1

Exact solution
Find u € H}(Q) such that
(Vu,Vv) = (f,v)  VYveH(Q)
Finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that
(Vuh, VVh) = (f, Vh) Yvp € Vy
Linear algebraic system
Find U, € RN, N = |V}, such that
ApUp = Fp
Algebraic solver (iterative)

On each iteration / > 1: approximate vector Uj, € RN &
inexact FE approximation v, < V,

ApUL = Fp— RL (R := Fp — ApUL)
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Context & goals: a posteriori estimates for any / > 1

Total error

Q{m < HV(U - U;7)H < '/l/()t

Algebraic error
inl]g < “v(uh = U;7)|| < ’]a/;lg

Discretization error

Q:‘Jis S “v(u_ Uh)” S ”(ilix'

Further goals

@ estimate the distribution of the errors
@ prove (local) efficiency
@ design reliable (local) stopping criteria erc
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One-dimensional example

Setting
ed=1,Q=(0,1),f=2,p=1
@ u=u(x)=x(1-x)
@ Uy, pointwise exact on mesh 7, unknown sol. of AyUp = Fp,
@ uj = uy pointwise exact on mesh Ty
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One-dimensional example

Setting
ed=1,Q=(0,1),f=2,p=1
@ u=u(x)=x(1-x)
@ Uy, pointwise exact on mesh 7, unknown sol. of AyUp = Fp,
@ v} = uy pointwise exact on mesh Ty

0

ag=0 aj=h ay=2h az=3h as=4h=1
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One-dimensional example

Setting
ed=1,Q=(0,1),f=2,p=1
@ u=u(x)=x(1-x)
@ Uy, pointwise exact on mesh 7, unknown sol. of AyUp = Fp,
@ v} = uy pointwise exact on mesh Ty
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One-dimensional example

Setting
ed=1,Q=(0,1),f=2,p=1
@ u=u(x)=x(1-x)
@ Uy, pointwise exact on mesh 7, unknown sol. of AyUp = Fp,
@ v} = uy pointwise exact on mesh Ty, R == Fy — AUy
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One-dimensional example

Setting
ed=1,0=(0,1),f=2,p=1
@ u=u(x)=x(1-x)
@ Uy, pointwise exact on mesh 7, unknown sol. of AyUp = Fp,
@ v} = uy pointwise exact on mesh Ty, R == Fy — AUy

? 10°
IV(up — un)ll2 < |Ral2
10-2 L
0.25
107
— [Ral2
-6
107 4 2 R
— ||V (un — ug)||
—h[[onagl
WE T aa ok a3 3h ag—an=11"
2 =0 ar="h a=zh azg=oh a=2n= 10° 102 10% 108 108

1/h (uniform refinement)
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One-dimensional example

Setting
0d=1,0=(0,1),f=2,p=1
@ u=u(x)=x(1-x)

@ Uy, pointwise exact on mesh 7, unknown sol. of AyUp = Fp,

@ U} = uy pointwise exact on mesh Ty, Ry = Fp — ApUy

10°

‘ IV (un — UH)||2 | Rnl2

12 2
‘||V (un — Uy ||2<\A ', / |Rh|2’10

0.25
107
6|~ |Bal2
107 4 2 R
— ||V (un — um)||
—tho'h.algH
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One-dimensional example

Setting
d=1,Q=(0,1),f=2p=1
u=u(x)=x(1-x)

up, pointwise exact on mesh 7, unknown sol. of AyUp = Fp,
Uy, := Uy pointwise exact on mesh Ty, Ry = Fp — ApUy
O halg: algebraic error flux reconstruction

10°

‘ IV(un — up)ll2 < < | Rnl2

12 2
‘||v (un — Uy ||2<\A ', / |Rh|2’10

0.25
107
6|~ |Bal2
107 4 2 R
— ||V (un — um)||
——h,|lohagll
%0 O a~2h a3k ar—an—110"
Q=Y am=h =2k ag=oh ar=ahk =10 00 102 10 10° 10®
1/h (uniform refinement)
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Algebraic residual representer
) r,Q € Pp(75) discontinuous piecewise polynomial



Algebraic residual representer
) r,Q € Pp(7h) discontinuous piecewise polynomial «-- R},
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The pathway

Algebraic residual representer
@ 1/ € P»(7,) discontinuous piecewise polynomial «-- R}
e (rl,v)) = (R.), for all basis functions / =1,..., N
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The pathway

Algebraic residual representer .
@ 1, € IP,(7p) discontinuous piecewise polynomial «-- Ry,
@ (rf, ;) = (Ry}),, for all basis functions I =1,..., N

1D example:
2h
—2h
2h
Rh = Fh—AhUH: _2h
2h

M. Vohralik
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The pathway

Algebraic residual representer .
@ 1, € IP,(7p) discontinuous piecewise polynomial «-- Ry,
@ (rf, ;) = (Ry}),, for all basis functions I =1,..., N

1D example: lpmmmmm=== mmmmeeen
2h -—- T
~2h [rh compensates]
2h
[:> |Rp|2 explodes L |

=

oh 0 h 1
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The pathway

Algebraic residual representer
@ 1/ € P»(7,) discontinuous piecewise polynomial «-- R}
e (rl,4y) = (RL), for all basis functions / = 1,..., N
@ gives equivalent form of residual equation: ub € Vi st
(vullvavwl):(ﬂwl)_(rlinwl) V/:1>"'7N

@ consequence of equations for u, and ul:
(V(up —up),Vvp) = (r,vn)  VYvpe Vy
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The pathway

Algebraic residual representer

@ 1/ € P»(7,) discontinuous piecewise polynomial «-- R}
e (rl,4y) = (RL), for all basis functions / = 1,..., N

@ gives equivalent form of residual equation: ub € Vi st

(vu;wvwl):(ﬂwl)_(rlinwl) vi=1,...,N
< ApU} = Fp— R
@ consequence of equations for u, and ul:
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The pathway

Algebraic residual representer

@ 1/ € P»(7,) discontinuous piecewise polynomial «-- R}
e (rl,4y) = (RL), for all basis functions / = 1,..., N

@ gives equivalent form of residual equation: ub € Vi st

(Vquan/):(f,wl)—(f/;M#/) vi=1,...,N
< ApU} = Fp— R
@ consequence of equations for u, and ul:
(V(up —up),Vvy) = (1}, vn) Yvp € Vy

Tools

, _ Veop.. =1
@ flux and potential reconstructions,
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The pathway

Algebraic residual representer

@ 1/ € P»(7,) discontinuous piecewise polynomial «-- R}
e (rl,4y) = (RL), for all basis functions / = 1,..., N

@ gives equivalent form of residual equation: u;'7 € Vst

(Vup, Vo) = (F,40) = (thotpr) — VI=1,...,N
< ApU, = Fp— R,
@ consequence of equations for up, and u:
(V(up— u}),Vvp) = (rh,ve)  Yvpe Vy

Tools

. . V.o =l
@ flux and potential reconstructions,

@ local Neumann MFE & local Dirichlet FE problems
@ separate components for algebraic & discretization errors
@ multilevel hierarchy (algebraic components)
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Q Introduction

e Bounds on the algebraic error
o Bounds on the total error

O Stopping criteria and efficiency

Q Numerical illustration

Q Conclusions and outlook
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta},,, € H(div,Q) be such that V.o, . = rj. Then
IV(un = up) = llohall
—_———— . ,

algebraic error upper algebraic est.

M. Vohralik
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)
Leta},,, € H(div,Q) be such that V.o, . = rj. Then

IV(un = up)ll < lloh gl
—_——— \ ,

algebraic error upper algebraic est.
IV(un = up)ll = sup  (V(un— Up), Vvp);

Vh€ Vi, ||V Vp | =1

(V(Uh - u;’l)’ VVh) = (rfilv Vh) - (V'G%,algv Vh) - _(U;),alg7 VVh).

A\
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)
Leta},,, € H(div,Q) be such that V.o, . = rj. Then

IV(un = up)ll < lloh gl
—_——— \ ,

algebraic error upper algebraic est.
IV(un = up)ll = sup  (V(un— Up), Vvp);

Vh€ Vi, ||V Vp | =1

(V(Uh - U;,), VVh) = (rfilv Vh) - (V'G%,algv Vh) - _(U;),alg7 VVh).

Previous cheap constructions of a; alg

Q sweep trough T, local min. (JSV (2010))
Qo by precomputing v iterations (EV (2013)) "
&Z’7 ..... — : ‘erc
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

Find p},; .. € Vi := P4 (Ti) N H{ () such that
(Vohag Viba)wa = (7, Va)ua  ¥@ € Vi
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

Find p},; .. € Vi := P4 (Ti) N H{ () such that
(Vohag Viba)wa = (7, Va)ua  ¥@ € Vi

@ P, finite element solve on coarse mesh 74
@ no need for multigrid without post-smoothing
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

Find p},; .. € Vi := P4 (Ti) N H{ () such that
(Vohag Viba)wa = (7, Va)ua  ¥@ € Vi

@ P, finite element solve on coarse mesh 74
@ no need for multigrid without post-smoothing

Definition (Algebraic error flux reconstruction)

o = arg min IVhllwas

thV,i, V'thnog (’L/}a rA—Vzprp;Mlg)

oh g - Z O'h g © Vi € H(div, Q)

acyy
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

Find p},; .. € Vi := P4 (Ti) N H{ () such that
(Vohag Viba)wa = (7, Va)ua  ¥@ € Vi

@ P, finite element solve on coarse mesh 74
@ no need for multigrid without post-smoothing

Definition (Algebraic error flux reconstruction)

o = arg min IVhllwas

thV,i, V'thnog (’L/}a rA—Vzprp;Mlg)

oh g - Z O'h g © Vi € H(div, Q)

acyy

@ local homogeneous MFE Neumann problems
@ fine meshes of coarse patches wa
v extends to an arbitrary number of levels
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Divergence of the algebraic error flux reconstruction

Lemma (Divergence of o, ,\.)

There holds V-, ., = I,

-

,,,,,,,,,, e D erC
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Divergence of the algebraic error flux reconstruction

Lemma (Divergence of o}, ;)

There holds V-, ., = I,

@ partition of unity 3", ¥ =1
(*}

i _ a,i
v‘O-h.zllg - E : v'O-h,alg

acVy

= N, (val), — Viba- Vol ug) = 1

acVy

-
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Algebraic error lower bound

Theorem (Lower bound via algebraic residual liftings)

Let ), ., € V» be arbitrary. Then

(rflv plh,alg)

lower algebraic est.

IV (un = up)|| =
N————

algebraic error

M. Vohralik
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Algebraic error lower bound

Theorem (Lower bound via algebraic residual liftings)

Let ), ., € V» be arbitrary. Then

(r/{l’ pﬂl,alg)

lower algebraic est.

i i (rliv p;Lalg)
IV(up — up)ll = sup  (rpyVh) > ——-
Vi€ Vi [V Vil =1 IV 0l

IV (un = up)|| =
N————

algebraic error

N

-

42’7 ..... — : ‘erc
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Algebraic residual lifting, two-level setting

Definition (Algebraic residual lifting, ~ sank & smith (1993), Oswald (1993), Ride

(1993), EV (2015))

Find /%' € X2 :=Pp(T;,) N H} (wa) such that

l] o

(vph ,alg? vvh)wa = (rfl:lv Vh)wa - (v/)lll-l,aly vvh)wa vVh € Xf?

ay

Coarse patch w,
tala) = 1, va(a) =0
fine mesh 7 of wy

a
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Algebraic residual lifting, two-level setting

Definition (Algebraic residual lifting, ~ sank & smith (1993), Oswald (1993), Ride

(1993), EV (2015))

Find /%' € X2 :=Pp(T;,) N H} (wa) such that

l] o

(vph ,alg? vvh)wa = (rfl:lv Vh)wa - (v/)lll-l,aly vvh)wa vVh € Xf?

Set ;
i § :

ph,alg /)H alg + ph ,alg € Vh'
acVy

ay

Coarse patch w,
tala) = 1, va(a) =0
fine mesh 7 of wy

a

M. Vohralik Multilevel a posteriori total & algebraic estimates 10/ 21



| Algebraic error Total error Stop. crit. & efficiency Numerics C

Algebraic residual lifting, two-level setting

Definition (Algebraic residual lifting, ~ sank & smith (1993), Oswald (1993), Ride

(1993), EV (2015))

Find /%' € X2 :=Pp(T;,) N H} (wa) such that

l] o

(vph ,alg? vvh)wa = (rfl:lv Vh)wa - (v/)lll-l,aly vvh)wa vVh € Xf?

Set ;
p;‘l,alg /)Hdl0 + Z ph ,alg = Vh'
acVy

@ local homogeneous Dirichlet FE problems
@ fine meshes of coarse patches wy
v/ extends to an arbitrary number of levels

ay

a
coarse patch w,

a Yala) = 1, Ua(a,) = 0
fine mesh 7;, of w,
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Discretization flux reconstruction

Definition (Discretization flux reconstruction, sraes & schaberi (2008), Ev

(2013))

ol i=arg min |
? VhEV?],V-thrloz(f’z,,rafVUhV’Uafr,’]ua)

'anu% + Vhllwas

a

va(a) = 1, va(a,) = 0

‘erc
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Discretization flux reconstruction

Definition (Discretization flux reconstruction, sraes & schaberi (2008), Ev

(2013))

a,i

o i . /,a i
Oy gis -= arg min , I Vuy, + Valwas
VoeVE NV vp=Mna(f2—Vu, -Nipa—rl A
' Vi,V Mga(fv® h s
i a,i
O hdis *— T p dis

acVy,

a

va(a) = 1, va(a) =0

‘erc
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Discretization flux reconstruction

Definition (Discretization flux reconstruction, sraes & schaberi (2008), Ev

(2013))

a7i o H j
oy i = arg min 1AV uL + Valwas
? Vhevz,V-thnoz(f’l,f'avahV’L'afri’]{_)a) a
i L a,i
O hydis -= T h,dis

acVy,

Neumann compatibility condition satisfied:

patch wy
Yala) = 1, Ua(a) =0

(VUp, Vi) = (£, — (1, 0y VA€ VI

a

‘erc

M. Vohralik Multilevel a posteriori total & algebraic estimates 11 /21



| Algebraic error Total error Stop. crit. & efficiency Numerics C

Discretization flux reconstruction

Definition (Discretization flux reconstruction, sraes & schaberi (2008), Ev

(2013))

a7i o H j
oy i = arg min 1AV uL + Valwas
? Vhevz,V-thnoz(f’l,f'avahV’L'afri’]{_)a) a
i L a,i
O hydis -= T h,dis

acVy,

Neumann compatibility condition satisfied:

a

Yala) = 1, Ua(a) =0

(VUp, Vi) = (£, — (1, 0y VA€ VI

Lemma (Divergence of U’h,dis)

There holds . _
v'a-;7,dis = thf - rll7'

‘erc
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Upper bound on the total error

Theorem (Total error upper bound)
On each iteration i > 1, there holds

1/2

. ) . ) h2 5
IV (u=tp)l| <IVUp+Thgl + lohuell +9 D ?ng_nOhf”K
KeTh

total error discretization est.  algebraic est.

~
data osc. est.
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Upper bound on the total error

Theorem (Total error upper bound)
On each iteration i > 1, there holds

1/2

. ) . ) h2
IV (u—up)l| <IVUb+0h gl + lohagll +4 D ﬂ—’éHf—ﬂo,,fH%
KETh

total error discretization est.  algebraic est.

data osc. est.

IV (u— up)l| = sup (V(u—up), Vv)
veH}(Q), [V v||=1

erc
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Upper bound on the total error

Theorem (Total error upper bound)

On each iteration i > 1, there holds
1/2

. ) . ) h2
IV (u—up)l| <IVUb+0h gl + lohagll +4 D ﬂ—’éHf—ﬂo,,fH%
KETh

total error discretization est.  algebraic est.

data osc. est.

IV (u— up)ll = sup (V(u—up),Vv)
VEH(‘)(Q), (IVv||=1

(V(U - U;:,), VV) :(f7 V) - (VU;N VV) = (f _ v'(o-lh‘u]g+o-;7fdis) ’ V)

i i i
- (o-h,alg+a-h,dis+vuh’ VV)

erc
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Upper bound on the total error

Theorem (Total error upper bound)

On each iteration i > 1, there holds
1/2

. ) . ) h2
IV (u—up)l| <IVUb+0h gl + lohagll +4 D ﬂ—’éHf—ﬂo,,fH%
KETh

total error discretization est.  algebraic est.

data osc. est.

IV (u— up)ll = sup (V(u—up),Vv)
VEH(‘)(Q), (IVv||=1

—rl !
7rh+l'lohf7rh

(V(U - U;:,), VV) :(f7 V) - (VU;N VV) = (f _ v'(o-lh‘u]g+o-;7fdis) ’ V)

i i i
- (o-h,alg+a-h,dis+vuh’ VV)

erc
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Lower bound on the total error

Definition (Total residual lifting, ~ sabuska and Stroubouis (2001), Repin (2008))

Find pfi € X3 == Pp(T5) N H'(wa) (together with mean value
or value on 9Q zero) such that

(Vph o Ve = (FVh)ws — (VUL VVA)we  YVh € XP
and set

i . a ali
Phyot -— E P Ph tot*
acVy

‘erc
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Lower bound on the total error

Definition (Total residual lifting, ~ sabuska and Stroubouis (2001), Repin (2008))

Find pfi € X3 == Pp(T5) N H'(wa) (together with mean value
or value on 69 zero) such that

(Vph o Ve = (FVh)ws — (VUL VVA)we  YVh € XP
and set

i . a ali
Phyot -— E 2 Ph tot*
acVy

@ local homogeneous Neumann FE problems

Theorem (Lower bound on the total error)

Zaevh ”v/)h tot”
IV Dol

There holds  ||V(u — u})|| >
—_——

total error

N i
lower total est. erc
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Stopping criteria

Galerkin orthogonality
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Discretization error upper and lower bounds

@ upper bound on total error & lower bound on algebraic
error = upper bound on the discretization error
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Stopping criteria

Galerkin orthogonality

IV (u—up)l? = IV (u— un)l® + ||V (up — up)|?

~
total error discretization error algebraic error

Discretization error upper and lower bounds

@ upper bound on total error & lower bound on algebraic
error = upper bound on the discretization error

@ lower bound on total error & upper bound on algebraic
error = lower bound on the discretization error

Safe stopping criterion (v, ~ 0.1)

algebraic error < v, discretization error
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Stopping criteria

Galerkin orthogonality

i\|12 2 i\|12
IV(u = up)lI = [[V(u— up)l® + |V (up — )]
totafgnor discretization error algebraic error

Discretization error upper and lower bounds

@ upper bound on total error & lower bound on algebraic
error = upper bound on the discretization error

@ lower bound on total error & upper bound on algebraic
error = lower bound on the discretization error

Safe stopping criterion (vu, ~ 0.1)

upper algebraic estimate < v, lower discretization estimate
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Efficiency and polynomial-degree-robustness

Theorem (Efficiency & p-robustness)

Let the algebraic estimate be below the discretization estimate.
Letf € Pp(Th). Then

IV U+ hgisll + llohagll = V(U —ub)l].
—_————

total estimate total error
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Let the algebraic estimate be below the discretization estimate.
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—_————

total estimate total error

Theorem (Local efficiency & p-robustness)

Let patchwise the algebraic estimate be below the
discretization estimate. Let f < I’,(7,). Then
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Let the algebraic estimate be below the discretization estimate.
Letf € Pp(Th). Then

IVUb + ahaisl + o hagll = [IV(U = up)l -
—_————
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Theorem (Local efficiency & p-robustness)

Let patchwise the algebraic estimate be below the
discretization estimate. Let f < I’,(7,). Then

IVUh + hasllc + lohagllc = Y IV(U—=th)lwa VK € Th.
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element total estimate

patch total error

local stopping criterion = local efficiency & p-robustness

M. Vohralik Multilevel a posteriori total & algebraic estimates 15/ 21



Q Introduction

Q Bounds on the algebraic error
o Bounds on the total error

O Stopping criteria and efficiency

© Numerical illustration

Q Conclusions and outlook




Q=(0,1) x (0,1),
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u(r,0) = r2/*sin(20/3)

Peak ) @~ 100(x—0.5)2—100(y—117/1000)2

L-shape




| Algebraic error Total error Stop. crit. & efficiency Numerics C

Numerical illustration

Q=(0,1) x(0,1),

Peak
u(x,y) = x(x — 1)y(y — 1)e00(x=05)"=100(y~117/1000)"
Q=(-1,1) x (=1,1)\ [0,1] x [-1,0],
L-shape o
u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements, p=1,...,4
@ unstructured triangular meshes
@ 4 uniform refinements
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Numerical illustration

Q=(0,1) x(0,1),

Peak
u(x,y) = x(x — 1)y(y — 1)e00(x=05)"=100(y~117/1000)"
Q=(-1,1) x (=1,1)\ [0,1] x [-1,0],
L-shape o
u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements, p=1,...,4
@ unstructured triangular meshes
@ 4 uniform refinements
Multigrid
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel

PCG
@ incomplete Cholesky with drop-off tolerance 1e—prgg,_cm,_m drc
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£ (unknowns)

iter

1(9.31 x 10%)




p (unknowns) | iter alg. error  eff. UB eff. LB
1(9.31 x 109)] 1 ]6.09x 107 1.13 1.027T
2 [1.90x10"% 1.13 1.03°'




p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB
1(9.31 x10%)] 1][6.09x10°° 113 1.0277[6.93x 10~° 1.61 1.21'
2 [1.90x10"% 113 1.03°'|332x10"% 1.10 1.03"'




p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB disc. error eff. UB eff. LB
1931 x 109 1[6.09x107% 113 1.027'[6.93x10°° 161 1.217'[3.32x10"° 284 —
2 [1.90x10"% 113 1.03°'|332x10"% 1.10 1.03"' 110  1.037'
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Peak problem, multigrid

p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB disc. error eff. UB eff. LB
19.31 x10%)| 1[6.09x107% 1.13 1.0277[6.93x 103 1.61 1.21-'[332x10°° 2.84 —
2 [1.90x10"% 113 1.03°'|332x10"% 1.10 1.03"' 1.10  1.037"
23.76 x 10%)| 1 [7.49x 1073 113 1.0077[ 749 x 10~3 1.61 1.2377[ 111 x 10~ % 853 x 107 —
3811 x10°% 1.17 1.01~'"|1.12x10~* 1.10 1.03~" 110  1.03~!
3(8.48 x 10%)| 1 [4.94x 1073 1.10 1.00- 7| 494 x10~3 140 1.44-7[287x10°°% 168 x 10° —
5|779%x10° 117 1.00"'| 287 x10°% 1.01 1.11~" 1.01 14171
4(1.51 x10°)[ 1 [4.45%x10~% 1.09 1.0077[4.45x10~% 1.44 1377 7[6.33x 1078 7.28 x 10 —
6|1.06x10° 1141 1.00 '|6.33x10"8 1.02 1.5 1.02  1.157"
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£ (unknowns)

iter

1(2.50 x 10%)




p (unknowns) | iter alg. error  eff. UB eff. LB
1(2.50 x 10%)| 4 [ 8.86 x 10°2 1.02 1.00~'
8 [3.82x10~% 1.01 1.00 '




p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB
1250 x 10%)| 4 [ 8.86 x 1072 1.02 1.007'] 9.13x 102 1.26 4.33'
8 [3.82x10"% 1.01 1.00'|222x1072 122 .12




p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB disc. error eff. UB eff. LB
1250 x 10%)[ 4 [ 8.86 x 1072 1.02 1.007 '] 9.13x 10~2 1.26 4.337'|222x10-2  3.35 —
8 [3.82x10"% 1.01 1.00'|222x1072 122 .12 122 11277
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L-shape problem, PCG

p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB disc. error eff. UB eff. LB
1(2.50 x 10%)| 4 [ 8.86x 1072 1.02 1.00 '] 9.13x 102 1.26 433 '[222x 102  3.35 —
8 [3.82x107% 1.01 1.00'|222x1072 122 .12 122 14271
2(1.01 x 10°)| 4 [ 6.24 x 10~7 1.01 1.00- 7| 6.24 x 10~ 1.07 9.06 '] 893 x 10~ 2,61 x 107 —
12|1.87x10~* 1.01 1.007'| 8.93x 10~% 1.33 1.28~' 1.33 1.28~'
3(2.27 x 10°)| 7 1.02 1.00 1.00~" 1.02 1.05 10.0-7[529x10-3 6.29 x 107 —
28|9.58 x 1075 1.00 1.007'| 529 x 1073 1.46 1.41~" 1.46 1.4177
4(4.04 x 10°)| 7 1.17 1.01 1.00~" 1.17 1.08 7.56 1] 377 x10~3 1.30 x 10° —
28| 1.84x10~* 1.01 1.007'|377x107% 152 1.60" 152  1.60~"
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L-shape problem, p = 3, total error, 28th PCG iteration

Total error on elements %1078 Total error indicators %1078
3.5

w

n

M. Vohralik
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L-shape problem, p = 3, alg. error, 28th PCG iteration |

Algebraic error on elements x107 Algebraic error indicators x107
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8
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6 6
4 4
2 2
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Q Introduction

Q Bounds on the algebraic error
o Bounds on the total error

O Stopping criteria and efficiency

Q Numerical illustration

@ Conclusions and outlook
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Conclusions and outlook

Conclusions

@ guaranteed estimates on the algebraic and total errors
@ hierarchical construction
@ local efficiency and robustness wrt polynomial degree
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Conclusions and outlook

Conclusions
@ guaranteed estimates on the algebraic and total errors

@ hierarchical construction
@ local efficiency and robustness wrt polynomial degree

[4 PAPEZ J., RUDE U., VOHRALIK M., WOHLMUTH B., Sharp
algebraic and total a posteriori error bounds for h and p
finite elements via a multilevel approach, HAL
Preprint 01662944.

[4 BLECHTA J., MALEK J., VOHRALIK M., Localization of the
W~19 norm for local a posteriori efficiency, HAL Preprint

01332481.
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Conclusions and outlook

Conclusions

@ guaranteed estimates on the algebraic and total errors
@ hierarchical construction
@ local efficiency and robustness wrt polynomial degree

[4 PAPEZ J., RUDE U., VOHRALIK M., WOHLMUTH B., Sharp
algebraic and total a posteriori error bounds for h and p
finite elements via a multilevel approach, HAL
Preprint 01662944.

[4 BLECHTA J., MALEK J., VOHRALIK M., Localization of the
W~19 norm for local a posteriori efficiency, HAL Preprint
01332481.

Thank you for your attention! .
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